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Abstract

Product structure theorems are a collection of recent results that have been used
to resolve a number of longstanding open problems on planar graphs and related
graph classes. One particularly useful version states that every planar graph G is
contained in the strong product of a 3-tree H, a path P , and a 3-cycle K3; written
as G ⊆ H � P � K3. A number of researchers have asked if this theorem can
be strengthened so that the maximum degree in H can be bounded by a function
of the maximum degree in G. We show that no such strengthening is possible.
Specifically, we describe an infinite family G of planar graphs of maximum degree 5
such that, if an n-vertex member G of G is isomorphic to a subgraph of H �P �Kc

where P is a path and H is a graph of maximum degree ∆ and treewidth t, then
t∆c > 2Ω(

√
log logn).

Mathematics Subject Classifications: 05C76

1 Introduction

Recently, product structure theorems have been a key tool in resolving a number of
longstanding open problems on planar graphs. Roughly, a product structure theorem for
a graph family G states that every graph in G is isomorphic to a subgraph of the product
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of two or more “simple” graphs. As an example, there are a number of graph classes G
for which there exists integers t and c such that, for each G ∈ G there is a graph H of
treewidth1 t and a path P such that G is isomorphic to a subgraph of the strong product2
of H, P , and a clique K of order c. This is typically written as G ⊆ H � P �Kc, where
the notation G1 ⊆ G2 is used to mean that G1 is isomorphic to some subgraph of G2. See
references [2, 3, 5, 8–13, 15, 17] for examples.

In some applications of product structure theorems it is helpful if, in addition to
having treewidth t, the graph H has additional properties, possibly inherited from G. For
example, one very useful version of the planar graph product structure theorem states
that for every planar graph G there exists a planar graph H of treewidth 3 and a path
P such that G ⊆ H � P �K3 [8, Theorem 36(b)]. The planarity of H in this result has
been leveraged to obtain better constants and even asymptotic improvements for graph
colouring and layout problems, including queue number [8], p-centered colouring [7], and
`-vertex ranking [1].

In this vein, the authors have been repeatedly asked if H can have bounded degree
whenever G does; that is:

For each ∆ ∈ N, let G∆ be the family of planar graphs of maximum degree
∆. Do there exist functions t : N → N, d : N → N, and c : N → N such that,
for each ∆ ∈ N and each G ∈ G∆ there exists a graph H of treewidth at most
t(∆) and maximum degree d(∆) and a path P such that G ⊆ H �P �Kc(∆)?

In the current paper we show that the answer to this question is no, even when ∆ = 5.
Theorem 1. For infinitely many integers n > 1, there exists an n-vertex planar graph G
of maximum degree 5 such that, for every graph H of treewidth t and maximum degree
∆, every path P , and every integer c, if G ⊆ H � P �Kc then t∆c > 2Ω(

√
log logn).

The graph family G := {Gh : h ∈ N} that establishes Theorem 1 consists of complete
binary trees of height h augmented with edges to form, for each i ∈ {1, . . . , h}, a path Di

that contains all vertices of depth i. See Figure 1.

2 Proof of Theorem 1

Throughout this paper, all graphs G are simple and undirected with vertex-set V (G) and
edge-set E(G). For a set S, G[S] denotes the subgraph of G induced by S ∩ V (G) and

1A tree decomposition of a graph H is a collection T := (Bx : x ∈ V (T )) of subsets of V (H) indexed by
the nodes of some tree T such that (i) for each v ∈ V (H), the induced subgraph T [x ∈ V (T ) : v ∈ Bx]
is connected; and (ii) for each edge vw ∈ E(H), there exists some x ∈ V (T ) with {v, w} ⊆ Bx. The
width of such a tree decomposition is max{|Bx| : x ∈ V (T )} − 1. The treewidth of H is the minimum
width of any tree decomposition of H.

2The strong product G1 � G2 of two graphs G1 and G2 is the graph with vertex-set V (G1 � G2) :=
V (G1)×V (G2) and that includes the edge with endpoints (v, x) and (w, y) if and only if (i) vw ∈ E(G1)
and x = y; (ii) v = w and xy ∈ E(G2); or (iii) vw ∈ E(G1) and xy ∈ E(G2).
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Figure 1: The graph G5 from the graph family {Gh : h ∈ N} that establishes Theorem 1.

G− S := G[V (G) \ S]. For every v ∈ V (G), let NG(v) := {w : vw ∈ E(G)} and for every
S ⊆ V (G), let NG(S) :=

⋃
v∈S NG(v) \S. We write G1

∼= G2 if G1 and G2 are isomorphic
and G1 ⊆ G2 if G1 is isomorphic to some subgraph of G2. Inside of asymptotic notation,
log n := max{1, log2 n}.

2.1 Partitions

Let G and H be graphs. An H-partition H := {Bx : x ∈ V (H)} of G is a partition of
V (G) whose parts are indexed by the vertices of H with the property that, if vw is an edge
of G with v ∈ Bx and w ∈ By then x = y or xy ∈ E(H). The width of H is the size of its
largest part; that is, max{|Bx| : x ∈ V (H)}. If H is in a class G of graphs then we may
call H a G-partition of G. Specifically, if H is a tree, then H is a tree-partition of G and
if H is a path, then H is a path-partition of G. A path-partition P := {Px : x ∈ V (P )}
of G is also referred to as a layering of G and the parts of P are referred to as layers. A
set of layers {Px1 , . . . , Pxq} ⊆ P is consecutive if P [{x1, . . . , xq}] is connected.

As in previous works, we make use of the following relationship between H-partitions
and strong products, which follows immediately from the preceding definitions.

Observation 2. For every integer c > 1, and all graphs G, H, and J , G ⊆ H � J �Kc if
and only if G has an H-partition H := {Bx : x ∈ V (H)} and a J-partition J := {Cy :
y ∈ V (J)} such that |Bx ∩ Cy| 6 c, for each (x, y) ∈ V (H)× V (J).

The following important result of Ding and Oporowski [4] (also see [6, 16]) allows us
to focus on the case where the first factor in our product is a tree.

Theorem 3 (Ding and Oporowski [4]). If H is a graph with maximum degree ∆ and
treewidth t, then H has a tree-partition of width at most 24∆(t+ 1).

Corollary 4. If G ⊆ H � P �Kc where H has treewidth t and maximum degree ∆ then
there exists a tree T such that G ⊆ T � P �K24c∆(t+1).

Proof. By Theorem 3, H has a tree-partition T := {Bx : x ∈ V (T )} of width at most
24∆(t+1). By Observation 2, H ⊆ T�K24∆(t+1). Therefore, G ⊆ T�K24∆(t+1)�P�Kc

∼=
T � P �K24c∆(t+1).
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The length of a path is the number of edges in it. Given two vertices v, w ∈ V (G),
distG(v, w) denotes the minimum length of a path in G that contains v and w, or
distG(v, w) is infinite if v and w are in different connected components of G. For any
R ⊆ V (G), the diameter of R in G is diamG(R) := max{distG(v, w) : v, w ∈ R}.
Observation 5. Let G be a graph, let R ⊆ V (G), and let L be a layering of G. Then there
exists a layer L ∈ L such that |R ∩ L| > |R|/(diamG(R) + 1).

Proof. By the definition of layering, the vertices in R are contained in a set of at most
diamG(R) + 1 consecutive layers of L. The result then follows from the Pigeonhole Prin-
ciple.

We also make use of the following basic fact about tree-partitions:

Observation 6. Let G be a graph, let T := {Bx : x ∈ V (T )} be a tree-partition of G, let
x ∈ V (T ), and let v, w ∈ NG(Bx) be in the same component of G−Bx. Then T contains
an edge xy with v, w ∈ By.

Proof. Suppose that v ∈ By and w ∈ Bz for some y, z ∈ V (T ). Since v, w ∈ NG(Bx), T
contains the edges xy and xz. All that remains is to show that y = z. For the purpose
of contradiction, assume y 6= z. Since v and w are in the same component of G− Bx, G
contains a path from v to w that avoids all vertices in Bx, which implies that T contains
a path Pyz from y to z that does not include x. This is a contradiction since then Pyz and
the edges xy and yz form a cycle in T , but T is a tree.

2.2 Percolation in Binary Trees

The depth of a vertex v in a rooted tree T is the length of the path AT (v) from v to the
root of T . Each vertex a ∈ V (AT (v)) is an ancestor of v, and v is a descendant of each
vertex in V (AT (v)). We say that a set B ⊆ V (T ) is unrelated if no vertex of B is an
ancestor of any other vertex in B.

For each h ∈ N, let Th denote the complete binary tree of height h; that is, the rooted
ordered tree with 2h leaves, each having depth h and in which each non-leaf vertex has
exactly two children, one left child and one right child. Note that the ordering of Th
induces an ordering on every unrelated set B ⊆ V (Th), which we refer to as the left-to-
right ordering. Specifically, v ∈ B appears before w ∈ B in the left-to-right ordering of B
if and only if there exists a common ancestor a of both v and w such that the path from
a to v contains the left child of a and the path from a to w contains the right child of a.

We use the following two percolation-type results for Th.

Lemma 7. Let h > 1, let r be the root of Th, and let S ⊆ V (Th) with 1 6 |S| < 2h. Then
there exists a vertex v of Th such that

(i) the depth of v is at most log2 |S|+ 1;
(ii) v 6= r and the parent of v is in S ∪ {r}; and
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(iii) Th − S contains a path from v to a leaf of Th.

Proof. The proof is by induction on h. When h = 1, |S| 6 1. In particular, at least one
child v of r is not in S. The depth of v is 1 6 log2 |S| + 1, so v satisfies (i). The parent
of v is r ∈ S ∪ {r}, so v satisfies (ii). T1 − S contains a length-0 path from v to itself (a
leaf of T1), so v satisfies (iii).

For h > 2, let ` be the maximum integer such that S ∪ {r} contains all 2` vertices of
depth `. Observe that 2` 6 |S|, so ` 6 log2 |S| < h. Let L be the set of 2`+1 depth-(`+ 1)
vertices in Th. By the Pigeonhole Principle some vertex r′ ∈ L is the root of a complete
binary tree T ′ with root r′ of height h− `− 1 with |S ∩ V (T ′)| 6 |S|/2`+1 < 2h−`−1.

If V (T ′) ∩ S = ∅ then choosing v := r′ satisfies the requirements of the lemma.
Otherwise, by applying induction on T ′ and S ′ := S ∩ V (T ′) we obtain a vertex v′ of
depth at most ` + 1 + log2(|S ′|) + 1 6 log2 |S| + 1 whose parent is in S ∪ {r′}, and
such that Th − S contains a path from v′ to a leaf of Th. Thus v′ satisfies requirements
(i) and (iii). If the parent of v′ is in S then v′ also satisfies requirement (ii) and the
lemma is proven, with v := v′. Otherwise, the parent of v′ is r′, in which case r′ satisfies
requirements (i)–(iii) and we are done, with v := r′.

Lemma 8. Let h > 1, let r be the root of Th, and and let S ⊆ V (Th) with 1 6 |S| < 2h−1.
Then there exist two unrelated vertices v1 and v2 of Th such that, for each i ∈ {1, 2}:
(i) the depth of vi is at most log2 |S|+ 2;
(ii) vi 6= r and the parent of vi is in S ∪ {r}; and
(iii) Th − S contains a path from vi to a leaf of Th.

Proof. Let T1 and T2 be the two maximal subtrees of Th rooted at the children r1 and
r2, respectively of r. (Each of T1 and T2 is a complete binary tree of height h − 1.) For
each i ∈ {1, 2}, let Si := S ∩ V (Ti). If Si = ∅ then we choose vi = ri and this satisfies
requirements (i)–(iii). If Si 6= ∅ then, since |Si| 6 |S| < 2h−1, we can apply Lemma 7 to
Ti and Si to obtain a vertex v′i ∈ V (Ti) of depth at most 1 + log2 |Si| + 1 6 log2 |S| + 2
and such that Th − S contains a path from v′i to a leaf of Th. Therefore, v′i satisfies (i)
and (iii). Furthermore, the parent of v′i is in S ∪ {ri}. If the parent of v′i is in S, then
v′i also satisfies (ii), so we set vi := v′i. If the parent of v′i is not in S, then the parent
of v′i is ri 6∈ S and ri satisfies (i)–(iii), so we set vi := ri. Finally, since v1 ∈ V (T1) and
v2 ∈ V (T2), v1 and v2 are unrelated.

2.3 A Connectivity Lemma

The x× y grid Gx×y is the graph with vertex-set V (Gx×y) := {1, . . . , x}× {1, . . . , y} and
that contains an edge with endpoints (x1, y1) and (x2, y2) if and only if |x1−x2|+|y1−y2| =
1. An edge of Gx×y is horizontal if its two endpoints agree in the second (y) coordinate.
For each i ∈ {1, . . . , x}, the vertex-set {i} × {1, . . . , y} is called column i of Gx×y. A set
C of columns is consecutive if Gx×y[∪C] is connected.
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Lemma 9. Let x, y, p > 1 be integers, let G be a graph obtained by subdividing horizontal
edges of Gx×y, and let S ⊆ V (G)\V (Gx×y) be a set of subdivision vertices of size |S| < py.
Then some component of G− S contains at least x/p consecutive columns of Gx×y.

Proof. For each i ∈ {1, . . . , x − 1}, in order to separate column i from column i + 1, S
must contain at least y subdivision vertices on the horizontal edges between columns i and
i+ 1. Since |S| < py, this implies that there are at most p− 1 values of i ∈ {1, . . . , x− 1}
for which columns i and i+ 1 are in different components of G− S. These at most p− 1
values of i partition {1, . . . , x} into at most p intervals, at least one of which contains at
least x/p consecutive columns that are contained in a single component of G− S.

2.4 The Proof

Recall that, for each h ∈ N, Gh is the planar supergraph of the complete binary tree Th
of height h obtained by adding the edges of a path Di that contains all vertices of depth
i, in left-to-right order, for each i ∈ {1, . . . , h}. Since Th is a spanning subgraph of Gh,
the depth of a vertex v in Gh refers to the depth of v in Th. The height of a depth-d
vertex of Th is h− d. We are now ready to prove the following result that, combined with
Corollary 4 is sufficient to prove Theorem 1:

Theorem 10. For every h ∈ N, every tree T , and every path P , if Gh ⊆ T � P �Kc then
c > 2Ω(

√
log h).

It is worth noting that, unlike Theorem 1, there is no restriction on the maximum
degree of the tree T .

Before diving into technical details, we first sketch our strategy for proving Theorem 10.
We may assume that c 6 2

√
log2 h since, otherwise there is nothing to prove. Recall

Observation 2, which states that if Gh ⊆ T � P � Kc then Gh has a tree-partition
T := {Bx : x ∈ V (T )} and a path-partition (that is, layering) P := {Py : y ∈ V (P )}
with |Bx ∩ Py| 6 c for each (x, y) ∈ V (T ) × V (P ). However, since Gh has diameter 2h,
Observation 5 (with R = Bx) implies that |Bx| 6 c(2h+1) for each x ∈ V (T ). This upper
bound on |Bx| is used to establish all of the results described in the following paragraph.

Refer to Figure 2. We will construct a sequence of sets R1, . . . ,Rt+1 and a sequence
of nodes x1, . . . , xt+1 of T , where each Ri is a family of unrelated sets in Th such that
∪Ri ⊆ Bxi . The first family R1 consists of q1 > h/(25c) singleton sets whose union is
an unrelated set in Th. For each i ∈ {2, . . . , t + 1}, Ri has size qi > q1/(10c)i−1 − 3.
For each Ri := {Ri,1, . . . , Ri,qi}, each Ri,j ⊆ V (T ) is an unrelated set in Th of size
2i−1 that has a common ancestor ai,j of height at least h/5 that is at distance at most
(i−1)(log2(ch)+2) from every element in Ri,j. Furthermore, {ai,1, . . . , ai,qi} is an unrelated
set. These properties imply that ∪Ri is also an unrelated set.

We do this for some appropriately chosen integer t ∈ Θ(
√

log h) in order to ensure
that qt+1 > 1, so Rt+1 contains at least one part R of size 2t. By Observation 5, there
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R1

R2

R3

Rt+1Bxt+1

O(t log(ch))

2t

Gh

αh

αh/2

Figure 2: The proof of Theorem 10.

exists some y ∈ V (P ) such that

|R∩Py| >
|R|

diamGh
(R) + 1

>
2t

2t(log2(ch) + 2) + 1
= 2t−log2(t log2(ch))−O(1) = 2Ω(t) = 2Ω(

√
log2 h) .

Since R ⊆ Bxt+1 , |Bxt+1∩Py| > 2Ω(
√

log h). Since c > max{|Bx∩Py| : (x, y) ∈ V (T )×V (P )},
the assumption that c 6 2

√
log h therefore leads to the conclusion that c > 2Ω(

√
log h), which

establishes Theorem 1.

We now proceed with the details of the proof outlined above. The next two lemmas
will be used to obtain the set R1 that allows us to start the argument. Informally, the
first lemma says that every balanced separator S of Gh must contain a vertex of depth i
for each i ∈ {i0, . . . , h}, where i0 ∈ O(log |S|).
Lemma 11. Let h ∈ N with h > 1, let S ⊆ V (Gh), S 6= ∅. If Gh − S has no component
with more than |V (Gh)|/2 vertices then S ∩ V (Di) 6= ∅ for each i ∈ {i0, . . . , h}, where
i0 := dmax{2 log2 |S|+ 2, log2(1 + (h+ 2)|S|)− 1}e.

Proof. Let C be the vertex set of a component of Gh−S that maximizes C ∩V (Dh). For
each i ∈ {0, . . . , h}, let Ci := C ∩ V (Di) and let Si := S ∩ V (Di). We will show that,
for each i > i0, Ci is non-empty but does not contain all 2i vertices in Di. Therefore
Si ⊇ NGh

(Ci) ∩ V (Di) 6= ∅ for each i ∈ {i0, . . . , h}.
For each i ∈ {0, . . . , h−1}, the vertices in Ci+1 are adjacent to at least |Ci+1|/2 vertices

of Di, so |Ci| > |NGh
(Ci+1)∩ V (Di) \ Si| > |Ci+1|/2− |Si|. Iterating this inequality h− i
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times gives |Ci| > |Ch|/2h−i −
∑h−1

j=i |Sj|/2h−i−1 > |Ch|/2h−i − |S|. The vertices in S
partition V (Dh) \ S into at most |S| + 1 connected components. Since C is chosen to
maximize |Ch|, |Ch| > (2h − |S|)/(|S|+ 1) > 2h/(|S|+ 1)− 1. Therefore,

|Ci| >
|Ch|
2h−i

− |S| > 2h/(|S|+ 1)− 1

2h−i
− |S| > 2i−log2(|S|+1) − |S| − 1 > 0 (1)

for i > 2 log2 |S| + 2. Since i0 > 2 log2 |S| + 2, this establishes that Ci is non-empty for
each i ∈ {i0, . . . , h}.

For each i ∈ {0, . . . , h− 1}, the vertices in Ci are adjacent to at least 2|Ci| vertices of
Di+1, so |Ci+1| > 2|Ci| − |Si+1|. Iterating this h− i times gives:

|Ch| > 2h−i|Ci| −
h∑

j=i+1

2h−j|Sj| > 2h−i|Ci| − 2h−i−1|S| . (2)

Suppose that |Ci∗| = 2i
∗ for some i∗ ∈ {0, . . . , h}. Then Equation (2) implies that

|Ch| > 2h − 2h−i
∗−1|S|. Therefore, by Equation (1),

|C| =
h∑
i=0

|Ci| >
h∑
i=0

(
|Ch|
2h−i

− |S|
)
> 2|Ch|−1−(h+1)|S| > 2h+1−2h−i

∗|S|−1−(h+1)|S| .

(3)
However, 2h > |V (Gh)|/2 > |C|, and combining this with Equation (3) gives 2h > 2h+1 −
2h−i

∗|S| − 1− (h+ 1)|S|. Rewriting this inequality, we get

2h < 2h−i
∗|S|+ 1 + (h+ 1)|S| . (4)

Multiplying each side of Equation (4) by 2i
∗−h then gives:

2i
∗
< |S|+ 2i

∗−h(1 + (h+ 1)|S|)
6 |S|+ 1 + (h+ 1)|S| (since i∗ 6 h, so 2i

∗−h 6 1)
= 1 + (h+ 2)|S| .

Taking the logarithm of each side then gives i∗ < log2(1+(h+2)|S|) 6 i0. This establishes
that |Ci| < 2i for each i ∈ {i0, . . . , h} and completes the proof.

The following lemma shows that every tree-partition of Gh must have a part with a
large unrelated set that is far from the leaves of Th and will be used to obtain our first
set R1.

Lemma 12. For every α ∈ (0, 1/4), there exists h0 such that the following is true, for all
integers h > h0 and all c ∈ [1, h]. If T := {Bx : x ∈ V (T )} is a tree-partition of Gh of
width less than ch then there exists a node x ∈ V (T ) and a subset R ⊆ Bx such that

(i) R is unrelated;
(ii) |R| > α2h/c; and
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(iii) Each vertex in R has height at least αh.

Proof. It is well-known and easy to show that there exists a node x of T such that G−Bx

has no component with more than |V (Gh)|/2 vertices [14, (2.6)]. Let Y be the set of
vertices in Bx that have height at least h/4. By Lemma 11, |Y | > 3h/4−O(log(ch+ 1)).

Let TY be the minimal (connected) subtree of Th that spans Y , and let L be the set
of leaves of TY (excluding the root of TY if this happens to be contained in Y ). Observe
that L ⊆ Y is an unrelated set. Therefore, L satisfies (i) and, by definition, each vertex
in L has height at least h/4 > αh, so L satisfies (iii). If |L| > αh > α2h/c then L also
satisfies (ii). In this case, we can take R := L and we are done. We now assume that
|L| < αh.

Let Z consist of all vertices in V (Th) \ V (TY ) whose parents are in Y \ L. Observe
that Z is an unrelated set of vertices each having height at least h/4. For each v of TY ,
let dv denote the number of children of v in TY . Then,∑

v∈Y \L

(dv − 1) 6
∑

v∈V (TY )\L

(dv − 1) = |L| − 1 ,

where the second equality is a standard fact about rooted trees. Rewriting this, we get∑
v∈Y \L dv < |Y \ L| + |L| = |Y |. On the other hand, each v ∈ Y \ L contributes 2 − dv

vertices to Z, so
|Z| =

∑
v∈Y \L

(2− dv) .

Combining these two formulas, we obtain

|Z| > 2|Y \L|− |Y | = |Y |− 2|L| > 3h/4−O(log(ch+ 1))− 2αh > h/4−O(log(ch+ 1)) .

Refer to Figure 3. For each r ∈ Z, Lemma 7 applied to the subtree of Th rooted at r with
S = Bx implies that r has a descendant v such that (a) the parent of v is in Bx ∪ {r};
(b) the height of v is at least h/4 − O(log(ch + 1)); and (c) Th − Bx contains a path Qv

from v to a leaf of Th.

Form the set Z ′ using the following rule for each r ∈ Z: If the vertex v described
in the preceding paragraph is a child of r then place r in Z ′, otherwise place v in Z ′.
Since each r ∈ Z is a child of some vertex in Y ⊆ Bx, this ensures that the parent of
v is in Bx for each v ∈ Z ′. Since Z is an unrelated set and Z ′ is obtained by replacing
each vertex in Z with one of its descendants, Z ′ is an unrelated set. Since α < 1/4, for
sufficiently large h, |Z ′| > h/4−O(log(ch+ 1)) > αh and each vertex in Z ′ has height at
least h/4−O(log(ch+ 1)) > αh.

Now observe that the union of the paths Qv for each v ∈ Z ′ and the paths
Dh−dαhe+1, . . . , Dh contains a subgraph G′ isomorphic to a graph that can be obtained
from the grid Gdαhe×dαhe by subdividing horizontal edges. Since Bx does not contain any
vertex of Qv for each v ∈ Z ′, Bx ∩ V (G′) contains only vertices corresponding to subdi-
vision vertices. Therefore, by Lemma 9, some component of G − Bx contains a subset
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...

Z ′

Dh

Dh−1

Dh−⌈αh⌉

Figure 3: A step in the proof of Lemma 12.

R ⊆ Z ′ of size at least α2h/c. Each element in R has a parent in Bx. By Observation 6
some neighbour y of x in T has a bag By that contains all of R. This completes the
proof.

A set R := {R1, . . . , Rq} of subsets of V (Th) is (k, `,m)-compact if it has the following
properties:

1. For each i ∈ {1, . . . , q}, Ri is unrelated and |Ri| > k.
2. For each i ∈ {1, . . . , q} there exists a common ancestor ai ofRi such that distTh(v, ai) 6
` for each v ∈ Ri.

3. a1, . . . , aq are unrelated and each has height at least m.

This definition has the following implications: (i) ∪R is an unrelated set; and (ii) If ai
precedes aj in the left-to-right ordering of {a1, . . . , aq} then every element of Ri precedes
every element of Rj in the left-to-right order of ∪R. We say that a vertex v of Th is
compatible with S ⊆ V (Th) if the parent of v is in S and Th − S contains a path from v
to a leaf of Th. A (k, `,m)-compact set R is compatible with S if each vertex in ∪R is
compatible with S.

Lemma 13. Let R := {R1, . . . , Rq} be a (k, `,m)-compact set, and let S ⊇ ∪R have
size 1 6 |S| < 2m−`−2. Then, there exists a (2k, ` + log2 |S| + 2,m)-compact set R′ :=
{R′1, . . . , R′q} that is compatible with S.

Proof. For each i ∈ {1, . . . , q} and each r ∈ Ri, replace r with the descendants v1 and
v2 of r described in Lemma 8 and call the resulting set R′i. Then |R′i| = 2|Ri| > 2k and
distTh(v, ai) 6 `+log2 |S|+2 for each v ∈ R′i, where ai is the common ancestor of Ri in the
definition of (k, `,m)-compact. ThereforeR′ := {R′1, . . . , R′q} is a (2k, `+log2(|R|)+2,m)-
compact set.

The next lemma is the last ingredient in the proof of Theorem 1.

Lemma 14. Let T := {Bx : x ∈ V (T )} be a tree-partition of Gh and let P := {Py :
y ∈ V (P )} be a path-partition of Gh. Then there exists (x, y) ∈ V (T )× V (P ) such that
|Bx ∩ Py| > 2Ω(

√
log h).
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Proof. Let x ∈ V (T ) be a node that maximizes |Bx|. Then diamGh
(Bx) 6 diamTh(Bx) 6

2h so, by Observation 5, |Bx∩Py| > |Bx|/(2h+ 1) for some y ∈ V (P ). If |Bx| > h2
√

log2 h

then there is nothing more to prove, so we may assume that |Bx| < ch where c := 2
√

log2 h.
Note that c > 1 for every h > 1.

By Lemma 12, with α := 1/5, T contains a node x1 such that Bx1 contains an unrelated
set R of size q1 := |R| > h/(25c) where each vertex in R has height at least m := m1 :=
h/5. Let R1 := {{v} : v ∈ R}. By definition R1 is a (1, 0,m)-compact set. R1 will
be the first in a sequence of sets R1, . . . ,Rt+1, where t will be fixed below. For each
i ∈ {1, . . . , t+ 1}, Ri will satisfy the following properties:

(a) Ri is a (2i−1, (i−1)(log2(ch)+2),mi)-compact set, wheremi > h/5−(i−1)(blog2(ch)c+
2).

(b) qi := |Ri|, with qi > qi−1/(10c)− 2 if i > 2.

(c) There exists xi ∈ V (T ) such that ∪Ri ⊆ Bxi .

Note that, by a simple inductive argument, one can show that

qi > q1/(10c)i−1 − 3 .

Indeed, the base case i = 1 holds trivially, and for the inductive case (i > 2) we have
qi > qi−1/(10c)− 2 > (q1/(10c)i−2 − 3)/(10c)− 2 > q1/(10c)i−1 − 3.

It is straightforward to verify that R1 satisfies (a)–(c). Let t := min{t1, t2} where t1 :=

blog10c(q1/3)c and t2 := bh/(10(
√

log2 h+ log2 h) + 2)c. Observe that, since c = 2
√

log2 h,
t1 > log10c(h/75c) ∈ Ω(logc h) ⊆ Ω(

√
log h) and that t2 > h/(10(

√
log2 h+ log2 h) + 2)−

1 ∈ Ω(h/ log h). Therefore t ∈ Ω(
√

log h). These specific values of t1 and t2 are chosen
for the following reasons:

(i) Since t 6 t1, qt+1 > q1/(10c)t1 − 3 > 0, so qt+1 > 1.
(ii) Since t 6 t2, mi > h/5− t2(blog2(ch)c+ 2) > h/10 for each i ∈ {2, . . . , t+ 1}.

We now describe how to obtain Ri+1 from Ri for each i ∈ {1, . . . , t}. By Lemma 13
(applied to R := Ri and S := Bxi), Th contains a (2i, i log2(ch) + 2,m)-compact set
R+
i+1 of size qi that is compatible with Bxi . For each v ∈ ∪R+

i+1, v has height at least
mi+1 := mi − (blog2(ch)c + 2) > h/5 − i(blog2(ch)c + 2). Therefore R+

i+1 satisfies (a),
but does not necessarily satisfy (c). Next we show how to extract Ri+1 ⊆ R+

i+1 that also
satisfies (b) and (c).

For each v ∈ ∪R+
i+1, Th − Bxi contains a path Qv from v to a leaf of Th. The union

of the paths in Dh−mi+1
, . . . , Dh and the paths in Ci := {Qv : v ∈ ∪R+

i+1} contains a
subgraph G′ isomorphic to a graph that can be obtained from G2iqi×mi+1

by subdividing
horizontal edges. By Lemma 9 applied to G := G′ with S := Bxi and p := ch/mi+1, some
component X ′ of G′ − Bxi contains q′i > 2iqimi+1/(ch) > 2iqi/(10c) consecutive columns
C1, . . . , Cq′i of G

′. The component X ′ is contained in some component X of Gh −Bxi .
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Since ∪Ri is unrelated, it has a left to-right-order. This order defines a total order ≺
on the paths in Ci, in which Qv ≺ Qw if and only if v precedes w in left-to-right order.
The resulting total order (≺, Ci) corresponds to the order of the columns in G′ and each
part in R+

i+1 corresponds to 2i consecutive columns of G′. There are at most two parts
R ∈ Ri such that 0 < |R ∩ (C1 ∪ · · · ∪ Cq′i)| < |R|. These two parts account for at most
2(2i−1) of the columns in C1, . . . , Cq′i . Therefore, the number of parts of R+

i+1 completely
contained in C1 ∪ · · · ∪ Cq′i is at least

(q′i − (2i+1 − 2))/2i > qi/(10c)− 2 .

We define Ri+1 ⊆ R+
i+1 as the set of parts in R+

i+1 that are completely contained in
C1 ∪ · · · ∪ Cq′i . The preceding calculation shows that Ri+1 satisfies (b). Since ∪Ri+1 is
contained in a single component X of Gx−Bxi and each vertex in ∪Ri+1 has a neighbour
(its parent in T ) in Bxi , Observation 6 implies that T contains an edge xixi+1 with
∪Ri+1 ⊆ Bxi+1

. Therefore Ri+1 satisfies (c).

This completes the definition of R1, . . . ,Rt+1. Properties (a)–(c) imply that, Rt+1 is
a (2t, t(log2(ch) + 2),m)-compact set of size qt+1 > 1 and ∪Rt+1 ⊆ Bxt+1 for some xt+1 ∈
V (T ). Let R be one of the sets in Rt+1. Since Rt+1 is (2t, t(log2(ch) + 2),m)-compact,
|R| > 2t and all vertices in R have a common ancestor a whose distance to each element
of R is at most t(log2(ch) + 2). Therefore, diamGh

(R) 6 diamTh(R) 6 2t(log2(ch) + 2).
By Observation 5, there exists some Py ∈ P with

|Bxt+1 ∩ Py| > |R ∩ Py|

>
|R|

diamGh
(R) + 1

>
2t

2t(log2(ch) + 2) + 1

= 2t−O(log log h)

= 2Ω(
√

log h)−O(log log h) = 2Ω(
√

log h) .

Proof of Theorem 10. Suppose Gh ⊆ T � P � Kc for some tree T and some path P .
By Observation 2, Gh has a T -partition T := {Bx : x ∈ V (T )} and a path-partition
P := {Py : y ∈ V (P )} such that |Bx ∩ Py| 6 c for each (x, y) ∈ V (T ) × V (P ). By
Lemma 14, there exists (x, y) ∈ V (T )×V (P ), such that |Bx∩Py| > 2Ω(

√
log h). Combining

these upper and lower bounds on |Bx ∩ Py| implies that c > 2Ω(
√

log h).

Proof of Theorem 1. Let n := |V (Gh)| = 2h+1 − 1. Suppose that Gh ⊆ H � P �Kc for
some graph H of treewidth t and maximum degree ∆, some path P and some integer c.
Then, by Theorem 3 and Observation 2, G ⊆ T � P � K24c∆(t+1) for some tree T . By
Theorem 10 24c∆(t+ 1) ∈ Ω(2

√
log h), so c∆t > 2Ω(

√
log h) = 2Ω(

√
log logn).
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Figure 4: An outerplanar-partition H and a path-partition P of G5 for which |B∩P | 6 1
for each B ∈ H and P ∈ P .

3 Open Problems

We know that every planar graph G is contained in a product of the form H � P �K3

where tw(H) 6 3 [8]. Theorem 10 states that, for every c, there exists a planar graph of
maximum degree 5 that is not contained in any product of the form T �P �Kc where T
is a tree and P is a path. This leaves the following open problem:

Is every planar graph G of maximum degree ∆ contained in a product of the
form H � P �Kc where the treewidth of H is 2, P is a path, and c is some
function of ∆?

Figure 4 and Observation 2 show thatGh is a subgraph ofH�P whereH has treewidth
2 (and is even outerplanar) and P is a path. Our proof breaks down in this case because,
unlike tree-partitions, outerplanar-partitions do not satisfy Observation 6. Indeed, the
outerplanar-partition illustrated in Figure 4 contains a part Bx and a component X
of Gh − Bx with |NGh

(Bx) ∩ V (X)| = h. In a tree-partition this would imply that
|NGh

(Bx) ∩ V (X) ∩ By| = h for some other part By of the partition. In contrast, for the
outerplanar-partition shown in Figure 4, |NGh

(Bx) ∩ V (X) ∩By| 6 1 for each y ∈ V (H).

Acknowledgements

Much of this research was done during the First Adriatic Workshop on Graphs and Prob-
ability, June 5–10, in Hvar, Croatia. The authors are grateful to the organizers and other
workshop participants for providing an optimal working environment. The authors would
especially like to thank Nina Kamčev for helpful discussions.

References

[1] Prosenjit Bose, Vida Dujmović, Mehrnoosh Javarsineh, and Pat Morin. Asymp-
totically optimal vertex ranking of planar graphs. CoRR, abs/2007.06455, 2020.
doi:10.48550/arXiv.2007.06455.

the electronic journal of combinatorics 31(2) (2024), #P2.51 13

https://dx.doi.org/10.48550/arXiv.2007.06455


[2] Prosenjit Bose, Pat Morin, and Saeed Odak. An optimal algorithm for product
structure in planar graphs. In Artur Czumaj and Qin Xin, editors, 18th Scandinavian
Symposium and Workshops on Algorithm Theory, SWAT 2022, June 27-29, 2022,
Tórshavn, Faroe Islands, volume 227 of LIPIcs, pages 19:1–19:14. Schloss Dagstuhl
- Leibniz-Zentrum für Informatik, 2022. doi:10.4230/LIPIcs.SWAT.2022.19.

[3] Rutger Campbell, Katie Clinch, Marc Distel, J. Pascal Gollin, Kevin Hendrey, Robert
Hickingbotham, Tony Huynh, Freddie Illingworth, Youri Tamitegama, Jane Tan, and
David R. Wood. Product structure of graph classes with bounded treewidth. CoRR,
abs/2206.02395, 2022. doi:10.48550/arXiv.2206.02395.

[4] Guoli Ding and Bogdan Oporowski. Some results on tree decomposition of graphs.
J. Graph Theory, 20(4):481–499, 1995. doi:10.1002/jgt.3190200412.

[5] Marc Distel, Robert Hickingbotham, Tony Huynh, and David R. Wood. Improved
product structure for graphs on surfaces. Discrete Math. Theor. Comput. Sci.,
24(2):#6, 2022. doi:10.48550/arXiv.2112.10025.

[6] Marc Distel and David R. Wood. Tree-partitions with bounded degree trees. CoRR,
abs/2210.12577, 2022. doi:10.48550/arXiv.2210.12577.

[7] Michał Dębski, Stefan Felsner, Piotr Micek, and Felix Schröder. Improved bounds
for centered colorings. Adv. Comb., 8, 2021. doi:10.19086/aic.27351.

[8] Vida Dujmović, Gwenaël Joret, Piotr Micek, Pat Morin, Torsten Ueckerdt, and
David R. Wood. Planar graphs have bounded queue-number. J. ACM, 67(4):22:1–
22:38, 2020. doi:10.1145/3385731.

[9] Vida Dujmović, Pat Morin, and David R. Wood. Graph product structure for non-
minor-closed classes. CoRR, abs/1907.05168, 2019. doi:10.48550/arXiv.1907.
05168.

[10] Robert Hickingbotham, Paul Jungeblut, Laura Merker, and David R. Wood.
The product structure of squaregraphs. CoRR, abs/2203.03772, 2022.
doi:10.48550/arxiv.2203.03772.

[11] Robert Hickingbotham and David R. Wood. Shallow minors, graph
products and beyond planar graphs. CoRR, abs/2111.12412, 2021.
doi:10.48550/arxiv.2111.12412.

[12] Freddie Illingworth, Alex Scott, and David R. Wood. Product structure of graphs
with an excluded minor. CoRR, abs/2104.06627, 2021. doi:10.48550/arXiv.2104.
06627.

[13] Robert Krauthgamer and James R. Lee. The intrinsic dimensionality of graphs.
Comb., 27(5):551–585, 2007. doi:10.1007/s00493-007-2183-y.

the electronic journal of combinatorics 31(2) (2024), #P2.51 14

https://doi.org/10.4230/LIPIcs.SWAT.2022.19
https://dx.doi.org/10.48550/arXiv.2206.02395
https://doi.org/10.1002/jgt.3190200412
https://doi.org/10.48550/arXiv.2112.10025
https://dx.doi.org/10.48550/arXiv.2210.12577
https://doi.org/10.19086/aic.27351
https://doi.org/10.1145/3385731
https://dx.doi.org/10.48550/arXiv.1907.05168
https://dx.doi.org/10.48550/arXiv.1907.05168
https://doi.org/10.48550/arxiv.2203.03772
https://doi.org/10.48550/arxiv.2111.12412
https://dx.doi.org/10.48550/arXiv.2104.06627
https://dx.doi.org/10.48550/arXiv.2104.06627
https://doi.org/10.1007/s00493-007-2183-y


[14] Neil Robertson and P. D. Seymour. Graph minors. II. Algorithmic aspects of tree-
width. Journal of Algorithms, 7(3):309–322, 1986.

[15] Torsten Ueckerdt, David R. Wood, andWendy Yi. An improved planar graph product
structure theorem. Electron. J. Comb., 29(2):#P2.51, 2022. doi:10.37236/10614.

[16] David R. Wood. On tree-partition-width. Eur. J. Comb., 30(5):1245–1253, 2009.
doi:10.1016/j.ejc.2008.11.010.

[17] David R. Wood. Product structure of graph classes with strongly sublinear separa-
tors. CoRR, abs/2208.10074, 2022. doi:10.48550/arxiv.2208.10074.

the electronic journal of combinatorics 31(2) (2024), #P2.51 15

https://doi.org/10.37236/10614
https://doi.org/10.1016/j.ejc.2008.11.010
https://doi.org/10.48550/arxiv.2208.10074

	Introduction
	Proof of mainthm
	Partitions
	Percolation in Binary Trees
	A Connectivity Lemma
	The Proof

	Open Problems

