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Abstract

We show that the number of short binary signed-digit representations of an inte-
ger n is equal to the n-th term in the Stern sequence. Various proofs are provided,
including direct, bijective, and generating function proofs. We also show that this
result can be derived from recent work of Monroe on binary signed-digit represen-
tations of a fixed length.

Mathematics Subject Classifications: 11B37, 11A63, 05A15

1 Introduction

Balanced base-b expansions, which allow both positive and negative digits, were intro-
duced in 1726 by Colson [2], where they were known as “negativo-affirmative arithmetick.”
In this paper, we will focus on binary signed-digit representations. A binary signed-digit
(BSD) representation of n is of the form

n=> 2, ¢e{l1,0,-1} (1)
=0

BSD representations are useful in computation, where they are implemented in general
arithmetic [1] and in cryptography [10, 12]. Ergodic properties of BSD representations
have also been studied in [4, 5].

Several authors have noted a connection between various binary representations and
the Stern sequence, which we define below.
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Definition 1. The Stern sequence is defined recursively by
s(2n) =s(n) and s(2n+1)=s(n)+s(n+1) (2)
with initial conditions s(0) = 0 and s(1) = 1.
The Stern sequence begins
0,1,1,2,1,3,2,3,1,4,3,5,2,5, ...

and appears in OEIS as A002487, where one can find a plethora of formulas and references
for this fascinating sequence and its applications.

Considering Equation (1) but allowing ¢; € {0,1,2} instead of ¢; € {—1,0,1} gives
a hyperbinary representation of n. Reznick [11] showed that if fyg(n) is the number of
hyperbinary representations of n, then fyg(n) = s(n + 1). More recently, Monroe [§]
considered fggp(n,i), the number of BSD representations of n using exactly 4 digits:

i—1

n=> 2, ¢e{l1,0,-1}

J=0

Monroe showed that fgsp(n,i) = s(2° —n). More generally, other authors have studied
the connection between Stern-like sequences and hyper-b-ary representations (see, for
example, [3]). In this paper, we will focus on the binary case and combine the perspectives
of Monroe and Reznick to show a direct connection between a restricted class of BSD
representations and the Stern sequence.

To ease the readability of BSD representations, we will use 7" to represent —1. (Some
places prefer 1.) Further, we will often represent BSD representations using just the digits,
as we do with standard binary representations. In particular, we will define

i—1
l€i—1 €i—2 -+ €2 = ZEJQJ-
=0

For example,
[10T1)y =1-234+0-2>+(=1)-2' +1-2°=7.

The term €;27, where j is as large as possible with €; # 0, is said to be the leading term
of this expansion. Throughout this paper, except where noted, we omit terms of higher
power than the leading term, as such terms must have coefficient 0.

There exist infinitely many BSD representations for any non-zero integer. For example,
5 can be written as

[101]y = [1701]y = [ITTO01]y = ATTTO01]y = - - - ,

because 2¢ —2071 —2i=2—... 1 = 1. This is why Monroe considered only BSD representa-
tions with a fixed number of digits, which included a possible leading string of 0’s. Other
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specific types of BSD representations are unique or nearly so. The most well-studied
such type is the non-adjacent form (NAF), which assumes that any two non-adjacent
digits €;,€;4+1 are not both non-zero. The NAF is unique for all non-zero integers [10].
The alternating binary form (a generalization of the mutual opposite form found in [10])
assumes that any two successive non-zero digits have opposite sign. For any non-zero
integer, there are two representations in alternating binary form [7]. Of course, the BSD
representation that matches the standard binary representation is unique; likewise, the
BSD representation that mimics the standard negabinary representation is also unique.

We will consider a different restriction, designed only to remove the infinite number
of ways of starting a BSD representation. We will say a BSD representation is short if its
leading term and the term that follows it (if such a term exists) are not of the form 17" or
T1. Let fggp(n) denote the number of short BSD representations of n, and as the only
BSD representation of 0 has no leading term, we declare that fpgp(0) = 0. Then we see
that fpsp(5) = 3 as [101]y, [117T),, and [10TT), are the only short BSD representations
of 5, while fgqp(8) = 1 since [1000], is the only short BSD representation of 8. Note that
fus(n) = 0 for all n < 0, as it is impossible to represent a negative number as a sum of
non-negative values; however, fgsp(n) = fpsp(—n) for all n € Z, since one can obtain a
short BSD representation of —n from a short BSD representation of n simply by replacing
all 1’s with 7”s and vice versa.

Our main results are the following:

Theorem 2. For all integers n > 0, we have fggp(n) = s(n).
Theorem 3. For all integers n > 0, we have fggp(n) = fus(n — 1).

Each of these theorems follows from the other combined with Reznick’s result that
fus(n) = s(n+1). We include both Theorem 2 and Theorem 3 because we will be giving
a variety of proofs of these facts from different perspectives, and sometimes one theorem
is more natural than the other. We will provide a direct proof, in the style of Reznick, of
Theorem 2 in Section 2 and three proofs of Theorem 3, including both a bijective proof
and a generating function proof, in Section 3.

We will also connect fpgp(n) with the function f(n,i) studied by Monroe.

Theorem 4. Let n > 1 be an integer and let i = |logyn| 4+ 1 denote the number of digits
in the standard binary representation of n. Then

fesp(n,i+1) — fesp(n, i) = fpgp(n).

When combined with a recurrence relation of the Stern sequence, this will provide yet
another proof of Theorem 3. We prove Theorem 4 in Section 4.

2 Proof of Theorem 2

In [11], Reznick showed that fyg(n —1) = s(n) for any positive integer n. We employ the
same style of proof to prove Theorem 2, which we restate here.
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Theorem 2. For all integers n > 0, we have fpgp(n) = s(n).

We first consider a few base cases. Note that fpgp(0) = 0, fpsp(1) = 1, fpsp(2) =
1, fpsp(3) = 2, and fpgp(4) = 1. Suppose that the result holds for every non-negative
integer less than n. By our calculations above, we have shown the result for n < 5, so now
we assume n > 5. Since {0,1} C {0,1, 7} and every non-negative integer has a standard
binary representation, we know fpgp(n) # 0. Write

n:ZEij:€0+€121+€222+€323+"' 5
7=0

where each ¢; € {0,1,T}.
Suppose n is even. Then there exists a non-negative integer k < n such that n = 2k.
We must have ¢g = 0, and

n=e2'+62%+e2°+- =2 (e + 2" +€2° + -+ ) =2k,

Since appending 0 to the end of a short BSD representation will not change the fact that
it is short, we get that fpgp(n) = fpgp(k), and by the strong inductive hypothesis, there
are fpgp(k) = s(k) ways to write k.

Now suppose n is odd. Then there exists a non-negative integer £k < n such that
n = 2k + 1. Since n is odd, either ¢ = 1 or ¢g = T'. Suppose €5 = 1. We have

n:2k+1:1+6121+6222—|—6323+...’

SO
2/{}:2(61+6221+6322+"'),

and there are fpgp(k) ways to write k. Now suppose ¢y = 7. Then we have
n=2k+1=T+e2" +e2°+e2°+ -,

SO
2k+2:€121+6222+6323—|—---,

and
2k +1) =2 (e1 + €22° + €2 +--+).

Of course there are fpgp(k + 1) ways to write k 4+ 1. Appending 1 or 7" to a short BSD
representation will not change the fact that it is short unless we are appending 7" to [1]s
or appending 1 to [T],. Since n > 5, we have k > 2, and thus these exceptional cases do
not occur here. Thus fpgp(n) = fpsp(2k+1) = fpsp (k) + fpsp(k+1) = s(k) + s(k+ 1),
where we have used the strong inductive hypothesis.

Using the recurrence relations for the Stern sequence in Definition 1, we see that when
n = 2k, we have fpsp(n) = fpsp(k) = s(k) = s(n), and when n = 2k + 1, we have
Ffpsp(n) = s(k) + s(k+1) = s(2k + 1) = s(n). In all cases, fpsp(n) = s(n). O
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3 Proofs of Theorem 3

We restate Theorem 3, and then we offer three different proofs. Proof 3 is an indirect proof
combining Theorem 2 of this paper and Theorem 5.2 of [11]. Proof 3 explicitly constructs
a bijection. Proof 3 proves a generating function identity from which the result follows.

Theorem 3. For all integers n > 0, we have fpgp(n) = fus(n — 1).

Proof. As mentioned above, Reznick proved in [11] that fug(n—1) = s(n) for any positive
integer n. Since we know from Theorem 2 that fpep(n) = s(n) for any non-negative
integer n, we can conclude that fggp(n) = fus(n —1). O

We also prove Theorem 3 by constructing a bijection between the set of hyperbinary
representations of any non-negative integer n and the set of short BSD representations of
n+ 1.

Proof. Let n be a non-negative integer, and suppose we have a hyperbinary representation
of n of the form

where each ¢; € {0,1,2} and ¢ # 0. In particular, any n of this form is a positive
integer. Recall that we denote this representation by [e; €p—1 -+ €2 €1 €0]2. Let +2 denote
component-wise addition of binary representations, and define a function f by

fllec€r—1 -+ €2 €1 €)a) =ler€—1 -+ €2 €1 €la+2[L T -+ T)o

041 digits
=[1(e+T)(eg1+T) - (e2+T)(e1+T) (€0 +T)lo-

Also define f([0]z) = [1]o. Then f maps a hyperbinary representation of n with ¢ + 1
digits to a short BSD representation of n + 1 with ¢ + 2 digits, since

¢
[1 T ... T]2 — 2€+1 _ZQZ — 25-{-1 . (2f+1 _ 1) _ 1,
£+1 digits 1=0

each ¢, + T € {0,1,T}, and ¢, + T # T. We will now show that f is a bijection between
the set of all hyperbinary representations of n, for n > 0, and the set of all short BSD
representations of n 4+ 1, for n > 0. To see that f is onto, consider a short BSD repre-
sentation of n + 1. Such a representation must be of the form [1 §,_1 0o -+ &1 oo
with ¢ > 0, where the leading term is 1 since n + 1 is positive. In the case where ¢ = 0,
the only short BSD representation of this form is [1]o, and f([0]z) = [1]2 as noted above.
In the case where ¢ > 1, [(0—1 + 1) (0p—2 + 1) -+ (01 + 1) (6o + 1)]2 is a hyperbinary
representation of n since §; + 1 € {0, 1,2} for each 4, and we have

FUOrr+1) (Fra+1) - (614 1) B0+ 1)]2) = [1 81 Gez -+ 61 Golo
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Thus f is onto. It is also clear that f is injective, since the only way that the image of

two hyperbinary representations n = [, - €] and n = [¢; --- €] can be equal is if
each ¢; = €/. Thus f is a bijection, and this proves that fggp(n + 1) = fug(n) for any
non-negative integer n. U

Alternatively, we can construct a map from the set of short BSD representations of
n + 1 to the set of hyperbinary representations of n. Such a map g satisfying g = f~1 is
defined by
9([0k Op—1 -+ 02 61 0o)2) = [0k Op—1 - 02 61 Oo)o +2 [T u]g
k digits
=[(0g—1+1) -+ (02+1) (61 +1) (6o + 1)]2

and ¢([1]2) := [0]2. The fact that g is a bijection also proves Theorem 3.
Our third proof of Theorem 3 employs a generating function argument.

Proof. Here we prove Theorem 3 by proving the following formal generating function
identity:

[e.e] o
[+ +*)=aq+ >
n=0

N=1

N—2
11 <1 +¢* + q_2z> (1 + qQN_l) 7" (3)
i=0

Note that these are the desired generating functions for hyperbinary representations and
short BSD representations. The series on the left side of (3) is the generating function
of fug(n —1). This is well known and can be found in the proof of Theorem 3.1 in [9],
among other places. Observe that the n — 1 is reflected in the extra copy of ¢ out front.

On the other hand,

o0
g+
N=1

is the generating function of fpgp(n). This is the desired generating series because the N-
th term in the series represents those ways of writing a number in short BSD representation
with leading term 1-2%. Observe that (1+¢* +¢72) = (¢"* +¢"* +¢"?) = ((¢* )" +
(@®) +(¢*)7T), so we can think of the exponent on ¢ as recording the digit in the 2% place
of the short BSD representation. Since we exclude 17" as a possibility for the leading two
terms, we use 1 + ¢2° ' instead of 14+ ¢*" ' + ¢ 2" for the allowed digits in the 2V!
place. The extra ¢ in front is needed because otherwise, if we instead began the sum with
N =0, the N = 0 term of the sum would be ¢ 4 ¢*/2, which includes ¢*? unnecessarily.
We will prove two claims, from which the generating function identity (3) will follow.

N

H (1 +¢& + q_2i>

-2
=0

(1 4 qQN—1> q2N

1. A finite analogue of (3), namely

M-1

M
¢[[ O+ +)=q+ )

n=0 N=1

is true for M € N.

N-2

(1 +¢ q‘2i> (1 - qQNfl) ", (4

1=0
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2. There is a function r(M) that goes to infinity with M so that the first 7(M) coeffi-
cients in the above finite identity are unchanged if M is replaced by infinity. That
is, each side of the identity converges formally.

For the first claim, we proceed by induction. For M = 1, we have on the left side

0
[0+ +*) =g+ I+,

n=0

and on the right side, we have

1
q+

N=1

N-2

H (1 + qu + q_2i>

1=0

N-—1 N 0 1
(1+q2 >q2 =q+(1+q2)q2 =q+q +¢°,

so the base case holds. We now assume that the identity holds for some fixed M and
show that it holds for M + 1. On the right side of Equation (4), we have

M-1

T (o +a?)

=0

(1 n q21v1> q2M+1‘

In the second term, we now multiply by 1 = ¢2" ~1¢=2"+1 distribute ¢2" ~1 = ¢t+2+-+2"""

across the large product, and use the fact that (1 + qzi +q_2i)q2i =1+ q2i +q2'2i to obtain
M—1 . '
(1)
=0

M—1
g [ 0+¢" +¢") + (1 + sz) .
n=0

=q H (1 + q2n + q2-2") + (1 + qu + q2.2z) (1 4 q21\/1) q2M+1_2M+1
n=0 i=0

(1 X (1 I q2M> q21\4+1_2M>

Mot

q [H (1 +q2n +q2.2n)
n=0
M

Il

q (1 +q2n + q2-2n) .

n=0

Thus we have proven the first claim by induction.
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For the second claim, we examine the tails of each side of Equation (3). First, the
product

o0

I (0" +°%)

n=M

contains a summand of 1, and then the next smallest exponent is 2. Thus the finite
product on the left side of Equation (4) and the infinite product on the left side of Equation
(3) agree up to the sz term, and, in fact, they also agree on the q2M term due to the
factor of ¢ outside the product. On the other side, in the tail

i rﬁ (1 +¢& + q’2i)

N=M+1 L[ =0

<1 + qQN_l) 7",

the smallest power of ¢ is q2M+1, which appears in the N = M +1 summand from selecting

the ¢~2' term every time in the product and selecting 1 instead of q2N_1. These choices
give 211220 — 2M1 g the finite sum on the right side of Equation (4)
and the infinite sum on the right side of Equation (3) agree up to the q2M term. This
completes the proof of the second claim and thus the theorem overall. O

4 Connections to BSD representations with a specified number
of digits

We begin this section by recalling Monroe’s results from [8], as discussed previously in

Section 1. Theorem 5 below is the main result in [8] and states that the number of ways

to write n in BSD representation using 4 digits is equal to the (2° — n)-th term of the
Stern sequence.

Given a non-negative integer n and any ¢ > [log,(n)|+1, recall that fgsp(n,i) denotes

the number of ways to write n in BSD representation with ¢ digits. This is the number
of ways to write n in the form

i—1

n = Zeij, e; €40,1,T}.

=0
Theorem 5 (Theorem 2 of [8]). If 0 < n < 2, then fgsp(n,i) = s(2° —n).

We restate Theorem 4 here for convenience.

Theorem 4. Let n > 1 be an integer and let i = |logy n| + 1 denote the number of digits
in the standard binary representation of n. Then

fesp(n,i+ 1) — fesp(n,i) = frep(n).

We begin with a useful lemma.
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Lemma 6. Let n be a positive integer and let i = |logom| + 1. Then each of the repre-
sentations counted by fggp(n) must use either i or i+ 1 digits.

Proof. Note that 207! < n < 2%

Suppose a short BSD representation of n uses 7 + k + 1 digits, for some & > 1. Then
n = Z;’;’S €;27, where each ¢; € {0,1,T} and €, # 0. Since n is positive, we know
€irr 7 T, and thus €, = 1. Write n = 2% + S, where S = Z?:Sfl €;27. Then

S —p — oitk ~9i _oitk _ gi _ gith=1 _ gitk—1 _ _gith-1 _ (2i+k71 . 2i) < —9itk=1,

Since the representation of n is assumed to be short, we have that ¢, 1 # T. So the
smallest possible value of S'is S = [07"--- T, with ¢ + k — 1 consecutive T”s. Therefore,
S > —27*k=1 1 1 but we must have S < —27%~1. This contradiction means that a short
BSD representation of n uses at most ¢ + 1 digits.

Suppose a short BSD representation of n uses i — k digits, for some k£ > 1. The largest
BSD representation using ¢ — k digits contains a 1 in every position and is [11---1], =
2i=F _ 1. However, this is strictly less than 2°=!, and we know that 2=! < n. Thus it is
impossible for a short BSD representation of n to use i —k digits for £ > 1. Combining this
with the conclusion of the previous paragraph, we see that every short BSD representation
of n must use either 7 or 7 + 1 digits. O

We now proceed to the proof of the theorem.

Proof of Theorem 4. By Lemma 6, all of the short BSD representations of n are counted
by fesp(n,i+1), but fgsp(n,i+1) also counts some expansions of the form n = [17"-- - ],,
which are forbidden. How many of the expansions counted by fgsp(n,i+ 1) are of this
forbidden form? If an expansion counted by fgsp(n,i + 1) is of the forbidden form,
the expansion begins with 1 -2 + (—1) - 2= which is equal to 2°~!. Thus there is a
corresponding expansion of n starting with 0-2°+1 -2, and since this leading 0 can be
removed, this expansion would be counted by fgsp(n,i). Hence the expansions counted
by fesp(n,i+ 1) and of the forbidden form are in bijection with the expansions counted

by fBSD(n, Z) Thus TBSD(n) = fBSD(n,i + 1) — fBSD(n; Z) O

_ Observe that Theorem 4 leads to yet another proof of Theorem 3, our statement that
frsp(n) = fus(n — 1) for all integers n > 0. We first include a lemma.

Lemma 7 (Corollary 2.1 of [6]). For 0 < n < 2" and 0 < j, we have
s(2 —n) = 5(2" —n) + s(n)s(2/ — 1).
Proof of Theorem 3. Plugging 7 = 1 into Lemma 7, we get
s(2 —n) = 5(2" —n) + s(n)s(1)
=5(2' — n) + s(n).

Rearranging, we obtain s(n) = (2! — n) — s(2° — n). Using Theorem 5, we have that
s(n) = fesp(n,i+1) — fesp(n, i), where the left side is equal to fug(n — 1) and the right
side is equal to fpgp(n) by Theorem 4. O
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