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Abstract

Product structure theorems are a collection of recent results that have been used
to resolve a number of longstanding open problems on planar graphs and related
graph classes. One particularly useful version states that every planar graph G is
contained in the strong product of a 3-tree H, a path P, and a 3-cycle K3; written
as G C HX P X K3. A number of researchers have asked if this theorem can
be strengthened so that the maximum degree in H can be bounded by a function
of the maximum degree in G. We show that no such strengthening is possible.
Specifically, we describe an infinite family G of planar graphs of maximum degree 5
such that, if an n-vertex member G of G is isomorphic to a subgraph of H X PX K,
where P is a path and H is a graph of maximum degree A and treewidth ¢, then
tAc > 29(\/log logn).

Mathematics Subject Classifications: 05C76

1 Introduction

Recently, product structure theorems have been a key tool in resolving a number of
longstanding open problems on planar graphs. Roughly, a product structure theorem for
a graph family G states that every graph in G is isomorphic to a subgraph of the product
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of two or more “simple” graphs. As an example, there are a number of graph classes G
for which there exists integers ¢ and ¢ such that, for each G € G there is a graph H of
treewidth! ¢ and a path P such that G is isomorphic to a subgraph of the strong product?
of H, P, and a clique K of order ¢. This is typically written as G C H X P X K., where
the notation G; C (G is used to mean that G, is isomorphic to some subgraph of G,. See
references (2, 3, 5, 8-13, 15, 17| for examples.

In some applications of product structure theorems it is helpful if, in addition to
having treewidth ¢, the graph H has additional properties, possibly inherited from G. For
example, one very useful version of the planar graph product structure theorem states
that for every planar graph G there exists a planar graph H of treewidth 3 and a path
P such that G € H X PX K3 [8, Theorem 36(b)|. The planarity of H in this result has
been leveraged to obtain better constants and even asymptotic improvements for graph
colouring and layout problems, including queue number [8], p-centered colouring |7], and
(-vertex ranking [1].

In this vein, the authors have been repeatedly asked if H can have bounded degree
whenever GG does; that is:

For each A € N, let Ga be the family of planar graphs of maximum degree
A. Do there exist functions t : N — N, d : N — N, and ¢: N — N such that,
for each A € N and each G € Ga there exists a graph H of treewidth at most
t(A) and maximum degree d(A) and a path P such that G C HX PX K, a)?

In the current paper we show that the answer to this question is no, even when A = 5.

Theorem 1. For infinitely many integers n > 1, there exists an n-vertex planar graph G
of maximum degree 5 such that, for every graph H of treewidth ¢ and maximum degree
A, every path P, and every integer ¢, if G C H X P X K, then tAc > 2%Vloglogn),

The graph family G := {G}, : h € N} that establishes Theorem 1 consists of complete
binary trees of height h augmented with edges to form, for each i € {1,...,h}, a path D;
that contains all vertices of depth i. See Figure 1.

2 Proof of Theorem 1

Throughout this paper, all graphs G are simple and undirected with vertex-set V(G) and
edge-set E(G). For a set S, G[S] denotes the subgraph of G induced by S N V(G) and

LA tree decomposition of a graph H is a collection T := (B, : x € V(T)) of subsets of V(H) indexed by
the nodes of some tree T such that (i) for each v € V(H), the induced subgraph T[z € V(T) : v € B,
is connected; and (ii) for each edge vw € E(H), there exists some z € V(T) with {v,w} C B,. The
width of such a tree decomposition is max{|B,|: x € V(T)} — 1. The treewidth of H is the minimum
width of any tree decomposition of H.

2The strong product G1 K Gy of two graphs G and Go is the graph with vertex-set V(G; X Gg) :=
V(G1) X V(G2) and that includes the edge with endpoints (v, z) and (w, y) if and only if (i) vw € E(G;
and z = y; (ii) v = w and zy € E(G2); or (iii) vw € E(G1) and xy € E(G2).
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Figure 1: The graph G5 from the graph family {G}, : h € N} that establishes Theorem 1.

G—S8:=G[V(G)\ S]. For every v € V(G), let Ng(v) :={w : vw € E(G)} and for every
S CV(G), let Ng(S) :=U,es Na(v) \ S. We write Gy = G5 if G and G5 are isomorphic
and G C Gy if G is isomorphic to some subgraph of 5. Inside of asymptotic notation,
logn := max{1,log, n}.

2.1 Partitions

Let G and H be graphs. An H-partition H := {B, : x € V(H)} of G is a partition of
V(@) whose parts are indexed by the vertices of H with the property that, if vw is an edge
of G with v € B, and w € B, then x =y or xy € E(H). The width of H is the size of its
largest part; that is, max{|B,| : * € V(H)}. If H is in a class G of graphs then we may
call H a G-partition of G. Specifically, if H is a tree, then H is a tree-partition of G and
if H is a path, then H is a path-partition of G. A path-partition P := {P, : x € V(P)}
of GG is also referred to as a layering of G and the parts of P are referred to as layers. A
set of layers {P,,,..., Py, } C P is consecutive if P[{x,...,x,}] is connected.

As in previous works, we make use of the following relationship between H-partitions
and strong products, which follows immediately from the preceding definitions.

Observation 2. For every integer ¢ > 1, and all graphs G, H, and J, G C H X JX K, if
and only if G has an H-partition H := {B, : x € V(H)} and a J-partition J := {C, :
y € V(J)} such that |B, N Cy| < ¢, for each (z,y) € V(H) x V(J).

The following important result of Ding and Oporowski [4] (also see [6, 16]) allows us
to focus on the case where the first factor in our product is a tree.

Theorem 3 (Ding and Oporowski [4]). If H is a graph with maximum degree A and
treewidth ¢, then H has a tree-partition of width at most 24A(¢ + 1).

Corollary 4. If G C HX P X K. where H has treewidth ¢ and maximum degree A then
there exists a tree 1" such that G C T'X P X Kayea(i41)-

Proof. By Theorem 3, H has a tree-partition 7 := {B, : « € V(T')} of width at most

24A(t+1). By Observation 2, H € TRKs4a(t+1). Therefore, G C TRK 4n141)NPRK, =
T PX Kogen(t+1)- O
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The length of a path is the number of edges in it. Given two vertices v,w € V(G),
distg (v, w) denotes the minimum length of a path in G that contains v and w, or
distg (v, w) is infinite if v and w are in different connected components of G. For any
R C V(G), the diameter of R in G is diamg(R) := max{dists(v,w) : v,w € R}.

Observation 5. Let G be a graph, let R C V(G), and let £ be a layering of G. Then there
exists a layer L € £ such that |[RN L| > |R|/(diamg(R) + 1).

Proof. By the definition of layering, the vertices in R are contained in a set of at most
diamg(R) + 1 consecutive layers of £. The result then follows from the Pigeonhole Prin-
ciple. O

We also make use of the following basic fact about tree-partitions:

Observation 6. Let G be a graph, let T := {B, : € V(T)} be a tree-partition of G, let
x € V(T), and let v,w € Ng(B,;) be in the same component of G — B,. Then T contains
an edge ry with v, w € B,,.

Proof. Suppose that v € B, and w € B, for some y,z € V(T'). Since v,w € Ng(B,), T
contains the edges xy and zz. All that remains is to show that y = 2. For the purpose
of contradiction, assume y # z. Since v and w are in the same component of G — B,, G
contains a path from v to w that avoids all vertices in B,, which implies that T" contains
a path P, from y to z that does not include z. This is a contradiction since then P, and
the edges xy and yz form a cycle in T', but T is a tree. O

2.2 Percolation in Binary Trees

The depth of a vertex v in a rooted tree T is the length of the path Ar(v) from v to the
root of T'. Each vertex a € V(Ar(v)) is an ancestor of v, and v is a descendant of each
vertex in V(Ar(v)). We say that a set B C V(T is unrelated if no vertex of B is an
ancestor of any other vertex in B.

For each h € N, let T}, denote the complete binary tree of height h; that is, the rooted
ordered tree with 2" leaves, each having depth h and in which each non-leaf vertex has
exactly two children, one left child and one right child. Note that the ordering of T}
induces an ordering on every unrelated set B C V(T},), which we refer to as the left-to-
right ordering. Specifically, v € B appears before w € B in the left-to-right ordering of B
if and only if there exists a common ancestor a of both v and w such that the path from
a to v contains the left child of a and the path from a to w contains the right child of a.

We use the following two percolation-type results for T},.

Lemma 7. Let h > 1, let  be the root of Ty, and let S C V(T},) with 1 < |S| < 2". Then
there exists a vertex v of T}, such that

(i) the depth of v is at most log, |S| + 1;
(ii) v # r and the parent of v is in .S U {r}; and
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(iii) 7}, — S contains a path from v to a leaf of T},.

Proof. The proof is by induction on h. When h = 1, |S| < 1. In particular, at least one
child v of 7 is not in S. The depth of v is 1 < log, |S| + 1, so v satisfies (i). The parent
of visr € SU{r}, so v satisfies (ii). 73 — S contains a length-0 path from v to itself (a
leaf of T1), so v satisfies (iii).

For h > 2, let £ be the maximum integer such that S U {r} contains all 2 vertices of
depth ¢. Observe that 2° < ||, so £ < log, |S| < h. Let L be the set of 27! depth-(¢ + 1)
vertices in 7),. By the Pigeonhole Principle some vertex 7" € L is the root of a complete
binary tree T" with root 7’ of height h — ¢ — 1 with [S N V(T")] < |S|/2! < 2h=6-1,

If V(T') NS = 0 then choosing v := r’ satisfies the requirements of the lemma.
Otherwise, by applying induction on 7" and S’ := S N V(T’) we obtain a vertex v’ of
depth at most ¢ + 1 + log,(|S’|) + 1 < log, |S| + 1 whose parent is in S U {r'}, and
such that T — S contains a path from v’ to a leaf of T},. Thus v’ satisfies requirements
(i) and (iii). If the parent of v/ is in S then v’ also satisfies requirement (ii) and the
lemma is proven, with v := v'. Otherwise, the parent of v’ is 7/, in which case r’ satisfies
requirements (i)—(iii) and we are done, with v := 7’ O

Lemma 8. Let h > 1, let r be the root of Ty, and and let S C V/(T},) with 1 < |S] < 21
Then there exist two unrelated vertices v; and vy of T}, such that, for each i € {1,2}:

(i) the depth of v; is at most log, |S] + 2;
(ii) v; # r and the parent of v; is in S U {r}; and
(iii) Ty, — S contains a path from v; to a leaf of Tj,.

Proof. Let T} and Ty be the two maximal subtrees of T}, rooted at the children r; and
19, respectively of r. (Each of T} and T5 is a complete binary tree of height h — 1.) For
each i € {1,2}, let S; := SNV(T;). If S; = () then we choose v; = r; and this satisfies
requirements (i)—(iii). If S; # 0 then, since |S;| < |S] < 2", we can apply Lemma 7 to
T; and S; to obtain a vertex v, € V(7;) of depth at most 1 + log, |S;| + 1 < log, |S| + 2
and such that 7}, — S contains a path from v} to a leaf of T,,. Therefore, v} satisfies (i)
and (iii). Furthermore, the parent of v} is in S U {r;}. If the parent of v} is in S, then
v, also satisfies (ii), so we set v; := v]. If the parent of v} is not in S, then the parent
of v} is r; € S and r; satisfies (1)—(iii), so we set v; := ;. Finally, since v; € V(7}) and
vy € V(T3), v1 and vy are unrelated. O

2.3 A Connectivity Lemma

The z x y grid Gy« is the graph with vertex-set V(G,x,) == {1,..., 2} x {1,...,y} and
that contains an edge with endpoints (x1, y1) and (z2, yo) if and only if |21 — o |+|y1 — 12| =
1. An edge of G,y is horizontal if its two endpoints agree in the second (y) coordinate.
For each ¢ € {1,...,2}, the vertex-set {i} x {1,...,y} is called column i of Gyx,. A set
C' of columns is consecutive if Gyx,[UC] is connected.

ot
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Lemma 9. Let x,y,p > 1 be integers, let G be a graph obtained by subdividing horizontal
edges of Gy, and let S C V(G)\V (G,.xy) be a set of subdivision vertices of size |S| < py.
Then some component of G — S contains at least x/p consecutive columns of G,,.

Proof. For each i € {1,...,2 — 1}, in order to separate column i from column i + 1, S
must contain at least y subdivision vertices on the horizontal edges between columns ¢ and
i+ 1. Since |S| < py, this implies that there are at most p — 1 values of i € {1,..., 2 — 1}
for which columns 7 and ¢ 4+ 1 are in different components of G —.S. These at most p — 1
values of ¢ partition {1,...,z} into at most p intervals, at least one of which contains at
least z/p consecutive columns that are contained in a single component of G — S. O]

2.4 The Proof

Recall that, for each h € N, (G}, is the planar supergraph of the complete binary tree T},
of height h obtained by adding the edges of a path D; that contains all vertices of depth
i, in left-to-right order, for each i € {1,...,h}. Since T}, is a spanning subgraph of G,
the depth of a vertex v in G}, refers to the depth of v in T,,. The height of a depth-d
vertex of T}, is h —d. We are now ready to prove the following result that, combined with
Corollary 4 is sufficient to prove Theorem 1:

Theorem 10. For every h € N, every tree T, and every path P, if G, CT X PX K, then
c> 2Q(\/logh).

It is worth noting that, unlike Theorem 1, there is no restriction on the maximum
degree of the tree T.

Before diving into technical details, we first sketch our strategy for proving Theorem 10.

We may assume that ¢ < 2V!°%2" gince, otherwise there is nothing to prove. Recall
Observation 2, which states that if G, C T W P X K, then ), has a tree-partition
T :={B, : v € V(T)} and a path-partition (that is, layering) P := {P, : y € V(P)}
with |B, N P,| < ¢ for each (z,y) € V(T) x V(P). However, since G}, has diameter 2h,
Observation 5 (with R = B,) implies that | B,| < ¢(2h+1) for each x € V(T'). This upper
bound on |B,| is used to establish all of the results described in the following paragraph.

Refer to Figure 2. We will construct a sequence of sets Ry, ..., R and a sequence
of nodes z1,...,z4q of T, where each R; is a family of unrelated sets in 7}, such that
UR; C B,,. The first family R, consists of ¢; > h/(25¢) singleton sets whose union is
an unrelated set in Tj. For each ¢ € {2,...,t + 1}, R; has size ¢; > ¢1/(10c)""! — 3.
For each R; := {R;1,...,Riq}, each R;; C V(T') is an unrelated set in 7}, of size
2'~1 that has a common ancestor a;; of height at least h/5 that is at distance at most
(i—1)(logy(ch)+2) from every element in R; ;. Furthermore, {a;1, ..., a;q } is an unrelated
set. These properties imply that UR; is also an unrelated set.

We do this for some appropriately chosen integer ¢ € O(y/logh) in order to ensure
that ¢;.1 > 1, so Ry, contains at least one part R of size 2'. By Observation 5, there
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Figure 2: The proof of Theorem 10.

exists some y € V(P) such that

R 2
diamg, (R) +1 =~ 2t(logy(ch) +2) + 1

|RNP,| >

Since R C By,,,, | By, ,NP,| = 29Weh) Since ¢ > max{|B,NP,| : (z,y) € V(T)xV(P)},
the assumption that ¢ < 2V1°8" therefore leads to the conclusion that ¢ > 28(Vlog h), which
establishes Theorem 1.

We now proceed with the details of the proof outlined above. The next two lemmas
will be used to obtain the set R; that allows us to start the argument. Informally, the
first lemma says that every balanced separator S of G, must contain a vertex of depth ¢

for each ¢ € {ip,...,h}, where iy € O(log|S]).
Lemma 11. Let h € N with h > 1, let S C V(G,), S # 0. If Gj, — S has no component

with more than |V(G})|/2 vertices then SN V(D;) # () for each i € {iy,...,h}, where
ip := [max{2log, | S| + 2,1og,(1 + (h + 2)|S|) — 1}].

Proof. Let C be the vertex set of a component of Gj, — S that maximizes C NV (Dj,). For
each i € {0,...,h}, let C; := CNV(D;) and let S; := SN V(D;). We will show that,
for each i > iy, C; is non-empty but does not contain all 2¢ vertices in D;. Therefore
Si 2 Ng, (C;) NV (D;) # 0 for each i € {ig,...,h}.

For eachi € {0, ..., h—1}, the vertices in C;;; are adjacent to at least |C;;|/2 vertices
of Dy, so |C;| = |Ng,, (Ciy1) NV (D;) \ Si| = |Cit1|/2 — |Si]. Iterating this inequality h — i
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times gives |C;| > |Cy|/2" — Z;;l |S;]/2M =1 > |Cy) /2" — |S]. The vertices in S
partition V(Dy) \ S into at most |S| + 1 connected components. Since C' is chosen to
maximize |Cy|, |Cy| = (2" — |S])/(|S] + 1) > 2"/(|S] + 1) — 1. Therefore,

28 /(1S +1) — 1
thi

|Chl
2h 7

|Cil = - 51> — || > 27 lSHY 5] — 1> 0 (1)
for i > 2log, | S| + 2. Since iy > 2log, |S| + 2, this establishes that C; is non-empty for

each i € {ig,...,h}.
For each i € {0,...,h — 1}, the vertices in C; are adjacent to at least 2|C;| vertices of

Dii1, s0 |Ciya| = 2|C’ | |SZ-+1|. Iterating this h — i times gives:

h
Gl = 227Gl = ) 287185 = 2G| = 28 (2)

j=i+1

Suppose that |Cj<| = 27 for some i* € {0,...,h}. Then Equation (2) implies that
|Cp| = 2" — 2"=7~1|S|. Therefore, by Equation (1),

S|—1—(h+1)|S] .

(3)
However, 2" > |V (G})|/2 > |C], and combining this with Equation (3) gives 2" > 2h+1 —
2=71S] — 1 — (h + 1)|S]. Rewriting this inequality, we get

h h
Ch| e
C1=3- 1612 3 (5t = 181) > 2Cul-1-(r4 IS > 2 -2
1=0

=0

2h < M5 1+ (R +1)|9] . (4)
Multiplying each side of Equation (4) by 2" =" then gives:

27 < [S|+ 2771+ (h+1)|9))
<|S|+1+ (h+1)|S5] (since i* < h, so 2° " < 1)
=1+ (h+2)|5] .

Taking the logarithm of each side then gives i* < log,(1+(h+2)|S|) < ip. This establishes
that |C;| < 2° for each i € {ig,...,h} and completes the proof. O

The following lemma shows that every tree-partition of GG;, must have a part with a
large unrelated set that is far from the leaves of T}, and will be used to obtain our first
set R;.

Lemma 12. For every a € (0,1/4), there exists hy such that the following is true, for all
integers h > hg and all ¢ € [1,Rh]. f T := {B, : * € V(T)} is a tree-partition of G, of
width less than ch then there exists a node € V(T') and a subset R C B, such that

(i) R is unrelated;
(i) |R| = a®h/c; and
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(iii) Each vertex in R has height at least ah.

Proof. 1t is well-known and easy to show that there exists a node = of T" such that G — B,
has no component with more than |V (Gy)|/2 vertices [14, (2.6)]. Let Y be the set of
vertices in B, that have height at least h/4. By Lemma 11, |Y| > 3h/4 — O(log(ch + 1)).

Let Ty be the minimal (connected) subtree of T}, that spans Y, and let L be the set
of leaves of Ty (excluding the root of Ty if this happens to be contained in Y'). Observe
that L C Y is an unrelated set. Therefore, L satisfies (i) and, by definition, each vertex
in L has height at least h/4 > ah, so L satisfies (iii). If |L| > ah > a?h/c then L also
satisfies (ii). In this case, we can take R := L and we are done. We now assume that
|L| < ah.

Let Z consist of all vertices in V(T}) \ V(Ty) whose parents are in Y \ L. Observe
that Z is an unrelated set of vertices each having height at least h/4. For each v of Ty,
let d, denote the number of children of v in Ty. Then,

Yodo-1< > (d-1)=I|L[-1,

vEY\L veV(Ty)\L

where the second equality is a standard fact about rooted trees. Rewriting this, we get
> wevvr @ < [Y \ L| + |L[ = [Y]. On the other hand, each v € Y\ L contributes 2 — d,

vertices to Z, so
Zl= Y (2-d) .

veY\L

Combining these two formulas, we obtain
|Z| Z2|Y\L|—=|Y|=1|Y|—-2|L| = 3h/4—O(log(ch+1)) —2ah = h/4— O(log(ch+1)) .

Refer to Figure 3. For each r € Z, Lemma 7 applied to the subtree of T}, rooted at r with
S = B, implies that r has a descendant v such that (a) the parent of v is in B, U {r};
(b) the height of v is at least h/4 — O(log(ch + 1)); and (c) T), — B, contains a path Q,
from v to a leaf of T},.

Form the set Z’ using the following rule for each r € Z: If the vertex v described
in the preceding paragraph is a child of r then place r in Z’, otherwise place v in Z’.
Since each r € Z is a child of some vertex in Y C B,, this ensures that the parent of
v is in B, for each v € Z'. Since Z is an unrelated set and Z’ is obtained by replacing
each vertex in Z with one of its descendants, Z’ is an unrelated set. Since o < 1/4, for
sufficiently large h, |Z'| > h/4 — O(log(ch + 1)) > ah and each vertex in Z’ has height at
least h/4 — O(log(ch + 1)) > ah.

Now observe that the union of the paths @, for each v € Z’ and the paths
Dy _fan)+1, - - -, Dy contains a subgraph G’ isomorphic to a graph that can be obtained
from the grid G'anx[an) by subdividing horizontal edges. Since B, does not contain any
vertex of @, for each v € Z', B, N V(G’) contains only vertices corresponding to subdi-
vision vertices. Therefore, by Lemma 9, some component of G — B, contains a subset
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Figure 3: A step in the proof of Lemma 12.

R C 7' of size at least a*h/c. Each element in R has a parent in B,. By Observation 6
some neighbour y of x in T" has a bag B, that contains all of R. This completes the
proof. O

Aset R :={Ry,...,R,} of subsets of V(T}) is (k, £, m)-compact if it has the following
properties:

1. For each i € {1,...,q}, R; is unrelated and |R;| > k.

2. Foreachi € {1,...,q} there exists a common ancestor a; of R; such that distr, (v, a;) <
¢ for each v € R;.
3. ai,...,a, are unrelated and each has height at least m.

This definition has the following implications: (i) UR is an unrelated set; and (ii) If a;
precedes a; in the left-to-right ordering of {as, ..., a,} then every element of R; precedes
every element of R; in the left-to-right order of UR. We say that a vertex v of Tj, is
compatible with S C V(T},) if the parent of v is in S and T}, — S contains a path from v
to a leaf of Tj,. A (k, !, m)-compact set R is compatible with S if each vertex in UR is
compatible with S.

Lemma 13. Let R := {Ry,...,R,} be a (k,{,m)-compact set, and let S O UR have
size 1 < |S| < 2m7%72 Then, there exists a (2k, ¢ + log, |S| + 2, m)-compact set R’ :=
{R},..., R} that is compatible with S.

Proof. For each i € {1,...,q} and each r € R;, replace r with the descendants v; and
vg of r described in Lemma 8 and call the resulting set R.. Then |R}| = 2|R;| > 2k and
disty, (v, a;) < £41og, |S|+2 for each v € R}, where a; is the common ancestor of R; in the
definition of (k, £, m)-compact. Therefore R" := {R}, ..., R} is a (2k, (+log,(| R|)+2,m)-
compact set. L]

The next lemma is the last ingredient in the proof of Theorem 1.

Lemma 14. Let T := {B, : x € V(T')} be a tree-partition of Gj and let P := {P, :
y € V(P)} be a path-partition of Gj. Then there exists (z,y) € V(T') x V(P) such that
|B, N P,| > 2%(Viegh),
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Proof. Let x € V(T') be a node that maximizes |B,|. Then diamg, (B,) < diamg, (B,) <
2h s0, by Observation 5, |B, N P,| > |B,|/(2h+ 1) for some y € V(P). I | B,| > h2viosh

then there is nothing more to prove, so we may assume that | B,| < ch where ¢ := 2V'*82",
Note that ¢ > 1 for every h > 1.

By Lemma 12, with « := 1/5, T' contains a node x; such that B,, contains an unrelated
set R of size q1 := |R| = h/(25¢) where each vertex in R has height at least m := my :=
h/5. Let Ry := {{v} : v € R}. By definition R; is a (1,0, m)-compact set. R; will
be the first in a sequence of sets Ry,...,R;y1, where ¢t will be fixed below. For each
ie{l,...,t+ 1}, R; will satisfy the following properties:

(a) ’R)Z isa (271 (i—1)(logy(ch)+2), m;)-compact set, where m; > h/5—(i—1)(|logy(ch) |+
2).

(c¢) There exists z; € V(T) such that UR; C B,,.

Note that, by a simple inductive argument, one can show that
¢ > q/(10c)~t =3 .

Indeed, the base case i = 1 holds trivially, and for the inductive case (i > 2) we have
¢ > qi—1/(10¢c) — 2 > (q1/(10¢)"=2 = 3) /(10c) — 2 > ¢q1/(10c)"~! — 3.

It is straightforward to verify that R, satisfies (a)—(c). Let t :== min{¢;,t5} where t; :=
[log10.(q1/3) | and t5 := | h/(10(y/log, h + logy h) + 2)|. Observe that, since ¢ = 2\/@,
t1 > logyo.(h/75¢) € Q(log. h) C Q(y/Iog h) and that to > h/(10(\/logy h + log, h) +2) —
1 € Q(h/logh). Therefore t € Q(y/logh). These specific values of ¢; and ¢, are chosen
for the following reasons:

(i) Since t < t1, g1 > q1/(10¢)* =3 >0, so g1 = 1.
(ii) Since t < to, m; = h/5 — ta(|logy(ch)] +2) > h/10 for each i € {2,...,t+ 1}.

We now describe how to obtain R,y from R; for each i € {1,...,t}. By Lemma 13
(applied to R := R; and S := B,,), T}, contains a (2°,ilogy(ch) + 2, m)-compact set
Ri., of size ¢; that is compatible with B,,. For each v € UR;ZA, v has height at least
mip1 = m; — ([logy(ch)] 4+ 2) = h/5 —i(|logy(ch)] + 2). Therefore R}, satisfies (a),
but does not necessarily satisfy (c). Next we show how to extract R,41 € R/, that also
satisfies (b) and (c).

For each v € UR;ZFI, Ty, — B,, contains a path ), from v to a leaf of 7;,. The union
of the paths in Dj_p,,,,..., Dy and the paths in C; := {Q, : v € UR/,;} contains a
subgraph G’ isomorphic to a graph that can be obtained from Gig,xpm,,, by subdividing
horizontal edges. By Lemma 9 applied to G := G’ with S := B,, and p := ch/m;;1, some
component X' of G' — B,, contains ¢, > 2'q;m;y1/(ch) > 2'q;/(10c) consecutive columns
Ci,...,Cy of G'. The component X' is contained in some component X of Gy, — By,.
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Since UR; is unrelated, it has a left to-right-order. This order defines a total order <
on the paths in C;, in which @, < @, if and only if v precedes w in left-to-right order.
The resulting total order (<,C;) corresponds to the order of the columns in G’ and each
part in R}, corresponds to 2’ consecutive columns of G’. There are at most two parts
R € R; such that 0 < [RN (CyU---UCy)| < |R|. These two parts account for at most
2(2°—1) of the columns in C1, . . ., Cy. Therefore, the number of parts of R;Zrl completely
contained in C; U --- U qu,_ is at least

(¢, — (27 = 2))/2" > ¢;/(10c) — 2 .

We define R;11 € Rf,, as the set of parts in R}, that are completely contained in
ciu---u C’qg. The preceding calculation shows that R;,; satisfies (b). Since UR;,; is
contained in a single component X of GG, — B,, and each vertex in UR;;; has a neighbour
(its parent in 7') in B,,, Observation 6 implies that 7' contains an edge z;z;4; with
UR;i+1 C B,,,,. Therefore R, satisfies (c).

This completes the definition of Ry,...,Riy1. Properties (a)—(c) imply that, Rsyq is
a (2, t(logy(ch) + 2), m)-compact set of size g;11 > 1 and URyy1 C By,,, for some x4 €
V(T). Let R be one of the sets in Ry, ;. Since Ryyq is (2%, t(logy(ch) + 2), m)-compact,
|R| > 2" and all vertices in R have a common ancestor a whose distance to each element
of R is at most t(logy(ch) + 2). Therefore, diamg, (R) < diamyg, (R) < 2t(logy(ch) + 2).
By Observation 5, there exists some P, € P with

|Bu,., NP, > RN P
| &
diamg, (R) + 1
2t
>
2t(logy(ch) +2) + 1
— 2t—O(10g log h)

Tt4+1

=

— QQ(\/logh)—O(loglogh) — 2(2(\/10gh) ) n

Proof of Theorem 10. Suppose G, € T'X P X K, for some tree 1" and some path P.
By Observation 2, G}, has a T-partition 7 := {B, : € V(T)} and a path-partition
P = {P, : y € V(P)} such that |B, N P,)| < ¢ for each (z,y) € V(T) x V(P). By
Lemma 14, there exists (x,y) € V(T) x V(P), such that |B, N P,| > 2?2 Combining
these upper and lower bounds on |B, N P,| implies that ¢ > 28U Vlogh) ]

Proof of Theorem 1. Let n := |V(G})| = 2" — 1. Suppose that G}, C H X P X K, for
some graph H of treewidth ¢ and maximum degree A, some path P and some integer c.
Then, by Theorem 3 and Observation 2, G € T' X P X Kyea(t4+1) for some tree T'. By

Theorem 10 24cA(t 4 1) € Q(2V°8h) 50 cAt > 28Vlogh) — oSt Vioglogn) O
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AL

Figure 4: An outerplanar-partition H and a path-partition P of G5 for which [BNP| < 1
for each B € H and P € P.

3 Open Problems

We know that every planar graph G is contained in a product of the form H X P X Kj
where tw(H) < 3 [8]. Theorem 10 states that, for every ¢, there exists a planar graph of
maximum degree 5 that is not contained in any product of the form 7' P X K. where T’
is a tree and P is a path. This leaves the following open problem:

Is every planar graph G of maximum degree A contained in a product of the
form H X P X K, where the treewidth of H is 2, P is a path, and c is some
function of A?

Figure 4 and Observation 2 show that (G}, is a subgraph of HX P where H has treewidth
2 (and is even outerplanar) and P is a path. Our proof breaks down in this case because,
unlike tree-partitions, outerplanar-partitions do not satisfy Observation 6. Indeed, the
outerplanar-partition illustrated in Figure 4 contains a part B, and a component X
of G, — B, with |Ng, (B;) N V(X)| = h. In a tree-partition this would imply that
|Ng, (B:) N V(X) N B,| = h for some other part B, of the partition. In contrast, for the
outerplanar-partition shown in Figure 4, |Ng, (B;) N V(X) N B,| < 1 for each y € V(H).
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