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Abstract

We examine a hierarchy of equivalence classes of local quasi-random properties
of Boolean Functions. In particular, we prove an equivalence between a number
of properties including balanced influences, spectral discrepancy, local strong reg-
ularity, subgraph counts in a Cayley graph associated to a Boolean function, and
equidistribution of additive derivatives among many others. In addition, we con-
struct families of quasi-random Boolean functions which exhibit the properties of
our equivalence theorem and separate the levels of our hierarchy. Furthermore, we
relate our properties to several extant notions of pseudo-randomness for Boolean
functions.

Mathematics Subject Classifications: 94D10

1 Introduction

We consider Boolean Functions that map binary strings of length n to {True, False}.
Boolean functions can encode a wide variety of mathematical and computational objects,
such as decision problems, error-correcting codes, communication and cryptographic pro-
tocols, among others. These functions are extremely well-studied in coding theory, cryp-
tography, and computational complexity among many other areas of computer science
and data science. For each application, many researchers have developed tools and per-
spectives unique to each area to study these Boolean functions and have isolated key
properties of Boolean functions, for instance the sensitivity of the function to changes in
each coordinate, the size of its Fourier coefficients, or the distance of its support viewed
as a binary code.

The goal of this paper is to organize a range of properties of Boolean functions into
a hierarchy of equivalence classes in the same style as the quasi-random graphs and
hypergraphs in [1, 2, 3] (for details, see section §3). Our properties are local in nature,
forming a hierarchy depending on a local parameter d. For instance, one of our main
properties, the Balanced Influences Property, concerns the influences of all vectors of
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Hamming weight at most d. Another property considers subgraph counts of 4-cycles in
the associated Cayley graph with location restrictions depending on d. There is a second
parameter in the descriptions of our properties, an error bound € which controls our notion
of equivalence between properties. For two properties Pi(d,€) and P(d,€), we say that
Py implies P, if for every € > 0 there is a 6 > 0 such that P;(d, ) implies P,(d, €) where 0
only depends on d and €. If P, and P, imply each other, then we say that P, and P, are
equivalent.

In our main theorem, we show how a number of known analytic properties of Boolean
functions, such as the k-th order strict avalanche criterion, restrictions of the function
having small Fourier coefficients, and discrepancy of the Fourier coefficients, can be ei-
ther strengthened or weakened so as to become equivalent to one another. Motivated by
the enumeration of “sub-patterns” within a larger object, we further show that several
combinatorial properties of graphs built from our Boolean function are equivalent with
these analytic properties. These combinatorial properties include local 4-cycle counts, a
local sameness property, counts of rainbow embeddings of graphs and a co-degree condi-
tion on a Cayley graph defined from the Boolean function. Finally, we give an explicit
construction of a family of Boolean functions which exhibits the properties in our main
theorem. As it turns out, our construction depends crucially on the existence of good
binary codes. As will be indicated throughout the paper, the properties that we discuss
here are satisfied by a random Boolean function, and therefore are called quasi-random
in the spirit of [1]

Our work continues the study of quasi-randomness of graphs and hypergraphs initiated
in the work of Chung, Graham, and Wilson [1]. Quasi-randomness theorems exist for other
combinatorial objects, including Griffiths’ results on oriented graphs [4], Cooper’s work on
permutations [5], Chung and Graham’s work on tournaments [6] and subsets of Z/NZ [7],
k-Uniform linear hypergraphs in works of Friedman and Widgerson [8] along with Rodl,
Schacht, and Kohawakaya [9], Lenz and Mubayi [10], and k-Uniform general hypergraphs
in papers of Chung and Graham [2, 3, 11, 12], Frankl, Rodl, Schacht, Kohawakaya, and
Nagle in [13, 14, 15, 16, 17], surveyed in the papers of Gowers [18, 19]. There are also
several extant theories of quasi-randomness for Boolean functions, implicitly in Chung and
Graham’s work on subsets of Z/NZ [7] and explicitly in O’Donnell’s textbook [20], Castro-
Silva’s monograph [21], and Chung and Tetali’s work on communication complexity [22].
All of the theories mentioned above center on properties of a global nature, for instance
the total number of copies of a fixed subgraph as considered in the first property of
Chung, Graham, and Wilson’s work [1]. By contrast, our properties here are local in
nature. We shall later prove that our local theory of quasi-random Boolean functions is
distinct from each of these global theories, stronger than several of the global theories,
and incomparable with the others.

Our paper is organized as follows. In section §2, we give the preliminaries needed to
state our quasi-random properties. In section §3, we state the main equivalence theorem
of eleven quasi-random properties. Due to the large umber of properties and their rich
connections, the proofs of the implications are divided into two sections. Section §4 con-
siders influences of Boolean functions and several analytic properties. Section §5 considers
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a codegree property and 4-cycle counts amongst other combinatorial properties. We then
give an explicit construction of quasi-random functions possessing the properties in our
main theorem in section §6. These functions also separate the levels of the hierarchy of
our equivalence classes. In section §7 we discuss several extant theories of quasi-random
Boolean functions and compare these extant theories to our work in section §8. The main
results are summarized in the flowcharts found in figures 3 and 6.

2 Preliminaries

We identify the set of binary strings {0,1}" with elements of F} via a choice of basis for
F2, and then define a Boolean function to be a map f : Fy — {1, —1}. We then equip
the space of all maps g : F3 — R with the following inner product:

(f,9) = Eucny f()gle) = 5 3 Fa)g(a)

zeFy

For each v € F3, the Fourier character x. : Fy — {1,—1} is x,(x) := (=1)"" where
y-x =Y ¢ v is the usual dot product. The Fourier characters form an orthonormal
basis for the space of all maps g : ) — R with the inner product as defined above.
Therefore, every function g : Fj — R has unique Fourier coefficients g () where g () =
(g,Xx~). Notice that F(0) = (f,1) = Epcrp f(x) is simply the average value of f. The

—1/f
density of a Boolean function f : Fy — {1, —1}, denoted by dens(f), is w, which

f(0)

we note is precisely 1_2 . The convolution of two functions g and h : F§ — R is

(9% h)(x) := Eyery g(x + y)h(y).

Note that g /i (v) =G (7) 7 (3).

A Boolean function f : F} — {1,—1} can be equivalently defined as a multilinear
polynomial from F} — Fy, [20] where 1 € Fy denotes True and 0 € F denotes False. As
the multilinear expansion of a Boolean function is unique (see [20]) each Boolean function
f:Fy — {1,—1} has a well-defined Fy-degree, given by the size of the largest monomial
in its multilinear expansion over Fj.

We will also need to track the size of individual vectors in F5. For a vector z € [,
its Hamming weight, denoted |z|, is the number of nonzero entries in z. Similarly, the
Hamming distance between two vectors x and y € F} is |x — y|. For a subset S C F7,

its diameter is diam(S) := max, yeg |r —y|. The Hamming ball of radius d in F} and
centered at the vector x € F%, denoted by By(n,x), is {y € Fy : |z — y| < d}.
1 P
For a proposition P(x), let [P(x)] := 0 ](j;() ) denote the indicator function for
-P(x

P(x). We will write 0 for the zero vector in F% throughout, and write 1 € F3 for the
all-ones vector. If p is a distribution on a set €, and P(z) is a proposition on the variable
x € Q, then P, [P(z)] will denote the probability distribution that P(z) holds when
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is drawn from the distribution p. Whenever we write the expectation or probability over
a set, such as E,cpy, the expectation or probability is taken with respect to the uniform
distribution. We refer the reader to O’Donnell’s book [20] for any undefined terminology.

In the following subsections, §2.1 to §2.5, we state the definitions concerning various
aspects of Boolean functions that will be used to define our various properties of Boolean
functions.

2.1 The influences of Boolean functions

The notion of “influences” is prominent in both analysis of Boolean functions and cryp-
tography.

Definition 1. For v € F}, the y-Influence of f is

L [f] = Poern [f(z) # f(z+7)]

Note that Io[f] is always 0. Furthermore, for v € F§ with v; = 1 and v; = 0 for j # 1,
L,[f] is precisely the influence of coordinate i as studied extensively in O’Donnell [20]. We
note the work of Keevash et al [23] which considers a related generalization of influences
in the context of hypercontractivity.

The following property of the v-influences will be quite useful later.

Lemma 2. For any fized v € Fy, a Boolean function f :Fy — {1, —1} satisfies
ff(y) =1=2L[f].
Proof. By definition of ~-influence,

1-2L[f] = 1-2P[f(2) # f(z +7)]
= Eoery (1 - 2f(2) # flz+7)])

= Every f(2)f(x +7) (1)
=fxf(v)
where we use the fact that f(z) € {1, —1} in line (1). O

2.2 The spectral sampling of Boolean functions

Parseval’s Theorem states that for f: Fy — {1, -1},

S F ()’ = Eaers [f(2)?] = 1.

Thus the Fourier coefficients of f define a probability distribution on 4 as follows:

Definition 3. For a fixed Boolean function f : Fy — {1, —1}, the Spectral Sample Sy is
the distribution on Fj where

for each fixed ¢ € F5.
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2.3 Subcubes and the counting of subcubes

Let [n] denote the set {1, ... ,ni, and for S C [n], let S denote [n]\ S. Given a set S C [n],
and two vectors x € Fy, y € F5, let  ® y denote the vector where
S

(fC@y)i:{xi Z€§
s yi 1E€S

Definition 4. The subcube defined by a set S C [n] and a vector z € Fj is the set

C(S,z) = {x%z:xng}.

We say that the dimension of the subcube C(S, z) is |S|. Note that C([n],n) where n
is the empty string is precisely the hypercube @,,. In Figure 1, we have two examples of
subcubes.

We are also concerned about Boolean functions restricted to a subcube:

Definition 5. The restriction of f : F§ — {1,—1} to the subcube C(S, z) is the Boolean
function f|s. : F5 — {1, —1} defined by

flss(@) = @ 2)

If S =0, then f|s.(z) is the constant function f(z), and if S = [n], then we recover
f itself.

111
S \
110 011 101
C X A
010 100 001

N |/
000

Figure 1: The blue dashed lines in the figure indicate the 2-dimensional subcube
C({1,3},1), i.e., the set of all length 3 binary strings with a 1 in the second coordinate.
The red dotted line indicates the 1-dimensional subcube C({2},01).

We will need the following result from O’Donnell’s book [20], translated into our
notation.

Lemma 6. [/20] Proposition 3.21] If C(S, z) is a fized subcube and v € F5, then
flaet = L 7 (796) wto)

S€F5
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2.4 Combinatorial aspects of Boolean functions

Here we give several useful combinatorial interpretations of Boolean functions that are of
interest in their own right. For two sets A, B, let A — B denote the set of all injective
functions from A to B. Let AU B denote the disjoint union of the sets A and B.

2.4.1 Cayley Graphs

Given a group G and a set S C G, Cayley graph of G generated by S is the graph with
vertex set G and a,b € G adjacent if ab=! € S. If s € S implies that s=! € S, then the
Cayley graph with generating set S is undirected.

Of the many ways to define a graph from a Boolean function, the following first comes
to mind.

Definition 7. For a Boolean function f : Fy — {1, —1}, the Cayley graph of f, denoted
Cay(f), is the Cayley graph on F} whose generating set is f~!({—1}).

As every element of FJ is its own additive inverse, it follows that Cay(f) is an undi-
rected graph.

2.4.2 Graph Homomorphisms

We will be interested in subgraph counts in Cay(f) which can be defined by graph homo-
morphisms.

Definition 8. A graph homomorphism from H = (U, F) to G = (V,E) is a map ¢ :
V(H) — V(G) such that

(u,v) € F = (¢(u),0p(v)) € E.

We will typically assume our graph homomorphisms are injective, and we denote the
normalized number of injective graph homomorphisms via the following:

hom(H,G) = Egvinovie) 1] [(0u).6(v)) € E(G)].

(u,w)EE(H)

We will also make use of graph homomorphisms which may not be injective, and we
denote the normalized number of such graph homomorphisms via the following:

Rom(H,G) = Egvanove || [(6(w),6(0)) € B(G)].
(u,w)EE(H)

1
V(&) [=1)-..(V(G)|= [V (H)|+1

Note that the normalization factor in hom(H, G) is el 7 whereas

in hom(H, G) the normalization factor is VGV
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Figure 2: The rainbow Hamming graph RHG(1,h) of the function h(z) = (—1)'7=1%2
where 21, 2o € Fy. Each edge is labeled by the string in F% which defines its color.

2.4.3 Colored Multigraphs

The following definition is inspired by the work of Aharoni et al on rainbow extremal
problems [24].

Definition 9. An edge-colored multigraph M with color set K is a multigraph with an
edge-coloring using colors in K such that multiple edges between any two vertices u and
v cannot have the same color.

We will typically think of the edges of an edge-colored multigraph as a subset of
VxVxK.

Definition 10. For fixed f : Fy — {1,—1} and k > 1, the rainbow Hamming graph
RHG(k, f) is the colored multigraph on the vertex set By(n,0) with color set K = F}
and edge set defined as

{(u,v,2) e VXV XK : flu+zx)=f(v+x)}
An explicit example of a rainbow Hamming graph is given in Figure 2.

2.4.4 Rainbow embeddings

We consider graph homomorphisms into a colored multigraph which agree with the col-
oring.

Definition 11. Let M be a colored multigraph with color set K and let G be a fixed
(simple) graph. A rainbow embedding of G into M is an injective coloring x : E(G) — K
and an injective map ¢ : V(G) < V(M) such that

(u,v) € E(G) = (o(u), o(v), x((u,v))) € E(M).

These embeddings are also considered in the work of Alon and Marshall [25].
For a fixed graph G, a fixed colored multigraph M with color set K, let

chom(G, M) = Egv@)van Exee—k H [(p(w), &(v), x((u,v))) € E(M)]
(u,w)EE(G)
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be the normalized count of rainbow embeddings of G into M. If we additionally fix the
injection ¢ : V(G) — V(M), let

chomy(G, M) = Eypeor [ [(0(u), 6(v),x((u,v))) € B(M)]
(u0)€E(G)

be the normalized count of rainbow embeddings with a fixed map ¢.

2.5 Bent Functions

We consider a specific class of Boolean functions originally defined by Rothaus [26].

Definition 12. [26] For n even, a Boolean function f : Fy — {1, —1} is bent if for every
v € Fy we have

Fn| =2
Note that bent functions only exist for n even.
Proposition 13. [26] If g : Fy — {1,—1} is bent, then (g * g)(x) = [x = 0].
Example 14. The Inner Product function 7P : F2™ — {1, —1} is defined by
IP(z) = (—1)22@1 FiZmti,

For the sake of completeness, we show that I P is in fact a bent function. To calculate
its Fourier coefficients, fix v € F2™, and let 1,7, € F3* denote the first m bits of v and
the last m bits respectively. For z € F2™, define z;, x5 similarly. Then,

P (7) = Eyepzm IP(2) - (x)

_ T1-xT2+y1-Tr1t+y2®
—E:vlngn]Eazzengn(_l) 12T T1TY2: T2

- EleFS"(_l)%xl Ezzngl(—l)(Wr“/?)'z?
= By ey (—1) 7 iy = ) @
= (_1)’71"7227m

where we use the fact that Fourier characters are orthogonal in line (2). Thus IP is a
bent function. We remark for later use that I P has Fy-degree 2 as it is equal to the degree
2 polynomial Y " | iz

3 Quasi-random Properties and the Equivalence Theorem

In this section, we describe a number of quasi-random properties of Boolean functions.
Each property involves two parameters, denoted by d and €, where € indicates the error
bound and d is often related to the rank or dimension of patterns or objects in the
property. We will typically think of € and d as constants, but our results sometimes hold
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when € and d depend on n. The proofs of the equivalence of these properties will be given
in sections §4 and §5.

We begin with a basic property regarding the density of our Boolean functions. A
random Boolean function will be —1 and 1 about equally often, i.e., it has density close to
5. We say that a Boolean function f Fy — {1,-1} is e-balanced if |dens(f) — 1| <.
1-f(0)

2
For the rest of the paper, we consider the following weaker density property:

Since the density dens(f) is equal to , any e-balanced function f satisfies ‘f(())‘ < 2e.

Property Py. A Boolean function f : Fy — {1, —1} is weakly balanced if the density of
f is at least 13—0 and at most %.

Equivalently, a weakly balanced function has ‘f(O)‘ < % We remark that all of the

quasi-random properties below will require a weakly balanced Boolean function. The
assumption of weak balance is necessary, since there are Boolean functions which are not
weakly balanced and satisfy some but not all of our quasi-random properties, as shown
in Theorem 15. The specific value of % is chosen for the sake of exposition and can be
replaced by any constant strictly greater than ﬁ and strictly less than %

Our first property focuses on the directional influences defined in section §2.1. If
f : F3 — {1,—1} is chosen uniformly at random, we expect that the y-influence (see
Definition 1) should be close to % Our first quasi-random property formalizes this notion
for weakly balanced Boolean functions.

Property P;. A weakly balanced Boolean function f : Fy — {1, —1} has the Balanced
Influences Property INF(d,¢) if the -Influence of f is close to % for every nonzero =y
in the Hamming ball of radius d centered at 0, i.e.,

for every « such that 1 < |y| < d.

It is natural to assume that the Balanced Influences Property implies weak balance,
but the implication does not hold for d = 1 and d = 2 as we shall prove in section §6.

Theorem 15. For d € N the following holds:

o Ford >3, if f:Fy — {1,—1} satisfies the Balanced Influences Property

INF(d, % —2%1), then f is weakly balanced.

e Ford < 2, there exists a Boolean function such that dens(f) = i but

for any v € Fy such that 0 < |y| < d.
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For f : F} — {1,—1} drawn uniformly from all Boolean functions, the expected
spectral sample (see Definition 3) is 2% on each vector in F3. Rather than considering
each vector in F} individually, we will consider subcubes (see Definition 4). In particular,
the total weight of the uniform distribution on a subcube of dimension k is exactly 2F".
Our next quasi-random property states that the spectral sample Sy assigns similar weight

to each subcube as the uniform distribution does.

Property P,. A weakly balanced Boolean function f : F4 — {1,—1} has the Spectral
Discrepancy Property SD(d,¢) if the spectral sample of f has total weight close to
2!=" on every subcube of dimension [ where [ > n —d, i.e.,

P..s,[z € H] — 29mF)=n| < ¢

for every subcube H of dimension at least n — d.

Next, we have a counting property on subcubes via the notion of restricted functions
(see Definition 5). As f|g.. is a map F? — {1, —1} for |S| = d, we can consider its Fourier
coefficients. The next quasi-random property states that these Fourier coefficients are
quite small on average.

Property Ps. A weakly balanced Boolean function f : F4 — {1, —1} has the Restriction
Fourier Property RF(d,¢) if the average restriction of f is nearly a bent function on
any subcube of dimension at most d, i.e.,

‘EZGJFg [f|5,z (7)2] — 2~ dim(C(S,z)) <e

for every subcube C(S, 2) of dimension at most d and every v € F3.
The next property states that we can control certain patterns in the restrictions of f.

Property P;. A weakly balanced Boolean function f : F§ — {1,—1} has the Restriction
Convolution Property RC(d,¢) if the average self-convolution of restrictions of f to
subcubes of dimension at most d is close to the indicator function of the 0 vector, i.e.,

EZGIF?(flS,Z * f|S,z>(fE) — [517 = 0] < €

for every set S C [n] of size at most d and every z € F5.

Convolutions are closely related to influences, so we have an additional influences
property pertaining to an average restricted function:

Property Ps. A weakly balanced Boolean function f : F§ — {1, —1} has the Restriction
Influences Property RI(d,¢) if the y-Influences of the average restriction to subcubes
of dimension at most d are close to %, ie.,

1

E. g Llls:] — 5| <

for every set S C [n] of size at most d and every nonzero v € F5.
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The directional derivative of a Boolean function f : F§ — {1, —1} in the direction 7 is
A, f(x) = f(x+7)f(x). Our next property states that pairs of multiplicative directional
derivatives are equidistributed in the following sense:

Property Pg. A Boolean function f : F§ — {1, —1} has the Equidistributed Deriva-
tives Property EQD(d,¢) if every pair of sufficiently close directional derivatives take

each possible pair of values equally often, i.e., for every choice of ¢g,¢; € {1, —1} and for
every a,b € F such that |a| < d, |b] < d, and 0 < |a — b| < d, we have

1

Erery[Aaf(2) = colAof(2) = cr] = | <€

Next we consider some combinatorial properties. Our first few combinatorial prop-
erties focus on the Cayley graph of a Boolean function Cay(f) (see Definition 7). For
v € V(G), let Ng(v) denote the neighborhood of v in G.

Property P,. A weakly balanced Boolean function f : F} — {1,—1} has the Local
Strong Regularity Property LSR(d,¢) if any two vertices u,v € Fj at Hamming
distance most d have approximately the same number of common neighbors in the Cayley
graph of f, i.e.,

on 4 2

|Neay(p (@) 0 Neayn (y)| < 17 (0)>
12

for every pair of vertices x,y in Cay(f) such that 0 < |z — y| < d.

We remark that the Local Strong Regularity Property is analogous to the co-degree
property in Chung, Graham, and Wilson’s work on quasi-random graphs [1]. Note that

the term @ allows for a range of edge densities in Cay(f), and in particular Cay(f) and
Cay(—f) do not have the same edge density in general. Our next property states that

nonetheless Cay(f) and Cay(—f) are somewhat interchangeable.

Property Pg. A weakly balanced Boolean function f : F} — {1,—1} has the Local
Sameness Property SAME(d, €) if for any two vertices u, v € F} at Hamming distance
most d, approximately half of all other vertices are a common neighbor of v and v either
in the Cayley graph of f or the Cayley graph of —f, i.e.,

| Neay(r) (@) 0 Neay(n ()| + [Neayn (@) 0 Neay-p ()| 1
on 2

for every pair of vertices = # y in Cay(f) such that 0 < |z — y| < d.

Given the power of subgraph counts of 4-cycles in Chung, Graham, and Wilson’s work
on quasi-random graphs[1], we have an additional property regarding these 4-cycle counts.
We say that a map ¢ : A — F} has diameter at most k if ‘w(u) — @Z)(v)| < k for every
u,v € A.
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Property Pgy. A weakly balanced Boolean function f : Fy — {1, —1} has the Local 4-
Cycle Property L4C(d,¢) if in the Cayley graph Cay(f), for any two vertices u,v € Fj
at Hamming distance at most d, the expected number of 4-cycles with u and v as antipodal
points is close to the expected value, i.e.,

Bormy (Cs, Cay(f)) — (i - @) <e

via the definition of homy(H, G) for any injection ¢ : L(Cy) — F% of diameter at most d.

Here we assume the function f is weakly balanced, an assumption which will be crucial
in the proof of Theorem 24. We remark that Chung, Graham, and Wilson give a global
count of Cy’s, whereas we give a stronger condition which controls local appearances of
Cy. This intuitive connection will be expanded upon in section §7 where we compare our
properties to a number of previously known pseudo-random properties appearing in prior
works.

Our final few combinatorial properties build on the Local 4-Cycle Property by giving
strong control over local subgraph counts of an arbitrary graph. In particular, given a
graph H, we fix the location of our desired subgraph in a larger graph derived from our
Boolean function, and then ask for how many ways we can extend our choice of location
to a homomorphism of H. To keep track of the extra information needed, these properties
have a number of additional technical requirements and definitions.

We consider a count of rainbow embeddings in the rainbow Hamming graph (see
sections §2.4.3 and §2.4.4).

Property P;y. A weakly balanced Boolean function f : F§ — {1, —1} has the Rainbow
Embeddings Property RAIN(d,¢) if for every fixed simple graph G with at most
max{./€2"/271 1} edges and every choice of injection ¢ from G to the rainbow Hamming

graph of f, there are close to a 2= 1E@|_fraction of colorings of G which become rainbow
embeddings of G under ¢, i.e., the Rainbow Embeddings Property holds if

‘chom¢(G, RHG(d, f)) — 27 1F@I| < ¢

for every fixed graph G such that |E(G)| < max{y/€2"/?7' 1}, and every ¢ : V(G) —
V(RHG(d, f)) of diameter at most d.

Property P;;. A weakly balanced Boolean function f : F} — {1,—1} has the Weak
Rainbow Embeddings Property W RAIN(d, ) if for every choice of injection ¢ from
K5 to the rainbow Hamming graph of f, there are close to a %—fraction of colorings of K,

which become rainbow embeddings of G under ¢, i.e., the Rainbow Embeddings Property
holds if

chomy(Ky, RHG(d, f)) — % <€

for every ¢ : V(K3) — V(RHG(d, f)) of diameter at most d.
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A map A : N x Ryy — Ry is a loss function if for each d € N, ¢ < € implies that
A(d,e) < A(d,€). For properties P(d,¢) and Q(d,€) and a loss function A, we say P
A-implies @), denoted P(d,¢) =N Q(d,e), if for every d > 1, every € > 0, every n > 0
and every Boolean function f : Fy — {1, -1}

P(d,Ald,¢)) = Q(d, ).
Notice that A(d, €) does not depend on the function f or on the size of the domain, n. If

P(de) =5 Q(d,e) and Q(d,e) => P(d,e)

for some loss functions A; and Ay, we say that P and @ are equivalent. Our main result
is that P;, Ps,...,P;; are all equivalent as stated below.

Theorem 16. For any fized d, the properties INF(d,€), SD(d,€), RF(d,e), RC(d,¢),
RI(d,e), EQD(d,€), LSR(d,e), SAME(d,¢), LAC(d,€), RAIN(d,¢), and WRAIN (d,¢€)
are all equivalent.

If a Boolean function f satisfies the Balanced Influences Property I N F'(d, €) for some
d and €, we say that f is quasi-random of rank d with error bound e. Such a function f
then satisfies all of the other properties in Theorem 16 with rank d and the appropriate
value of e.

€/2
WRAIN(d, ) — < » INF(d, ¢) / » SD(d, €)

& Thm 27 Thm 18
Thm 26 SAME(d,e) ¢/2 ¢ €| Thm 19
Def. | € hm 2

T m L 4
Thm 25 19R(d, ¢) ¢ RF(d, ¢)
Thim 22

RAIN(d,¢) RI(d,e)

Thm 24 |€/2 /2% | Thm 20
Thm 21\¢€
Thm 24N/ 2/ Thm 28\ 2¢/3 l

6/12[/40(d, €) RC(d,¢)

Thm 29 EQD(d, )

Figure 3: The implications in the Theorem 16. Each edge gives the loss in € and the
reference to the theorem in which the implication is shown.

We shall prove Theorem 16 via a series of theorems, each of which handles a spe-
cific implication between two properties. As we have a large number of properties and
implications to prove, the proof of Theorem 16 is divided into two sections as follows:
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e Section §4 considers the properties INF(d,¢), SD(d,¢), RF(d,¢), RC(d,¢), and
RI(d, €) which revolve around the Fourier expansion of a Boolean function.

e Section §5 considers the combinatorial properties LSR(d,¢€), LAC(d, €),
SAME(d,e), EQD(d,e), RAIN(d,¢), and WRAIN(d,e).

We can summarize the proof of our main theorem in figure 3, where each arrow is labeled
with the relevant theorem and error bound.

One can easily observe that P(d + 1,¢) = P(d, ¢) for each property P and every d
and e. Our second main result, proven in section §6, shows that these inclusions are strict,
i.e., that there are functions which are quasi-random of rank d but not quasi-random of
rank d + 1.

Theorem 17. For eachd > 1 and any 0 < € < é, there exists an explicit weakly balanced
function fq:Fy — {1, —1} such that

e fq satisfies the Balanced Influences Property INF(d,e€).

e f; does not satisfy the Balanced Influences Property of rank d + 1 for any e < %

4 Proof of Equivalence of Analytical Properties

In this section, we shall prove the equivalence of a number of analytic properties in
Theorem 16. Figure 4 provides an outline of the implications proven in this section.

€/2
INF(d,e) » SD(d,¢)
Thm 18
€| Thm 19
¢ RF(d,¢)
Thm 22
RI(d,e€)
/2% Thm 20
Thm 21\¢
RC(d,¢)

Figure 4: The implications in Theorem 16 proven in section §4. Each edge gives the loss
in € and the reference to the theorem in which the implication is shown.

First, we relate the Balanced Influences Property to the Spectral Discrepancy Property.

Theorem 18. For any fixed integer d > 1 and any e > 0, the Balanced Influences Property
INF(d,e/2) implies the Spectral Discrepancy Property SD(d,€).

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(2) (2024), #P2.52 14



Proof. Fix a subcube C(S,2y) where |S| = n —k for k < d. Let M € ]FEX[TL] be the
projection matrix which sends z € F} to z|s.
We observe that the indicator function [y € C(S, 29)] can be written as

[y € C(8,20)] = B, gy (—1) 7). 3)

Indeed, if v € C(S, zp), then My = 20,_and Evng(—l)”'(M”’_ZO) = Ev€F2§1 =1 It~ ¢

C(S, z), then 7; # (z); for some j € S. Therefore, ]EUGF2§(—1)“‘(M7_ZO) - ]Evng(—l)”'y

for some nonzero vector y. Hence, E_ GIFg(—l)“'(MV—ZO) = 0. Let f be a function which
2

satisfies the Balanced Influence Property INF(d,e/2). We expand the definition of the
spectral sample.

Pis, [YEC(S,20)] = > fiv

~EC(S,20)

= > F()* [y € C(S, 2)]

veFy

=3 FO)E s (-1 (4)

veFy

where we use equation (3) in line (4). Simplifying further, we have

Pos, [1 € C(S,20)] = By (1) ) F ()2 (1)
WEF"
velFS UZO Z f )‘Y
WEF"
E,cps(—1)"% > F(1)° x;(MT0) (5)
vEFy
=E,pg(—1)"* f  f(MT0) (6)

where we use the definition of y., in line (5) and Fourier expansion of f * f in line (6).
Notice that f* f(M'0) = (f* f)(0) = 1, and that x = 0 is the only solution to M "x = 0.
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Therefore, we can write

ok -2

‘]vasf [y € C(S, 20)] — 2—k‘ — [ (-1

116]15"2C

S SRS A L

2k
veF§\{0}
1
<o O |resaTy)
veFk\{0}
1
~ ok Z ‘1 _2IMTv[f]|
veFE\{0}

where we use Lemma 2 in the final line. As k < d, we have |v| < d. Since M is a
projection matrix, MTv’ = |v] < d . Therefore, we may apply INF(d,e/2) to find

_ 1
Py~s; [1 € C(S,20)] — 2 k‘ < o Z e<e
veF§\ (0}

As C(S, zp) is arbitrarily chosen, f satisfies the Spectral Discrepancy Property SD(d, €)
as desired. O

Now we can relate the spectral sample to the Fourier coefficients of restricted functions.

Theorem 19. For any fized d > 1 and € > 0 the Spectral Discrepancy Property SD(d, €)
implies the Restriction Fourier Property RF(d,€).

Proof. This proof is essentially the proof of Corollary 3.22 in [20], which we include here
for completeness. Suppose f : Fy — {1, —1} satisfies the Spectral Discrepancy Property
SD(d,e). Let C(S,2) be an arbitrary subcube of dimension k& where k& < d. Then for a

fixed v € F5, Lemma 6 gives us

2

Eerg Tl (0 =By | X7 (796)

ol S
S€FS

_y f(7 0 51) f(v @ 52) E, o5 X ()X (2)

81,82€F5

2

=37 <7 ® 5) (7)

S€Fs§
- ]P)nNSf [77 € C(Sv 7)] (8>
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where we use the orthogonality of the Fourier characters in line (7) and the definition of
the spectral sample line (8). As k < d, ‘?‘ =n—k = n—d. Thus we can apply Property
SD(d,¢€) to C(S, 2) to find that

Pyes; [n € C(S, 7)] —27*

for every v € F5. Hence,

E, e fls (1)’ = 27| <e

for every v € F5. As C(S,z) is arbitrary, f satisfies the Restriction Fourier Property
RF(d,e). O

With a bound on the Fourier coefficients of restricted functions, we can bound the
convolution of a restricted function with itself.

Theorem 20. For any fized d > 1 and € > 0 the Restriction Fourier Property RF (d, e/2%)
implies the Restriction Convolution Property RC(d, €)

Proof. Let f :F3 — {1, —1} have the Restriction Fourier Property RF(d,¢/2%), and note
that f also satisfies RF(k,¢/2%) for every k < d. Fix k € N such that k < d and a set
S C [n] where |S| = k.

We have
E, o5 (flss* fls=)@) =B,z > fls=(9)" xs(x)
S€FS
—Z( v s () xs(2)
SeFS

Using the Fourier expansion of the indicator function [z = 0], we then have

Eze]pg(ﬂs,z * fls.)(w) =[x = 0]‘ = Z (E A (0)* - Qlk) Xs(z)

SeFS
<Y B s fls= () %
SeFs
€
<D o
S€Fs
<e

where we use RF(k, ¢/2%) in the penultimate line. Since k and S are arbitrary, we conclude
that f satisfies the Restriction Convolution Property RC/(d, €). O
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Theorem 21. For any fixed d > 1 and € > 0 the Restriction Convolution Property
RC(d, 2¢) implies the Restriction Influences Property RI(d,¢).

Proof. Suppose f satisfies the Restriction Convolution Property RC(d,2¢). Applying
Lemma 2 to f|s., we have

1 - f|S,z * f’S,z(’)/)
2

for any fixed S and z. Now fix k € N such that £ < d and S C [n] where |S| = k. Then,

I’Y [f|S,z] =

flsz* fls-(7)

Z€F§ 2

1 1— z X z 1
B ers Llfls2] = —‘ = |(EZGF§ fls, . fls, (7)) =

If v # 0, RC(d, 2¢) implies that the above is at most €. Hence, f satisfies the Restriction
Influences Property RI(d,€). O

Theorem 22. For any fized d > 1 and € > 0, the Restriction Influences Property RI(d,€)
implies the Balanced Influences Property INF(d,€).

Proof. Suppose f : Fy — {1, —1} satisfies the Restriction Influences Property RF(d,€).
Fix S C [n] with |S| < d and a nonzero v € F5. Then,

zeIE'S [f|Sz] = zE]F2§ Emng [f|5’,z(x + 7) 7& f|S,z(x)]
—E s Eaens[/(2 02 +790)) # f(2 @)

Lety—x@zandé-v@() Note that |§| < d as |S| < d. Thus

Zer L[ fls:] = Eyery [f(y +9) # f(y)]
= Is[/]
Since any vector of Hamming weight at most d can be represented as v ® 0 for some set
S

S with |S| < d and v € F5, f satisfies the Balanced Influences Property INF(d,e). [

5 Proof of Equivalence of Combinatorial Properties

In this section, we continue the proof of Theorem 16 and prove that several of our com-
binatorial properties are equivalent to the Balanced Influences Property. The diagram in
figure 5 summarizes the proofs found in this section.

We begin by considering the relationship between y-Influences and the Local Strong
Regularity Property.

Theorem 23. For any fired d > 1 and € > 0, the Balanced Influences Property
INF(d,2¢) implies the Local Strong Regularity Property LSR(d,€).
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€

WRAIN(d, €) > INF(d,€)
€ Thm 27
Thm 26 GAME(d,€)¢jg 2
Def. | € N~ Thm 23
Thm 25 LSR(d, 6)
RAIN(d,€)
Thm 24 | €/2
Thm 24 ¢/20 Thm 28 \2¢/3
LAC(d,e)

€/12

EQD(d,e¢)
Thm 29

Figure 5: The implications in Theorem 16 proven in section §5. Each edge gives the loss
in € and the reference to the theorem in which the implication is shown.

Proof. Suppose f : F§ — {1, —1} satisfies the Balanced Influences Property I N F(d, 2¢).
Fix u, v in the Cayley graph of f such that 0 < |u — v| < d. Then,

NN 1 FO|_|p (- fwt)(0-f+2) 1 [0
on 4 2 | T 4 42
|fO) F) Ff) 1
s T4 T 4 —}—ZEZngf(U—i—Z)f(U—i—Z)

:%‘f*f(u+v)|
1

:§Iu+v[.ﬂ

<Le€

where we use Lemma 2 in the penultimate line and I N F(d, 2¢) in the ultimate line. It
follows that f satisfies the Local Strong Regularity Property LSR(d,€). O

As Local Strong Regularity is a condition on common neighbors, we can use it to
count 4-cycles.

Theorem 24. For any fized d > 1 and € > 0, the Local 4-Cycle Property LAC(d, €/20)
implies the Local Strong Regularity Property LSR(d,€) and the Local Strong Regularity
Property LSR(d, €/2) implies the Local 4-Cycle Property LAC(d, ).

Proof. Let u,v be the vertices in the left part of Cy4, and fix an injective map ¢ : {u,v} —
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F2. The key observation is the following:

[N (¢(u) N N ()"
22n

m¢(047 Ca}’(f)) -

Indeed, a (possibly non-injective) graph homomorphism of C; with a fixed left part is
simply a choice of two vertices in the common neighborhood of ¢(u) and ¢(v) in Cay(f).
Let N(u,v) = |N(¢(u) N N(o(v))|.

Hence,

Tiomy (Ch, Cay(f)) — G - @) _ N(;T“) B (i ~ @)

Factoring, we see that
Nev? (1 FON|_|[Nwy | (1 FO)||Nwy (1 Fo
—Eﬁ——<z—77> —‘7ﬁ—+<z— 2) 7 —<1—7r> ®)

Now we prove both of the implications in the theorem. Assume first that f satisfies
the Local 4-Cycle Property L4C(d, €/20). By equation (9),

% > |homy(Cy, Cay(f)) — (1 - &> > 35|~ (1 - &> o

4 2 )72 220 \2 2

where we use the fact that f is weakly balanced to show that

N(u,v) (1  f(0) N(u,v) 1
‘7?‘*(1“7) >F37—+ﬂ—

0

2

It follows that f satisfies the Local Strong Regularity Property LSR(d,¢€).
Now assume that f satisfies the Local Strong Regularity Property LSR(d,€/2), so

N(up) (1 _ @)
on 1 2

homy(Cy, Cay(f)) — G - @) < N(zur: o (i - @> %

. M_G_&) Ly

that

< €/2. Again using equation (9), we find that

1 f(0)

4 2

€

2" 4 2 2
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By LSR(d,€/2),

— 1 f(0) e |1 JO)) €
e 1 ~ €
< e
= (2+2+‘f(0)’>2
_(eL9)\¢€
S \2 10/ 2
<€
where we use the facts that f is weakly balanced and € < 1. We conclude that f satisfies
the Local 4-Cycle Property L4C(d,¢€). O

Local Strong Regularity also allows us to consider the Cayley graph Cay(—f).

Theorem 25. For any fixed d > 1 and ¢ > 0, the Local Strong Regularity Property
LSR(d,e/2) implies the Local Sameness Property SAME(d,€).

Proof. Let f : F3 — {1,—1} be a Boolean function which satisfies the Local Strong
Regularity Property LSR(d,¢/2). Fix u,v € F} such that |u —v| < d. Similarly to
Theorem 24, let

N*(u,v) = |NCay(f)(u) M Neay(r) (v)| and let N~ (u,v) = ‘NCay(—f)(w A NCay(—f)(v)|‘

We observe that

N~ (u,v) o 1+ flx+u) 1+ f(z+v)
2n 2 2 2
Zi-l-@%—Exgpgf(:v%-u)f(:ﬂnLv)
_ N+§:,v) +J?(0)
Hence,
N+(“’“);N_(“’”) —%‘:'27”;;"“) —%+f(0)‘:2 —N+§f’v) —%+@ <e

where we use LSR(d,€/2) in the final line. Hence, f has the Local Sameness Property
SAME(d, €). O

Since the rainbow Hamming graph has an edge uv with color  whenever f(u + x) =
f(v+z), the Local Sameness Property gives a natural way to control the rainbow Hamming
graph.

Theorem 26. For any fivzed d > 1 and € > 0, the Local Sameness Property SAME(d, €)
implies the Weak Rainbow Embeddings Property W RAIN (d,€).
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Proof. Suppose f : Fy — {1, —1} satisfies the Local Sameness Property SAM E(d, €). Fix
u,v € By(n,0), and let ¢ be an injection from V(K3) to {u,v}. By definition of rainbow
embeddings, we have

chomy(Ky, RHG(d, f)) = Ex.po)-r3[(9(w), 9(v), x(€)) € E(RHG(, f))]

Let N*(u,v) = | Neay(s)(w) N Neay(r)(v)| and let N (u,v) = | Neay(—f) (@) N Neay—p) ()]
Setting x = x(e) and applying the definition of the edge set of RHG(f), we have

chomy(Ks, RHG(d, f)) = Every [f(d(u) + z) = f(
= Euerp[f(o(u) + ) = f(
Erery[f(o(u) + 2) = f(o(v) + 2) = —1]

N*t(u,v) + N~ (u,v)

u

2n
Hence, N+ N- 1
chom,(Ks, RHG(d, f)) — i ‘ (v, ”); (wv) S| <e
by the Local Sameness Property SAMFE(d,¢). Hence, f satisfies the Weak Rainbow
Embeddings Property WRAIN(d,e). O

Our next theorem is an immediate consequence of the Weak Rainbow Embeddings
Property.

Theorem 27. For any fired d > 1 and € > 0, the Weak Rainbow Embeddings Property
WRAIN(d,e€) implies the Balanced Influences Property INF(d,e).

Proof. Suppose f : Fy — {1,—1} satisfies the Weak Rainbow Embeddings Property
WRAIN(d,e). Fix u € By(n,0), and let ¢ be an injection from V(K3) to {u,0}. By
definition of rainbow embeddings, we have

chom (Kz, RHG(d, £)) = Eyusicy e (0, 0, () € B(RHG(d, f))
Setting x = x(e) and applying the definition of the edge set of RHG(f)

chomy (K>, RHG(d, f)) = Epery [f(u + x) = f(7)]
= Poerp [f(z+u) = f(z)]
By Property WRAIN(d,€), we have that |chomy(Ks, RHG(d, f)) — 3| < e. Hence, it

follows that |Iu[ fl— %| < € and f satisfies the Balanced Influences Property INF(d,¢).
]

Theorem 28. For any fired d > 1 and € > 0, the Balanced Influences Property
INF(d,2¢/3) implies the Equidistributed Derivatives Property EQD(d,¢).
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Proof. Fix a,b € FY such that |a|, |b] < d and 0 < |a — b| < d. Fix also co,c; € {1,—1}.
Let

X = Emelﬁ‘g [Auf(2) = cr][Auf(z) = co] —

1
4
We then have

Eocry (1 —i—clAaf(x)) (1 +c0Abf(:c)) 1

X =
2 2 4

1
= ‘Cl Esery Apf (1) + co Epery Aof () + coc1 Egerp Aaf(x)Abf(x)‘

4
= % Eperp (c1f(@)f(z +b) + cof(z + a) f(x)) + coct Eaerp Aaf(x)Abf(I)’

Note that A, f(x)Apf(z) = f(z4a)f(x)f(z+b)f(z) = f(z+a)f(z+b) as f(x) € {1, —1}.

Therefore

ilclf # f(0) + cof * f(a) + cocrf + f(a +b)|
<5 (£ 104175 @] 417+ 1o+ 0)])
= % (Ib[f] + Ia[f] + Ia+b[f])
<e€

where we use Lemma 2 and INF(d,2¢/3) thrice in the final line. Thus f satisfies the
Equidistributed Derivatives property FQD(d, €). O

Our final and most technical result connects equidistributed derivatives and rainbow
embeddings.

Theorem 29. For any firedd > 1 and 1 > € > 0, the Equidistributed Derivatives Property
EQD(d,e/12) implies the Rainbow Embeddings Property RAIN (d,€).

Proof. Let G be a fixed graph with at most max{,/e2"/>7! 1} edges. Let ¢ : V(G) —
Bj(n,0) be an injection of diameter at most d.

We first consider the case where 1 maximizes the above. Let (u,v) be the single edge
in G. By the definition of RHG(f), we have

chomy (G, RHG(d, f)) = Ex.p@)-rg[(9(u), 6(v), x((u,v))) € E(RHG(d, f))]

= Euerp [f(o(u) +2) = f(d(v) + )]
= Every [f(9(u) + 2) f(2) = f(d(v) + ) f()]
= Eyerp [Aqﬁ(u)f( ) = Ay f ()]

Al

Eoerr [A¢<u)f (@) = =1[Ag(w) f(z) = —1]
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By EQD(d,e/12) and the triangle inequality, we have

1

chomy(G, RHG(d, f)) — %‘ < |Everp [Ap) f () = 1[Apw) f(z) = 1] - Z‘ +

Erery[Ap) f(2) = —1][Ag) f(2) = —1] — 1

i

€
6
€

NN

so we turn to the case where G has more than one edge, but at most 1/€2"/>~! edges.

Recall that chomy(G, RHG(d, f)) counts the normalized number of colorings x such
that ¢ becomes a rainbow embedding of G with the coloring x in the rainbow Hamming
graph RHG(d, f). More formally, we have

chomy(G, RHG(d, ) = Expyory  [[  [(0(w), 6(v), x((w,v)) € E(RHG(d, )]

(u,w)EE(Q)

=Ewneor || 0w +x((w,0) = f((v) + x((u,)))]

(u,w)EE(Q)

We observe that the event f(¢(u ) X((w,v))) = f(o(v) + x((u,v))) is equivalent to
the event that Ay f(x((w,v))) = yf(x((u,v))). Let P(u,v) denote the event that
Agy [(x((u,v))) = 1 and Ay f(x (( ))) = 1, and let N(u,v) denote the event that
Agy [(X((u,v))) = =1 and Ay f(x((w,v))) = —1. We then have

chomy, (G, RHG(d, f)) = Ey.p(c)—rp H ([N(U»U)] + [P(u, U)])
(u,0)EE(Q)

Let
7 = |ehomy(G, RHG(d, /) = 2717

We then have

2= Beroon I (N0l + Po)) -2

(u,w)EE(Q)

L1 ~|B@
(u,w)EE(G)
_ 1
_ Z 9~ |E(G)\R| Ey:5(G)—Fp H ([N(u,v)] + [P(u,v)] — 5)
0#RCE(Q) (uw)ER
_ 1
< > 2 lOlE g [T (Wl + P - 5)
0£ARCE(G) (uw)ER
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uv)eR % . Let Yr be the

For R € B(C), et X = S pes TT, ([N<u 0)] + [Pu,v)] -

analogous version of Xz which sums over all functions, not just injections, i.e., Yz =

> crory Hwwer ([N(u, V)] + [P(u,v)] — %) We then have

7 ¥ ool

DLhCHG (27) iR
1
< Z o~ |E(@)\R| - (| Xr — Yr|+ V&)
0£RCE(G) (21

Fix R C B(G).
Xp—Yal=| 3 H ([N (u, v)] + [P, v)] — %)

X:R—=Fy  (u,w)
xnot 1nJect1ve
+[P,v)] - 5
u,v)] — =
7 2
As N(u,v) and P(u,v) cannot occur simultaneously, we have

NE
Xp—Yel < ) <§>

x:R—F%
xnot injective

< (27 - 2" (5)
=g [ ————1) (=
@ a ((2”)|R| ) 2
Observe that |R|* < |E(G)| < 2”2, Thus |R| <<
2n|R| on |R|
<
(2")ir (2”— |R|>
—|R|
(8
2n
2
< exp (2%) (11)

2 2\ 2
S Ll <2ﬂ> (12)
n

<

X:R—=F5  (u,)
xnot mJectlve

R|

n
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where we use the fact that e™** < 1 — z for € [0,0.5] in line (11) and the fact that
2
e’ <1+ x+ 2% for z € [0,1.79] in line (12). As |2R—T|L < ¢, it follows that

onlE €
(2")ry S
and thus
1\ e
Xe-Yil < @ (3) 5

Now we turn to Yx.

vel=| 3 T (ol + Rl ;)

X:E(G)—=F% (u,v)ER

- 10 (( 3 [Nx(u,v)]—i>+< > [Px(uﬂ’)]_i))

(u,v)ER x:{(u,v)}=F5 x:{(u,w)}—=F5

= oniRl H <(EX;{(u,u)}—>ng [Ny (u,v)] = 1) + (Exr{(uvv)}%ﬂ‘“él [Py (u,v)] = Z))
(u,w)ER

By definition,

By {wo—rg [P (w, 0)] = Exifuoi-rp [Dow) f (X (1, 0))) = H[Apw) f(x((w,v))) = 1]
E i (u)3=73 [Nx (4, 0)] = Eyefuw)y—rp [Do) [ (X (4, 0))) = —1][Agw) f (X ((u,v))) = —1]

By assumption, ¢ is a map of diameter at most d from V(G) to By(n,0). Thus, |¢(u)| <
d, |¢(v)| < d, and |p(u) — ¢(v)| < d for every (u,v) € E(G). Hence, we may apply
EQD(d,e/12) to find that

nlR| € € A 1] " € e\ Bl
Yr <2 H E+E <2 G < (2")g 1+§ 6
(u,w)ER

where we use the same bound on 2%l as above. Now we can put everything back together

as follows:
el (1) e ANL
7 < E 27 — — — —
04RCE(G)

1 [E@] 1@
:E(l_Q—IE(G)\>+ 14_5 _+E _
2 2 26 2
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As g <! 3, we have the following:
1 e\IFOl qlEe] 1|E ) |E(G>|
~ 4l ~ = - —1
(2 * 6) 2
e NEE
: g) "
€
< 6 |E(G Z (14)
<3 (15)

where we use the fact that (14 z)™ <1+ ma(l + x)m !in line (13), the fact that § < §
in line (14), and the numerical fact that m(3/4)™1 < 2 for every m > 1 in line (15).
Therefore,

chom,(G, RHG(d, f)) ~ 21O = 7 < £ + (1 ; g) ‘<

as € < 1. Thus f also satisfies the Rainbow Embeddings Property RAIN(d, ¢). O

6 Constructions of quasi-random Functions and Separation of
the Hierarchy

In this section, we construct a large class of functions which separate the Balanced Influ-
ences Property INF(d+ 1,¢€) from INF(d,¢€).

An [n, k,d]-binary linear code is a subspace C C F} of dimension k such that
min, ., |t —y| = d. An [n, k,d]-binary linear code may be specified by its parity check
matriz M € IF(" M*n which has the property that z € C <= Mz = 0. Note that the
parity check matrix has rank n — k. We will need the following elementary fact regarding
linear codes of distance d.

Lemma 30. [/27], Proposition 2.3.5] If M s the parity check matriz of a code with
distance strictly greater than d, then any nonzero x € ker(M) must have |z| > d.

Example 31. Let C be the [8, 4]-Extended Hamming code with parity check matrix H

01111000
10110100
H_1101001O
11100001

One can check that no vector of Hamming weight 3 or less can be an element of the kernel,
as every set of 3 columns has at least one row with an odd number of 1’s
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The goal of this section is to demonstrate that a bent function composed with the
parity check matrix of a distance d linear code is quasi-random of rank d with error € for
any € > 0.

Proof of Theorem 17. Let C be an [n, k,d + 1]-binary linear code such that n — k is even
and n >k + 4. Let H € FS" ™" be a parity check matrix for C. Let g : F} ™% — {1, -1}
be a bent function, and definef : Fy — {1,—1} by

f(x) = g(Hz).

We claim that

Indeed, by Lemma 2, we have

L[f] = % - %f*f(v)
_ ; _ %E; g(H8)g(H (6 + 7))
- % a %EneRange(H) 9(m)g(n + H~) (16)

where in line (16) we use the fact that H4 is uniformly distributed on Range(H) when ¢
is uniformly distributed on F%. As the parity check matrix is a surjective linear map from
F? — F3~* we have

1

= 5 Eyerpr 9(n)g(n + H)

5 7 ¢ ker(H)
0 v €ker(H)

Iv[f] =

(17)

—_—— N =

where we use the fact that a g * g(z) = 0 for  # 0 (see Lemma 13) in line (17). Now we
can apply Lemma 30 to conclude that if || < d, v ¢ ker(H). It follows that L,[f] = 1 for
every v € F with 0 < || < d.

Similarly, as C has distance d + 1, there is some 7/ € F} with Hamming weight d + 1
such that Hy' = 0. Hence, L/[f] = 0 by equation (17) above. Thus INF(d+1,¢€) cannot
hold for f unless € > %

It remains to show that ’f(O)‘ < 2, ie., that f is weakly balanced. To that end we
observe R

f(0) = Eoery g(Hz) = B\ cpnr 9(y)

by the same reasoning as in line (16) above. Since g is bent, it follows that
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As n > k + 4, we conclude that ‘f(O)‘ <
e > 0.

< 2 and thus INF(d,€) holds for f for any

1
4
U

Finally, we show that the Balanced Influences Property implies weak balance. We will
need the following lemma:

Lemma 32. If f : Fy — {1, —1} has the Balanced Influences property INF(d,€/2), then
F(7)? <279+ € for every y € F.

Proof. By Theorem 18, if f has the Balanced Influences Property INF(d,e/2), then f
has the Spectral Discrepancy Property SD(d,¢). Fix v € Fy and let C'(S, z) be a subcube
of dimension n — d which contains 7. By SD(d,¢),

Z f <27%+e

0eC(S,z)

Therefore, ‘f(’y)‘ < V27?4 + ¢ for every vy € F7. O

Remark 33. The functions constructed in the proof of Theorem 17 show that the bound
in Lemma 32 is tight. Indeed, these function have the property that every subcube of
dimension n — d contains exactly one nonzero Fourier coefficient of weight 2-%/2. Thus
both of the above inequalities are tight for such functions.

Proof of Theorem 15. Fix d > 3. By Lemma 32, if f : Fy — {1, —1} satisfies INF(d, % —
27471) (note that Z > 7, so this expression is positive when d > 3), then

(f(a)) < ¢2—d+ (% - 2—d> — §

||f‘1({—1})| B
2n

16’

for every o € 3. Hence,

and f is weakly balanced.

For the second part of the Theorem, consider the function f : F32 — {1, —1} which is
—1if and only if its input is 11. One can easily verify that Ijo[f] = Iop1[f] = i1 [f] = 3,
and L { ) — i by construction. O
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7 Relating quasi-random Boolean Functions to Extant theories

There are various quasi-randomness theorems for Boolean functions implicitly or explic-
itly considered in several related works ranging from hypergraphs to analysis of Boolean
functions. Typically, these theories capture global properties of a Boolean function while
the quasi-random properties defined in section §3 are local. We will discuss an incom-
plete list of these extant theories and compare them with some of our local quasi-random
properties.

We first consider Chung and Tetali’s work on the relationship between k-uniform
hypergraphs and Boolean functions in [22]. Their ideas also appear implicitly in the
works of Gowers [18] on hypergraph regularity Lemmas and Szemeredi’s Theorem, and in a
survey paper by Castro-Silva [21]. These works convert a Boolean function to a k-uniform
hypergraph via the following construction. Given a Boolean function f : Fy — {1, —1},
its Cayley hypergraph H has the vertex set Fy and hyper-edges {x1,..., 2} € E(H) <
f(x1 4+ -+ 4+ x,) = —1. Via the Cayley hypergraph, these authors transfer the theory of
quasi-randomness for uniform hypergraphs to Boolean functions.

The main definition in these works is the following.

Definition 34. For k > 1, the k-th Gowers uniformity norm of a function f : F§ —
{1, =1}, denoted || f{| ), is defined as

||fHU(k) = ]Eze]Fg Evl,...,vkng H flx + ajvr + -+ + oyvy)
at,...,ap€{0,1}

We will typically use the following equivalent formula

1 llow = EaceIFg,Me]F;Xk H f(z + Mv)

UGFQ

(see [28]). The Gowers uniformity norms are a direct translation of the properties in
[11, 22] which count even and odd octahedra in k-uniform hypergraphs. For these theories,
the key pseudo-random property is the following:

Property P;s. A Boolean function f : Fy — {1,—1} is (€, d)-Uniform if

Il <€

As shown in Castro-Silva’s monograph [21], (¢,k + 1)-Uniformity e-implies (e, k)-
Uniformity, and the implication is strict. Hence, just as we have a hierarchy of quasi-
random properties in our Theorem 17, we can view (¢, k)-Uniformity as a similar hierarchy
indexed by k. As shown in [28], the k + 1-st Gowers norm controls correlation of f with
functions of Fy-degree at most k (see section §2 for the definition of Fo-degree).

We show the following theorem whose proof can be found in section §8:
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Theorem 35. For any € > 0, a Boolean function f : Fy — {1,—1} with (0, d)-Balanced
Influences is also (e, 1)-Uniform by setting § = % and d > 1+ (41;((1246)]
Furthermore, (€, d)-Balanced Influences and (e, k)-Uniformity are incomparable for any

d<n andk > 2. More precisely,

(1) There is a function f : Fy — {1,—1} with (§, n)-Balanced Influences for any 6 > 0,
yet f is not (e,2)-Uniform for any e < 1.

2) For any k > 2 and any 6 > 0, there is a function g : Fy — {1,—1} which is
2
(6, k)-Uniform and does not have INF(d,€) for any rank d > 1 or e < 3.

Remark 36. Directional derivatives provide a third means of defining the Gowers unifor-
mity norms [28], so one might then think that the Equidistributed Derivatives Property
Pg will have a close relationship with (6, k£)-Uniformity. However, the Equidistributed
Derivatives Property only considers derivatives along vectors of Hamming weight at most
k, whereas the Gowers uniformity norms consider all possible directional derivatives. As
we shall see in the proof of Theorem 35 below, the Spectral Discrepancy Property P, is
more applicable in comparing our work and the theory of (¢, k)-Uniformity.

O’Donnell presents several pseudo-random properties in [20] which center on the
Fourier expansion defined in Section §2. The first pseudo-random property mentioned
is the following:

Property P;3. A Boolean function f : Fy — {1, —1} is (€, d)-Fourier Regular if
‘f (7)‘ <e

for every v € Fy with |y] < d.

By definition, (e,d + 1)-Fourier Regularity e-implies (e, d)-Fourier Regularity, and a
Fourier character x, where |y| = d + 1 shows that the implication is strict. Hence,
just as we have a hierarchy of quasi-random properties in our Theorem 17, (¢, k)-Fourier
Regularity can be viewed as forming an increasing hierarchy of pseudo-random properties
indexed by k. Furthermore, (€, n)-Fourier Regularity and (e, 1)-Uniformity are equivalent
as is shown in Proposition 6.7 of [20].

As for the relationship between (¢, k)-Fourier regularity and our properties, we show
the following theorem whose proof can be found in section §8:

Theorem 37. For any € > 0, a Boolean Function f : Fy — {1,—1} with (0, d)-Balanced
Influences is also (e, k)-Fourier Regular for any k < n by setting 6 = G and d = 1 +

21n(1/¢)
[ In(2) —‘

Conversely, for any 6 > 0 there is a function which is (6,n)-Fourier Regular which
does not have (€, k) Balanced Influences for any rank k > 1 or error bound € < %

Another collection of pseudo-random properties of Boolean functions appears implic-
itly in Chung and Graham’s work on quasi-random subsets of Z/NZ [7]. To apply their
work to Boolean functions, we can identify the set of binary strings with elements of
Z/2"Z. Then a Boolean function can be identified with the set of elements of Z/2"Z on
which it takes the value —1. Their key pseudo-random property is the following:
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Property P;;. A Boolean function f : Z/2"Z — {1,—1} is e-Cycle Regular if f has
correlation at most € with all nonzero characters of Z/2"Z, i.e., for every nonzero j €
7)2"Z,
|]EzeZ/2"Z f(2) exp(2m’jz/2”)‘ <€

As shown by Chung and Graham [7], e-Cycle Regularity controls the correlations of
a function f with a shifted copy of itself much like our Balanced Influences Property P;.
However, the arithmetic operations considered in e-Cycle Regularity are carried out over
Z,/2"7 rather than F% as in the Balanced Influences Property.

We prove the following theorem whose proof can be found in section §8:

Theorem 38. For any 6 > 0 there is a 0-Cycle Regular function which is not (e, k + 1)-
Fourier Regular for any € < 1 where k = Cyln(1/6) for some absolute constant C.

Bent Theorem 35

Lemma 13 | € (€, d)-Uniform, d > 1

v

(€, d) Balanced Influences, d = Q(In(1/¢€))

[28] | €
2) Theorem 17 | ¢~ Theorem 37 ¢ /47" Theorem 35
8 +
' 2
(e, d) Balanced Influences, d > OI /EBL
[20]

Theorem 37 Jﬁe, n)-Fourier Regular (€,1)-Uniform
[2

Theorem 40 Ex 6.5d \/
€

[20]

Theorem 40

(€,0)-Small Stable Influences Def. | €

€2/2 {E—Cycle Regularity
Ex 6.5f [20] ~ ~9<I'heorem 38

(€, k)-Fourier Regular, k < n

Figure 6: The relationships between different theories of quasi-randomness. Each box is
a distinct theory of quasi-randomness. Each arrow is a strict implication. Beside each
arrow we give a reference to the proof of the implication and the loss function. The results
of this paper are in bold blue text and blue arrows. Non-implications are red dotted lines
with an X in the middle, with a citation for each result.

O’Donnell [20] defines an additional pseudo-random property which uses a different
generalization of influences as follows.
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Definition 39. For a coordinate i and a parameter p € [0, 1], the p-stable influence of
a Boolean function f: Fy — {1, -1} is

Eifl=) ")
veFy
vi=1
The key pseudo-random property is:

Property P;5. A Boolean function f : F§ — {1, —1} has (e, p)-Small Stable Influences
for some € € Ry and p € [0, 1] if
I0f] < e

for every i € [n].
As shown by O’Donnell[20], p-Small Stable Influences measure the expected change in
the function if the input bits are changed via a particular noise model. Thus, (e, p) Small

Stable Influences implies a form of noise stability.
We show the following theorem whose proof can be found in section §8:

Theorem 40. For any e > 0 and 1 > p > 2 — /2, a Boolean function f : F7 —{1,-1
with (0,d)-Balanced Influences also has (€, p)-Small Stable Influences by setting 6 =

andd = | in(2) 1.

In(2—p)
Conversely, there is a function which has ((1 — §)"~',8)-Small Stable Influences for

any 6 < 1 but does not have (¢, k)-Balanced Influences for any k and any € < %

(3
8

Figure 6 illustrates the relationships between each theory of quasi-randomness and our
results in section §3.

8 Proofs of relations among extant quasi-randomness theories
for Boolean Functions

We will prove a series of lemmas which will be used to separate and relate the classes of
quasi-random Boolean functions defined in section §7.

Lemma 41. For even n, there is a function f : Fy — {1,—1} which has INF(d,¢€) for
every d <n and € > 0, but || f|lu@ = 1.

Proof. We consider the Inner Product function IP(x) : F§ — {1, —1} defined in Example
14. As shown in example 14, IP is a bent function and therefore ‘[/]\3 ('y)‘ = 272 for

every v € 4. By Proposition 13 and Lemma 2. [P has the property INF(d,¢) for
every 1 < d < n and € > 0. However, I P has Fy-Degree 2. Since ||g|/y41) = 1 if g has
[Fo-degree d (see[28]), we conclude that ||IP||y) = 1. O

Lemma 42. Let g : Fy — {1,—1} be a Boolean function. Let M € F;X(nﬂ) be the
projection matriz which sends x € F3™ to its first n coordinates, and let w € F3™ be the
vector with a single 1 in the n + 1st coordinate. Let f : Fy™ — {1, 1} be defined by
f(z) = g(Mzx). If g is (e, k)-Uniform, then
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o f is (¢ k)-Uniform
d Iw[f] = 0.
Proof. We first show that f is (¢, k)-Uniform. To that end, we have
2—k
1 luw = | Eoerptt Eyepprsnss I f(z+ Nw)
veFk
27k
= | Epeppt Eypirrone I 9z + Nv))
veFk
9—k

- EmGF;H'l ENelgé"Jrl)Xk H g(Mx + MNU)

UGF§

We write y = Mz and P = M N. Since M is a projection matrix and x is uniformly dis-
tributed on F5*!, 3 is uniformly distributed on F”. Similarly, P is a uniformly distributed
matrix in F3**. Hence,

92—k
[ fllvw = | Eyery EPeF;Xk H g(y + Pv)
vEFg
= llgllue)
<e€ (18)
where we use our assumption on g in line (18). Thus f is (e, k)-Uniform.
For the second claim, we observe that f(z + w) = f(z) for every z. Therefore,
L,[f] = 0. O

Now we will prove each of theorems relating our properties to extant theories.

Proof of Theorem 35. We have three claims to prove. First, we consider the relationship
between (e,n) Balanced Influences and (e, 1)-Uniformity. Let f : F§ — {1, —1} satisfy
INF(d,e*/4) where d > 1 + (4111((12126)1' By Lemma 32, f is (\/27%+ €*/2,n)-Fourier
Regular. Using the bound on d, we find that

274 1 et /4 < %exp (—4In(1/e)) +€*/2 = ¢* (19)

Thus f is (€2, n)-Fourier Regular. By Proposition 6.7 in O’Donnell’s book [20], (\/€,n)-
Fourier Regularity implies (e, 1)-Uniformity. Thus, f is (e, 1)-Uniform.
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Next we show that (e, k)-Balanced Influences is incomparable with (e, d)-Uniformity
for d > 1 and any k. Lemma 41 provides a function f which possesses INF'(k,¢) for any
ke Nwith 1 <k <nandany e > 0 yet has || f|lu@s = 1.

Now we can show that (e, d)-Uniformity cannot imply (e, k)-Balanced Influences for
any k > 1. Let g : F} — {1, —1} be a uniformly random Boolean function. For any ¢ > 0,
there is n sufficiently large such that g is (e, k)-Uniform. By Lemma 42 if f : F4*! —
{1,—1} is g composed with a projection matrix, f is (e, k)-Uniform yet there is a vector
w € Fy™ such that I,[f] = 0 and |w| = 1. Thus, f cannot have the Balanced Influences
Property INF(k,e) for any k > 1 and € < 1.

It follows that (e, k)-Uniformity and quasi-randomness of rank d with error e are
incomparable for £k > 2 and d > 1. O

Proof of Theorem 37. Assume that f satisfies INF(d,€*/2) where d > 1 + f%]
Lemma 32 implies that if f : Fy — {1,—1} has INF(d,¢), then f is also
(24/27% + €2/2, n)-Fourier Regular. By the bound on d,

1
277+ €2/2 < 5 €XP (—2In(1/e)) + €2/2 = ¢

Thus, f is (e¢,n)-Fourier Regular. If a function g is (9, k)-Fourier Regular then g is also
(8, k —1)-Fourier Regular by definition. Hence, if f : F} — {1, —1} has (€2/2, d)-Balanced
Influences then f is (e, k)-Fourier Regular for any k < n.

For the second claim, we must show that (e, k)-Fourier Regularity cannot imply (¢, d)-
Balanced Influences for any k < n, d > 1 or ¢ < 1. Consider the inner product function
IP : F2" — {1,—1} defined in Example 2. By applying Lemma 42 to IP, we find a
function f : F3"™' — {1, —1} which is (27%/2 n)-Fourier Regular and yet does not have
INF(d,e) for any d > 1 and € < 1. As (e,n)-Fourier Regularity implies (e, k)-Fourier
Regularity for k < n, IP is (e, k)-Fourier Regular for any k < n. It follows that (e, k)-
Fourier Regularity does not imply I N F(d, €) for any choice of k < n,d > 1, and € < % O

Proof of Theorem 40. Assume f satisfies INF(d,e*/8) for d = (M} By Theorem 18,

In(2—p)
f also satisfies SD(d, €?/4) for any d > 11?((2212))]

Recall that 1 > p > 2 — v/2 &~ 0.58. We want to show that I, *[f] < ¢ for each i € [n]
via the Spectral Discrepancy Property. We observe that the set of v € Fy with +; =1 is
precisely the n — 1-dimensional subcube C'({i}, 1), and the same subcube may be divided
into 277! subcubes of dimension n — d as follows. Pick a set S of size d which contains i.
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Then, C({i},1) = LL.es; C(5, 2). Therefore,

zi=1
Ll =Y (1=p) ()
v€EFy
vi=1
-X | X -
zng §
27;:1
<> ( max pw'—l) DR ACIE
~€F§ VGC(SZ YEC(S,2)
zlfl
< (Q*d + 62/4> max (1 — p)"=!
ZG%QS v€C(S,2)
zi=1

where we use SD(d,€?/4) in the ultimate line. Now we can simplify further:

LI < (2‘d + 62/4) S (@ - p)l

z€F§
zi=1

(2 + 24

)5
- ven)e-
()

n(2
Since d = hi(giz)k we have that d <

I T
o ,_.
/'\
\_/
Py
—_
|
)
S—
Q.

)—i—l As p < 1, we have

ln<%)
(2 p)" < (2 p)m =2
€

ln(%) 21n( )
o) 2 W) Therefore,

Since p =2 —+/2,d = [hllré:?)ﬂ

WV

Thus,

as desired.

Conversely, one can easily verify that x; has ((1 — p)"~!, p)-Small Stable Influences,
but L, [x1] = 1 for every v € F} with Hamming weight 1. Thus x; does not have INF(d, ¢)
for any d > 1 unless € = 3. O
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The relationship between e-Cycle Regularity and the other theories is more intricate
than our other theories of quasi-randomness, largely due to the algebraic differences be-
tween Z/2"7Z and Fj. As Boolean functions in the sense of e-Cycle Regularity are not
functions on F3, we have the following definition to transfer results between these two
theories:

Definition 43. Given z € Z/2"Z, let z* € F4 denote the binary expansion of z, i.e., the
vector such that

where z = Y"1 | @;2'"" is the binary expansion of z.
Chung and Graham [[7], Prop. 6.2] prove the following result.

Lemma 44. [7] Let g : Z)2"Z — {1,—1} be the function which is —1 if and only its
input has an odd number of ones in its binary expansion. There is an absolute constant

242\
C such that g is e-Cycle Regular where e = C <+\/—> ~ 0.92".

In our notation, the function g considered in Lemma 44 can written as the composition
of the binary expansion function defined in definition 43 with the Fourier character y;.
As x1 is a Fourier character, y; cannot be (¢,n)-Fourier Regular for any ¢ < 1. Thus
for any § > 0, §-Cycle Regularity does not imply (€, n)-Fourier Regularity for any e < 1.
Here we generalize Lemma 44 to show that there is a Fourier character x., where || is
much smaller than n which is e-Cycle Regular for any € > 0. As a consequence, we will
show that for any § > 0, 6-Cycle Regularity cannot even imply (e, k)-Fourier Regularity
for a wide range of k < n and € < 1.

Proof of Theorem 38. Set k = [Cyln(1/0)] for some absolute constant Cy to be defined
later. Define S = {1,...,k}. Define v € F} by v :=1 ® 0 where 1 € F3 is the all-ones

vector and 0 € ]F2§ is the zero vector. We show that x. is d-Cycle Regular.

o
Define w,, := exp (%) . Now let ¢ € Z/2"Z\ {0} be arbitrary, and via the Euclidean

algorithm, write ¢ = 2" %a + b where 0 < b < 2" 7%, For 2 € Zyn, we write z* = y* ®g o*.
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We then have x.(2*) = x1(y*)xo(2*) = x1(y*) by the definition of . Then,

*\, —cz * £\ —(an—Fkg kg
B.ezjonz X4(2")w, @ = Eogycar Bocpcan—r X4 (y %}x Jw,, @ ath) (2 oty)

_on _ ok ._on—k,,,__
= I[4:0<y<2k IEOé:c<2”*’C X1<y*)wn2 o= 2ab=2 Wby

_ %\ —2k5b—27 "k qy—by
- IEO<y<2k E0<x<2”_k Xl(y )wn

_ x\  —2" " Fay—by —2kzh
= Eocycor x1(y")w, Eocacon—r wy,

_ x\ —2" " Fay—by —xb
= Eocycor X1(y")w, Eoczcon—r w, 2}

_Jo b#£0
Egcy<or X1<y*)W;2n7kGy b=0

o b0
Eocycor X1(y)wi! =0

Observe that y1(y*) is precisely the function considered in Lemma 44 on the group Zsx.
Hence, we may apply Lemma 44 to conclude that

k
R 2+2
—p =)

2
Coln(1/3)
o <\/2+\/§>
2
<5

where C' and C; are sufficiently large absolute constants. Thus z — x,(z*) is 6-Cycle
Regular. However, |y| =k, and so x., cannot be (¢, k + 1)-Fourier Regular for any € < 1.
Thus §-Cycle Regularity does not imply (e, k + 1)-Fourier Regularity for any e < 1. [

9 Problems and remarks

One overarching question which remains is that of unifying the various theories of quasi-
randomness for Boolean functions. As seen in Theorems 35,37, 38, and 40, the various
extant theories of quasi-random Boolean functions seem to express rather disparate prop-
erties. A natural question arises: is there is a theory of quasi-random Boolean functions
which captures, for instance, both the Balanced Influences Property and (e, k)-Uniformity?

One possible means of addressing this questions is suggested by the relationship be-
tween our work and (e, d)-Uniformity as summarized in Figure 7. One can observe that
our quasi-random Theorem takes a new direction off (e, 1)-Uniformity in the quasi-random
hierarchy as defined in [21]. One possible direction towards finding a more general the-
ory of quasi-random Boolean functions would be to find an analogue of the Balanced
Influences Property for the ith level of the same hierarchy. As a Boolean function f is
bent if and only if f has INF(d,¢) for every € > 0, any such generalization of Balanced
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Bent Theorem 35

Lemma 13 | € (€¢,d)-Uniform, d > 1
h 4

(e,d) Balanced Influences, d = Q(In(1/¢))
et/4

Theorem 35
(28] | €

Theorem 17 ¥4y 00rem 35
¥ |
(e¢,d) Balanced Influences, d > 0 |

Theorem 35 | (¢, 1)-Uniform

Figure 7: The relationships between the properties in Theorem 16 and (e, d)-Uniformity.
Each arrow is a strict implication. Each arrow has a label with a reference to the proof of
the implication. The results of this paper are in bold blue text and dashed blue arrows.
Incomparable properties are linked by red dotted lines.

Influences may provide a “higher order” analogue of bent functions. Such functions are
likely to have very strong cryptographic properties and any construction of them would
be interesting in its own right.

Another related direction is the relationship between (e, k)-Fourier Regularity and
e-Cycle Regularity, which hinges upon the relation between Fourier analysis of F} and
Fourier analysis over Z/2"7Z. We have the following question, largely from numerical
evidence:

Question 45. For any € > 0, is there a k = k(¢) and a 6 = d(¢) > 0 such that any
function f which is (9, k)-Fourier Regular is also e-Cycle Regular?

Another high-level question is the following: Is there a “local” theory of
quasi-randomness for graphs, hypergraphs, tournaments, or other combinatorial objects
which includes a local subgraph count property similar to the Rainbow Embeddings Prop-
erty?

Many questions remain, some of which we include here. Our proof of Theorem 17
provides a large class of examples of functions which satisfy INF(d, ) for any § > 0
but not INF(d+ 1,¢€) for € < 5 and any d > 1. Furthermore, these functions have the
property that f * f(x) is the indicator function for some binary linear code.

Question 46. Let f: F} — {1, —1} be a Boolean function such that
fxfla)=[red]

for some nonlinear binary code C C F} of distance d. Do such functions exist, and if so,
is it true that f has INF(d,d) for any § > 0 but not INF(d + 1,¢) for e < 37
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Question 47. Is there a classification of functions f : Fy — {1, —1} which satisfy

frflx)=lred]
for some [n, k, d| binary linear code C C F37

We remark that any progress on this question will lead towards a solution of the
problem of enumerating bent functions.

Our quasi-random properties all assume that a given function f is weakly balanced.
In Theorem 15, we showed that for d > 3, the Balanced Influences Property INF(d,¢)
implies weak balance for d > 3. For d = 1 and d = 2, we have a function f : Fy — {1, -1}

such dens(f) =  i.e., f is not weakly e-balanced, yet

for every v € F% such that 0 < |y| < 2. For d = 1, we can go much farther and

construct an infinite family of functions with the same two properties as follows. Let

a,  be two vectors such that «; # 0 or 8; # 0 for each i € [n]. Then define f(z) =
-1 a'z=0 and fT2z=0
1 otherwise

However, this construction cannot work for d = 2, as for any choice of o, 8 € F5, there

are vectors of Hamming weight 2 which are orthogonal to both a and #. Any such vector

will have influence 0. Hence, we ask

. One can verify that dens(f) = } and I, [f] = 5 if || = 1.

Question 48. Is there an infinite family of Boolean functions f : Fy — {1, —1} such that
dens(f) = 1 and

1
Lif] =~
for every v € FY such that 0 < |y| < 27
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