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Abstract

In 1995, Richard P. Stanley introduced the chromatic symmetric function Xg
of a graph G and proved that, when written in terms of the elementary symmetric
functions, it reveals the number of acyclic orientations of G with a given number of
sinks. In this paper, we generalize this result to signed graphs, that is, to graphs
whose edges are labeled with + or — and whose colorings and orientations can
interact with their signs.

Additionally, we introduce a non-homogeneous basis which detects the number
of sinks and which not only gives a Stanley-type result for signed graphs, but gives
an analogous result of this form for unsigned graphs as well.

Mathematics Subject Classifications: 05C15, 05C22, 05C31

1 Introduction

A fundamental notion in the study of graphs is that of a proper coloring of a graph. This
is a function which assigns a natural number to each vertex of a graph in such a way
that no two vertices which are connected by an edge are assigned the same color. The
chromatic polynomial x(\) of a graph G, is a polynomial in A whose value is the number
of ways to properly color a graph G in A colors. In 1973, Richard P. Stanley [7, Corollary
1.3] proved that |yg(—1)| is the number of acyclic orientations of G, a surprising fact
which extracts non-coloring information from the chromatic polynomial.

Stanley generalized his result in 1995 [8] by defining the chromatic symmetric function
X¢ of a graph G. If P(G) is the set of proper colorings of G in colors from N, then

Xg(xl, To, ... ) = Z Qfﬂ(vl)ﬂfﬂ(w) . -ZE,{(vn)
KEP(QG)
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where vy, v, ..., v, are the of vertices of G. Note that this makes X a formal power series
over countably many variables {x): k € N}. The series X¢ is called symmetric because for
any permutation 7: N — N, we may observe that X¢(z1), Tr(2),-..) = Xa(®1,22,...).
This allows us to state Stanley’s result [8, Theorem 3.3]:

Theorem 1. If the chromatic symmetric function of a graph G is written in terms of the
elementary symmetric basis, then the number of acyclic orientations of G with k sinks is
the sum of the coefficients of terms having k elementary symmetric function factors.

Generalizing Stanley’s work to signed graphs, Thomas Zaslavsky introduced the chro-
matic polynomial of a signed graph ¥ and analogously proved that, when evaluated at
—1, its absolute value is the number of acyclic orientations of ¥ [9, Corollary 4.1]. In
this paper, we will generalize both Zaslavsky’s theorem on the chromatic polynomial and
Stanley’s theorem on the chromatic symmetric function to a result about the chromatic
B-symmetric function, defined as follows.

Following Eric S. Egge [4], we define the chromatic B-symmetric function Xy of a
signed graph ¥ in direct analogy to the chromatic symmetric function, to be

XE(. ey L1,y L1y . - ) = Z xn(vl)x,{(w) N -$H(Un)
KEP(X)

where once again vy, vg, . . ., v, are the vertices of X, and P (X)) is the set of proper colorings
of ¥, which we fully define in the next section. Any permutation 7: Z — Z satisfying
n(k) = —m(—k) for all k € Z will fix Xy, that is,

Xg(. <o Lr(=1)s L (0)y Lr(1)s - - ) = XE( ey L1, L0y L1y - )

Note that, differing from [4], we allow the vertex color 0, which is in line with Zaslavsky’s
work in [9]. In particular, for any permutation 7 which satisfies w(k) = —n(—k), we must
have w(0) = 0, which distinguishes 0 from the other colors. This group of permutations is
isomorphic to a Coxeter group of type B; hence we call it the chromatic “B”-symmetric
function, and generally define a function in Z-indexed variables to be B-symmetric when
it is fixed by all such permutations.

We will define a basis for B-symmetric functions which satisfies a Stanley-type result
and we will call this the augmented elementary B-symmetric basis. Specifically, we have
following main theorem.

Theorem 2. If the chromatic B-symmetric function of a signed graph ¥ is written in
terms of the augmented elementary B-symmetric basis, then the number of acyclic ori-
entations of X with k sinks is the sum of the coefficients of terms having k elementary
symmetric function factors.

Outline of the paper

In §2, we define various notions related to signed graphs which are used throughout. In
§3, we state the main theorems of this paper and some corollaries. In §4, we introduce
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a deletion—contraction relation for the chromatic B-symmetric function, which we utilize
in the proof of the main theorem.

The following two sections provide some technical results which constitute the heart
of the proofs of the main theorems. In §5, we commence a detailed study of acyclic orien-
tations of signed graphs and how they interact with proper colorings. In §6, we construct
a very useful function ¢ which recovers information about the acyclic orientations of a
signed graph from its chromatic B-symmetric function.

Finally, the proofs of the main theorems are given in §7, and proofs of some corollaries
are described in §8.

2 Signed graphs

As defined by Zaslavsky [9], a signed graph is a graph whose edges have been labeled with
either a plus sign or a minus sign (such edges are called positive or negative respectively).
More specifically, we may think of a signed graph as a graph along with a function, sgn,
which sends the edges of the graph to an element of the set {4, —}.

Figure 1: A signed graph with three vertices, three negative edges (one of which is a loop)
and one positive edge.

As noted in [9], many definitions for unsigned graphs have analogous definitions which
can be applied to signed graphs. Of particular importance here is the notion of what it
means for a signed graph to be cyclic or acyclic. An orientation of a signed graph is a
way of assigning an arrow to each half-edge (or equivalently, an arrow to each incidence
between a vertex and an edge). Each arrow can point either toward or away from its
vertex, subject to the condition that on a positive edge both arrows must point in the
same direction and on a negative edge both arrows must point in opposite directions.

We will be primarily concerned with acyclic orientations. A cycle is a circuit such that
every vertex in the circuit has at least one arrow pointing into it and one arrow pointing
out of it, when only the edges in the circuit are considered. See Figure 4. An orientation
is acyclic if it contains no cycles.

When a vertex has only arrows pointing toward it, it is called a sink. If it has only
arrows pointing away from it, it is called a source.

We will also be considering colorings of signed graphs. A coloring of a signed graph
> is a function from the vertex set of ¥ to Z. Using the notation e: uv to denote that
the endpoints of an edge e are the vertices u and v, we say that a coloring k is proper
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Figure 3: An oriented signed graph.

if for any e: uv, we have k(u) # sgn(e) - £(v). Thus if two vertices are connected by a
positive edge, then a proper coloring cannot assign them the same integer, and if they are
connected by a negative edge, then a proper coloring cannot assign them integers which
are negatives of each other.

Some more quick remarks can be made on the nature of signed graph colorings. If
a signed graph 3 has a vertex with a positive loop, then it has no proper coloring.
On the other hand, vertices with negative loops can be properly colored by any integer
excluding zero. Finally, we note that a signed graph with all positive edges is virtually
indistinguishable from an unsigned graph, and its chromatic B-symmetric function is, by
re-indexing, identical to its chromatic symmetric function.

- +

Figure 4: The orientation on the left is cyclic whereas the orientation on the right is
acyclic. The acyclic orientation on the right has two sinks: the top vertex and the bottom
left vertex.
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3 Statements of the main theorems

Recall that as defined above, the chromatic B-symmetric function of a signed graph X is

XZ(' ce sy L1, L0, L1y - - ) = Z Tr(v)Tr(vz) * " Tr(vn)s
KEP(X)

where vy, va, ..., v, are the vertices of ¥ and P(X) is the set of proper colorings of ¥. For
notational convenience, we will put z" = Z(4,)Tx(vy) * * * Tr(v,) Whenever applicable.
We will use the notation p,p == ) ..y mfmb_l and refer to the set {p,p:a > 1,0 >
0} U{zo} as the p-basis for the set of B-symmetric functions. It will be important for
later to note that the p-basis is algebraically independent over Q.

It turns out that Xy can always be written uniquely in terms of sums and products
of elements of the p-basis.

Defining the elementary symmetric functions in the usual way,

€n = E LiyLTig ** " Ly,

1 <ig<-<ip

we can rewrite Newton’s identities in the form p, o = (—1)"'ne,+ 37 (= 1) e, _ipio.

It is necessary to note that sums and products of the elementary symmetric functions
do not span the space of B-symmetric functions, but only the subspace of symmetric
functions in the variables {zy: k € Z}.

Definition 3. For convenience we will put ¢, = (—1)a+b+1pa,b and z := —xy. Now we

have that any chromatic B-symmetric function can be written uniquely in terms of sums
and products of elements of the set {e,: n > 1} U{qap: a,0 > 1} U {z}. We will call this
the augmented elementary B-symmetric basis.

Now we return to the main theorem stated in §1, whose proof is given in §7 (see
Theorem 35).

Theorem 4. If the chromatic B-symmetric function of a signed graph X is written in
terms of the augmented elementary B-symmetric basis, then the number of acyclic ori-
entations of ¥ with k sinks is the sum of the coefficients of terms having k elementary
symmetric function factors e,.

Example 5. Let ¥ be the signed graph /f EX :

+
As we will calculate later in Example 16, Xy = p} o —p1,0p1,1 — 2p1,0P2,0 + 2D2,1 +D3 — 75
In the augmented elementary B-symmetric basis, this is X5 = (e1e2) + (3e3 + qr1€e1) +
(2g2.1 + 2%), and so ¥ has 1 acyclic orientation with 2 sinks, 3+ 1 = 4 acyclic orientations
with, 1 sink and 2 + 1 = 3 acyclic orientations with 0 sinks. Indeed, > has 8 orientations
total.

ot
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/ f EX / X / f §>< / X
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+ - + +
Figure 5: The 8 orientations of X, with sinks marked in red.

We may also consider a similar basis to arrive at a similar theorem, whose proof is
also given in §7 (see Theorem 38).

Definition 6. Let &, == >, (Z)pmo for n > 1. Alternatively, we may write this as

Pro = 2y () (1)

Theorem 7. If the chromatic B-symmetric function of a signed graph ¥ is written in
terms of the basis {&,:n = 1} U {qup: a,b = 1} U {2z}, then the number of acyclic orien-
tations of X with k sinks is the sum of the coefficients of terms such that the sum of the
indices of each &, factor is equal to k.

Example 8. Again, let ¥ be the signed graph /&( :

+
We know that Xy = pio —P1,0P1,1 — 2D1,0P2,0 +2p21 + D3 — x%. In the basis of Theorem
7, this is Xy, = (515151 + & — 25152) + (4{152 — 352) + (Q1,1€1 + 351) + (2q2’1 + 23), and so
Y has 1+ 1 —2 = 0 acyclic orientations with 3 sinks, 4 —3 = 1 acyclic orientation with 2
sinks, 1 4+ 3 = 4 acyclic orientations with 1 sink, and 2 4 1 = 3 acyclic orientations with
0 sinks.

These theorems specialize to results about unsigned graphs. Specifically, we will show
in §8 that Stanley’s result about the elementary symmetric basis [8, Theorem 3.3| follows
immediately from Theorem 4. Also, from Theorem 7 we obtain the following result, whose
proof is given in §8 (see Corollary 39):

Definition 9. For a > 0, let p, == ), z{ and ¢, = o, (Z)pa. Equivalently, we can
say P = iy ($)(=1)"7'G

Corollary 10. If the chromatic symmetric function of an unsigned graph G is written in
terms of the basis {(,: n > 1}, then the number of acyclic orientations of G with k sinks
1s the sum of the coefficients of terms such that the sum of the indices of each (, factor
15 equal to k.
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Example 11. Let G be the unsigned graph ‘ 5 .
Then Xg = p? — 3p1p2 + 2ps. This can also be written as

Xe =G = 3G(¢ — 2G) +2(G — 3¢ + 3¢1)
= ((161¢ — 3G G +2¢3) + (661G — 6¢2) + (661)-

So G has 1 — 3 + 2 = 0 acyclic orientations with 3 sinks, 6 — 6 = 0 acyclic orientations
with 2 sinks, and 6 acyclic orientations with 1 sink.

Lastly, Theorem 7 also gives an equivalent form of Zaslavsky’s result [9, Corollary 4.1]:
the sum of the absolute value of the coefficients of Xy, written in the p-basis is equal to
the total number of acyclic orientations of ¥. Again, see §8 for a proof.

Example 12. Let X be the signed graph A( :
+
Then
Xy = plo— Propii — 2p10p20 + 2p21 + Pso — T

So ¥ has |1| 4+ |=1| + |=2| +|2] + |1| + |—1| = 8 acyclic orientations.
We can also see that this holds for unsigned graphs as well:

Example 13. Let G be the unsigned graph f E .

Then
Xo = pi — 3pipa + 2ps.
So G has [1| + |—3| + |2] = 6 acyclic orientations.

4 Weighted deletion—contraction

Now we will take a moment to consider how we might be able to calculate Xy.

The classical chromatic polynomial satisfies a relation known as “deletion—contraction”
[7], which turns out to be immensely useful for both computation and theoretical con-
siderations. Stanley’s chromatic symmetric function satisfies a similar relation, but this
time involving weighted graphs. This work appears in [1, 5] and was recently rediscov-
ered in [3]. Due to unpublished work of James Enouen, Eric Fawcett, Rushil Raghavan,
and Ishaan Shah (see [2]) we have a generalization of this for the chromatic B-symmetric
function, namely a “doubly weighted” deletion—contraction rule for signed graphs.

For a signed graph 3, a double weight function, w = (w,,w_), will mean a pair of
functions wy,w_: V(3) — N. For the doubly weighted signed graph (X, w), we define

._ wi (), wo(v1) | wy(vn) w-(vp)
X(sw) = Z Ti(un) Tn(or) " Tr(on) T r(on)
KEP(G)
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We observe that this function is B-symmetric and that this extends the chromatic B-
symmetric function defined above if we treat an unweighted signed graph > as having a
double weight function satisfying w(v) = (1,0) for all v € V(X).

To define the weighted deletion—contraction rule, we must have a notion of both dele-
tion and contraction on signed graphs. The former is easy: given a (possibly doubly
weighted) signed graph ¥ and an edge e in X, we write X\ e for the graph obtained by
deleting the edge e. If e: uv is a positive edge, the contraction of 3 along e is the graph
Y. /e whose vertex set is V(X) modulo the relation u ~ v, and whose edges are obtained
from E(X) \ {e} by replacing all endpoints u and v by the equivalence class {u,v}. If ¥
has a double weight function w, then we consider the induced double weight w on G/e,
which only differs from w by w({u,v}) = w(u) + w(v) (where the addition of pairs is
component-wise).

Theorem 14. Let (X, w) be a doubly weighted signed graph, and suppose ey € E(G) is a
positive edge, i.e. sgn(eg) = +. Then Xxw) = X(2\eo,w) — X(5/e0,d)-

Proof. We write the chromatic B-symmetric function as a sum over all (not necessarily
proper) colorings r: V(X) — Z as follows:

Xmw) = Z H %(U J ;U H (1_55%256)'*@)) :

k:V(E)—=Z | veV (2 ecE(X)
euv

where 6° is the Kronecker delta function, given by §° = 1 if a = b and 6 = 0 otherwise.

Write eg: uovy and expand across the factor 1 — (52((2‘;; to get

Xow= 35 | II @i)a") (1)

KV (E)—=Z | veV () ecE(X)\{eo}

eluv

= X | I eenl I (-an)

LYY/ veV (X) e€E(X)\{eo}
#(uo)=r(vo) e

But this is just the deletion—contraction rule we wanted to prove, since proper colorings

graph after ep: ugvy has been contracted can be identified with colorings of the original

graph that assign the same color to uy and vy. O]

Since this theorem deals only with positive edges, we will now consider a method
of turning negative edges into positive edges under which the chromatic B-symmetric
function is invariant. Given a doubly weighted signed graph (X, w) and a vertex v € V(X),
the graph obtained from switching at v is the graph (XY, w"), where w? differs only from
w in that if w(v) = (a,b) then w’(v) = (b, a), and XV is the signed graph > except that all
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Figure 6: Switching a vertex v.

positive non-loop edges connected to v are now negative and all negative non-loop edges
connected to v are now positive.

We now justify our claim above that the chromatic B-symmetric function is invariant
under switching.

Lemma 15. Let (X, w) be a doubly weighted signed graph, and let vg € V(X). Write
(Xv0,w™) for the graph obtained by switching at (X,w) at vo. Then X (5w = X(svo,wvo)-

Proof. We write

B wy(v) w_(v) w4 (vo) , w—(vo)
Xgrouwo) = Y | [ (f“—2<v3>xn<vo>0>
k:X—=Z \veV(2)\{vo}

sgn(e)k(v) —sgn(e)r(vo)
11 <1_5n<u) ) 11 (1—5,@) >

e€E(G) e€E(G)
0 §Z.{u,v} o

If we reindex the sum by replacing each s with the function " : ¥ — Z differing from x
only by k" (vg) = —k(vg), we see that the whole expression is just Xg. O

Now we can perform deletion—contraction on a graph, switching negative edges to
positive when necessary, until we end up with disjoint vertices, some of which may have
a negative loop. The chromatic B-symmetric function of isolated vertices is the product
of the chromatic B-symmetric function of each of the individual vertices, and if (X, w)
is a doubly weighted signed graph which consists of a single vertex of weight (a,b), then
Xsw) = ZieZ x?:vlii = pap- 1f this vertex has a negative loop, then we have

_ a b a b at+b __ a+b
Xw) = E Tix_j = E 517193—1 — Ty = Pab— Ty -
1€Z\{0} iI€Z

This gives a simple algorithm to write X(x ), and hence Xy, in terms of the p-basis
that was discussed in §3.

Example 16. Take X to be the triangle with one negative edge and two positive edges.
For convenience we will write just a doubly weighted signed graph in place of writing the
graph and its double weight function in the subscript of X.
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Now, switching vertices as necessary, we have

(1,0)

,0) (1,0)
-\ O
(1, 0) (1, 0) 2, O)

i (3,0)
Lo Ly (Lo) (20
(1,0) LYy @0 (1,0) )
[ ) [ ) [ ) [ ]
- = = + o - + e + 9
(10 (L) (1.0) wo B g @D B0

And so

Xy =plo— Propi1 — ProP2o + P21 — P1oP2o + P21 + pso — T4
= Pio — propi1 — 2P10P20 + 2pa1 + Pao — T

5 Signed posets

5.1 The covering graph

In working with signed graphs, it is exceptionally helpful to consider a construction due
to Zaslavsky called the covering graph (called “signed covering graph” in [9, Theorem
3.1]). Given a signed graph ¥, the covering graph of ¥, denoted X, is an unsigned graph
such that for every vertex v in ¥, there are vertices +v and —v in X. Also, for every edge
e: uv in X, there are two edges, one between +v and sgn(e)u and another one between
—v and —sgn(e)u in 3.

Additionally, given an orientation on ¥, we may induce an orientation on ¥ such that
for every arrow incident with a vertex v in X, the corresponding arrow is incident with
+v in ¥ and the reverse arrow is incident with —v. It will be helpful to note that distinct
orientations on ¥ will induce distinct orientations on X.
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Figure 7: Creating an oriented covering graph.

+c +b
[
/ \ “+a
a
\O + b —a
—b —C

Figure 8: An oriented signed graph ¥ on the left and its covering graph ¥ with the
induced orientation on the right.

On any given edge in ¥ and for any orientation induced this way, both arrows on the
edge will be pointing in the same direction, and so we will replace the two arrows on an
edge with a single arrow pointing in their shared direction. See Figure 8.

5.2 Orientation-preserving colorings

Following Zaslavsky’s lead [9], we will consider the connection between colorings and ori-
entations. Each proper coloring of a signed graph ¥ induces (or preserves) a unique acyclic
orientation, and moreover each acyclic orientation can be induced from (or equivalently,
is preserved by) infinitely many proper colorings. Given a proper coloring of ¥, we can
construct an acyclic orientation of ¥ by first constructing a coloring on the covering graph
3 such that for every vertex v in 3, the vertex +v in 3 has the same color as v, and the
vertex —v in X has the negative of the color of v. With this new coloring on ¥, we create
an orientation on X such that lower colors always point to higher colors, and we use this
to give us an orientation on . Proof that an orientation constructed this way is acyclic
is given in [9].

For an orientation P of a signed graph ¥, we will we use C(P) to denote the set of all
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Figure 9: Two examples of colorings preserving orientations.

proper colorings of ¥ which preserve P. Additionally, we will use A(X) to denote the set
of acyclic orientations of .
Now it is easy to see that
P = || cwp).

PecA(Y)

In other words, we can partition the set of all proper colorings of ¥ into sets corresponding
to the acyclic orientations of .
If, for an acyclic orientation P of ¥, we put Yp = ZKGC( P " then this gives us that

Xy = Z)x”: Z Z | = Z)Yp.

KEP(Z PecA(Z) \keC(P) PcA(Z

5.3 Linear extensions of signed posets

It will be very useful to partition the proper colorings of ¥ even further. In Stanley’s
treatment of the unsigned case [8], he does this by viewing acyclic oriented graphs as
posets of their vertices and considering linear extensions (total orderings which contain
all relations in the poset) of these posets. In analogy with this, we will consider a linear
extension of an orientation of a signed graph to be a linear extension (in the unsigned
sense) of its oriented covering graph such that if a vertex +wv is kth from the top of the
total order, then —wv is kth from the bottom of the total order.

If P is an acyclic orientation of some signed graph, then we will call P a signed poset.
For a signed poset P, we will use the notation e;v <p gou to mean that ;v points to esu
in the oriented covering graph, where 1,65 € {+, —}. We will retain the convention that
1,69 € {+, —} for the rest of the paper.

We will find it very convenient to treat linear extensions as functions. For a signed
poset P on a graph Y which has d vertices, we define a linear extension of P to be a
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—b —c

r +b
+c +b I +a
&
covering graph linear extension —c
a +c
\G T b —a —Qa

Figure 10: A signed graph, its corresponding covering graph, and one possible linear
extension of the covering graph.

function o from the vertex set of ¥ to the set {—d,—d+1,...,—1,1,...,d — 1,d} such

that eu >p e9v = a(e1u) > a(ev). Additionally we require that a(ev) = ea(4v) for

all v. We will also put sgn, (v) == _Izéiz%l

Definition 17. For a signed poset P, let £(P) denote the set of all linear extensions of
P.

Definition 18. For a proper coloring x and a vertex v, let sgn, (v) := % when k(v) # 0.

Definition 19. Given a signed poset P and a,w € L(P), define K(a,w) to be the set of
all colorings x such that for all vertices u, v:

(4.6.1) If |a(eu)] < |a(eqv)], then |k(u)| < |k(v)].
(4.6.2) sgn,(v) = sgn,(v) or k(v) = 0.
(4.6.3) If both a(e1u) < aev) and w(e1u) < w(eav) are true, then e1x(u) < eax(v).

Essentially, for 1 € K(a,w), if a(eiu) > a(eqv), then e1k(u) > eak(v), and this
inequality is strict if w agrees with « here. See Example 20.

It will be useful later to know that if (u;) is a labeling of the vertices such that
la(uy)] < |a(ug)| < -+ < |a(uy)], then K(a,w) is the set of all colorings such that

(1) If i < j, then |x(w;)| < |k(uj)l.
(2) sgn,(u;) = sgn, (u;) or x(u;) =0 for all 7.

(3) If i < j and w(sgn, (u;)u;) < w(sgn,(uj)u;), then sgn, (u;)k(u;) < sgn, (u;)k(u;).
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We can easily verify that for any w € L(P),

C(P) = I_I Ko, w).

acL(P)

First we show (a1, w) and K(ag,w) must be disjoint when a; # as. When oy # aq,
there must be some £;u and e5v in X such that a;(e1u) > ay(g9v) but as(e1u) < as(e9v).
Without loss of generality, let w(equ) > w(eqv). Then any k € K(ay,w) N (e, w) must
satisfy both k(eju) > k(g9v) by (4.6.3) and k(e1u) < k(g9v) by (4.6.1) and (4.6.2).

Now we show that for any w € L(P) and for any x which preserves P, there exists
a € L(P) such that k is contained in IC(«,w). Simply construct « such that for all u
and v in X, if [k(u)| < |k(v)], then |a(4+u)| < |a(+v)|, and if |&(u)| = |k(v)|, then «
does the opposite of what w does, i.e. |a(+u)| > |a(+v)| iff |w(4u)| < |w(+v)|. Also put
sgn, (v) = sgn, (v) when x(v) # 0 and if k(v) = 0 then put sgn,(v) = —sgn_(v).

Example 20. Consider the following signed poset P and its (oriented) covering graph:

+c +b

A —c

This oriented covering graph has four possible linear extensions, which we will call a, £,
v, and w:

—@
&
@
£
—@
&
@
&

+a +b +c +a
—c +a +a +c
+c —a —a —c
—a —b —c —a
—b —c —b —b

Then we can calculate
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e [C(a,w) is the set of all colorings x with |k(b)| > |k(a)| > |k(c)|, k(b),k(a) = 0,
k(c) < 0, and also the following relations:

—k(b) < —k(a), —k(b) <k(c), —kr(b) <—kr(c), —k(b)<k(a), —r(b)<r(b),
—k(a) < k(c), —k(a) < —k(c), —kla)<kl(a), —kr(a)<k(D),

k(c) < —k(c), k(c) < k(a), k(c) < k(b),
—k(c) < k(a), —r(c) < k(b),

k(a) < k(D).

It turns out that most of these relations are redundant, and the only relations which
give us more information are x(a) < k(b) and —k(c) < k(a).

This means that (o, w) = {k: k(b) > k(a) > —k(c) = 0}.
e We can note that the colorings of IC(5,w) are those with |k(c)| > |k(b)| = |k(a)l,

k(D), k(b),k(a) = 0, and the extra relations that k(a) < k(b) and —k(a) < k(a)
(since all of the others are redundant). So K(8,w) = {r: k(c) = k(b) > k(a) > 0}.

e We may similarly calculate that IC(v,w) = {r: k(b) > k(c) = Kk(a) > 0}.
o Lastly, K(w,w) ={k: k(b) > k(a) > k(c) > 0}

We can note that these sets are pairwise disjoint, each coloring contained in one of these
sets preserves P, and every coloring which preserves P is contained in one of these sets.

For a,w € L(P), let us put Fow = Y, cx(aw T 50 that for any fixed w € L(P), we
have Yp =3 cr(p) Faw. Then for any fixed w € L£(P), we have that

Xy= Y Yp= > | Y Fa..

PeA(%) PecA(X) \a€cL(P)

6 A sink-counting function

We are considering the Fi, ,, so that we may define a linear function ¢ with the property
that o(Yp) = tK(") Here sink(P) denotes the number of vertices which are sinks under
the orientation P.

6.1 Preliminary facts

First we need some preliminary facts about the Fi, ,,. Let &, denote the trivial orientation
on the signed graph with n vertices and no edges, so that £(&,) contains the linear
extensions of any signed graph with n vertices. For fixed w € £(@,,), the set {F,: o €
L(D,)} is linearly independent. Before this fact is proven, it should be noted that for
fixed w, there may exist a # 3 such that F, ., = Fj,.
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Example 21. Let w € £(@5) be such that w(4wv;) = 1 and w(+wvy) = 2, take « such that
a(+v;) = —1 and a(4wvy) = 2, and take § such that f(4+vy) = —1 and S(+wv;) = 2. Then
it can be computed that F, ., = 20<i1<i2 Ty Ti, = Fa.

We will also require an algebraic fact about the F,, ,. We say that a power series with
non-negative coefficients A is a sub-sum of a power series with non-negative coefficients
B if B — A has non-negative coefficients. Equivalently, this means that every term which
appears in A also appears in B with an equal or larger coefficient. It is easily seen that if
Ais a sub-sum of B and B is a sub-sum of C', then A is a sub-sum of C, and additionally
if A is a sub-sum of B and B is a sub-sum of A, then A = B.

Lemma 22. If F,,, is a sub-sum of Zle Fg, ., then F,, is a sub-sum of Fpg, ., for some
i.

Proof. To see this, consider a term z% 2% ... z% in F,, which has minimal length & and
with 0 < a3 < ag < -+ < ag. This term corresponds to a coloring in K(a,w), call it , for
which the least number of colors are used. This term must also exist in Zle Fpg, v, and
so there is some Fj, ,, which contains % 2% ... 2% coming from a coloring &’ € K(8;, w).

Let (v;) be a labeling of the vertices such that |a(v1)| < --- < |a(v,)|, and let (u;) be a
labeling of the vertices such that |5;(u;)| < -+ < |B;(uy)|. Let 6 be the function such that
6(v;) = u; for all j. Then k" = k o @, and moreover, by considering condition (3) in the
definition of K(a, w), we can see that any other coloring in K(«,w) will become a coloring
in K(83;,w) when pre-composed with 6. This is because any other coloring in K(a,w) will
use at least as many colors as xk does, and so when another coloring is pre-composed with
0, it will satisfy the conclusion of condition (3) in the definition of (5;, w) whenever ko6

does. Therefore Fy, ,, is a sub-sum of Fj, . O

Lemma 23. For fized w € L(D,,), the set {F,.: o € L(D,)} is linearly independent over
Q.

Proof. Suppose that for some w, this set is linearly dependent. Then some non-trivial
linear combination of elements of this set is equal to zero. After multiplying by constants,
rearranging terms, and writing terms of the form n - F,,,, as Y ,_, F, ., the linear depen-
dence equation becomes Y ", F., , = Zle Fg, .. We may also suppose that this linear
dependence is minimal, i.e. all equal terms have been canceled, and so Fg, ., # F,, . for
all 7, 7.

Pick a term on the right hand side which is not a sub-sum of any other term on the
right hand side, except for terms it is equal to. There is a term like this because there
are only finitely many terms. Without loss of generality, Fj, ,, is such a term. Since Fj,
is a sub-sum of the left hand side, it is a sub-sum of a particular term. Without loss of
generality, Fj, . is a sub-sum of F, ,. Since F,,  is a sub-sum of the right hand side,
it is a sub-sum of a particular term. Without loss of generality, F,, . is a sub-sum of
Fpg, ... But this means that Fp, ,, is also a sub-sum of Fp, ,, and therefore Fg, ., = Fj, ., by
assumption. Then it must be that Fjg, ,, = F,, ., since each is a sub-sum of the other. This
is a contradiction since we assumed that this linear dependence was minimal. Therefore
{Fow: a € L(2,)} is linearly dependent for each w € L(2,,). O
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6.2 An auxiliary function

Define V,, = Span({F,.: a € L(@,)}). For fixed w, we will define a linear function
0, Vo = Q[t]. Given a € L(@,), let (v;) be a relabeling of the vertices such that
la(+v1)] < -+ < |a(+v,)]. Also, let g; :== sgn, (v;). Then define ¢,, such that

(t(t — )% if w(gw) > w(ejv;) for all i, j withn — k <i < j < n,
0 < w(eiv;) <wl(eju;) forall 4,7 with 1 <i < j<n—k,
and g, =+ forn—k<i<n, for 0 <k <n.
(t—1F if w(g) > wlev;) forall 4,5 withn —k <i < j <n,

pulFau) = 0 < w(eiv;) <wl(eju;) forall 4,7 with 1 <i < j<n—Ek,
gg=+forn—k<i<nande,_,=—, for 0 <k <n.
(t—1)" i 0>w(+v1) > w(+ve) > - > w(4wv,) and ; = + for all 4
0 otherwise.

\

It should be noted that the first case corresponds to the situation where largest element
under w is positive, namely it is +wv,_j, where « places k — 1 positive elements above
+v,,_k, and where the ordering from e;v; to +v,_; agrees with w, i.e. a(e1v1) < a(e9v9)
and w(e1v1) < aeav2) and so on.

The second case corresponds to an almost identical situation to the first case, except
that the maximal element under w is negative. The third case is the natural interpretation
of the second case (i.e. vy = 0) with k = n.

Currently it is not clear that ¢, is well defined. To show that it is, it suffices to show
that whenever we have F, , = Fj,,, we also have ¢, (F, o) = ¢u(Faw)-

Suppose we have F,, = Fj, for some o, € L(2,). Let (v;) be a labeling of the
vertices such that |a(+v1)| < -+ < |a(4wv,)], and let ; = sgn,(v;) for each i.

Let (u;) be a analogous relabeling of the vertices such that |5(+uq)| < -+ < |B(4uy)|.
Since F,., = Fj,, we have that sgng(u;) = sgn,, (v;) = ¢; for all i.

It must also be that any coloring in K(«, w) when pre-composed with the map u; — v,
becomes a coloring in (o, w), and moreover, this defines a bijection between (o, w) and
K(B,w).

Pick any ¢ and j with ¢ < j. We want to show that w(e;v;) > w(ejv;) iff w(eu;) >
w<€jUj).

Suppose that w(e;v;) > w(e;v;). Then there exists k € (o, w) with g;x(v;) = g;x(v;).
This also means that there exists «' € IC(8,w) with g;x'(v;) = €;x'(v;), and hence that
w(eu;) > w(eju;). By symmetry, we have the other direction, so that w(e;v;) > w(e;v;) iff
w(eju;) > w(eju;), and therefore w(e;v;) < w(ejv;) iff w(e;uw;) < w(eju;). This fact makes
it clear that v, (Faw) = Yuw(Fsu)-

6.3 Sink-counting

Lemma 24. If P is a signed poset and w any linear extension of P, then ¢, (Yp) = t5K(F),
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Proof. This proof is largely based on the proof of Theorem 3.3 in [§].

We will prove the lemma in each of the cases in the definition of . We may do this
since if « is a linear extension of P such that F, , falls into the first case of ¢, then Fj,,
will fall into the first case or the zero case of ¢, for all other g which are linear extensions
of P.

First, consider the case where the largest element under w is positive, say +s, and so
the vertex s is a sink in P. Now select any k of the remaining sinks of P other than s (of
which there are sink(P) — 1 to choose from), and call these vertices uy, ug, . . ., uy.

The remaining n — k — 1 vertices will be labeled vy, v, ..., v,_r_1 in such a way that
|w(vy)| <|w(vy)] iff i < 5.

Now consider the linear extension o which satisfies

(1) a(w;)) =n—1+1,
(2) afs)=n—k,
(3) fori <mn—k, |a(vi)‘ =1, and sgn, (v;) = sgn,,(vy).

Hence this definition places +u; as the largest element under o, +us as the second largest,
and so on. Then +s is the greatest element below +uy, and after +s, the vertices are
arranged as their ordering in w and each with the same sign as in w.

Note that after initially choosing k sinks, no more choices are made, meaning that any
a constructed this way is unique when given a choice of k sinks.

To see that « is a linear extension of P, we will examine every possible pair of vertices,
and determine that « respects the relation between them, if present in P.

For any two vertices v;,v; € {v1,...,Up—_1}, it follows that {a(vi)‘ < |oz(vj)‘ iff
‘w(vi)} < ‘w(vj)|, with the signs of these vertices under a being the same as under w.
Since w respects all relations of P, this means « respects any relations between v; and v;
present in P.

So too « respects relations between any p,q € {uy,...,ux} U {s}. Since they are
all sinks of P, there is no directed positive edge or inward facing directed negative edge
between any two of them. If there is an outward facing negative edge between two of
them, this translates to the relation p >p —¢. But this relation also holds in « since
a(+p) > 0 for any p € {uy,...,ur} U{s}. This logic holds for any two vertices that were
sinks in P, not just elements uq, ..., ux, s. So the only consideration left is that of a sink
and non-sink.

Call the sink p and the non-sink r. Then the edges possibly present in P are a directed
positive edge from r to p or an inward facing directed negative edge. These directed edges
invoke the relations p >p r and p >p —r, respectively. In either case, we can see that «
satisfies these relations as well since |a(+p)| > |o(+7)| by construction.

Therefore, « is a linear extension of P.

So for any k < sink(P), and for each choice of k sinks of P (other than s), there is
exactly one linear extension « which satisfies the first case of . This means that there
are N = (Smk(}f)_l) linear extensions oy, ..., ay for which p(F,, ) = t(t —1)*. This holds
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for all k£ < sink(P) — 1, and any a not of this form must have ¢(F, ) = 0 by uniqueness
of a.
Hence we obtain

sink(P)—1

sink(P) — 1
SO(YP) = Z Fa,w = Z ( (k> )t(t — 1)k
a€L(P) k=0
sink(P)—1 .
. (smk(P) — 1) (= 1)F = ¢ . gsink(P)—1 _ goink(P),
k=0 K

This proves the theorem in the case where the maximal element under w is positive.

In the case where the maximal element under w is negative the argument is almost
identical, except that there are sink(P) vertices to choose from when selecting u, . . ., uy,
since s is a source in P. The verification that the previous construction still works is
straightforward. The third case of ¢ occurs when sink(P) = n and can be included in the
construction.

So for any k < sink(P), and for each choice of k sinks of P, there is exactly one linear
extension o which satisfies the second or third case of ¢. Therefore there are N = (Sinl;(P ))
linear extensions «y, ..., ay for which p(F,, ) = (t —1)*. This holds for all k < sink(P),
and any a not of this form must have ¢(F,,) = 0 by uniqueness of «.

Hence we obtain

_ Z (sinl;(P)) (t — 1)k = ¢sink(P),

This completes the proof. n

6.4 Constructing the sink-counting function

First we will define
Y = Span({Yp: P is a signed poset})

and note that Y is a subspace of @77, >
sum of the F, .

For fixed n € N and for each w € £(9,,), we have a linear function ¢,,, and moreover,
these functions have the property that %n’vwmvwzrw = gowQ|leme2mY for any wi,ws. So
we may define our desired function ¢: Y — Q[t] to agree with the ¢,. More specifically,
let B be a basis for Y with the property that any element of B is an element of V,, for
some w. Then for any b € B, pick w such that b € V,,, and define ¢(b) = ¢, (b). Our
choice of w is not unique, but ¢ does not depend on choices of w since ¢, and ¢, agree
on Y when applicable. Therefore we have a well defined linear function ¢: Y — Q[¢] such
that ¢(Yp) = t5™K(") for any signed poset P.

WEL(Dn) V., since every Yp can be written as a
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7 Proofs of the main theorems

We begin with several auxiliary calculations (Lemmas 25-33).

Lemma 25. Let X be a signed graph, and let acycy(k) denote the number of acyclic
orientations of ¥ which have k sinks. Then p(Xx) = oo acycs (k)"

Proof. We know that Xy = ZPeA(E) Yp, so we may apply ¢ to arrive at
P(Xn)= D p(Yp)= Y O
PeA(Y) PcA(Y)

After counting terms, we have ZPeA(E) sink(P) = §™%° acycy, (k)tF, as desired. O

Lemma 26. If f,g €Y, then ¢(f - g) = o(f) - p(9)-

Proof. 1f P; and P, are disjoint signed posets, then Yp, ,p, = Yp, - Yp,. Since also sink(P; LI
Py) = sink(Py) + sink(P,), we can see that

p(Yp,) - p(Yp,) = 1P goik(F2) — ysink(PFsInk(R) — (Y ) = (Y, - YV,).
Since Y is spanned by the Yp, and ¢ is linear, this means that for arbitrary f,g € Y, we
have o(f - g) = ¢(f) - ¢(9). m

Definition 27. For k > 0, let S} be the star graph which has k positive edges and k£ + 1
vertices.

Figure 11: The signed graph Sj.

Lemma 28. We have Xg, = Zfzo(—l)i(’;)plfgipi+17o for any k > 0.

Proof. Consider the terms obtained by contracting ¢ of the k total edges and deleting the
rest. This term will have a factor of (—1)* since the contracted term is always subtracted.
When ¢ of the edges are contracted, there are k + 1 — ¢ vertices left. The one in the
center has weight (i + 1,0), and the vertices around it have weight (1,0). The term this
corresponds to is (—1)iplf7_0ipi+1,o. Finally, there are (’f) ways to contract ¢ edges, and we
can do this for any ¢+ = 0,1, ..., k, demonstrating equality. O]

Lemma 29. We have ¢(pqo) = (t —1)* — (=1)* for any a > 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(3) (2024), #P3.11 20



Proof. We first compute ¢(Xg,). Consider the orientation of Sj with i edges pointing
away from the center vertex. If ¢ # 0, then there are ¢ sinks, and if 7 = 0 then the vertex
in the center is a sink. There are (f) orientations of this form, and so by Lemma 25,

k

p(Xs,) = acycg(k) :Hi(lz) (t—1) +Z<) (t—1)+ (t+1)"

=0

We now compute ¢(p,) by induction on a. First, note that ¢(p; ) = t, since p; is
the chromatic B-symmetric polynomial of a single vertex with no edges. Suppose that
©(pao) = (t —1)* — (—=1)* for all positive a < k. Using Lemmas 26 and 28, we see that

M-

(Xs,) =Y (=1l - ¢(pisi0)

We know that ¢(Xgs,) = (t —1) + (¢
1)1 —1 =0, and hence p(pj11,0

1), so we have that (—1)*¢(pri10) — (=1)F(t —
(t — 1)¥ — (=1)**1. So by induction, we are done.
[

~—

Lemma 30. Let §,, ,, denote the signed graph created by connecting the center vertices of
Sp and S, with a negative edge. Then, for any m,n > 0,

- S n m A n+m—i—
Xy = Z Z <2) (j ) (—1) ﬂp;g (pH-l 0Pj4+1,0 = Pit1,j+1)

i=0 \ j=0

Figure 12: The graph §235 = §39.
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Proof. We will perform weighted deletion—contraction. Suppose that ¢ of the positive
edges in the S,, portion of the graph (of which there are (’:) combinations) and j of the
positive edges in the S, portion of the graph (of which there are (T) combinations) are
contracted, and the rest of the positive edges are deleted. This term will have a factor of
(—1)** since the contraction terms are subtracted from the deletion terms. Furthermore,
we are left with (n — i) + (m — j) disjoint vertices of weight (1,0) and two vertices of
weights (i + 1,0) and (j + 1,0) which are connected by a negative edge. Performing
weighted deletion—contraction on this last edge gives us the term

i+j (ntm—i—j n+m—i—j
(—1) <p1,o Pi+1,0Pj+1,0 — P10 pi+17j+1>

= (—1)”jp§b3m_i_j(pi+1,opj+1,o - pz‘+1,j+1)-

)

There are (T;) (Zn) ways to arrive at this term, and so

. - n m i+j, ntm—i—j
KXpn = Z Z <z) ( .)(—1) P T T (Pigr P10 — Pisrgn) |

=0\ j=0 J
as desired. O
Lemma 31. We have p(p,p) = —(—1)**° for any a,b > 1.

Proof. We will begin by noting that

" n m i+j n+m—i—j
X = X085 = X — X5, X5, = = D> <Z> (j > (=D i

i=0 j=0

We are able to calculate p(Xj, . — Xg,us,,) by noting that the graph S, U S,, is almost
identical to the graph §,,,,, but §, ,, has a negative edge between the center vertices of
the two star graphs. Any orientation of the graph S, U.S,, will have the same number of
sinks as the corresponding orientation of §,, ,,, for which the negative edge points outward.
All orientations of both S, U .S,, and §,, ,, are acyclic, and so it suffices to consider the
orientations of §, ,, for which the negative edge points inward. Consider an orientation
of §,,,m» such the the negative edge points inward, with ¢ of the edges belonging to .S,, and
j of the edges belonging to S, pointing away from their center vertex. This orientation
will have ¢ + j sinks, and there are (T;) (’7) orientations of this form. Therefore

n m n m .
(X — Xsulisn) = DD (Z) (j )t“” = (t+1)"m
i=0 j=0

Now we will proceed by induction. We know that ¢(p;;1) = —1 because X = =
—e
Pio—Pl,l and @(X.;.) = 90(]0%,0)—90(]9171) = t>+1. Now suppose that p(p, ) = (—1)2+1
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for all a,b > 1 with a + b <n+ m + 2. Then by the induction hypothesis, we have that

06 = Xws) =2 (=20 (1) (5 )0t s
= —Sp(pn—&-l m-i-l)( n+m _ ZZ( )( ) )H—jtn—i-m i— g( 1)(i+1)+(j+1)+1
=0 5=0

= —0Pns1me1) (=1 =14 (£ + )"

)
But we know that ¢(Xj, .. — Xs,us,,) = (t +1)"*", and so it must be that

—@(Pns1,mt1) (= >n+m —-1=0,
and 50 @(Pny1mi1) = (—1)"FmH = (=1)FDFM+DH  which completes the proof. O

Lemma 32. We have ¢(xy) = —1.

Proof. Let ¥ be the signed graph Q . Then Xy, = p1 o—20, and ¥ has two orientations,
one with 1 sink and one with no sinks, and so ¢(Xy) =t + 1. Now ¢(p19) =t by Lemma
29, and so it must be that ¢(zg) = —1. O

Recall that we defined the elementary symmetric functions in the variables {z;};cz to

be (as usual)
En = E L1 Ly ** " Ly s
11 <ig<-+<ip

where the sum ranges over all integer valued increasing sequences of length n.
Lemma 33. We have ¢(e,) =t for any n > 0.

Proof. We will proceed by induction. Newton’s identities state that

k—1

n-e, = (—1)""puo+ Z(_l)“—lek—ipi,o-
i1

We have ¢(e;) =t by Lemma 29, since e; = p; . Suppose that for all k£ < n — 1, we have
that ¢(ex) = t. Then

Pl e0) = (1" elpao) + 3 (-1)plerd) - olpio)
= (M1 () 4 S (1) (1))

=1-(1—=t)"+tY (1-(1-1))
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:1—(1—t)”+(n—1)t—tnz_1(1—t)i

:1—(1—t)”+(n—1)t—t(1—t)%
=1-1—-t)"+(n—-1)t—(1—-t)+(1—-1)"
= nt,

as desired. n

Now we finally prove the main theorems stated in §3. For the reader’s convenience,
we give again the relevant statements and definitions.

Definition 34. Put q,; = (=1)*"p,;, and 2z = —zy. We will call the set {e,: n >
1} U{qap: a,b > 1} U{z} the augmented elementary B-symmetric basis.

Theorem 35. If the chromatic B-symmetric function Xy of some signed graph % is
written in terms of sums and products from the augmented elementary B-symmetric basis,
then the number of acyclic orientations of ¥ with k sinks is the sum of the coefficients of
terms having k elementary symmetric function factors.

Proof. We know that ¢(q.p) = ¢(z) = 1 for all a,b,n > 1 and that p(e,) =t foralln > 1.
We also know that the coefficient of t* in p(Xy) is the number of acyclic orientations of
Y with k sinks. The terms which ¢ sends to a multiple of t* are precisely those terms
which have exactly k£ elementary symmetric function factors. O

See Example 5.

Definition 36. Let &, = >, (Z)pa,g for n > 1. Alternatively, we may write this as
oo =220 () (=1)"

Lemma 37. We have ¢(&,) = t" for anyn > 1.

Proof. Indeed,

@(fn) = Z

— a<1 + ; (Z) (t — 1)“) — (1 + az; <Z> (—1)“>
=t" -0,
as desired. =
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Theorem 38. If the chromatic B-symmetric function Xs, of some signed graph ¥ is
written in terms of sums and products from the set {&,:n > 1} U{qup: a,b > 1} U {2},
then the number of acyclic orientations of ¥ with k sinks is the sum of the coefficients of
terms such that the sum of the indices of each &, factor is equal to k.

This follows from Lemma 37 by the same argument as given for Theorem 35. See
Example 8.

8 Corollaries of the main theorems

As mentioned previously, a signed graph with all positive edges can be considered as an
unsigned graph, and vice versa. Suppose that X is a signed graph with all positive edges.
Let |¥| denote the unsigned graph which corresponds to X, i.e. |X| would become ¥ if
we added plus signs to each of its edges. We can note that the proper colorings of |X|
are precisely the proper colorings of 3 which only use positive colors. So we may define
Proj., to be a linear and multiplicative function such that Proj.y(z;) = «; for i > 1
and Proj.q(x;) = 0 for i < 0. It is clear that the chromatic B-symmetric function of ¥
becomes the chromatic symmetric function of |¥| when each x; which has a non-positive
index is replaced by zero, i.e. Proj.o(Xx) = X|y. It should be noted that due to the
process of weighted deletion—contraction, Xy will not contain any terms of the form g,
or z since X has no negative edges.

It is easy to see that Proj., sends the elementary symmetric functions to the elemen-
tary symmetric functions. This means that Stanley’s result about the elementary sym-
metric basis [8, Theorem 3.3| follows immediately from the result about the augmented
elementary B-symmetric basis (Theorem 35).

Additionally, since Proj.o(&) = >ony (7)pa, where po == >, o x¢, we may define

a=1

G =Y n_1 (?)Pa, so that we have the following result.

a=1

Corollary 39. If the chromatic symmetric function Xg of some graph G is written in
terms of sums and products from the set {(,: n > 1}, then the number of acyclic orien-
tations of G with k sinks is the sum of the coefficients of terms such that the sum of the
indices of each (, factor is equal to k.

See Example 11.

We may also use ¢ to recover Zaslavsky’s result [9, Corollary 4.1]. Specifically, if x5
is the chromatic polynomial of a signed graph ¥, i.e. xx(\) is the number of proper color-
ings of ¥ in the colors —A,...,—1,0,1,..., A, then we may recall that the p-basis is alge-
braically independent over Q, which allows us to define a linear and multiplicative function
[:Y — Q[A] with f(pap) = 2A+1foralla,b > 0and f(zg) = 1. Then f has the property
that f(Xs) = xs. Next, note that ¢(Xyx)|;=1 is equal to the total number of acyclic orien-
tations of 3 and that ¢(pap)|i=1 = (—=1)*"**! for all a > 1, b > 0. To recover Zaslavsky’s
result, we must show that f(Xs)[x=—1 = (—=1)" - (# of acyclic orientations of ) when %
is a signed graph with n vertices.
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To do this, note that ©(pa, b, - - - Pay 0, T5)|t=1 = (—1)"* where n = a;+by+- - -+ap+bp+
c and k is the number of p,; terms. Also, we have that f(pa,p, - - - Pay, T5) r=—1 = (—1)*
since f(pap)|lae—1 = —1 and f(x)[x=—1 = 1. Therefore if ¥ is a signed graph with n
vertices, then we have

xs(—1) = f(Xs)|aeo1 = (—1)"0(Xx)|t=1 = (—1)" - (# of acyclic orientations of X)

which is Zaslavsky’s result.
An equivalent way of stating this is that the sum of the absolute value of the coefficients

of Xy, written in the p-basis is equal to the total number of acyclic orientations of . See
Examples 12 and 13.
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