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Abstract

The Queen’s Domination problem, studied for over 160 years, poses the following
question: What is the least number of queens that can be arranged on a m x n
chessboard so that they either attack or occupy every cell?

We propose a relaxation of the Queen’s Domination problem and solve it exactly
for rectangular chessboards. As a consequence, we improve on the best known lower
bound for rectangular chessboards for one-eighth of the nontrivial cases. As another
consequence, we generalize and provide a new interpretation of the best known lower
bounds for Queen’s Domination of square n x n chessboards for n Z 3 mod 4.

Finally, we show some results and make some conjectures towards the goal of
simplifying the long complicated proof for the best known lower bound for square
boards when n = 3 mod 4 (and n > 11). These simply stated conjectures may also
be of independent interest.

Mathematics Subject Classifications: 05C69, 05B99

1 Introduction

The Queen’s graph Q.. x, has the squares of an m xn chessboard as its vertex set V(Quxn),
with two vertices connected by an edge if they are in the same row, column or diagonal. A
subset D of the vertex set is said to dominate Q,,«, if every vertex is either contained in
D or is adjacent to an element in D. The problem of finding the smallest dominating set
of Qpmxn - the size of which is denoted by ¥(Qmxn) - is the Queen’s Domination problem.

We assume that the chessboard is placed on a Cartesian plane with edges parallel to
the coordinate axes. The z-coordinate increases from left to right and the y-coordinate
increases from bottom to top. The origin of the Cartesian plane is the center of the
bottom-left square of the chessboard. The squares of the chessboard have unit length.
We identify the mn squares of the m x n chessboard by their coordinates (x,y) where z €
{0,...,m—1} denotes column number (increases from left to right) and y € {0,...,n—1}
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denotes row number (increases from bottom to top). The center of square (z,y) is the
point (z,y) on the Cartesian plane. Diagonals which go left as they go up are called
sum diagonals since the value x + y is fixed along them. Diagonals which go right as
they go up are called difference diagonals and the value x — y is fixed along them. Rows,
columns, sum diagonals and difference diagonals are collectively referred to as lines and
numerically identified by their fixed y, x, 4+ y and z — y quantities respectively.

The Queen’s Domination problem is a special case of the set cover problem, which is
itself a discrete constrained optimization problem. It can be stated as follows:

Definition 1.1 (Queen’s Domination problem).

Y(Qmxn) = minimum of p
such that drows R;, 0 <i<p—1
Jecolumns C;, 0 <i<p—1
d sum diagonals S;, 0 <i<p—1
7 difference diagonals D;,0<i<p—1

p—1 p—1 p—1
subject to V(Qmxn) = U R;) (U Ci) U (U S;) U (U D;)
=0 =0 =0
and RiﬂCZ’ﬂSz‘ﬂDi#@, 0<Z<p—1

We ignore the slight misuse of notation in these definitions which take the graph
as argument for the v function but define the problem in terms of the chessboard that
underlies the graph. The row R;, column C; and diagonals S;, D; are the ones occupied
by the i*" queen. Note that these rows, columns and diagonals can repeat. The version
where they cannot repeat is called the Independent Queen’s Domination problem.

Definition 1.2 (Independent Queen’s Domination problem).

1(Qmxn) = minimum of p
such that 3 distinct rows R;, 0 <t <p—1
3 distinct columns C’Z, 0<i<p—1
3 distinct sum diagonals S;, 0 <1< p—1
3 distinct difference dlagonals D;,0<i<p—1

p—1 p—1
subject to V(Qumxn) = U R;) U cHu(lJsyu Dy
=0 =0
andRiﬂCiﬂSiﬂDiyéQ),O\ \ —1.

The last constraint in both the above formulations, which requires that the i** row,
b column, ¢ sum diagonal and " difference diagonal all intersect at a square on the
chessboard, corresponds to queen placement and seems a little hard to tackle. We relax
this constraint and refer to the resulting problems as the Relaxed Queen’s Domination
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problem and the Relaxed Independent Queen’s Domination problem. The Relazed Queen’s
Domination problem - whose solution we denote by 7*(Qxn) - asks for the least number
p such that one can choose p rows, p columns, p sum diagonals and p difference diagonals
which together suffice to cover each square of a m x n chessboard. Note that some of
these p chosen lines of each kind may be repeated. The Relaxed Independent Queen’s
Domination problem - whose solution we denote by i*(Q,,xn) - is identical apart from
imposing the additional constraint that the p chosen lines of each kind must be distinct.

Definition 1.3 (Relaxed Queen’s Domination problem).

Y (Qmxn) = minimum of p
such that 3rows R;, 0 <1< p—1
Jcolumns C;, 0 <i<p—1
J sum diagonals S;, 0 <1< p—1
7 difference diagonals D;,0<i<p—1

-1 -1 -1
subject to V(Qmxn) = U R;) (’U C;) U (pLJ S;) U (’U D;).
i=0 i=0 i=0

Definition 1.4 (Relaxed Independent Queen’s Domination problem).

1" (Qmxn) = minimum of p
such that 4 distinct rows R;, 0 <7 <p—1
3 distinct columns C;, 0 <1 <p—1
3 distinct sum diagonals S;, 0 <i < p—1
3 distinct difference diagonals D;, 0 <i<p—1

subject to V(Qmxn) = U R;) (D Cy) U (pL_J S;) U (D D;). (1)
i=0 i=0 i=0

The Relaxed Queen’s Domination problem stated in Definition 1.3 is the crux of our
work. The central result of our work is that this relaxation is both (a) loose enough
to be solvable exactly using simple constructions and impossibility proofs and (b) tight
enough to improve the best known lower bound on the Queen’s Domination problem in
a few cases and match it in most cases. We will solve this relaxation exactly for all
rectangular boards and in the process we will improve on the best known lower bound for
Queen’s Domination of rectangular boards. As an intermediate result, we will also define
and solve the Relaxed Bishop’s Domination problem exactly. We will only approach the
Queen’s Domination problem indirectly via the Relaxed Queen’s Domination problem.
As a consequence of this approach, throughout this work, we will deal with choosing
queen-occupied rows, columns and diagonals rather than placing queens.
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2 Related Work

The Queen’s Domination problem on square boards was included (Problem C18) in a
collection of unsolved problems [11] in number theory in 1994. It was first considered by
de Jaenisch [9] in 1862, when he gave minimum dominating sets of @, for n < 8. Ball
[3] considered several new questions about Queen’s Domination. Ahrens [1] and von Szily
[15, 16] gave minimum dominating sets of Q,,x, for 9 < n < 13 and n = 17. Many of these
were shown to be minimum by recent works on lower bounds. These works also made
efforts to list all minimum dominating sets for each n, producing lists modulo symmetries.
Ahrens [2] summarized these results in his 1910 book.

The first nontrivial lower bound for square boards was obtained by Raghavan and
Venkatesan in 1987 [14] when they showed that v(Q,xn) = (n — 1)/2. Another proof of
this bound was given by Spencer in 1990 (as cited and stated in [5, 7, 18]). Weakley [18]
improved the bound by showing that v(Q,x,) = (n + 1)/2 for the case n = 1 mod 4.
Watkins [17] collected these results in his treatise of mathematical chessboard problems.
Ostergard and Weakley [13] showed that these established bounds were all very good
(either exact or off-by-1) for n < 120 by adapting an algorithm from Knuth [12] originally
developed for the exact cover problem. Weakley and Finozhenok [10, 18, 19] improved the
bound for the case n = 3 mod 4 (when n > 11) to (n + 1)/2 with a long proof spanning
3 papers and over 35 pages. For even n there has been no direct improvement over the
very first (n — 1)/2 lower bound, but Weakley [22] showed several results and made some
conjectures towards this goal, especially for the case n = 0 mod 4.

The progression of the best known lower bound for square boards over the years is
shown in Table 1. For square boards of side n where n # 3 mod 4, our results match the
best known lower bounds. In fact, we generalize and provide a new interpretation of them
by showing that these are in fact the solutions to the Relaxed Queen’s Domination prob-
lem. The case n = 3 mod 4 (when n > 11), which has the aforementioned long complex
proof [10, 18, 19], is the only case where the solution to the Relaxed Queen’s Domination
problem does not match the best known lower bound for the Queen’s Domination prob-
lem. In section 5 we make some conjectures towards the goal of simplifying the proof of
the best known lower bound for this case. These may be of independent interest.

Raghavan et al. Weakley et al.
Case [14], Spencer [7] | Weakley [18] [10, 18, 19] Our Results
n =4k V(Qn) = 2k V(Qn) = 2k V(Qn) = 2k 7 (@Qn) =2k
n=4k+1 | ¥(Qn) > 2k V(@) 22k +1 | ¥(Qn) 22k +1 | v*(Qy) =2k +1
n=4k+2 | v(Qn) 22k +1 | v(Qn) Z22k+1 | v(Qn) = 2k+1 | v (Qn) =2k +1
7(@Qn) = 2k +2
n=4k+3 | v(Qn) =2k +1 | v(Qn) =2k +1 forn > 11 Y(Qn) =2k +1
| Year | 1987 | 1995 | 2007 | 2024 |

Table 1: Progression of the lower bound for square boards over the years. We have used
@, here as a shorthand for @,»,. Note that v(Q,) > 7*(Q,) as shown in Theorem 3.1.
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Figure 1: Summary of our improvements to the best known [4] lower bound on v(Qnxn)-
Row and column indices denote m and n respectively. A value of —1 (red) indicates that
Y(Qmxn) is trivially equal to min{m,n}. A value of 1 (blue) indicates that we improve
upon the (m +mn — 2)/4 lower bound by 1. We improve the lower bound for one-eighth of
the cases. The improvement for square boards (green) was already established by Weakley
[18]. A value of 0 (yellow) indicates that we match the (m + n — 2)/4 lower bound.

The first lower bound for the general case of rectangular boards was obtained by
Raghavan and Venkatesan in 1987 [14] when they showed that (Qmxn) = min{m —
I,n—1,(m+n—2)/4}. We refer to the boards where max{m,n} > 3min{m,n} — 2
as trivial boards. Bozoki et al. [4] marginally improved the lower bound to min{m,n}
on the trivial case and (m + n — 2)/4 on the nontrivial case. We denote this best known
lower bound by Y, (Qumxr). They showed several results for rectangular boards and posed
the question of whether this bound can be improved which we answer in the affirmative.

In this work we improve (Theorem 4.5) the best known lower bound for the Queen’s
Domination problem on rectangular boards as summarized in Figure 1. This can be inter-
preted as a generalization of Weakley’s improvement [18] to rectangular boards. Specif-
ically we improve the (m + n — 2)/4 lower bound on the nontrivial boards with m rows
and n columns by 1 where (a) m,n are even and m + n = 6 mod 8 and where (b) m,n
are odd and m 4+ n = 2 mod 8. Cases (a) and (b) together account for one-eighth of all
nontrivial boards since the blue/green cells in every row and every column in Figure 1
are separated by exactly 7 yellow cells. On some of these specific small values of (m,n), a
better computational lower bound than the generally applicable yy,(Qxr) lower bound
is known. Figure 1 uses Y1,(Qmxn) as the reference for its cell colouring. The dark outline
highlights that exact values of ¥(Qmxn) are known for 1 < m,n < 18 [4]. We find an
exact solution for v*(Q,x») in Theorem 4.7 which implies that we also generalize and
provide a new interpretation for the known lower bounds. The essential idea for the proof
of Theorem 4.5 and more broadly of this work is captured in Lemma 4.3.
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3 Preliminaries

In this section we state the definitions and results which are used several times in the
following sections. We start with the Fundamental Relaxation Inequality for the Queen’s
Domination and Independent Queen’s Domination problems.

Theorem 3.1 (Fundamental Relaxation Inequality). For all natural numbers m,n,

7*(Qm><n) = Z*(men> < V(men) < Z(men)

Proof. Relaxing a constraint leads to minimization over a superset of the original solution
space, and so

Y (Qmxn) < Y (Qmxn)
Q) < Qo).

The Queen’s Domination problem is a relaxation of the Independent Queen’s Dom-
ination problem, with the distinctness constraint of the chosen lines being relaxed. An
analogous relationship holds between the relaxed versions of these two problems. Hence

Y(Qmxn) < i(Qmxn)
Y (Qmxn) <7 (Qmxn)-

An optimal solution to the Relaxed Queen’s Domination problem with 7*(Q,,xn) cho-
sen lines of each kind can be transformed to a solution to the Relaxed Independent Queen’s
Domination problem by repeatedly replacing duplicate rows, columns and diagonals with
unchosen ones. There are always unchosen lines available since v*(Qmxn) < min(m,n).
We conclude that

" (Qmxn) <7 (Qmxn)
Y (Qmxn) =T (Qmxn) < V(Qmxn) < UQmxn)- O

We now define two constructs which are at the heart of all our lower bound proofs.
For the purpose of Definition 3.2, think of our process of selecting p distinct lines of each
type in two steps. In the first step we select p distinct rows and p distinct columns In the
second step we choose p distinct diagonals of each kind. The sets {C/}™ 5" and {R/}" 5!
are the m’ = m — p unchosen columns and n’ = n — p unchosen rows after the first step.
The spaced grid is the set of cells not covered after the first step.

’71

Deﬁnition 3.2 (Spaced grid). Given a set of m’ columns {C/} " and a set of n’ rows

{R}",Y, we define the spaced grid with these rows and columns as
n'—1
GUCHE AR = U chn(lY R
i=0
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Definition 3.3 (Cellular perimeter of a spaced grid). Consider a spaced grid denoted
by G{CA™ Y {R}™ ) which consists of m/ columns {C/}™ 5! and n’ rows {R/}" 5"
Assume without loss of generality that its columns are indexed from left to right and
that the rows are indexed from bottom to top - both in increasing order of their fixed
coordinate. We define its cellular perimeter as its set of outermost cells, or formally as

PlGUCHE ARNE]| = (ChU Gl U R U R, L) N GO AR

_ ((cg uc ) U R) ) ( (RVUR._ (mg Cg)).

The last definition in this section is the Relaxed Bishop’s Domination problem, which
we will also solve exactly for square and rectangular boards in Section 4. Note that the
graph B,,«x, has the squares of an m x n chessboard as its vertex set V(By,xn), with two
vertices connected by an edge if they are in the same diagonal.

Definition 3.4 (Relaxed Bishop’s Domination Problem).
b*(Bxn) = minimum of p

such that 4 sum diagonals S;,0 <i<p—1
3 difference diagonals D;,0<i<p—1

subject to V(Bxn) = U Si) (U D;). (2)

Finally we show that each of these relaxations are monotonic in m and n. Note that
monotonicity does not hold for the Queen’s Domination problem since y(Qsx11) = 6 >

= Y(Qox11) = Y(Qrox11) = Y(Q11x11) as shown in [4].

Lemma 3.5 (Monotonicity of Relaxation). If m' < m, n’ <n then

7*<Qm’><n’) XY (Qan)
Z*<Qm xn’ ) < Z*(men)
b*(Bm’xn’) < b*<Bm><n)

Proof. We will prove only the first statement. The others can be proven identically.
Consider a covering of a m X n board using v*(Q,,x») chosen lines of each of the four
types. Consider the bottom-left m’ x n’ sub-board of the larger board. The chosen lines
which intersect this sub-board along with arbitrary replacements for those which do not
intersect it form a solution to v*(Quxn) implying that v*(Qpxn) < Y (Qmxn)- O

In Section 4, we will use the Fundamental Relaxation Inequality to keep our proofs for
lower bounds on the Relaxed Queen’s Domination problem simple by showing the same
lower bound instead on the more constrained Relaxed Independent Queen’s Domination
problem. The latter is easier to tackle because of the distinctness constraint of the chosen
lines. We will use the cellular perimeter and spaced grid constructs often in these proofs.
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4 Relaxed Queen’s Domination on Rectangular Boards

In this section we will completely solve the Relaxed Queen’s Domination problem on all
rectangular boards (Theorem 4.7) and hence improve the lower bound for the Queen’s
Domination problem on one-eighth of the nontrivial rectangular boards as shown in Fig-
ure 1. We generalize and provide a new interpretation of the currently known lower
bound [4] for Queen’s Domination of rectangular boards in Theorem 4.2. Theorem 4.5
generalizes Weakley’s improvement [18] for the lower bound on 7(Q (k+1)x(ak+1)) to rect-
angular boards. We also completely solve the Relaxed Bishop’s Domination problem on
rectangular boards in Lemma 4.6.

We start by proving a Lemma which we will use as a building block multiple times
in the rest of the paper. This is the idea that we use to match the lower bound for
square and rectangular boards obtained by Raghavan and Venkatesan [14] and Spencer
[7]. Lemma 4.3 which improves on this for a special case is the essential idea underlying the
improvement in the lower bound for the Queen’s Domination problem that we establish
in this work.

Lemma 4.1. Given natural numbers m',n’, a set of m' distinct columns {C!}™ 5t and a
set of n' distinct rows { R}, ?;61, let p be a natural number such that p distinct sum diagonals
and p distinct difference diagonals suffice to cover the spaced grid G({C/Y™ 1 {RI™ 5.
Then

p=(m' +n —2)/2

Proof. The result is trivial if min{m/, n’} = 1. Otherwise, we consider the cellular perime-
ter K of the spaced grid G. Note that |K| = 2m’ 4+ 2n’ — 4 and each of the chosen 2p
diagonals can cover at most 2 squares in K. Since all squares in the cellular perimeter
are covered, we infer that

2x2p>=2m'+2n —4 (3)
p=(m +n —2)/2. O

Theorem 4.2. For all natural numbers m,n,

min{m,n} if max{m,n} > 3min{m,n} — 2

")/(men) P ’Y*(men) = {(m +n— 2)/4 otherwise.

Proof. We assume that m > n without loss of generality. We will show the claimed bound
on *(Qmxn), which equals Y*(Qmxn) by Theorem 3.1. Let i*(Quxn) = p so that there
is a choice of p distinct rows, p distinct columns, p distinct sum diagonals and p distinct
difference diagonals which satisfy (1) to cover V(Qmxn)-

Trivial case: When m > 3n — 2, we need to show that p > n. Suppose that p < n.
Consider an unchosen row of m squares. Each of the 3p chosen columns and diagonals
can cover at most one square in it. The number of covered squares in this row is at most
3p < 3(n—1) < 3n—2 < m and so this row is not completely covered, a contradiction.
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Nontrivial case: Note first that m < 3n—2 implies (m+n—2)/4 <n—1. Ifp > n
then p > (m+n —2)/4. If p < n, consider the spaced grid of cells that are uncovered by
the chosen columns and rows. This grid has m — p columns and n — p rows and since it
must be covered by the chosen diagonals, Lemma 4.1 implies that

((m—=p)+(n—p)—2)/2
(m+n—2)/4. ]

This proof of Theorem 4.2 (illustrated in Figure 2) generalizes the proofs by Raghavan
and Venkatesan [14] and Bozoki et al. [4]. It has similarities with Theorem 1 in [22] which
is the only other work we know that considers the cellular perimeter K. We will now prove
Theorem 4.5 which improves the best known lower bound for the Queen’s Domination
problem on rectangular boards. The central idea for its proof and more broadly of this
work is contained in the following Lemma 4.3 which improves on Lemma 4.1.

Lemma 4.3. Given odd natural numbers m',n’, a set of m' distinct columns {C/}™5*

and a set of n' distinct rows { R} 5, let p be a natural number such that p distinct sum
diagonals and p distinct difference diagonals suffice to cover G({CI} g ', { R}, the
spaced grid formed by these rows and columns. Then

pz(m +n'—-2)/2+1.

Proof. The result is trivial if min{m/, n'} = 1. Otherwise we know that p > (m’+n'—2)/2
from Lemma 4.1 and it suffices to show that equality cannot hold in this case. Assume for
the sake of contradiction that p = (m’+n’ —2)/2, so that each of the 2p chosen diagonals
covers exactly 2 squares in the cellular perimeter K of G. We assume that columns and
rows are indexed in increasing order. Let [ = C{, r = C! ,_; denote the leftmost, rightmost
columns and b = R{, t = R],_, denote the bottommost, topmost rows.

Construct the rectangle 7 which has its vertices at the centers of the squares (b,1),
(b,r), (t,) and (¢,1). We construct a purple segment corresponding to each chosen sum
diagonal S} which joins the centers of squares in it and is confined to 7 (has both endpoints
on 7). Similarly, we construct an analogously defined yellow segment corresponding to
each chosen difference diagonal D). Figure 2 illustrates these constructions.

Consider a vertical cross-section v (i.e. vertical line segment spanning both horizontal
edges) of 7 which intersects 7 and does not pass through the center of any square. Let
qv(v) denote the difference between the number of purple segments and the number of
yellow segments it intersects. We observe that gy (v) is invariant as we slide v from left to
right. The only places that v stops or starts intersecting some segment is when it crosses
over the center of any column. In such transitions, there can be at most two segments
that it stops or starts intersecting, as illustrated in the four cases shown at the bottom of
Figure 2. In all cases, qy(v) does not change. The quantity gy (h) defined analogously is
invariant as we slide from bottom to top a horizontal cross-section h which intersects 7.

We focus on the difference between the total length [p of purple segments and the
total length [y of yellow segments. Since gy (v) is invariant, every (dz)-width vertical
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Figure 2: Illustration of the proofs of Lemmas 4.1, 4.3 (for m’ = 9,n’ = 3) and Theorems
4.2, 4.5 (for m = 14,n = 8). The black and white squares form the spaced grid G. The
green squares are those covered by the chosen rows and columns. Rectangle 7 is shown
in brown. Purple and yellow segments correspond to chosen sum and difference diagonals
respectively. Vertical (v) and horizontal (h) cross-sections are cyan coloured. We see that
qv(v) = 1 and gy (h) = 5 are invariant. As per (4) we have gy (v)(r—1) = qu(h)(t—b) = 10.
The 4 cases for the transition of the vertical cross-section are shown at the bottom.

(analogously, horizontal) cross-section contributes v/2¢y (v)(dx) to this quantity and hence
lp —ly = V2qv (v)(r — 1) = V2q (h)(t — D). (4)

Another way to see this is that the sum of g over column boundaries 37— gy (i+1/2)
equals (Ip — ly)/(v/2). This is because every purple or yellow segment when partitioned
into subsegments of length /2 intersects a column boundary at the midpoint of each
subsegment. This expression also equals gy (v)(r — [) because of the invariance of gy (v).

Say there are kp purple and ky yellow diagonals crossing the line 2 = [ 4+ 1/2. Then
qv(v) = qv(l + 1/2) = kp — ky and the number of diagonals intersecting = = [ is
kp + ky = n/. Hence qy(v) = n’ — 2ky is odd and similarly ¢y (h) = m' — 2ky is odd.
Either both these must be positive or both must be negative because of (4). We will show
that Q = 2qv (v) +2qm (h) = 0 which contradicts the previous statement. This quantity @
equals qy (1) + qv(r) + qu(b) + qm(t) which is the difference between the number of purple
and yellow segments intersecting each side of 7, summed up over all 4 sides. Since each
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of the p sum diagonals (purple segments) intersects 7 exactly twice it contributes 2 to
@. Similarly each of the p difference diagonals (yellow segments) contributes —2 to Q.
The only thing left is to account for the double counting at the corners in the quantity Q.
Each corner covered by a purple or yellow segment contributes an additional 1 or —1 to Q
respectively, but these additional corner contributions sum to zero since two corners each
must be covered by purple and yellow segments. We infer that () = 2p — 2p = 0, which
as noted above is a contradiction. Hence p > (m' +n' —2)/2 + 1 if m’, n’ are odd. O

Definition 4.4. We now introduce the notation f(m,n). For all natural numbers m,n,

min{m, n} if max{m,n} > 3min{m,n} — 2
(m+mn—2)/4+1 elseif m,n are even and m + n = 6 mod 8
(m+mn—2)/4+1 elseif m,n are odd and m +n =2 mod 8
[(m+n—2)/4]  otherwise.

f(mv n) =

Theorem 4.5. For all natural numbers m,n,

V(Qmxn) Z 7V (Qmxn) 2 f(m,n).

Proof. We need to improve the lower bound from Theorem 4.2 by 1 (a) when m,n are
even and m +n = 6 mod 8 and (b) when m,n are odd and m + n = 2 mod 8. Consider
such a case and assume for the sake of contradiction that 7*(Quxn) = i (Qmxn) = p =
(m-+n—2)/4 so that there is a choice of p distinct rows, p distinct columns, p distinct sum
diagonals and p distinct difference diagonals which satisfy (1) to cover V(Q.uxyn). This
integer p is odd in case (a) and even in case (b). In both cases, the number of unchosen
columns m’ = m — p and number of unchosen rows n’ = n — p are both odd.

Consider the m’ x n’ spaced grid G of squares not covered by the chosen rows and
columns. The chosen p distinct sum diagonals and p distinct difference diagonals cover
G. Since m’,n’ are odd, Lemma 4.3 implies that

p=(m +n —2)/2+1
=(m—-p+n—p—2)/2+1
(4p—2p)/2+1

p+ 1.

This contradiction completes the proof. O

Lemma 4.6. For all natural numbers m,n

(m+n—2)/2+1 if m,n are odd
[(m+n—2)/2] otherwise.

b*<Bm><n) = {

Proof. The V(B,,x,) board is a special case of a spaced grid with consecutive rows and
columns. An argument analogous to Theorem 3.1 implies that we can assume that the
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Figure 3: Ilustration of the proof of Theorem 4.7 for m; = 13,77 = 9. Blue squares are
not part of the board. The squares in the f(mj,n;) chosen rows and f(my,n;) columns
are coloured green. The f(mj,n;) chosen sum diagonals and f(my,n;) chosen difference
diagonals are shown in brown. The black-and-white section of the boards also illustrates
the chosen diagonals in Lemma 4.6 for my = 8, ny = 4.

chosen diagonals are all distinct without loss of generality. Under this assumption, Lemma
4.3 implies that b*(B,uxn) = g(m,n), where g(m,n) = (m +n —2)/2+ 1 if m,n are odd
and [(m 4+ n — 2)/2] otherwise.

We will now show that b*(Bxn) < g(m,n). Lemma 3.5 implies that it suffices to
show this in the case where m,n are both even, since all other cases can be reduced to
this case by increasing m or n or both without increasing f(m,n). The set of possible
sums S equals {z +y : (2,y) € V(Bpnxn)} = {0,...m 4+ n — 2} and the set of possible
differences D equals {2 — y : (2,) € V(Bmxn)} = {—(n —1),...m — 1}. We choose the
set of sum diagonals with odd sums {s € S : s is odd} and the set of difference diagonals
with even differences {d € D : d is even}. Each of these is of size (m+n—2)/2 since m, n
are both even. Together these cover V(B,,x,) since for each (z,y), the parity of x + y is
the same as the parity of © — y. Hence b*(Bxn) < (m+n—2)/2 = g(m,n). O
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Theorem 4.7. For all natural numbers m,n

7*(men) = f<m>n)

Proof. Theorem 4.5 states that v*(Qmxn) = f(m,n), where f(m,n) is the notation in-
troduced in Definition 4.4. We will now show that v*(Q.xn) < f(m,n) in all cases. We
assume that m > n without loss of generality. In the trivial case where m > 3n—2, simply
choosing all n rows suffices to cover the board. Hereafter we consider the nontrivial case.

It suffices to show that v*(Qmxn) < f(m,n) for the cases (a) m,n are even and
m+mn = 2mod 8 and (b) m,n are odd and m + n = 6 mod 8. All other cases can be
reduced using Lemma 3.5 to one of these two cases by increasing m or n or both without
increasing f(m,n). Let us now consider such a case. We know that (m+n—2)/4 <n—1
since this is equivalent to m < 3n — 2. Let p = f(m,n) = (m +n — 2)/4 and choose the
rightmost p columns and the topmost p rows. This integer p is even in case (a) and odd
in case (b). The spaced grid of squares not covered yet forms a m’ x n’ board V(B xn/)
where m’ = m —p and n’ = n—p are both even. Lemma 4.6 implies that p’ sum diagonals
and p’ difference diagonals can cover V (B, ), where

pr=(m+n -2)/2
=(m—p+n—p—2)/2
= (4p—2p)/2=p

which implies that v*(Q.uxn) < p = f(m,n). O

We have fully solved the Relaxed Queen’s Domination problem on rectangular boards.

5 Queen’s Domination of (4k+3)-Square Boards

In this section we will show some results and make some conjectures towards the goal of
simplifying the long complex proof [10, 18, 19] that 7(Qnxn) = (n+1)/2 when n = 3 mod 4
and n > 11. This is the only case for square boards in which Theorem 4.7 does not
generalize the proof of the best known lower bound, as summarized in Table 1. For this,
we will continue choosing rows, columns and diagonals rather than placing queens. Having
solved the Relaxed Queen’s Domination problem completely for square (and rectangular)
boards, we now investigate the properties of its optimal solutions.

Assume for the remainder of this section that n = 4k + 3 where k is a non-negative
integer. Theorem 4.7 implies that v(Qnx,) = (n — 1)/2 and what remains is to improve
the lower bound by 1 by showing that equality cannot occur. The aforementioned proof
spanning 3 papers and over 35 pages did this by proving a sequence of results, stated
below. In stating all these results, we assume further for the sake of contradiction that
Y(Qnxn) = (n —1)/2 = 2k + 1 and that D denotes the corresponding dominating set
of queens. We also consider the sub-board U bounded by the leftmost and rightmost
unoccupied columns and the bottommost and topmost unoccupied rows.
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Result 5.1. U, D have the following properties:
(a) D is independent.
(b) U is a square sub-board of size j x j where j is odd and 3(n+1)/4 < j < n.
(c) Each edge square of U is attacked exactly once.

d) For each queen in D, at least one of the row and the column through it intersects
q g
U. Both diagonals through it intersect the edge squares of U in two squares each.

(e) The sum diagonal joining the top-left and bottom-right corner of U contains exactly
one queen in D. Of the remaining 2k queens, half are above it and half below it. A
similar result holds for the difference diagonal joining the two other corners of U.

We use Result 5.1 to define the center of U as the new origin for our coordinate
system, similar to [19]. Results 5.2, 5.3 and Theorem 5.13 use this new origin, in contrast
to previous sections which used the center of the bottom-left square as the origin. The
column and row numbers still increase from left-to-right and bottom-to-top respectively.
The square U is bounded by the rows and columns numbered —(j — 1)/2 and (j — 1)/2.

Result 5.2. U =V (Quxn). Each queen in D has both coordinates even.

Result 5.3. There exists some integer w, 0 < w < k such that the 2k + 1 occupied sum
diagonal numbers and difference diagonal numbers are both

0,42, 44, ... £ 2w, £(2w + 4), £(2w + 8), . .. + (4k — 2w).
Result 5.4. n € {3,11}.

Result 5.1 was proven in [18] and is equivalently stated as Theorem 2 in [19]. We
will generalize most of it in the Relaxed Queen’s Domination setting. Result 5.2 is the
hardest part of the proof. It spans 19 pages [19] and uses 8 lemmas. We propose open
questions and make conjectures towards simplifying it. Result 5.3 is the easiest of the four
results. It was proven as Theorem 3 in [19]. We generalize it and provide an alternative
visual proof. The proof of result 5.4 is based on the Pell’s equation [10, 19]. This cannot
be simplified by just choosing occupied rows, columns and diagonals since every solution
from Result 5.3 is valid for the Relaxed Queen’s Domination problem for all n = 3 mod 4.

For the rest of this section, let p = v*(Quxn) = (n—1)/2 = 2k+1 and let rows (R;)"—,,
columns (C;)?—,, sum diagonals (S;)’—; and difference diagonals (D;)’—; constitute a so-
lution to the Relaxed Queen’s Domination Problem for an n x n board. The cellular
perimeter of the spaced grid G of cells not covered by the chosen rows and columns is
denoted by K. Parts (a) through (e) of the following Theorem 5.5 almost fully generalize
parts (a) through (e) of Result 5.1 respectively.

Theorem 5.5. Consider the sub-board U bounded by the leftmost (1) and rightmost (r)
unchosen columns and the bottommost (b) and topmost (t) unchosen rows. Then
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a) The rows (R;)’~ Y are all distinct. Similarly, the columns (C; 3’:—1, sum diagonals
1=0 =0
S; p: and difference diagonals (D; P;l are each also all distinct.
=0 =0

(b) U is a square sub-board.
(c) Each edge square of U is covered by exactly one of the 4p chosen lines.
(d) Each chosen diagonal intersects the edge squares of U in two points.

(e) The sum diagonal joining the top-left and bottom-right corner of U is chosen. Of
the remaining 2k chosen sum diagonals, half are above it and half are below it. An
analogous result holds for the difference diagonals.

Proof. (a) The spaced grid G is defined by at least 2k + 2 columns and 2k + 2 rows which
implies |K| > 4(2k +2) —4 = 8k + 4. Each of the chosen 2k + 1 sum diagonals and 2k + 1
difference diagonals can cover at most two squares in K, and so the number of covered
squares in K is at most 8k + 4. Since all squares in K must be covered, both of these
inequalities must be equalities. This implies that all chosen lines must be distinct.

(c),(d) We also infer that each square in K must be covered exactly once since the
number of such squares covered by the 4k + 2 diagonals is 8k + 4. If U, denotes the edge
squares (i.e. the cellular perimeter) of U, then squares in U, \ K by definition are covered
exactly once by the chosen rows and columns. Every diagonal can cover at most 2 squares
in U, which are both accounted for by K, and hence no diagonal can intersect U, \ K.

(b) Assume for the sake of contradiction that r — [ # ¢t —b. Without loss of generality,
let ¥ —1 <t —b. We colour the top and bottom rows of K (besides corners) yellow
and the left and right columns of K (besides corners) purple. Formally, squares Ky =
{(z,y) € K :y € {bt},l < x < r} are coloured yellow and squares Kp = {(z,y) €
K :x € {l,r},b < y < t} are coloured purple, as depicted in Figure 4. Note that
|Ky| = |Kp| = 4k. The four diagonals which cover the four corners must each also cover
an additional purple square since r — [ < t — b. The remaining 4k — 2 diagonals must
then cover four more yellow squares (4k) than purple squares (4k —4). Hence at least one
diagonal must cover two yellow squares, which contradicts r — [ < ¢t —b.

(e) The squares (r,b) and (I, t) must be connected by a sum diagonal S* = r+b = [+t
since otherwise the two difference diagonals covering them each cover only one square in
K, an impossibility. We now colour the squares in K above S* yellow and those below
S* purple, as depicted in Figure 4. Formally, squares Ky = {(x,y) € K :x+y > S*}
are coloured yellow and squares Kp = {(z,y) € K : x4y < S*} are coloured purple.
Each sum diagonal above S* covers two yellow squares and each one below S* covers two
purple squares. Each difference diagonal covers one yellow and one purple square. Since
|Ky| = |Kp| = 4k + 1 we infer that among the 2k sum diagonals besides S*, half are
above it and half are below it. An analogous result holds for the difference diagonals. [

Most of the subresults (a) through (e) of Result 5.1 are immediately implied by subre-
sults (a) through (e) of Theorem 5.5 respectively. The latter results generalize the former
results to the Relaxed Queen’s Domination setting. Result 5.1 (b) is the only result that
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Figure 4: Ilustration of the proof of Theorem 5.5, specifically part (e) on the left and
part (b) on the right. In both boards, we have n = 4k +3 = 11, k = 2 and p = 2k = 4.
The blue boundary is not part of either board. The chosen rows and columns are coloured
green. Non-green squares make up the spaced grid G. Squares coloured grey, yellow(Ky)
and purple(Kp) constitute its cellular perimeter K. Diagonals are coloured brown.

is only partially generalized. Specifically, the parts that are not generalized are two prop-
erties of j, the length of square U: (i) j is odd (ii) 3(n+1)/4 < j < n. Note that both of
these properties are not true at all in the Relaxed Queen’s Domination setting. Simply
choose the rightmost 2k 4+ 1 rows and the topmost 2k + 1 columns. Lemma 4.6 implies
that the remaining uncovered (2k + 2) x (2k + 2) rectangle can be covered with 2k + 1
diagonals of each kind, and this is a counterexample to both the statements above.
Having generalized Result 5.1, we now propose open questions and conjectures towards

simplifying Result 5.2. The first open question asks what values the set of rows (Ri)f:_ol

and the set of columns (Ci)f:_ol can take. Question 5.10 is particularly simple to state
independent of the Queen’s Domination problem and may be of independent interest.
To state the first open question, we will focus not on the set of chosen rows and
columns but the unchosen ones. Let (R})Y_, denote the p + 1 unchosen rows and (C?)7_,
denote the p+ 1 unchosen columns. Without loss of generality, let both of these be sorted
sothat0<R6<...<R;<n:4k+3and()<06<...<C;<n:4k+3. The set of
squares not covered by the chosen rows and columns is the spaced grid G({C/}2_,, {R;}_,)
- shorthand G - as defined in Definition 3.2. Theorem 4.5 (b) implies that C, — Cj =
R,—Ry=e (say). Without loss of generality, we translate the rows and columns so that
0=Ry<...<R,=cand 0 =Cj<...<C,=e. Recall that p =2k + 1 and that p
sum diagonals (S;)"—; and p difference diagonals (D;)"—y fully cover the (p+1) x (p + 1)
spaced grid GG. Lemma 4.3 implies that p is in fact the least such number that can suffice.
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Definition 5.6 (Perfect Diagonal Cover of a spaced grid). A perfect diagonal cover for a
spaced grid with m/ rows and n’ columns is a set of exactly (m’+n'—2)/2 sum diagonals
and (m/ +n’ — 2)/2 difference diagonals that covers every square in it.

Let us now state the first open question, generalizing the e < 4k + 3 constraint: Which
are the spaced grids with an equal number of rows and columns that have a perfect diagonal
cover? Lemma 4.3 implies that this equal number of rows and columns must be even.

Question 5.7. Let p = 2k + 1 and e > p. What are the values 0 = Ry < ... < R, =e¢
and 0 = Cj < ... < O = e such that G({C}}]_,, {R;}i—,) can be fully covered using p
sum diagonals and p difference diagonals?

Each of the 2p chosen diagonals must cover 2 points in K, the cellular perimeter of
G. This is because equality in Lemma 4.1 implies equality in (3). So far we have only
considered the squares in K C G but we will now consider all squares in G. We denote
{Rp, ... R, 1} by R and {Cy, ... C,_;} by C". We also denote —R' = {—rmod e : r € R'}.
Each square (Cj, R’;) in G must be covered by either a sum diagonal or a difference diagonal
which must also intersect Ueqge in two squares contained in K. This means that either
(i) €+ Ry mod e € C'N R’ or (ii) C] — Ry mod e € C" N —R'. If neither of these is true,
then the square (C}, R}) is clearly uncoverable - we call such squares uncoverable mod e.
This leads to our second open question: Which are the spaced grids with equal number of
rows and columns that have no squares that are uncoverable mod e?

Question 5.8. Let e > p > 2. What are the sets C" = {Cj,...C;_;} €{0,...e—1} and
R ={Rgy,...R, ;} €{0,...e — 1} such that 0 € C" N R’ and for every (i,j) such that
0 <i,7 < p—1 one of the following holds:

(i) Ci+ R;mode € C'N R
(ii) ¢ — R mod e € C"N (= R').

For (4k + 3) x (4k + 3) boards, we are only interested in odd p. We wrote a computer
program® to solve this for small p and e and found that all such spaced grids are symmetric
about both their diagonals for odd p (see Figure 5). At least one of these two symmetries
holds for even p. This leads us to Conjecture 5.9 which states some necessary but not
sufficient properties for Question 5.8. The first part of this conjecture states the following;:
Spaced grids with an equal and odd number of rows and columns that have no squares
uncoverable mod e are symmetric about both diagonals.

Conjecture 5.9. All solutions to Question 5.8 for odd p satisfy:
(i) C"=FR
(ii) ' = —R.

For even p, at least one of (i) or (ii) is satisfied.

'https://github.com/architkarandikar/queens-domination/tree/main/qstn_5p7_cjtr_5p8
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Conjecture 5.9 says that solutions to Question 5.8 for odd p are symmetric about
both diagonals. This leads us to ask a simpler question: does one symmetry imply the
other? We already know that the answer is no for even p. Without loss of generality,
we assume symmetry along the sum diagonal, so that C’ = R’. The two conditions of
Question 5.8 now simplify further: for all C}, C% € €', one of the following should be true
(i) Ci + Cimod e € €’ (ii) C] — Cj mod e € C'. The question now becomes: which are
such subsets C'? Since we have translated so that Cj) = 0, we are only interested in those
C" for which 0 € C". For (4k + 3) x (4k + 3) boards we are interested in odd-sized subsets.
However, we generalize both of these constraints to make the question even more natural.
The resulting Question 5.10 is now so simple to state that it is potentially of independent
interest as a problem. Although it is stated independently of the Queen’s Domination
problem, it essentially asks: Which are the spaced grids with equal number of rows and
columns symmetric about one diagonal that have no squares uncoverable mod e ?

Question 5.10. What are the subsets S of {0,1,...e — 1} such that for all z,y € S,
either x +y mod e or x — y mod e is in S?

We also wrote a computer program? to solve this for small values for of e (see Figure
5). For odd-sized subsets we found the symmetry properties we expected from Conjecture
5.9. For even-sized subsets these do not hold. This leads us to Conjecture 5.11, which
states necessary but not sufficient properties for Question 5.10: Odd-sized subsets which
are solutions to Question 5.10 always contain 0 and are closed under negation mod e.

Conjecture 5.11. All odd-sized solutions S to Question 5.10 satisfy
(i) 0e S
(ii) s€ S=(—s)mode € S.

In the last part of this section we generalize Result 5.3 by characterizing all perfect
diagonal covers for uniformly spaced grids with an equal number of rows and columns.

Definition 5.12 (Uniformly spaced grid). A spaced grid G({C/}7 ', {R}},!) consisting
of p rows Ry < ... < R, ; and p' columns C < ... < C},_, is called a uniformly spaced
/

grid if and only if C! — C!_, = R, — R,_, = d for some fixed positive integer d for all
such that 1 <7< p' — 1.

Lemma 4.3 implies that a perfect diagonal cover can exist only when m’,n’ are both
even. Theorem 5.13 which follows generalizes Result 5.3 by characterizing all perfect
diagonal covers for uniformly spaced grids with p’ rows and p’ columns when p’ = 2k + 2
is even. We parameterize p’ as 2k + 2 because the spaced grid G of squares not covered
by the chosen rows and columns for n = 4k 4+ 3 has 2k + 2 rows and columns. With
m' =n' = p' = 2k + 2, perfect diagonal covers have (m’ +n' —2)/2 = 2k + 1 diagonals
of each kind. We note that d = 2 is the only case relevant to the Queen’s Domination

’https://github.com/architkarandikar/queens-domination/tree/main/qstn_5p9_cjtr_5p10

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(4) (2024), #P4.38 18


https://github.com/architkarandikar/queens-domination/tree/main/qstn_5p9_cjtr_5p10

c’:01 25 R’:01 205
c’:01 25 R’°:01 45
c’:01 34 R’:01 3 4
cC’:0 1 34 R’:0 2 35
c’:01 45 R’°:01 25
cC’:01 45 R’°:01 45
c’:01 267 R’:01 267 c’:0 235 R’:01 3 4
C’:0 2 356 R’:02 356 c’:0 235 R’:0 235
(a) Solutions to Qn. 5.8 for p =5,e = 8. (b) Solutions to Qn. 5.8 for p = 4,e = 6.
S u {e}: 6
S u {e}: 016
S u {e}: 0 2 6
S u {e}: 0 3 6
S u {e}: 0 4 6
S u {e}: 2 4 6
S u{e}: 01 3 46
S u {e}: 0 5 6
S u {e}: 01 256
S u {e}: 0 6 S u {e}: 02 35 6
S u {e}: 0 2 4 6 S u{e}: 01 456
S u {e}: 01 56 S u {e}: 1 245 6
S u{e}: 01 2 45¢6 S u{e}: 01 2 3 456

(c) Odd-sized solutions S to Qn. 5.10 for e = 6.(d) Even-sized solutions S to Qn. 5.10 for e = 6.

Figure 5: Explanatory examples for Questions 5.8, 5.10 and Conjectures 5.9, 5.11.

problem since approximately n(d — 1)/d queens are needed for the spaced grid of squares
not covered by the chosen rows and columns to be a uniformly spaced grid with spacing d.
The special case of this result for d = 2 was proven as Theorem 1 in [20] as a generalization
of Theorem 3 of [6]. We generalize it further and provide an alternative visual proof.

Theorem 5.13. Consider a uniformly spaced grid G({C/} o' {RIY5") with p' = 2k +2
columns {C] f,:f)l, P’ rows {Rg}f/:_ol and spacing d between consecutive rows and columns.
We identify columns by their x-coordinate and rows by their y-coordinate. Without loss
of generality, translate the columns and rows to be symmetric about both axes, so that
Cl=(i—k—1/2)d and R, = (i—k—1/2)d. A set of 2k+1 sum diagonals S = {S;}?*, and
2k + 1 difference diagonals D = {D;}?%, - identified by the invariant sum and difference
of their square coordinates respectively - is a perfect cover if and only if

S =D =Q, for some w such that 0 < w < k where
Qu ={0,£d,£2d,... £ wd, =(w + 2)d, =(w + 4)d, ... £ (2k — w)d}.

count: 2w count: 2(k — w)
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Proof. Without loss of generality, we prove this for d = 2. Note that all R; and C; values
are odd integers and all S; and D; values are even integers for d = 2. Our proof is
based on the following central observation: all G-squares in difference diagonal 2f (for
f € [1,2k + 1]) are covered if and only if either difference diagonal 2f is chosen or if
sum diagonals Hy = {2f —4k — 2,2f — 4k +2,...4k + 2 — 2f} are all chosen. This is
because the G-squares in difference diagonal 2f are {(2f — (2k + 1), —(2k + 1)), (2f —
(2k—1),—(2k—1)),...(2k+1,(2k+ 1) —2f)}. Figure 6 explains this argument visually.
Similar results also hold for difference and sum diagonals +2f for all f € [1,2k + 1].

Let (S, D) be a perfect diagonal cover of G and consider the largest integer w > 0
such that {0,4+2,+4...£2w} C SND. If w = k, the claim trivially holds since |[SND| =
2k +1 = |S| = |D| implies that S = D = Q. Otherwise one of +2(w + 1) does not
belong to either S or D. Without loss of generality, let 2(w + 1) ¢ D. The central
observation now implies that H,.; = {2w — 4k,2w — 4k + 4,...4k — 2w} C S. Hence
{£2(w+2), £2(w+4),...£2(2k—w)} C S implying that S = @, since all 2k+1 elements
of S are accounted for. Hence 2(w + 1) ¢ S, which similarly implies that D = @Q,,.

Conversely let S = D = @,, for some integer w such that 0 < w < k. We will show that
SUD covers all squares in G which trivially implies that (S, D) is a perfect cover of G. Each
square in GG belongs to some difference diagonal 2 f where —2k+1 < f < 2k—+1. Difference
diagonals in @), are trivially covered since they are chosen. Those not in ), are A, U B,
where A, = {£2(w+1), £2(w+3),...£2(2k—w—1)} and B, = {+2(2k—w+1), £2(2k—
w+2),...£2(2k+1)}. We infer from the central observation that all squares in difference
diagonal +2(w+1) are covered since H,, 1 = {2w—4k,2w—4k+4,...4k—2w} C S. The
central observation further implies that all squares in each difference diagonal in A, are
covered since Hoy 1 C ... C Hyys3 C Hyi1. All squares in each difference diagonal in B,
are covered since H; C {0,4+2,+4...£2w} C S for all i such that 2k —w+1 < ¢ < 2k+1.
Hence all squares in G are covered by S U D. O

This proof of Theorem 5.13 illustrated in Figure 6 characterizes all perfect covers of a
uniformly spaced grid. This concludes the last section of this work.

6 Conclusion

We have improved the lower bound for the Queen’s Domination problem on rectangular
boards in one-eighth of the nontrivial cases by proposing and completely solving the
Relaxed Queen’s Domination problem. By doing so, we have answered an open question
posed in [4] in the affirmative. We have generalized and provided a new interpretation
of lower bounds on rectangular boards, including most of the known bounds for square
boards. We have also generalized Weakley’s improvement [18] to the lower bound for
(4k 4 1)-square boards to rectangular boards. We have generalized some results for the
only case for square boards for which the known lower bound goes beyond the one implied
by the Relaxed Queen’s Domination problem. We have formulated open questions and
conjectures relevant to this problem that may be of broader interest.
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Figure 6: A perfect cover for a uniformly spaced grid with 10 rows and columns, which
illustrates the proof of Theorem 5.13 for k = 4, d = 2, w =2 and S = D = Q, =
{0, 42, +4, 48, £12}. Chosen sum and difference diagonals are shown in purple and yellow
respectively. The dotted brown difference diagonal 2f (f = 3) illustrates the central
observation. Since it is not chosen, the sum diagonals Hy = {—12,—-8,—4,0,4,8,12}
must all be chosen.
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