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Abstract

This paper investigates the Robinson graphon completion/recovery problem
within the class of LP-graphons, focusing on the range 5 < p < co. A graphon
w is Robinson if it satisfies the Robinson property: if x < y < z, then w(x,z) <
min{w(z,y),w(y, z)}. We demonstrate that if a graphon possesses localized near-
Robinson characteristics, it can be effectively approximated by a Robinson graphon
in terms of cut-norm. To achieve this recovery result, we introduce a function A,
defined on the space of LP-graphons, which quantifies the degree to which a graphon
w adheres to the Robinson property. We prove that A is a suitable gauge for mea-
suring the Robinson property when proximity of graphons is understood in terms of
cut-norm. Namely, we show that (1) A(w) = 0 precisely when w is Robinson; (2) A
is cut-norm continuous, in the sense that if two graphons are close in the cut-norm,
then their A values are close; and (3) for p > 5, any LP-graphon w can be approx-
imated by a Robinson graphon, with error of the approximation bounded in terms
of A(w). When viewing w as a noisy version of a Robinson graphon, our method
provides a concrete recipe for recovering a cut-norm approximation of a noiseless
w. Given that any symmetric matrix is a special type of graphon, our results can
be applicable to symmetric matrices of any size. Our work extends and improves
previous results, where a similar question for the special case of L°°-graphons was
answered.

Mathematics Subject Classifications: 05C62, 15A83,15B52

1 Introduction

Given an incomplete matrix M; with many missing entries, is it possible to recover the
underlying complete matrix M7 An instance of such a scenario is when data is aggregated
from customer ratings, where any given customer only rates a few items. In general,
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this problem is ill-posed; indeed, with low dimensional information, it is not possible to
uniquely recover high dimensional data. However, in practical applications, it is often the
case that additional structure about the original matrix M is known. In the above example
regarding costumer ratings, it is usually assumed that most people’s preferences are based
on very few factors, implying that the complete matrix M should be low rank. Leveraging
this assumption makes the completion of M; quite tractable, even if the majority of its
entries are missing. In general, the problem of filling in the incomplete entries in a
matrix M; under the condition that the completed matrix satisfies a specified structural
property is known as the matriz completion problem. Due to its many applications in
data science, the completion problem for low rank matrices has gained the attention
of many researchers (see e.g. [9, 10, 30, 31, 34, 49, 54, 56]). Furthermore, the matrix
completion problem has been explored in the context of various other essential structural
properties, including Hankel, Toeplitz, and moment structures (see [16, 17, 29, 57] for
some examples). Unfortunately, even known information can be corrupted by noise. In
this case, the problem of completion becomes that of recovery: Given an observed matrix
M, find a matrix M satisfying a prescribed structural property such that ||[M — M| is
small. For examples of recovery of noisy matrices, see [1, 8, 33, 35, 36, 37, 51, 55] for low
rank matrices, [18, 43] for monotone matrices, and [7, 12, 52] for covariance matrices.

An important structural property of matrices/graphons is the Robinson property. A
Robinson matriz, also called an R-matriz, is a symmetric matrix A = [a;;] such that for
1 < J < k we have

a;, < minf{a;j, ajx}.

Robinson matrices are well-studied objects in data science, largely because of their con-
nection with the classical seriation problem [19, 40, 45, 48, 53]. The objective of the
seriation problem is to use pairwise comparisons of a set of items to recover their lin-
ear ordering. The seriation problem is easily transferred to the problem of determining
whether a given symmetric matrix can be permuted into a Robinson matrix, and finding
the Robinson ordering. This problem can be solved in polynomial time; see [45] for the
original algorithm, and [2, 20, 38, 39] for more recent efficient algorithms. When the
underlying matrix is perturbed by noise, recovery of a Robinson ordering turns out to be
a very challenging problem. For a discussion on the NP-hardness of this problem when
(P-norm approximations (with p < oco) are required, see [4]; and for a polynomial time
algorithm when seeking ¢>°-norm approximations, see [13].

To put matrices of various size in one framework, and also to develop a probabilistic
Robinson theory that can treat matrices of growing sizes, we focus on graphons as a
versatile extension of symmetric matrices. Graphons are measurable real-valued functions
on [0,1]? that are symmetric with respect to the diagonal. A graphon is called an LP-
graphon if its p-norm is finite. L*>-graphons are typically referred to as graphons, and were
introduced in [42] as the limit objects of converging sequences of dense graphs (i.e. graph
sequences {Gp, nen in which the number of edges is quadratic in the number of vertices).
In [5, 6], Borgs et al. extended this point of view, and proved that LP-graphons (when
1 < p < o0) are limit objects of sparse graph sequences. The mode of convergence in
dense/sparse graph limit theory is easily captured using the cut-norm. This norm was
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introduced in [21] for matrices, and can be extended to graphons in a natural manner:

where the supremum is taken over all Lebesgue measurable subsets A, B.

Graph limit theory provides an effective approach for capturing the common large-scale
features of networks. This viewpoint is now the base for many network analysis methods.
In the limit theory of graphs, graphons represent random processes, called w-random
graphs, that generate networks. Networks produced by the same graphon have similar
large-scale features. For this reason, we think of graphons as the large-scale blueprint of
any graph that they generate. Naturally, to study networks, we only need to study the
(underlying) graphon, rather than the individual networks generated by that graphon.
We refer to [41] for a comprehensive account of (dense) graph limit theory. To see some
applications of graphons in network analysis, we refer to [3, 22, 23, 24, 27, 28, 44].

Robinson LP-graphons are defined similarly to Robinson matrices (see Subsection 2.2).
In this paper, we study the graphon recovery problem for the class of Robinson graphons.
The limiting Robinson graphon of a converging graph sequence, if recovered successfully
in terms of cut-norm, can be used to seriate the graphs in that sequence (see for example
[32] for a randomized algorithm or [47] for a spectral approach). For this reason, we must
measure proximity in terms of cut-norm when performing the Robinson graphon recovery.
Our objective, therefore, is to obtain a statement of the following general form:

Jwlo = sup
A,BC[0,1]

Y

Given a graphon w that is locally almost Robinson, there exists a Robinson
graphon u such that ||w — ul|o is sufficiently small.

To begin, it is essential to formalize the concept of locally almost Robinson graphons. In
this paper, we introduce a graphon function denoted as A, which serves as a gauge for
assessing the Robinson property by quantifying localized (aggregated) deviations from it
(Definition 4). In informal terms, we consider a graphon w to be locally almost Robinson
if A(w) is close to 0. Indeed, we prove that A serves as a suitable measurement for the
Robinson property when p > 5 (see Proposition 5 and Theorem 19); that is, we show that
A is subadditive and satisfies the following three properties:

e (Recognition) A(w) = 0 if and only if w is Robinson.
e (Continuity) A is continuous with respect to the cut-norm.

e (Recovery) Given an LP-graphon w, there exists a Robinson graphon u such that
lw —u|lo < ¢ A(w)*, where o, € (0,1) and ¢, > 0 are constants depending only
on p.

The final item in the list presented above may be interpreted as follows: if w is locally
almost Robinson (i.e., A(w) is near 0), then a Robinson graphon u can be found so that
|lw — u||o is also small. We think of u as a Robinson approzimation for w. Our results

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(4) (2024), #P4.30 3



(in particular, Definition 7 and Theorem 19) provide a systematic approach for creating
Robinson approximations for graphons that are almost Robinson on a local scale.

The current work extends the results of [14, 26], where a similar problem was addressed
within the context of L>-graphons. Specifically, [14] introduced a function I' defined on
the space of L>-graphons. Much like A, this function I" adheres to three crucial properties:
(1) recognition: I'(w) = 0 precisely when w is Robinson, (2) continuity: when equipped
with the cut-norm, the function I' exhibits continuity over the space of L>°-graphons, and
(3) recovery: for every L*>-graphon w, there exists a Robinson L*>-graphon u such that
|lw — ul|g < 14A(w)'/7. The approach in the current paper offers a two-fold advantage.
Firstly, our newly proposed function A possesses the desired properties of recognition,
continuity, and recovery for all LP-graphons with p > 5, extending beyond the restricted
case of L*™-graphons. Secondly, the formula defining the function A is less intricate
compared to I'. Leveraging the simplicity of A and applying meticulous estimates, we
not only extend the results achieved by I' to encompass LP-graphons (as detailed in
Theorem 19), but also notably improve the outcomes within the domain of L*-graphons
(as demonstrated in Corollary 17).

It is worth noting that the proof of continuity and recovery of T' in [14, 26] cannot be
adjusted to work for the setting of LP-graphons. Indeed, the proof of the || - ||g-continuity
of I' in [14] relies upon the continuity of the triangular cut operator when acting on the
space of [—1, 1]-valued graphons [14, Lemma 6.1]. This continuity, however, does not hold
when the triangular cut is applied to LP-graphons with p < oo (see [46]). As a result, the
proof in [14] do not work for the unbounded case. Similarly, the proof of stability of T'
in [26, Theorem 3.2] heavily relies on the fact that the graphons at hand do not attain
values outside of [—1,1] (see Remark 3 for more details). Thus, to handle LP-graphons,
the new approach presented here seemed to be necessary.

This paper is organized as follows: In Section 2, we introduce various necessary back-
ground involving graphons and the study of the Robinson property. Section 3 discusses
previous work that has been done to recover Robinson graphons in the cut-norm; here,
we also comparatively summarize our own graphon recovery results. In Section 4, along-
side the building of necessary machinery and statement of technical lemmas, we present
proofs of our main recovery results. The aforementioned technical lemmas are proven in
Appendix 4.3.

2 Notation and background

In this section of the paper, we present necessary background and notation for the reader.
We begin with basic notation used throughout the paper; afterwards, we present graph
limit theory, stating required definitions alongside notable results, then transition into
explanation of the Robinson property for both matrices and graphons.

All functions and sets discussed in this paper are assumed to be measurable. The
symmetric difference between two sets A and B is denoted AAB, and the measure of A
is denoted |A|. The notation || - ||, is used to represent the standard p-norm; that is, for
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a function f: X — R on a measure space X, and 1 < p < o0,

I fll, = (/X ‘f‘P)p and || f|le = ;rel]fk{\f(x)\ < a almost everywhere (a.e.)}.

2.1 Graphons and the cut-norm

We begin by defining the graphon, the fundamental building block of graph limit theory,
in several of its myriad forms.

Definition 1 (Graphon space).

e Let W, be the set of all symmetric, measurable functions w : [0,1]*> — [0,1]. The
elements of this set are called graphons.

e Let W™ be the set of all bounded, symmetric, measurable functions w : [0, 1]*> — R.
The elements of this set are called kernels.

e For p > 1, let WP be the set of all symmetric, measurable functions w : [0,1]* — R
such that ||w||, < co. The elements of this set are called LP-graphons.

It is clear that W, C W™ C WP C W! for p > 1. We mention as well the space
of step kernels S C W, which comprises the set of symmetric step functions on [0, 1]%;
that is, for w € S, there exists some partition P = {Py,..., P, } of [0, 1] into measurable
subsets such that w is constant on P; x P; for all 1 < 7,5 < m. We define the space of
step graphons &y C W, similarly. The norm of choice for these function spaces is the
cut-norm, which was introduced in [21] for matrices, and can be naturally extended to
the case of graphons as follows.

Definition 2 (Cut-norm). Let w € W!. We define the cut-norm by

where the supremum is taken over all measurable subsets S and T'. Moreover, the supre-
mum in the formula for cut-norm is achieved [41, Lemma 8.10].

|wlo=sup
S,7C0,1]

It is obvious that for any function w € W!, and for all p > 1,
[wllo < flwll < flwll, < lw]le

Similar to unlabeled graphs, we are interested in ‘unlabeled graphons’; these are defined
through an analytic generalization of graph vertex relabelling. Let ® denote the set
of all measure-preserving bijections on [0, 1]; that is, if A C [0,1] and ¢ € &, then
|p(A)| = |¢p'(A)] = |A|. The cut-distance between two graphons u and w is

§D(u, w) = ¢1>rel<f1> Hu — wd)HD,

o
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where w?(z,y) = w(é(x), d(y)). The cut-distance o is only a pseudometric; we thus

identify graphons of cut distance 0 to get the space )/NVO of unlabeled graphons. )ZV/ and WP

are defined similarly. This has quite the reward: For p > 1, the metric space (W?,dn) has

a compact unit ball ([6, Theorem 2.13]). For p = 1, additional conditions are required to

ensure compactness ([6, Theorem C7]), though we do not consider this case in the paper.
Let w € W' and let A, B C [0,1]. The cell average of w over A x B is given by

o 1

For w € W' and a partition P = (S,...,S,) of [0, 1] into measurable sets, we define the
function wp by

1
wp(s,t) = —— // w(z,y)dedy =w(S; x S;) if (s,t) € S; x S,
|Si < Sjl JJs,xs,

The operator w — wp is called the stepping operator. 1t is easy to see that the stepping
operator is contractive with respect to the cut-norm as well as LP-norms ; indeed, for
w € W', a partition P of [0,1], and p > 1, we have

[wpllp < flwll, and [lwello < flwllo.

2.2 The Robinson property

The Robinson property for matrices was first introduced in [50] for the study of the
classical seriation problem, whose objective is to order a set of items so that similar items
are placed close to one another. A symmetric matrix A = [a;;] is a Robinson matriz if

i <Jj <k = aj < min{a;,a;,}

and is Robinsonian if it becomes a Robinson matrix after simultaneous application of a
permutation 7 to its rows and columns. The permutation 7 is a Robinson ordering of A.
If the entries a;; of the symmetric matrix A represent similarity of items ¢ and j, then the
Robinson ordering of A represents a linear arrangement of the items so that similar items
are placed closer together.

The Robinson property for graphons, initially introduced in [14], shares a similar
definition. When analyzing large matrices or graphs, particularly in the context of network
visualization, it is useful to determine whether these complex structures can be interpreted
as samples of a Robinson graphon w. If so, one can harness the Robinson property inherent
in the graphon w to obtain quantitative insights concerning the data at hand. Formally,
an LP-graphon w € WP is said to be Robinson if

<y <z = w,z) <min{w(z,y), wy, 2)}

We call an LP-graphon Robinson almost everywhere, or Robinson a.e. for short, if it is
equal a.e. to a Robinson LP-graphon. An LP-graphon w € WP is called Robinsonian if
there exists a Robinson LP-graphon u € WP? such that én(w,u) = 0.
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3 Robinson property: measurement and recovery

In order to study the recovery problem for Robinson matrices/graphons, we need to devise
a graphon parameter that suitably measures the Robinson property. Such a parameter
must recognize Robinson graphons, be continuous on the space of graphons, and recover
the Robinson property. These three key features ensure that the graphon parameter
recognizes graphs sampled from Robinson graphons as well. Informally speaking, these
are graphs whose parameter value is small, and we think of them as ‘almost Robinson
graphs’.

We give a brief overview of past results from [14] introducing such a parameter for
L>-graphons, before discussing efforts to tackle this problem in the world of LP-graphons.
The parameter I' : Wy — [0, 1] was introduced in [14] to estimate to what extent a given
graphon fails to satisfy the Robinson property. We recall the definition of I', noting that
it can naturally extend to W!. For w € W! and a measurable subset A of [0, 1], we define

I'(w, A) as
/ /W Mem[(),y] (w(z,2) - wiz, y>>dw1 dyz

" //y<z |:/m€Aﬂ[z,1} (wiz,y) —ulz, Z))dx] n Ayt

where [z]; = max(z,0). We then define I'(w) := sup, I'(w, A), where the supremum
is taken over all measurable subsets of [0,1]. It turns out that I' suitably measures the
Robinson property for L*°-graphons:

(i) (Recognltlon [14, Proposition 4.2]) w € W} is Robinson a.e. if and only if I'(w) =

(ii) (Continuity [14, Lemma 6.2]) I' is continuous on W, with respect to cut-norm.

(iii) (Recovery [26, Theorem 3.2]) For every w € W, there exists a Robinson graphon
u € W, satisfying
lu — wlls < 140 (w) .

Indeed, I' recognizes samples of Robinson graphons: These are precisely graph sequences
whose I'-values converge to 0 [26, Theorem 1.2].

Remark 3. It is natural to ask whether these results for I' can be extended to LP-graphons;
however, in trying to do so, one encounters key issues in proving continuity (ii) and
recovery (iii) of I'. Firstly, if x denotes the characteristic function of the triangle above
the diagonal, then the proof of (ii) is based on the following two facts:

(a) |T(wi) — D(ws)| < 2fwy — wallo + 2/|(wy — w2)x|o for wy,wy € W1

(b) lwx|lo < 2v/||w|jol|w||e for w € W.
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While condition (a) holds in the sparse case, it was shown in [46] that condition (b)
cannot be generalized to w € WP with 1 < p < oo. In fact, the map M, : w — wy is not
|| - ||o-continuous on WP for 1 < p < oo [46, Corollary 3.4]. So even though the definition
of I' can be extended to LP-graphons, the proof of continuity in [14] does not naturally
extend to the unbounded case. Whether I' is cut-norm continuous on WP remains an
open question.

Secondly, the proof of stability of I' in [27] relies heavily, and at multiple points, on the
universal L>°-bound on graphons. Most importantly, the key idea of the proof is to locate
a large enough cell on which the graphon has a large enough average ([27, Claim 4.11}),
assuming that the desired upper bound on the error of estimate fails. The existence of
such a cell, which is an integral part of the proof, is not guaranteed when the graphon is
not L*°-bounded. Indeed, for any 1 < p < oo, it is easy to construct a graphon w with
|w||, = 1 for which such a cell does not exist.

4 Robinson recovery of LP-graphons

In this section, we introduce a new graphon parameter A for measuring the Robinson
property. We say that A < B for sets A,B C [0,1] if a < bforalla € A and b € B.
Definition 4 (Robinson parameter). Let w € W'. Define

Alw) = = sup {// w dady — // w d:r:dy}
2 a<B<C, AxC BxC

IAI |BI=[C]

+ — sup {// w dzxdy — // w dxdy},
X<Y<z, XxZ XxY

|X| Y|=1Z]
where A, B,C and X, Y, Z are measurable subsets of [0, 1].

It is clear that we have A(w) > 0 for all w € W', as we can take A= B=C =X =
Y = Z = (). Moreover,

1
w) < = // |w] dxdy+// |w| dzdy |,
2 (AUB)xC Xx(YUZ)

implying that A(w) < |Jw||, for every p > 1. Note that since the supremum is subadditive,
we also have that A is subadditive, i.e., for all u,w € WP

Alu+w) < A(u) + A(w). (1)

The rest of this section is dedicated to proving that A suitably measures the Robinson
property for LP-graphons. We thus show that A recognizes the Robinson property, is
continuous on LP-graphons, and can recover the Robinson property. We begin with the
proof of recognition, noting that for ease of notation, the upper triangle of the unit square
will be written

A:{(w,y)e[O,l]Q: xgy}.
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Proposition 5 (Recognition). Let 1 < p < oo and suppose w € WP. Then w is Robinson
a.e. if and only if A(w) = 0.

Proof. Observe that if w is Robinson a.e., then A(w) = 0. To prove the reverse direction,
suppose A(w) = 0. For n € N, let w, = wp,, where P, is the partition of [0, 1] into
n equal-size intervals Iy < I < --- < [I,,. Note that as A(w) = 0, for any choice of
measurable subsets A < B < C of [0, 1] of equal size, we have

// w(x,y)dedy < // w(x,y)dedy & // w(x,y) dedy < // w(zx,y) dzdy.
AxC BxC AxC AxB

Applying the above inequalities to the sets I;, we observe that w, is Robinson. Since
w, — w in the L' norm, by using the Borel-Cantelli Lemma and going down to a
subsequence if necessary, we can assume that {w, } converges to w pointwise a.e. in [0, 1]%.
So, there exists a set of measure zero N C [0, 1]* such that w(z,y) = lim, w,(z,y) for
(z,y) € [0,1]> \ N. As w is symmetric, we can assume that N is symmetric with respect
to the main diagonal. Next, we define the symmetric function w as follows:

ey {w(m) (r.y) €A\N
’ sup {w(u,v) : (u,v) € ([0,z] x [y, 1]) \ N} (z,y) € ANN

Clearly w = w almost everywhere. To show w is Robinson, we observe that for every
(x1,11), (T2, y2) € A with 25 < 21 and y; < yo, we have w(xs,y2) < w(z1,y1). Indeed, the
required inequality can be easily verified by considering four cases depending on whether
each of (x1,y1) and (zg,y2) belong to A\ N or AN N; we omit the details of this
straightforward verification. n

We now show that A is continuous on LP-graphons.
Proposition 6 (Continuity). [A(w) — A(u)| < 2||w — ul|n.

Proof. Let w,u € W*, and fix € > 0. There exist measurable sets A < B < C with equal
size and measurable sets X <Y < Z with equal size such that

%(//Axcwdxdy—//Bxcwdxdy+//XXZwdxdy—//xxy’LUdl"dy> > AMw)—e. (2)

Combining (2) with the definition of A(u), we get that

flomve v v

< Allw — ul|p.

2(A(w) = Au) =€)

N

Following the same logic, we can also prove that A(u) — A(w) < 2||jw — ul|g + 2¢. Taking
e — 0, we get |[A(w) — A(u)| < 2||w — u||p. O
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Figure 1: The graphon w(z,y) = z* + y* (left) and its Robinson approximation R2 for
a = 0.05 (right).

Having shown that A recognizes the Robinson property and is continuous on LP-
graphons, all that remains is to show it recovers the Robinson property; that is, we
endeavour to show that for a given LP-graphon w, there exists some Robinson LP-graphon
u such that |[[w — u||g is bounded above by some power of A(w). This is a far more
challenging task than the previous two properties and must be handled in several parts.
We begin by first defining this Robinson graphon w and listing some properties that will
be useful in future proofs.

4.1 Robinson approximation of LP-graphons

Here we introduce the a-Robinson approximation of an LP-graphon. We borrow the
following terminology from [26]. The upper left (UL) and lower right (LR) regions of a
given point (a,b) € A are given by

UL(a,b) = [0,a] x [b,1],
LR(a,b) = [a,b] x [a,b] N A.

Definition 7 (a-Robinson approximation for graphons). Let p > 1 and fix a parameter
0 < a <1 Given w € WP, the a-Robinson approximation R, of w is the LP-graphon
such that for all (z,y) € A,

RS (z,y) =sup{w(S xT) : SxT CUL(x,y), |S| =|T| = a}, (3)

where S, T are measurable and sup® = 0. Moreover, we set R? = w if « = 0 and w is
Robinson.

For every w € WP, the approximation R is a Robinson graphon. To see this, note that
for two points (z1,y1) and (w9, y2), if (z1,y1) € UL(z2,y2), then UL(zq,y;) C UL(x9, y2).
So by definition of RY, we get RO (x1,y1) < R(x2,y2). Therefore, RS satisfies the
Robinson property (Subsection 2.2), as for x < y < z, we have (z, z) € UL(z,y)NUL(y, 2).
See Figure 1 for an example of a graphon w and its Robinson approximation R
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Remark 8. If w is a Robinson graphon and 0 < a < 1, then the graphon R{ can be
different from w, although both graphons are Robinson. This is indeed the case for
Robinson step graphons. In general, w does not need to be continuous, but RS satisfies
certain continuity properties: Though R is certainly not always continuous on [0, 1]>~the
outer boundary of thickness « of the unit square is set to 0 by definition—it is continuous
on [a, 1 —al]?. We prove this fact and some other useful properties of R in Proposition 9.

Proposition 9 (Properties of the Robinson approximation). Let p > 1, and fix a param-
eter 0 < a < 1. Given graphons w,u € WP, we have:

(1) If u < w pointwise, then 0 < R, — Ry < RS_,
(ii) R is continuous on the square [a, 1 — a]?, and ||R%||« < a P||w||p

(11i) For w,u € WP, we have |RS — RY|| < ||w — ul|g. In particular, ||RS — RY||o <
lw = ul|o.

We note that for item (iii), only convergence in the L*-norm—the weakest LP-norm—is
required. Therefore, convergence in any LP-norm is enough to guarantee the convergence
of the a-Robinson approximations in the cut-norm.

Proof. To prove (i), let (z,y) € A. By definition of the a-Robinson approximation, for
every € > 0, there exist sets A, B C UL(x, y) such that R%(z,y) > W(AxB) > RS (z,y)—¢
and C, D C UL(z,y) such that RY(z,y) > u(C x D) > R%(z,y) — €. We also note that
|A| = |B| = |C| = |D| = a. Since u < w, we have

1
0< — // (w —wu)dzdy =w(C x D) —u(C x D) < Ry (z,y) — Ry (z,y) + €
Q CxD
Letting € — 0, we conclude that 0 < R, — R;. Moreover, we note that
Ry (x,y) — e — Ri(z,y) < // w—u)dzdy < Ry, (x,y),
AxB
showing that (i) holds true, again by letting € — 0.

To prove (ii), let (z,y) € [, 1 — a]?, and suppose the sequence {(z,,y,)} C [o,1—q]
converges to (z,y) in the standard Euclidean distance. Then, we have

2

UL(min(z,, =), max(y,,y)) C UL(z,y) C UL(max(z,,x), min(y,,y)),
which implies that
Ry (min(zy, 2), max(yn, y)) < By (2n, yn) < Ry (max(z,, 2), min(y,, y)). (4)

We shall show that both the upper and lower bound in (4) converge to R (z,y); by the
Squeeze Theorem, this will imply our original claim. To do so, we let € > 0 and recall
from elementary measure theory that as w is an L' function, for every ¢ > 0, there exists
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a d > 0 such that for every S C [o,1 — a? satisfying |S| < , we have fff |w| dxdy < e.
Let N € N be such that for all n > N, we have that d((z,,y,), (z,y)) < 2. Defining the
set S := UL(min(z,, z), max(yn,y))AUL(x, y), it must then be that

1
Ry (xz,y) < Ri(min(mn,x),max(yn,y))—l—E// |w|dzdy
S

€

< Ry (min(z,, z), max(y,, y)) + —-
a

Note that by definition of R%, we have R (min(z,, z), max(y,,y)) < R%(x,y), so
| Ry (min(zy, ), max(yn, y)) — Ry (z,y)] <e.

Let € — 0, we conclude that the left hand side of (4) converges to R%(x,y). A similar
argument shows that the the right hand side of (4) converges to R%(x,y) as well, and we
are done.

To prove the norm bound, we note that for every e > 0, there exist sets A, B C UL(z, y)
where |A| = |B| = a such that RS (z,y) > wW(A x B) > R%(x,y) — €. Then, by Holder’s
inequality,

o 1 1 _2
Riwy) =< o5 [ wdsdy < lwlhlLaesl, = 7w,
AxB

where we used || 1axz|l, = a?? = a*2/P. We let € — 0 to finish the proof of (ii).
To prove (iii), fix (z,y) € A, and let € > 0 be arbitrary. By an argument similar to
(i), there exist sets A, B of size a such that A x B C UL(z,y), and

R%(z,y) — R*(z,y) < W(A X B) —U(A x B) + e < o®||lw —ul|g + e

Sending € to 0, we get R%(z,y) — R%(x,y) < o?||w — ul|g. A similar argument can be
used to show R%(x,y) — R%(x,y) < o?||w — u||g, so we are done. O

4.2 Recovering the Robinson property for LP-graphons

Our proof that A recovers the Robinson property requires that the value of RS and w
both be tightly controlled within sets of specific measure. To accomplish this, we enhance
the techniques outlined in [26], and as a result, we need to introduce analogous notation.
Let w € W be a graphon with w > 0 and [||w||o| = M. Fix a parameter a € (0, 1) (as
in Definition 7), and let m be a fixed integer. For k € {1,...,mM — 1}, define the k-th
black region By, the k-th white region V), and the k-th grey region Gi as follows.

BM:“LMEA:x:yorHSXTQUM@wmﬂﬂ 7| =a & WS x T) >

i

SIW

1@:&%weA\m;35ngLm%w&nw\yﬂ_a&w5xT

SIW
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We set By = Viur = A, set Vy = B,r = 0, and denote G := Zi‘f_l Gi. In addition, we
also define the following regions:

Rk = Bk N sz—i—l-

Black regions provide lower bounds on both R, and w while white regions provide upper
bounds. So the regions Ry are used to form tight bounds on the behaviour of both RS
and w. Grey regions provide no information pertinent to our method of proof. From the
definition of the regions, it is easy to observe that

Bo2Bi2D---2Buym and Vo TV, C - C V.

Subsequently, we establish that the regions Ry form a partition of A\ G. Our approach
mirrors that of [26, Lemma 4.8], with a supplementary sketch of the proof provided for
reader’s convenience.

8 © Y

- 08, =y
8, o v,

| O3 [ 3

02

. . N . L . .
0.2 04 0.6 0.8 0.2 0.4 06 08

Figure 2: An example of black and white regions for m =4 and a = 0.1.

Lemma 10. Let w € W™ be such that w > 0 and [||w||« | = M, and let By, Vi, Gk, and
Ry be as defined above. Then,

mM—1 mM—1
A\( U gk)z ] =
k=1
where | | denotes the disjoint union of sets.

Proof. Let 1 < ¢ < j < mM — 1, and note that R; C V;;; C V; and R; C B;. Since
V; N B; =0, we conclude that R; NR; = 0 as well. So the regions Ry, are disjoint. Next,
observe that

A\ (mU_ gk) = A\ (mU_ AN\ (By U Vk)) = mﬂ_ (B U V).
k=1

k=1 k=1
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Now, we consider the expansion of (B U V) N (BaUVy) N+ N (Brar—1 U Vir—1) into
expressions X7 N --- N X1 with X; € {B;,V;}. We further note that X; N --- N
Xmm—1 = 0 whenever X; = V; and X; = B; for some ¢ < j; thus, every nonempty term
XiN---N X, from the above expansion must be of one of the following forms:

i) Xin---NXppmo1 =B8NV =R; with 1 < j < mM — 1 if there is at least one
black and one white region amongst the Xj;.

(i) Xin---NXppuo1 =V10- N V-1 =V if all X; are white.
(111) X1 Nn---N Xmel = Bl N---N Bmel = Bmel if all Xz are black.

This completes the proof, as V; = Vi N By = Ro and also
Bmel = Bmel N VmM = ’RmefL [l

By definition, for every k € {1,...,mM — 1}, the regions B and V}; have upper and
lower boundary functions f, gx : [0,1] — [0, 1], where f, is the upper boundary of B and
gx is the lower boundary of Vi. These are defined in [26] as follows:

fu(x) = sup{z € [z,1]: (x,z2) € B},
ge(x) = inf{z € [z,1]: (z,2) € Vi };

with the convention inf () = 1. Additionally, we define fo(z) = 1 and g, (z) = z for all
x € [0, 1] to represent the corresponding boundaries for By = V,,,;r = A. Finally, since
fr and gx.1 are the upper and lower boundaries of By and V. respectively, if the region
Ry is nonempty, then it is bounded from below by g1 and from above by f,. We refer
to Figure 2 for a visual representation of the regions and boundary functions previously
mentioned.

From the definition of the black and white regions, it is easy to see that the functions
fr and g are both increasing functions and thus only admit jump discontinuities. We
naturally extend the graph of these functions to boundary curves by adding vertical line
segments connecting any such discontinuities, denoting the resulting curves once again by
fr and g, respectively.

Let S, T C [0, 1] be measurable. We say that S x T' crosses a boundary curve f; or g
if the top-left corner of the cell is strictly above the boundary curve and its bottom-right
corner is strictly below the curve. This definition is used as S x T need not be a connected
subset of R?, so a boundary curve can go through the cell without intersecting it. Figure
3 depicts such behavior.

The proof of our recovery theorem is based on the idea that the total area of the
grey regions Gy, is small. This allows us to concentrate on the behaviour of w and R,
inside the regions Ry, where their values are strictly controlled. We show that their local
average difference in these regions can be controlled by A(w), leading to the conclusion
that ||w — R%||p must be small. We introduce three lemmas here, each necessary in the
proof of our main result. We will present the proofs of Lemma 12 and Lemma 13 in
Appendix 4.3. The proof of Lemma 11 is very similar to [26, Lemma 4.10], but to keep
this article self-contained, we present a sketch of this proof in Appendix 4.3 as well.
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1 f2

-
i
i

0 1

Figure 3: An example of a cell S xT that crosses a boundary curve f, without intersecting
it.

Lemma 11. Let k € Z7°, w € WP with w =0, and o € (0,1). Then, Gy does not contain
any B X [ square, where § > «. Here, Gy denotes the closure of G in the Fuclidean
topology of R?.

Lemma 12. Let u € L]0, 1] (not necessarily non-negative), and P C [0, 1] be a measur-
able subset such that fpu dr # 0. Let 0 < 8 < |P| be fired. Then P can be partitioned
into N := [|P|/B] subsets Py, ..., Py so that the following conditions are satisfied:

(i) PL<--- < Py
(i) |P;| =B for1 <i< N —1and|Py|<p.
(111) ‘fPNu dz| < X [pu dal.
Lemma 13. Let f € L'0,1)%, and let S,S" C [0,1] be measurable subsets such that

|S| = |S'|. Suppose for a constant C > 0 we have

/ fdxdy > C.
Sx8"

Then, for every a € (0,1), there exist measurable sets T C S and T' C S’ such that
|T| = |T"| = «|S| and
1 C

E— dedy > ———.
TxT] L’ %2 5%

4.3 Proof of recovering property of A

Prefacing our main result, we begin first with a necessary proposition—as the proof of
Theorem 19 heavily features “cutting” graphons off at certain values, we must control
their behaviour once cut. The following proposition provides such control.
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Proposition 14. Let p > 2 and w € W™ with w > 0. Suppose ||w||p < 1. If RS is the

Robinson approximation of w with parameter o = ||w||o<,3p “Aw )5P 2 then

p—2

hw - R0 < 4(1+ (Sllw — B2, + 2)] ] 2 ) (w) 5. 5)

The proof of this proposition is inspired by [26, Theorem 3.2], however, the approxi-
mation result of [26] would not provide the upper bound needed for Proposition 14. As a
corollary of this proposition, we improve upon the bound obtained in [26].

Proof. By [41, Lemma 8.10], there exist measurable S, T C [0, 1] so that

‘// w— R) d:pdy’ = ||lw — Ry||o.
SxT

Replacing S x T with T' x S if necessary, we can assume without loss of generality that

1
] / /( R dmy\ > L - B2l ©)
X N

Fix 8 € (o, 2a). Next, we split S into Ny := [|S]/S] subsets S1,S5,..., Sy, and T
into Ny := HT\ /] subsets Ti,...,Tn,, so that the following conditions are satisfied.
Conditions for S;:

() 1< < Snya.

(i) |Si|=pFfor 1 <i< Ny —1and |Sy,| <
(iii) // (w— Ry) dedy| < M.
SNlXT Nl

Conditions for T;:
(i) Ty < ... < Tn,-1.
(ii) [T =B for 1 <j< Ny—1and |Th,| <p

(iii) // (w— Ry) dedy| <
SXTN2

To prove that a partition of S satisfying the above three properties exists, we apply
Lemma 12 to the function u(-) = [,(w — R})(-,y)dy and P = S; a similar proof shows
that such a partition exists for T.

We will assume, without loss of generality, that Ny, Ny > 8, as we shall show the
proposition holds true if Ny < 7 or Ny < 7. Assume that N; < 7. Then, |S| < 75, and so
we get

|m—Rmm:V/w—R$mﬂ
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lw = Ryllo
Ny '

2p—2

< flw = R (78) < [l (80) = S|} 27 Aw) ="




In the above inequalities, we used the fact that since 0 < w, R% and ||R% || < [|w]]oo, We
have ||w — R%||oo < ||w||oo. To verify that the statement of the proposition holds true in
this case, we need to show that the right hand side of the previous inequality is bounded
above by the right hand side of (5), which reduces to showing that

p+2 2

A(w)or= < Jwl|Z™.

However, since A(w) < 1 and p > 2, we have A(w)g;% < Aw )3p 2. This, together with
the fact that A(w) < ||w||~, proves that Proposition 14 holds if N; < 7. An identical
argument shows that the proposition also holds if Ny < 7. From this point forward, we
make the following assumption:

Assumption (x) Np, No > 8.

We now consider the value of w — RS on the sets S; x T;. Note that with repeated
applications of the triangle inequality, we have
- / / w— Ry,
(SNI XT)U(SXTNQ)

I

which, together with Equation (6) and property (iii) of the partitions {S;} and {7;},

S XT

The above inequality, combined with Assumption (x), implies that

// (w— R2)
S xT;

Claim 15. There exists a cell 8" x T" C A contained in a region Ry = B N Vi1 so that
1S = |T"| = «, and

Y

1<1<N1,1<]<N (SxT)NA

(Si xT;)NA#D

1 1 1 .
> (55 )l — Rl

1<z<N1, 1<j< Ny
(SixTjH)NA#D

—IIw Ryllo- (7)

1<Z<N1, 1<j< Ny
(SixT;))NA#D

1
[ mdedy] > | o = Rl — 22mb — Dl - Rlha'?
/><T/

We use the pigeonhole principle to prove the claim. By Lemma 10, A = UmM 'Ry U

mM "G, and each of the regions Gy or Ry, is bounded by boundary curves in {fr, :
1 < k: mM —1,1 <1< mM}. Thus, if a cell S; x Tj does not cross the graph of any
of these boundary curves, then it must be entirely contained inside one closed region Ry
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or G. Next, by Lemma 11, no grey regions G, can contain any S; x T; with 1 <i < Ny
and 1 < j < Ny, because |S| = |T};| = B for such ¢ and j. Thus, these cells must either
lie in a single region Ry, or cross a boundary curve. Let Z denote the collection of indices
(i,7) with ¢ < Ny and j < Nj, for which the associated cells S; x T} do not lie in a single
region Ry. From above,

L I<i< N
I:{(z,]): 1<j<N;,and31<k<mM—1s.t. (Siij)crossesfkorgkorgmM}.

Because the lower and upper boundaries fi, gx are increasing curves, each f; and g cross
at most 2/ cells from the grid. As there are 2mM — 1 total fj and g, we have

2(2mM —1
7] < 2@2mM —1)
g
Using Holder’s inequality and that every cell indexed in Z is of size 52, we get
N (2mM 1) af g2-2
(w— RS) dedy| < 20— — R[5, (8)
Sy xTj 5
(% ]) ez

(SixT)NA#0

Putting inequalities (7) and (8) together, it must be true that

2 //Siij (w — Ry) dedy

1<i< Ny, 1<j< Ny
(Si XTj)ﬂA#@

Since there are at most ([871])? cells S; x T} of size 8 x 3 and 2 < (|87'])72, there

must exist a cell S;; x Tj, € A so that |S;,| = |T},| = B, (i0, jo) € Z, and

(4,7) €T
/ / (w — R2)ddy| > 5
Sig xTig

So S;, x Tj, lies entirely in Ri = B, NV for some 0 < k < mM — 1. By Lemma 13,
we can reduce S;, X Tj, to an a x « cell, called S’ x 7", contained in Ry = By N Vi1
satisfying

1 _2
> ;1\|7~U—R?U|Im—2(2mM—1)||w—1’%$Hpﬁ1 P,

1 o o _2
= Rl = 2(md = Dllw - RS,

1 2
[ o myasy| > o2 |l - Relo - 2mar - Dl - Rl,6E
/><T/

This inequality holds for all 8 > «; taking f — a proves Claim 15.

The cell S’ x T is thus contained in some region Rj. From the deﬁnition of R$ and
the black and white regions, we observe that if 1 <k < Mm —1, then < RS < k:;l on
S'x T and if k=0, then 0 < R% < = on S x T".
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Claim 16. Under the assumptions made so far,

2A(w 1 _2
|lw— Ri|o < 4< (2 ) + —+2(2mM — 1)||w — R?UHpozl 12)) )
a m

To prove the claim, we consider three cases:

Case 1: Assume that [[, .. (w— R%)drdy > 0and 0 <k <mM —2.
Using Claim 15 and the fact that |S’ x T'| = a2, we have

A 1 !
WS XT) == > w = Ry (§'xT") > {w—Rglo=2(2mM—1)fw—Rj [0’ 5. (9)

Now let (x,y) be the lower right corner of S’ xT". Then (x,y) € Vi1, implying that
LR(z,y) contains a region S, x T} so that |S,| = |T}| = a and that wW(S, x Tp,) < ££L,
So inequality (9) combined with the definition of A implies that

2
Aw) = % (W(S' X T') —w(S' x Tp) +w(S" x Ty) — w(S, x Tb))
o (1 -2k k+1
z 5 \7 - Ry - - — R P - _
> 2 (4||w RSl — 202mM — 1w — By a5 + 5 B )

which reduces to

1 2A(w)

2
e - Rello < =

1 _
+ - +2(2mM — 1)|lw — R ||, " #.

3

Case 2: Assume ffs,

By a similar argument used to show (9),

p(w—Ry)dedy <0and 1 <k <mM — 1.

k+1 1
L w(8 % T) > gl — Ryllo - 2(2mM — 1)]lw — R0,

m
Now let (z,y) be the upper left corner of S’ x T". Then (z,y) € By, which means
UL(z,y) contains a region S, x Ty such that |S.| = |Ty| = a and w(S, x Ty) > £.
Using the definition of A, similar to the argument in Case 1, we get

042 k 1 lo" o 2 k+1
Aw) = — <E + g llw = Billo = 2(2mM — 1)[lw — R%|,a' "% — T) ,

which reduces to

1 N 2A(w) 1 N _2
Jlw = Falls < =5 4 = 22mM — Dl - Ryll,a’.
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Case 3: Assume that either ffs,xT, — RY)dxdy > 0 and & = mM — 1 or that
ffS’XT’ w— RY)drdy <0 and k= 0.

In the first assumption, we have that RS > M — % on S’ x T" whereas w < M
by definition. Thus, %2 > [[gq(w — R})dzdy > 0. In the second assumption,
we have that R2 < % on S’ x T" and by negativity of the integral in the second
assumption it must be that %2 > f f S,XT/(Rg —w) = 0. Combining either of these
results with Claim 15 gives

o2

1
— > o’ |llw - Rillo — 22mM - Dllw — Ry[l,a 5 |,

which can be rearranged to show

hSAIN

1 1
v = Rillo < — +2@2mM - Djjw — Ry llpa’ 7.

So Claim 16 holds in all cases. _2
To finish the proof, we take v = ||w||003p Aw )5p 2 and m = [A(w) % 2] in Claim 16,
and we get

2p

1 4
=Rl < (L4 ho- B2l E7 ) Aw)F + (- Rl Il 2 ) Aw) B2,

2p—4

Since A(w) < 1, we get A(w )5P 2 < A(w)fzﬂ%; this simplifies the above equation to the
desired result. ]

As a corollary to Proposition 14, we obtain an improvement for the earlier results of
[26] on Robinson approximation of graphons and kernels.

Corollary 17. Let w : [0,1]> — [0,1] be a graphon and u : [0,1]> — R be a kernel. Then

4
lw— R%||n < 44A(w)s  and  |ju-— o < 44|l %A (u)5,

where o = ||w||;o§A(w)% and o = ||u||;o%A(u)§

Proof. For w € W, let o, = ||w||;o3’%2/\(w)% Then, by Proposition 14, we have
| Ry — wllo < 44A(w )5%—22, since ||w|leo < 1 and |jw — Ru’||, < 1. However, as w €
e[, 1)? for every p = 1, we can allow p — 0o, showing ||w — R%||5 < 44A(w)5, where
a = ||w||oo3A( )5 as desired. For u € W, we scale by ||u/|e to make a new function
u* = u/||u||w to get that

< 44A(u*)3, (10)

[ =

_2

where a* = |Jul~’ A(u)5. We note that by definition of A and positivity of ||ul|s, it
1

must be the case that A(u*)5 = ||ul|~’ A(u)5. Furthermore, by definition of RY We have

RY = |ju|]|ZARY". Thus, combining these two observations with (10) yields Tl ” l|lu —

RO{

u

0 < 44Hu|\oo5A(u)5, which proves the claim. O
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We are now ready to state and prove our recovery result about A. We begin with a
necessary definition—a key technique in this proof is taking an unbounded graphon and
“cutting it off” at a certain threshold.

Definition 18 (M-cut-off). Let w € W' and define
Ey = {(z,y) € 0,1 : w(z,y) > M}.

The M-cut-off of w, denoted by wyy, is defined to be wy := (1 — 1;)w, where 1,; is the
characteristic function of Ej; and 1 is the characteristic function of [0, 1]>.

Theorem 19. Suppose w : [0,1]* — [0,00) is an LP-kernel with p > 5 and ||w||, < 1.
Then there ezists some o € |0, %) such that RS, the Robinson approximation of w with
parameter «, satisfies

lw — RSl < 78A(w) %, (11)

The idea of the proof is as follows: we use the triangle inequality to bound ||w — R%||o
by the sum of the cut-norms of w — wyr, wy — Ry, and Ry ~— Ry, and then bound
each term using A. If wy; is Robinson, then the upper bound is proved without use of
Corollary 17. If wyy is not Robinson, then ||wy — RS ||o must be handled using Corollary

WM
17. Handling these two cases finishes the proof.

Proof. By definition of Robinson approximation, if A(w) = 0, then we set a = 0, resulting

in RY = w. Thus, we assume that A(w) > 0 and define our cut-off value M = 2A(w)_p%1.
We now consider two cases.
Case 1: Suppose that A(wys) > 0.

_2
Let a = |lwa|oc’ A(wnyr)5. The triangle inequality can then be used to show that
lw = Ryllo < flw = warllo + llwar = By, llo + 17 = By, llo:

We will proceed by bounding each of the terms on the right hand side one by one, starting
with ||w — wys||g. By definition, 1, is the characteristic function of F), the region of

[0,1]*> where w > M. Since M]EM|% < Jwlyllp, < JJwllp, < 1, we get |Ey| < (%)p.
Therefore, for ¢ satisfying 1/p + 1/q = 1, it is true that

1\«
\|1M|rq:rEM\“q<(M) = M = 27PAw). (12)

It is also true that
_ _ Pp=5
Jw — wyllo < lw —wall = lwlall < [JwllplLallg < 27PA(w) < 27 PA(w)5=5, (13)

handling the first term. We can further say that ||w — wy||o < %A(w)?’pp;—55 for all p > 5.
Now we shift focus to ||wy — Ry, [|o. By Corollary 17, as wy, is bounded,

ot

4 1
lwar — RS, llo < 44]lwarl|3A(war)5 < 44M 5 (A(w) + 217 PA(w))3,
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where the second inequality is due to the combination of (1) for wy; = w—wl,; alongside
the fact that A(—wly) < [|wla|l; < 2'7PA(w) by (12). This simplifies to

p—>5

lwar — R, [0 < 44(1 + 217P)s M3 A(w)s < 44(1 + 217P)5 25 A(w) %,

Using the fact that p > 5, the above inequality gives us:
Jewss — RS, o < 77.6A(w) 5. (14)
To bound the third term, we use Proposition 9 (i) and Proposition 9 (ii) to get that
1RS — B3, o < RS — RY, llso < IRG -y, lloo < a2 [lw — wad)1.
Applying Holder’s inequality with conjugate indices p, ¢, we conclude

IRS, — RS, Mo < a2 llwlnlls < o7 [lwllpll Lo

Now, using the upper bound for || 1|, provided by (12), and substituting the value of
«, we observe that

—2

IRS = RS, llo < 2 Pa~2Aw) = 2" PA(w) (Joa | A@wu)?) . (15)
Applying (1) to w = wy + wly, gets us
Awar) > Aw) = Alwlar) > Aw) = [0l > Alw) = ol Ll > (1= 25)Aw),

and since p > 5, this requires that A(wys) > 1oA(w). Using this together with |[wa|le <
M = 2A(w);f11 and inequality (15) implies that

4
5

SIS

2Ry - Ry o < Aw)[[wal|ZA(war) 75 < Aw)M

2% p—5
< ———A(w)5-s.
(1—21-7)3

(1—2"7) 5 A(w)

4

When p > 5, we have 252177(1 — 2177)75 < 0.2, so

p—

1R — Ry, llo < 0.2A(w)or=s. (16)

Thus (13), (14), and (16) together imply that ||lw — R%||n < 78A(w)§z%)5, proving the
statement of the theorem in this case.

Case 2: Suppose that A(wys) = 0.
Let o = M~5A(w)5. We proceed similarly to Case 1, bounding each of the three
summands in the right hand side of the following inequality:

|w— Ryllo < lw—wumllo+ llww — By, o+ (|1 Ry, — By, o
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The first term on the right side of the inequality can be handled identically to Case 1,
yielding ||w —wp/||n < %A(w)g;;—i. For the third term, we can proceed identically to Case
1 and get

|R® — R® |lo < 2" Pa2A(w).

w]\[

Putting @ = M~5A(w)5 and noting that p > 5 results in |R® — R o <0.2A(w )51;—55.
However, the second term ||wy — R |lo must be handled dlfferently Indeed, when
A(wyr) = 0, we have that wy, is Robinson a.e., and we need to approximate Ry, ~directly.

Claim 20. When wy, : [0,1]* — [0, M] is Robinson a.e., we have

|wy — Ry, Lo < // w(z,y) dedy.
{lo—yl<2a}

To prove the claim, first note that for any point (x,y) € A, we have that wy(z,y) is an
upper bound for every value of wy; over the set UL(z,y); thus, any average over that set
(such as in the definition of Rg) would not exceed wys(7,y). So Ry < wy. On the
other hand, as wj; is Robinson a.e., we have

2l
— wydzdy  for (x,y) € [a, 1 —a]*NA
Ry, (2,y) = By, (y,2) = § @ J J-aalxlyy+al :

Wn wn

0 otherwise
(17)
We now introduce an auxiliary function wy; defined as follows:
_ wy(r —a,y+a) (z,y) €la,1—a’NA
m(@,y) = wn(y, ) = . :
0 otherwise
Since w); is Robinson, we have that Ry = wps. Thus we have 0 < w m—Ry,, <Swy— Wr

pointwise, allowing us to show the following:

lwoar — RS Nlo < s — @arllo = 2 / / (war — Ty )dedy
[0,1]2nA

=2 <// wyrdrdy — // @dedy)
[0,1]2nA [a,1—a]?NA
=2 (// wydrdy — // wy(z, )dmdy)
[0,1]2nA 0<z<y—2a<1—2a
<[[ wwteydsay
{l=— y|<2a}

This proves Claim 20. Finally, note that
1 _1
J] L e ey < ool pnge-sean o < (0 (12075 < (40)'
z—y|<L2a
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where in the last inequality we used that 0 < a < 1. Substituting for a and noting that
p > 5, we have

bS]

A (2)(1—%)
”wM_Ra ||I] <41—l( (w)) 5 <4A(w)%

WM M
Since A(w) < 1and 2 > (p—5)(5p—>5) " for all p > 5, we get [|wy — RS ||o < 4A(w)% <

O

4A(w)£>;—55. Therefore, if A(wyr) = 0, we have that [|Jw — R ||o < 5A(w)5;;;—55, proving the
statement of the theorem in this case. ]

Remark 21 (Concluding remarks). We finish this section with a discussion on the perfor-
mance of A and a comparison with the previously defined function I' from [14].

(i) The function I' provides a continuous and robust mapping on LP-graphons only
for the case p = oo (see Remark 3), whereas A can be used as a suitable gauge
of Robinson property for any LP-graphon with 5 < p < oo (see Theorem 19).
Moreover, the error (in cut-norm) of the Robinson approximation provided by T’
of a graphon w : [0,1]2 — [0,1] is bounded by 14T'(w)7 (see [14, Theorem 3.2]).
However, using A for Robinson approximation of w leads to a much improved upper
bound of 44A(w)5 (see Corollary 17). This improvement is partly due to the refined
definition of A (compared to I'), and partly due to the possibility of using sharper
results in Proposition 14 for LP-graphons to obtain bounds for L°°-graphons by
letting p — oc.

(ii) Theorem 19 holds only for p > 5. This is an artefact of the proof technique used
and not an indication that similar results do not hold for 1 < p < 5. We anticipate
that ideological bottlenecks would appear at p < 2 and p = 1. We conjecture that
results analogous to Theorem 19 are valid for p > 2, though achieving these results
would likely require new proof methods and more advanced techniques. Indeed, our
proof of Theorem 19 is based on the idea of approximating an LP-graphon with its
M-cut-off, and then applying Robinson approximation results for bounded graphons
to the cut-off function. The condition p > 5 is essential for obtaining reasonable
cut-off approximations (see (13)). This requirement is the primary impediment to
adapting the proof of Theorem 19 to p < 5.
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Appendices

Proofs of Lemmas 11, 12 and 13

In this Appendix we present proofs of the lemmas used previously in the paper, recalling
their statements for clarity.

Lemma (Lemma 11). Let k € Z7°, w € WP with w > 0, and o € (0,1). Then, G, does
not contain any (3 x 3 square, where 5 > «. Here, G, denotes the closure of G, in the
Euclidean topology of R2.

Proof of Lemma 11. Let k € Z7° be fixed and let G, be defined with parameter m and
a. Towards a contradiction, let 8 > « and suppose there exist measurable subsets S, T C
[0,1] with |S| = |T| = B for which S x T C G. Since |S| = |T| = 8 > «, there exist
ar,ay € S and by, by € T such that a; —a; > a and by — by > «. Note that (a;,b;) € G
for 4,5 = 1,2. Since every point in G that is not on the lower or upper boundary curves
must be an interior point of G, by moving the points slightly if necessary, we can assume
that
as —ay > a, by—b >a, and (a;,b;) € Gp,i,j =1,2.

We shall now show the inclusion (aj,as) X (by,be) C Gi. Towards a contradiction,
suppose that there exists some point (z,w) € UL(ag,b;) N LR(aq, b2) \ Gg, which implies
that either (z,w) € UL(aqg, by)NLR (a1, b2)NBy, or that (z,w) € UL(ag, by)NLR(ay, ba)NV.
The first case implies that (ag, b1) € By, while the second case implies that (ay,bs) € Vi,
both of which are contradictions with (a;, b;) € Gi. Thus, G, contains (a1, az) x (b1, ba).

Clearly, (a1, as) x (b1, be) contains a closed o x a rectangle which we denote [a], a}] X
b}, b5]. The two points (a},b,) and (aj, b)) are elements of Gy, so they fail to satisfy the
conditions for both V} and By. In particular, we have w([a}, a)] x [b],b5]) < (k—1)/m as
(ah, b)) & By, as well as w([a, ab], [b],b5]) > (k—1)/m as (a}, b)) & V. These statements
form a contradiction, showing the initial claim must be true. O

Lemma. (Lemma 12) Let v € L*([0,1]), let P C [0, 1] be a measurable subset such that
Jpu dr #0,and let 0 < § < |P| be fixed. Then P can be partitioned into N := [|P|/f]
subsets P, ..., Py so that the following conditions are satisfied:

(i) Pr<-o- < Pyt
(i) [P =pfor 1 <i<N—1and |Py|<p.
(iii) | [p, v de| < 5| [pu dal.

Proof of Lemma 12. For any sets Pi,..., Py satisfying the above properties, we must

have ‘PN‘_(;:_\m—ﬂG%W‘ >

To prove the lemma, it is enough to find a subset Py C P satisfying |Py| = ¢ and
condition (iii). Indeed, given such a subset Py, one can form the other sets P;,..., Py_;
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by splitting P\ Py into consecutive sets of measure 5. If § = /3, then the lemma follows
trivially from the pigeonhole principle. So, we assume that § < . Moreover, replacing
u by —u if necessary, we can assume that | pu dr > 0. We claim there must exist a set

P
@ C P such that |Q| = |P|—f ([%—‘ - 1) and fQu dx > 0. To show this statement,

/udx:/ uda:—l—/ u dz > 0, (18)
P P+ -

where P™ := {z € P:u(z) > 0} and P~ :={y € P :u(y) < 0}. If |PT| > 0, then any
subset @ of measure ¢ from P* suffices. If |PT| < ¢, then we let Q = PTUQ' for a subset
Q' C P~ with |Q'| = ¢ — [P*], and note that [,u dv > [,u dv > 0 by (18). We now
prove the existence of a subset Py C P satisfying |Py| = ¢ and condition (iii). Towards
a contradiction, assume that for any set S C P such that |S| = J, we have

1
u dx >—/udac. 19
YRECES) 19

Consider now R := P\ Q. For any p € P, let r, = inf{q : |[R N [p, ¢]| = ¢}, and let the
auxiliary function ¢ be defined as

note that

¢: P—R, gb(p)::/ u dx.

RN[p,rp)

For ease of writing, let R, := RN [p,r,], and note that as |R,| = J, by (19), we get
¢(p) # 0 for all p € P. It is easy to see that ¢ is continuous, as for p,q € P, we have

/uda:—/udxz‘/ u dx
R, Ry R,AR,

Therefore, as ¢ # 0, it is either strictly positive or strictly negative. Without loss of
generality, we assume that ¢(p) > 0 for all p, and to avoid violating (19), it must also be
that

lp(p) — d(q)| = < lulloo BpAR,| < lulloo]p — gl

M@>%Lum (20)

for all p € P. Consider {p;}}, C R, where p; = 0, piy; = rp, for 1 < i < M, and

M = [%W — 1. Then, due to the positivity of w and (20), we have that

M
M
/Pud:c:;é(pi)—i—/cgud:c>ﬁ/]3udx. (21)

This will lead to a contradiction, as we will show that M > N, i.e. % —-1> % )

We note that as 6 < (3, it must be the case that M > N — 1. Therefore, for (21) to avoid
a contradiction, M must be equal to N — 1. This forces ¢ within a tight range of values:
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Specifically, \P\/P—m < § < . However, the exact value of ¢ is |P| — ﬁ([%ﬁ — 1), and
thus if M = N — 1, we have

|P| - B (P%ﬁ — 1) = HlI;IH’ which implies, |P| > {%W

B

|P| - (P%W — 1) < B, or equivalently, |P| < /8 [%-‘

This is a contradiction, so M > N, making (21) a contradiction. Thus the lemma holds
true and such a partition of P must exist. O

Lemma. (Lemma 13) Let f € L'([0,1]?), and let S, S” C [0, 1] be measurable subsets such
that |S| = |S’|. Suppose for a constant C' > 0 we have

/ fdxdy > C.
Sx S

Then, for every a € (0,1), there exist measurable sets 7" C S and 7" C S’ such that
|T| = |T"| = «|S| and
C

1
_— drdy > .
i T >
k

Proof of Lemma 15. Suppose there exist integers n, k, [, with [ < k, so that [S]| = * and
S| = L; the case where one or both of |S] or a is not rational can be done using standard
density /approximation arguments. Next, split S into k consecutive sets S; < Sy < ... <
S of measure %; likewise, split S’ into k consecutive sets S} < S5 < ... < S}, also of
measure % and note that

kook
f dxdy = // f dxdy.
//SXS’ 121 jzl Six 8!

Let Bi; = [[g g f drdy and let Ny denote the collection of all [-subsets of the set

{1,...,k}. Note that there are (';:11) many [-subsets of k£ elements containing a specific
element 7y. Using this, counting the number of times a specific B; ; appears in the following

sum results in

"Lk —1)? k—1\
> > vy () e (e
IGNk,l JE/\/‘kJ ]Zgg i,7=1

Thus, by the pigeonhole principle, there exist sets I, J € Ny, such that

2
ZB">(H) 2
1,] =

—(C = —C.
icl () ke
jeJ

l
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This implies that the sets T' = U;¢;S; and T" = U, ;5! satisfy both that
12
/ f dxdy > EC
TxT'

and |T| = |T'| = «|S|, showing the lemma holds true.
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