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Abstract

Let G be a finite abelian group of order n and Mg the Cayley table of G. Let
P(G) be the number of formally different monomials occurring in per(Mg), the
permanent of M. In this paper, for any finite abelian groups G and H, we prove
the following characterization

P(G)=PH) & G=H.

It follows that the group permanent determines the finite abelian group, which
partially answers an open question of Donovan, Johnson and Wanless. In fact, P(G)
is closely related to zero-sum sequences over finite abelian groups and we shall prove
the above characterization by studying a reciprocity of zero-sum sequences over finite
abelian groups. As an application of our method, we show that P(G) > P(C,,) for
any non-cyclic abelian group G of order n and thereby answer an open problem of
Panyushev.

Mathematics Subject Classifications: 05A10, 11B13, 15A72

1 Introduction

Let G = ({0, *+ ,p-1},+) be a finite group of order n. Let Mg = (myj)nxn (Where
mi; = x4, 0 < i,5 <n—1) be the Cayley table of G. Recall that the determinant of
M and the permanent of M, denoted by det(M) and per(My), are the homogeneous
polynomials of degree n in Clzg, -+, 2, 1]:

n—1 n—1
det(Mg) _ Z (_l)sgn(T) H M (i) = Z (_l)sgn(f) H(:Ei_i‘x‘r(i))
i=0 =0
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and

n—1 n—1
per(Ma) = > [[miza) = D [[(@itara).
TESy i=0 TESy i=0
We call det(Mg) (resp. per(Myg)) the group determinant (resp. group permanent) of G.
The study of det(M) can be traced back to pioneering works of Dedekind and Frobenius,
which led to the development of representation theory; see [23]. Let P(G) be the number
of formally different monomials occurring in per(Mg). For example, let zg, -+, x,_1 be
the natural ordering of C,,, we have

To T1 X9
Moy, = a1 22 20 |,
Ty Tog Tq

per(Mc,) = a3 + a3 + 23 + 3z92129, and P(C3) = 4. There are several interesting results
and problems on P(G). To state these results and problems, we first introduce the notion
of zero-sum sequences over finite abelian groups.

Now, we focus on the case when G is abelian and |G| = n. Let k be a positive integer,
we call S =gy +...-gr asequence over GG if S is a collection of elements ¢y, ..., g; from
G where repetition is allowed but the ordering of the elements is disregarded. Here, k
is called the length of S and we denote it by |S| = k. We define o(S) = g1+ +gs
and call S a zero-sum sequence if o(5) equals Og, the identity of G. The studies of zero-
sum sequences over finite abelian groups can be traced back to classical works of Erdés,
Ginzburg and Ziv [9] and Olson [28, 29]; we refer to [12] for a survey on zero-sum theory.
We denote

M(G, k) = {S is a sequence over G | o(S) =0 and |S| = k}.

For any monomial H?:_Ol M) = Hgol(xi—i—xf(i)) in per(Mg), it is easy to see that the
sum of the n elements in this monomial is Og. Therefore, we have the relation P(G) <
IM(G, |G])|. In 1952, with an elegant constructive approach, Hall [19] proved that P(G)
IM(G, |G])|. In this paper, we show that P(G) is a characterization for finite abelian
groups.

/

Theorem 1. Let G and H be finite abelian groups. We have
P(G)=PH) & G=H.

Let f € Clxy, -+ ,2,) and g € Clyy, -+ ,yn], we say that f and g are similar (de-
noted by f =~ g) if there is a bijection ¢ : {z1, -+ ,z,} — {y1, - ,yn} such that
flo(x1), - ,o(zn)) = g(yr,--- ,yn). In 1991, based on classical results of Frobenius
and Dieudonné on group determinants, Formanek and Sibley [10] proved that, for any
finite groups G and H, det(Mg) ~ det(My) if and only if G = H; also see [22, 25]. Later
in 2014, Donovan, Johnson and Wanless [5] showed that, for any finite groups G and H,
if there is a bijection

Y {x, | g€ G} — {xn | h € H} (with zo, — zo,)
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such that per(Myg) is similar to per(M g ) via the bijection 1, then G = H. Moreover, they
proposed an open question that whether the above result holds without the assumption
that zo, maps to xg,.

Problem 2. ([5, Section 8]) Let G and H be finite groups. Is it true that
per(M¢) ~ per(Mpy) & G=H?

It is easy to see that Theorem 1 answers Problem 2 in the abelian case.

Note that, based on Hall’s result, Theorem 1 is equivalent to the statement that, for
any abelian groups G' and H, IM(G, |G|)| = IM(H, |H|)| if and only if G = H. Therefore,
we obtain a characterization of finite abelian groups in terms of number of zero-sum
sequences. We remark that, there is also a long-standing and fascinating problem of
characterizing finite abelian groups in terms of certain factorization property of zero-sum
sequences, we refer to [13, 14, 15, 16] for detailed discussions and some recent progress.

To prove Theorem 1, it is natural to consider a counting formula for P(G) (equivalently,
for IM(G,|G])]). In fact, Theorem 1 is essentially a consequence in our study of the
following combinatorial problem on |M(G, k)|.

Let C,, be a cyclic group with n elements. In 1975, Fredman [11] observed the following
very interesting reciprocity

IM(Cr, m)| = [M(Cpn, ) (1)

using generating functions as well as a necklace interpretation. Later in 1999, Elashvili,
Jibladze and Pataraia [7, 8] rediscovered the same result with different method from in-
variant theory. It was remarked in [8, Introduction| that N. Alon also independently
proved (1) when (n,m) = 1. Meanwhile, G. Andrews, N. Alon and R. Stanley inde-
pendently obtained the counting formula for M(C,,, m); see [8, Introduction and Section
3]. In 2011, Panyushev [30] provided an extension of Fredman’s reciprocity in terms of
symmetric tensor exterior algebras.

Assume that G = C,, @ --- @& C,,., where 1 < ny|---|n, € N. For any positive integer
m, recall the following counting formula

(2)

MG = e 3 et (0,

n/d

where

is the number of elements in G of order d; see [21, 26] for proofs. It follows immediately
from (2) that, if

va(d) = en(d) for any d|(|G|, |H]), (3)
then we have

IM(G, [H])| = [M(H, [G])]. (4)
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In particular, if (|G|, |H|) = 1, then

IM(G, |H))| = [M(H.|G])| = L(

|G+ 1H|

51 1), 5

G, |H|

which are called the rational Catalan numbers. Recently, Han and the second author
[21] provided a combinatorial interpretation of (5) using rational Catalan combinatorics,
based on a correspondence between zero-sum sequences and rational Dyck paths.

In this paper, we prove that (3) is not only a sufficient condition but also a necessary
condition for the reciprocity (4) to hold. This answers the Problem 5.2 in [21].

Theorem 3. Let G and H be two finite abelian groups. Then we have
IM(G, [H|)| = [M(H, |G])|

if and only if w(d) = i (d) for any dI(|G], | H]).

We will see that Theorem 1 is essentially a consequence of Theorem 3. It is possible
to extend Theorem 3 to the non-abelian setting in terms of invariant theory and we shall
provide some results in Section 4.

In [30], Panyushev observed that P(Cy®C5) > P(C,), and he speculated that P(G) >
P(C,) when |G| = n. More generally, Panyushev proposed the following interesting
problem (using our notation).

Problem 4. ([30, Problem 3]) Let G be a finite abelian group of order n and C,, a cyclic
group of order n. For any integer m > 2, is it true that

IM(G,m)[ = [M(Cp, m)[?

As an application of our method, we answer Problem 4 affirmatively (see Proposition
11). In particular, Proposition 11 implies that P(G) > P(C,,) for any non-cyclic abelian
group G of order n. This result is also related a more general open question of Donovan,
Johnson and Wanless [5, Section 8] concerning the latin squares of a given order n.

The rest of this paper is organized as follows. In Section 2, we introduce some def-
initions as well as some auxiliary lemmas. In Section 3, we prove our main results. In
Section 4, we consider an extension of Theorem 3 to the non-abelian setting in terms of
invariant theory. In Section 5, we provide some further discussions.

2 Preliminaries

In this section, we introduce some definitions and notation, as well as some auxiliary
results.

Let C be the field of complex numbers. Denote by N the set of positive integers and
let Ng = NU{0}. Let G be a finite abelian group. By the fundamental theorem of finite
abelian groups we have

GgCnl@...@Cnr
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where 1 < nyq|---|n, € N are positive integers. Moreover, n1,...,n, are uniquely deter-
mined by G. We denote by ord(g) the order of an element g in a group. For any prime p,
we denote by Syl,(G) the Sylow p-subgroup of G.

Now, we prove some auxiliary lemmas, which will be repeatedly used in the subse-
quent proofs. The first two technical lemmas are some inequalities involving binomial
coefficients.

Lemma 5. Let m,n,a,b > 2 be integers and a,b|(m,n).

(i) If b > a, we have

Consequently, (m ﬂ) > (Z;Z)
‘a b’b

(ii) If b > 2a, we have

Q |§@|3

Jj=2+1 k=241 ’
O n m o m n +n
> b + a a + a b
= m n m n
=741 a k=241 a b’b
—+n
m 1_1 an 11 =
= @ Db fEeh (7).
n m Db

as desired.
(ii) Without loss of generality, we assume that m > n. Note that

Q3

m+n min ., (m o4 9)(m 4 ] moy g
() e > o [[
a’a ala j=2 J

my
b

Using the fact that 2 —1 > 7 and that g >2> jjil (which implies # > ) for all

b
Jj = 1, we have

-1

Q3

2|3
@I:

+J5

5 J

2 +j+1
71 >
Jj=1 I J

':w:

Bl [ ()
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It follows that

23
°3

a(mTJrn) > (m+a)

b

+ 9 m+n
- J >m<mb >
J D

This completes the proof. O

o3
Q3
>3

Jj=2

Lemma 6. Let n = p®¢®n/,m = p"¢®m’ be positive integers, where p and q are distinct
primes, (n',pq) = (m/,pq) = 1, and «, 3,7,0 € N. Suppose that a = p*, b= q' (s,t > 1)
satisfy b < 2a and a,b|(m,n). Denote

Apn(a,b) = po 1725715 !y

(i) If n(: —3) = 3 and {a, b} # {2,3}, then

mtn mtn
a(m“n)/(mbn) > 27\, (a, ).
a’a b

Consequently, if Ay, ,(a,b) > 1, then we have

mtn mtn mn
a(maﬁ> ~(¢"—d) (mbﬁ> = 2b(mb z) (6)
a’a b’ b b’ b

Moreover, (6) always holds when {a,b} = {2,3}.
(i) If n(: — ) =2, and {a,b} # {2,3}, then

Consequently, if Ay, (a,b) > 1, then we have

m+n m+n m+tn
a(maﬂ) —(q" - qt)<mbﬁ) = b(mb ﬁ)' (7)
a’a b’ b b’ b

Proof. Without loss of generality, we assume that m > n.

(i) As n(: — ) > 3, by Lemma 5, we have

KN e 1_1 11
a(man)/<mbn> Z a(1+%)"(a—z)(1+%%)m(3_g)

> a (= )+ g =) n( - D3

V
[\)
s}
3
=
ISH L
|
(ST
O
SIS

2
mn pa
— 9" 9 a2
pa?bg ! ((b 2 52)
= 2, .(a,b)q’ ((b - a)“’b%) .
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It suffices to prove that (b—a)“’b%2 > 1. Ifb—a > 2, as b < 2a, then we have (b—a)”’b%2 >
%p > p. Therefore, we may assume that b = a + 1. In this setting, as {a, b} # {2, 3}, we

2 2
have a > 3 and (b~ a8 = 2 = (b > Sp > 1
2
Now, we consider the case {a,b} = {2,3}. In this case, we have (b—a)*55- = 3, where
p=2. Asn(; —3) > 3, we have n > 18. Now, it is easy to check that A, ,,(a,b) > 2 and

therefore A, ,,(a,b)(b — a)2pbi22 > 1. Consequently, we have

m+tn 5 2pa2 m+n s m+n
a(maﬂ> > 2A,,0(a,b)g ((b—a) ?> <mb ﬂ) > 2q (mb ﬂ>,
a’a b b b b

and (6) follows.
(ii) In this case, by Lemma 5, we have

mtn m+n o o
a(maﬁ>/(mbn> = a(1+%)n(;—z)(1+%%)m(a_g)

’ b

> am(; = pIn(g = §)3
= amn(: — 1)
= Ana(a, b)q’ ((b — a)zpl,%?) )

229 > 1 and the desired result follows. O

Similar to the above, we have (b — a)*53

The following three lemmas, whose proofs are based on the structure of finite abelian
groups, are very useful in our subsequent proofs.

Lemma 7. Let G (resp. H) be a finite abelian group of order n (resp. m). Denote
€ ={d e N | pc(d) > ¢n(d) for (|G|, |H|)},
En ={d € N[ pa(d) < ¢nu(d) for d[(|G|,|H]|)}.

If &g (resp. Ex) is nonempty, then min Eg (resp. minEy ) is a prime power.

Proof. Let

l l

| | Uy | | M
n = pi17 m = pz 17

i=1 i=1

where n;, m; > 0 for 1 <7 < /. First, we assume that &g is nonempty.
For any d|(n,m), let d = Hlepfi, where d; > 0 and d; < min{m,, n;} for 1 <i < /.
Note that,
G =Syl (G) @ --- @ Syl (G).
Therefore, g = (g1,92,--- ,9¢) € G (where g; € Syl, (G)) has order d if and only if
ord(g;) = p&. Tt follows that

¢
vald) =] esy, () (Pi)-
=1
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Consequently, if pc(d) > pp(d), we must have
d; d; d; d;
ec(pi') = psy,, @) (P7') > esy, () (Pi*) = o (Di')

for some i € {1,--- ,¢}. The desired result follows immediately. It is easy to see that the
proof is similar when £y is nonempty. O

Lemma 8. Let G be a finite abelian group of order n and H a finite abelian group of
order m. Letn = ¢°n’ and m = ¢®m’ with (m/,q) = (n',q) = 1. Let

E={keN| oa(d)#ould), ¢"|(m,n)}.

Suppose that & is nonempty and let t = min €. If a(q') < pu(q'), then we have ¢"1|m,

i.e., 0 >t. Moreover,

¢ <ould) —veld) < —q.

Proof. Let
Syl (G) = Cym @ -+ @ Cyne, Syl (H) = Cymi @ -+ & Cyma,

where 1 <ny <~ <neand 1 <my < -+ <myg. As pa(q') < pr(q'), we have my > t.
We claim that d > 2. Otherwise, we also have ¢ = 1. In other words, both Syl (G) and
Syl,(H) are cyclic groups of order > p'. So pa(q') = ¢' — ¢~ = ¢u(q") which contradicts
our assumption. This proves the claim. Note that d > 2 implies ¢™*™¢|m, that is ¢"**|m.

It is easy to show that Y ;_o¢a(q) = ¢ and Y., pu(q?) = ¢° for some e; and e,
with t < e; < ey < 6. As o (q) = pa(q) for i =0,--- ,t — 1, we have

t t t
ou(d) —eald) =) (euld) —vald)) =D euld) =D pald) = ¢* — ¢
i=0 i=0 =0
Note that ¢* < ¢°' (g2 — 1) = ¢*2 — ¢°* < ¢° — ¢'. Therefore, we obtain

¢ <ould) —veld) < —q.

This completes the proof. O

Lemma 9. Let G (resp. H) be a finite abelian group of order n (resp. m). Let n = p®n/
and m = p'm’ with (n',p) = (m’,p) = 1. Let

E={keN|pc*) # ou®"), p*|(m,n)}.
Suppose that £ is nonempty and let s = minE. Assume that the following hold
1. s 2 2;

2. ps+1|(m’ n)’.
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3. wa(p®) > ¢u(p®), but pa(P**') < wu(p™).
Then we have o > s+ 2 and v > s + 2.

Proof. Let
Sy1p<G) = Cp"l @ tt @ Cpnc and Sy1p<H) = Cpml @ LRI @ Cp7'Ld7

where 1 < n; < --- <n.and 1 <m; < -+ < my. Similar to the proof of Lemma 8,
we have ¢ > 2 and n. > s, as pa(p*) = e (p®) for k < s and pg(p®) > ¢u(p®). Since
oa(p*™) < pu(p*™), we have mg > s+ 1. If d = 1, then py(p) = p — 1. Therefore,
we have pg(p) = p°—1 =2 p*—1>p—1= pu(p) and s < 1, which contradicts the
assumption that s > 2. Consequently, we have d > 2 and p™*4|m, that is, v > s + 2.
Note that >}, c(p’) = p* and ijo or(p’) = p® for some positive integers e; and
es. Asd > 2 and mg > s+ 1, we have p > p**t. Moreover, by the definition of s, we
have p > p®2. Consequently, we obtain e; > s 4+ 1, which implies o > s + 2. O

3 Proofs of the main results

In this section, we finish the proofs of our main results. Firstly, we prove Theorem 3 and
show that Theorem 3 implies a special case of Theorem 1. Then we provide the whole
proof of Theorem 1. At the end of this section, we answer Problem 4 affirmatively.

Proof of Theorem 3. It suffices to prove that if |IM(G, |H|)| = |M(H, |G|)|, then we have
va(d) = pg(d) holds for any d|(|G], |H|). Assume to the contrary that there exists some
d|(|G|, |H|) such that ve(d) # ¢u(d). Let |G| =n and |H| = m.

Recall that . _—
MG 1D = - 3 (@), )

+nd\(m,n) drd
and
M 6D = 3 uti)(,, )
m+n d|(m,n) drd
Let

a =min{d | pc(d) # pu(d) for d|(m,n)}.

Without loss of generality, we assume that ¢g(a) > ¢g(a). In this case, we shall prove
that
IM(G, [H|)| > [M(H, |G])], (8)

which contradicts our assumption.
If pa(d) > pr(d) holds for any d|(m,n), then the desired result follows immediately.
Therefore, we assume that ¢ (d) < @y (d) holds for some d|(m,n) and let

b=min{d | pg(d) < pu(d) for d|(m,n)}.
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Clearly, we have a < b. Moreover, by Lemma 7, both a and b are prime powers. Recall
that

En ={e € N| pg(e) < pp(e) and e|(m,n)}.
We denote
F:={eeN | val(e) > eu(e), e >a, and e|(m,n)},

Sr = 3 (v6le) — on(c) (nf_)

e€F e’
It is clear that Sz > 0. Therefore, we have

(m +n) (IM(G, |H])| = [M(H, [G])])

= 5 ol ut@) (1)

and

_ <Z;<)> — on(@) <Z>+Sf+25 2i(©) — o (©)) (Z)
— (val@) - pula) (Z) 8x = 3 onle) el (Z)

a’a e e’

where the last inequality follows from Lemma 8.
Therefore, in order to prove (8), it suffices to show that

o(Cats) + 57> 3 tente) — volen (o, ). o

a’a ec€y e’

As a and b are prime powers, we may assume that a = p* and b = ¢* (p and ¢ are primes,
but not necessarily distinct).
If b > 2a, ie., ¢¢ > 2p*, then by Lemma 5.(ii), we have

() > () 2 X ent) (47, ) > S eomte)—vole) (a7, ).

b’ b

ecfy e€Efy e’ e
and (9) follows immediately.
If a <b<2a,ie., p* <q" < 2p®, then we have
t s
=Ly
q q

Consequently, we have p # ¢q. Moreover, by the definition of a = p*, we have ¢t = min{i €

N | va(q') # en(d)} and ve(q') < ¢u(q'). By Lemma 8, we have ¢'*!|m and p**!|n.
Assume that

n=p*n', m=p¢nm,
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where (n',pq) = (m/,pq) = 1. Then we have a = p* < b=¢" < 2p*and 1 < s < q,
1<t <4, and s <7, t <. Consequently, we have p|n(: — ), which implies n(: —3) >
p = 2. We distinguish two cases.

Case 1: Assume that n(% — %) = 2, that is, b —a = 1 and p = 2. In this case, we
have n = p*Tlqt.
Subcase 1.1: Assume that s > 2. First, we claim that v = s. In fact, as p*|(m,n),

we have v > s. If v > s+ 1, then

s+1 s+1

Z on(p’) = pt = Z pa(p') > Z ou(p).

Therefore, g (p*™') > 0. On the other hand, we have pg(p*™') = 0, as Syl,(G) can
not be a cyclic group. Hence, o5 (p*™) > pg(p*™). By Lemma 9, we obtain p**?|n, a
contradiction. So v < s. This completes the proof of the claim.

Let d|(m,n). In this case, pg(d) > ¢g(d) if and only if d = p°¢’ for i = 0,1,--- ¢,
and ¢g(d) < @g(d) if and only if d = p’q! for j = 0,1,---,s. By Lemma 8, we have
or(b) — pa(d) < ¢ — ¢ Recall that A, ,(a,b) = p*™ 2718~ tm/n’. Tt is easy to see
that Ay, (a,b) > 1. Note that {a,b} # {2,3}, as a = p* > 4. Since n(+ — ) =p =2, by
Lemma 6.(ii), we have

m n

a’a ec€y e’le

m+n s m+n t m+n

t Jb

> ) - @ -0 ) - Xentm( 7, )

a’a b’ b j=1 pib’ pib

m4n t m+n

b

> 0(0) = e (o )

b’b j=1 pb? pb

m-—r-n

)
+ m+n
b _ pb
> b(m 2) m(m &) >0,
b’ b pb? pb

where the last inequality follows from Lemma 5.(ii). Therefore, (9) follows.

Subcase 1.2: Assume that s = 1. Therefore, p* = 2 and 2 = p* < ¢' < 2p* = 4
which implies ¢ = 3 and n = p**tl¢! = 12. In this case, G = Cy & Cs and H = Cyy & H',
where |H'| = 3°m’. Tt is easy to verify that 2(%;6) > m(%fl) for all m > 18 and 6|m.
Therefore, we have

a’a ecEy el e
m-+n m+n
> 2( 2 )—Z@H(e)( . >
2 ecfy 3
ﬂ_|_6 m+4
> 2( 2 - 3 >0
()

Consequently, (9) follows.
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Case 2: Assume that n( — 3) > 3. Recall that A, ,(a,b) = p*P 2717 Im/n’. As
a+v>2s, Ay n(a,b) > 1. By Lemma 6.(i), we have

m+n m+n m+n
() - - (a0) > 2 ). (10)
e 3 i

E={ec&y|b<e<2}, &:={ec&y|e=2b}.
By Lemma 8, we have ¢ (b) — pg(b) < ¢° — ¢'. Therefore, by (10), we obtain

Sr-ta( ) = 3 lon(@) — col) o7, )
-

We denote

a c€€p ele
—+n m4n m4n
> Srta( ) — (on®) = 00) (o0, ) - 3 ente) ()
a’a b0 e€EUES e
m4n m+n m4n
> Sr+2b mbn) — Z ¢H(61)(meln> - Z @H(€2)<m62n)
bb e1 €& a’ a ea€E 5’ a
m+n m+n m+n m+n
= Sf+b<mbn — Z @H(el)<m61n) —}—b(mbn) — Z (pH(QQ)(mEQH)
b b e1€€; e1’ e1 bbb e ez’ ez
Denote
min m+n
Sy = 5f+b<mbn) -, ¢H(€1><meln)
b b e1€EEL e’ er
and
m4n min
82 = b(mbn> o Z ¢H<€2)<me2n)‘
?E ea€Es 5’ 5

In order to prove (9), it suffices to show that §; > 0 and S, > 0.
First, we consider Ss, as it is easier to handle. If & is empty, then the desired result

follows. Assume that & is not empty, let ¢ = min&,;. By definition, we have ¢ > 20.
Therefore, by Lemma 5.(ii), we have

() S o) > 5 S ool

?7 eaEEs es’ eg b’ 3 eaEEs c’
m+n m+n
b _ c
s () () 20
b’b c’ec
Therefore, Ss > 0, as desired.

Next, we consider &;. If & is empty, then the desired result follows. So, we may
assume that & is not empty. First, we claim that & consists of powers of distinct primes,
ie, & = {¢', ¢, - ,ql*}, where ¢; # q; for i # j. For each e; € &, by definition,
valer) < pu(er) and ¢ < e; < 2¢'. Therefore, there is some prime power £* such that
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ey = l%¢} (e} € N) and ¢g(0%) < @u(F). If €] > 2, we have (¥ = ¢ < %qt = ¢" which
contradicts the definition of b = ¢*. Therefore, we have ¢ = 1. This completes the proof
of the claim.

Denote

EG={Fc& | ¢ # p and g (0') > @ (') for some i < k}.

For any (% € £9, let u = min{i € N | pg(¢*) > ou(¢')}. Moreover, by the definitions
of b and &;, we also have

u=min{i € N | pg(') # ou(l)}.
By Lemma 8, we have pg(€*) — g (€*) > ¢*. By Lemma 5.(ii), we have

(o) —on(@) (7, ) 2 (27 ) > ene () )

@ o 3y,

n
T

. ). Since £ consists of powers of distinct
primes (which are different from p,q), by (11), we obtain

e (ZE) - 3 w22

m n n
b’b e1€€, e1’ el
m+n m-+n m+n
= Sr- Z SDH(e)(meﬂ) +b(mbﬂ> N Z 90H(€1)<meln)
eeglG e’e b’ b 61651\5? e1’ e1
m+n m+n
b
Z b(m n) - Z 90H<61><m811>'
b’b

As a result, in order to prove &; > 0, it suffices to show that

b<:T+Z> - > ¢H<e1)<:e+1:) > 0. (12)

b>b 81651\81G

e1’ el

If £ \ £ is empty, then clearly we have S; > 0. Therefore, suppose that & \ £ is
nonempty. Without loss of generality, we may assume that

gl\glc;:{qilv"' 7q2L )

where L < v and ¢' < - < thL. We denote by := b (with ¢o := ¢ and ¢y := t) and
bi == ¢/ for i = 1,2,---, L. Therefore, by < by < by < --- < by, < 2b = 2¢'. For each
i=0,1,---,L—1, let )

n=ql ¢ i, om =gl m,
where (74, ¢igi+1) = (M4, ¢i¢i+1) = 1, and denote

 Bit6i—2ti—1 Biy1—tis
Apn(biybig1) == ¢ gy T mny.
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In the following, we shall prove that

min mtn m+tn
bi(mbzi) — ng(biH)( mbH_lL) > biﬂ( mbH—ln ), i=0,1,---,L—1. (13)

b’ b; bit1? bit1 bit1? bit1

Note that, if (13) holds, then we have

-1 m+n m+n L-1 m+n
( ) ‘PH(biH)( o ) > Zbi—i-l( s )7
i b’ b; ; ; i=0 ; )

which implies

h

Therefore, we have

m mtn man
()= 5 () 0 ) o

cr+

and (12) follows.
Now, we prove (13). Note that, for each : =0,1,--- | L — 1,

e if ¢; = p, then we have ¢' = p*™', as ¢/* < 2b < 4p*;

e if ¢; # p, by Lemma 8 (note that ¢; = min{j | va(q)) # oul(q))} and that pa(g) <
on(q)) as b; = ¢ € & \ EF), we have §; > t;;

e we have {b;,b;11} # {2,3}, as b; > ¢* > 2.

We distinguish three cases.

Subcase 2.1: Assume that by, # p*t'. It is easy to verify that, if n has at least

three different prime divisors, then n(;- — ﬁ) > 3.

If b; # p**tl, as mentioned above, we have §; > t;. Therefore, p, ¢;, and g, are
different prime divisors of n.

If b; = p**t, we haéve q, p, and ¢;;1 are different prime divisors of n. Moreover, we have
q'|n; and >4 > L > 1, where g; = p.

Therefore, we always have that ”(b% —
6.(1), we have

m4n man i
bi (mbi ) > 2Am,n(bi7 b¢+1)qur+11 ( mbi+1n ) 2qu+1 < mbiﬂn )
b’

n
b; bit1? bit1

) = 3 and A, (b, b;41) > 1. By Lemma

bH—l

As by < q/“ and pp(biy1) < qur*ll, (13) follows.
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Subcase 2.2: Assume that b;y; = p*™! and s > 2. In this case, by Lemma 9, we have

p**2|n. Consequently, p|n(bi1 — bilﬂ), which implies n (- > 2. Moreover, as 6; > t;

_ L)
b; bit1
and Bi+1 2 s+2>s54+1= ti+17 we have Am,n(bi7 bi+1) 2 D 2 2. BY Lemma 67 we obtain

m+n mtn mn
bi (mbz n) - Am’n(bi’ biJrl)p i ( mb o n ) 2 2p 1 ( mb +1 " > .

b0 b; bit1? big1 bit1? b1

As by < pPi+t and @y (biyr) < pY+t, (13) follows.

Subcase 2.3: Assume that b;,; = p*™! and s = 1. In this case, we have p < 3. In
fact, as b < 2p* < p**! < 20, we have p/2 = p*™! /2p® < 2b/b = 2.

Subcase 2.3.1: Assume that p = 2. In this case, we have that « = p* = 2 and
b=¢q" =3 and & \ EY C {4,5}. Therefore, it suffices to consider the case by = ¢'° = 3
and by = p**' = 4. Note that n(: — ;) > 3. Therefore, n > 18. Hence n(% — %) >8>1
which implies that n(% - %) > 2. Ifn(s — 1) =2 (e, n=24), then A, (b, by) = 2
(as dg > tp and By = 3 and t; = 2). Therefore, by Lemma 6.(ii), we have

m+n m4n et
bﬂ(mbo") > A (bo, b1)2° <m”1n) >92.99 (m”ln).

bo bo by’ by by’ by

If n(3 — 1) >3, as Ap (b, b1) = 1, by Lemma 6.(3),

m+n m4n e
bo <mbon) > 2Am7n<b0, b1)251 (mbln) >92. 901 (mbln)'

bo’ bo b1’ by

1
3

As by < 2% and g (b)) < 2%, (13) follows.

Subcase 2.3.2: Assume that p = 3. In this case, ¢* € {4,5}. If ¢" = 4, then
&\ EY C {5,7}, which contains no powers of p. Therefore, we only need to consider
¢' =5. As aresult, we have a = p* =3 and b= ¢' =5, and & \ EF C {7,8,9}. It suffices
to consider the following three cases

(1): {bo,bi} = {5,9}, (2): {bo,ba} = {7,9}, (3): {bo,b1} = {8,9}.

Clearly, we have Ay, (b, b1) > 1, as 6y > to. For the case (1), we have n(3 — §) > 4

as b|n and 9|n. For the cases (2) and (3), n has at least three different prime divisors.

Therefore, we always have n(% —3) = 3. By Lemma 6.(i),

m+n m+n mdn

bo’ bo by’ by by by

As by < 3% and oy (b) < 3%, (13) follows. This completes the proof. O

The following proposition is an easy consequence of Theorem 3.
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Proposition 10. Let G and H be abelian groups of order n, then we have
IM(G,n)| = [M(H,n)| < G = H,
or equivalently
P(G)=P(H)<= G=H.

Proof. It is easy to see that, (3) holds if and only if for all primes p|(|G|,|H|), either
Syl,(G) = Syl,(H), or Syl,(G) and Syl,(H) are both cyclic. As |G| = |H| = n and
IM(G,n)| = [M(H,n)|, by Theorem 3 and the above discussion, we have Syl,(G) =
Syl,(H) for all primes p|n, which implies that G = H. O

Note that Proposition 10 is a special case of Theorem 1. Now, we finish the proof of
Theorem 1.

Proof of Theorem 1. By Proposition 10, it suffices to consider the case when G and H
have different orders. Without loss of generality, we may assume that |G| =n > m = |H|.
Recall the counting formulas

MGl = o 3 eat) (27
dln

and
1 2m/d
IM(H, m) :%%m@(m/d).

Let p be the smallest prime divisor of m. It is easy to see that

IM(G,n)| > i<2”>

2n\n

() o) e

Therefore, it suffices to prove

ailn) >3 () oG a

By routine calculation (note that n > m and p > 2), it can be verified that

%(an— 1) >ﬁ<2;:> (15)

% (2nn_ 1) > %(2::/]’). (16)
/p

By (15) and (16), we obtain (14) and the desired result follows. O

and, by Lemma 5,

and
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Now, we answer Problem 4 by proving the following result.

Proposition 11. Let G be a finite abelian group of order n and C,, a cyclic group of
order n. Then for any integer m > 2, we have

IM(G,m)| = [M(Cp, m)],

where the equality holds if and only if either (n,m) = 1 or for all primes p|(n,m), Syl (G)
1s cyclic.

Proof. Note that

and

If either (n,m) = 1 or for all primes p|(n,m), Syl,(G) is cyclic, then clearly we have
IM(G,m)| = [M(Cy,m)].

Assume that (n,m) > 1 and that there exists a prime p|(n,m) such that Syl (G) is
not cyclic. We shall prove that

IM(G, m)| > [M(Cy, m)]. (17)
Let
a = min{p | Syl,(G) is not cyclic for prime p|(m,n)},
and
b=min{d | pc(d) < ¢c,(d) for d|(m,n)}.

Note that pg(a') < ¢c, (a*) for some ¢ > 2. Clearly, we have a < b. We denote

o &0, ={eeN | pale) < po,(e) and e|(m,n)};

o F:={eeN | vale) > ¢c, (e), e > a, and e|(m,n)};

m—+n

o S5 i=Leer (vale) = pu(€)) (')
It is clear that Sz > 0. Therefore, we have
(m +n) (IM(G, m)| — IM(Cy,,m)|)

= Y el @) (1)

_ <L;Z<)> ) (2 ) + ; # 3 (o)~ () (Z)
= (ol ~veufo (1'5) + 57 - 3 eld) —pole) (2
> a5) + 8- 3 (ele) - pole) ()
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where the last inequality follows from Lemma 8.
Therefore, in order to prove (17), it suffices to show that

(Z—) 15> Y (o0 —¢G<e>>(;”7+;). (1s)

a’ e€ley, e’

As b is a prime power by Lemma 7, we may assume that b = ¢° for some prime ¢ and
s = 2.

Assume that a < b < 2a. In this case, we have ¢° ! = £ < %‘1 < a, which contradicts
the definition of a. Therefore, it suffices to consider the case b > 2a. In this case, by
Lemma 5, we have

() = n(50) = 3 w0 ) = X a0 - wolo) ()

b b ec&q,, b b ecéc,

and (18) follows immediately. This completes the proof. O

4 General case

In this section, we discuss Theorem 3 from the viewpoint of invariant theory and consider
an extension of Theorem 3 to finite groups (not necessarily abelian). Let G be a finite
group and p : G — GL(V) be a finite dimensional linear representation of G over C. Let
C[V] denote the graded algebra of polynomial functions on V. We can regard C[V] as the
symmetric algebra on V*, the dual space of V. Equivalently, if z1,..., 2, € V* is a basis,
then C[V] is just the polynomial ring C[zy, ..., z,], whose elements are the homogeneous
polynomials in the linear forms 2y, ..., 2, with coefficient in C. The action of G on V'
(through the representation p) naturally induces a right action of G on V* as follows:

29 (v) = (g - v) = 2(p(g)v).

Moreover, this action can be naturally extended to an action on C[V]. The central topic
of invariant theory is to study the algebra of polynomial invariants which is defined as
follows:

CIVI ={f eC[V]| f¢=f, forall g€ G}.

Recall that C[V]¢ is finitely generated and that C[V]“ is a graded C-algebra; see [27]. We
denote by dim C[V]¢ the dimension of the m-th component of C[V]“ as a vector space
over C. In particular, if G is a finite abelian group and V' is the regular representation of
G over C, then for any positive integer m we have

dim C[V]S = |M(G,m)]

(see [21, Section 3] for a discussion). Now, we can restate Theorem 3 in terms of invariant
theory as follows.
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Theorem 12. Let G and H be two finite abelian groups. Let V' (resp. V') be the reqular
representation of G (resp. H). Then we have

dim C[V]{7; = dim C[V']{§,

if and only if pc(d) = ¢nu(d) for any d|(|G], |H]).

For any finite group G of order n and its regular representation V' over C, Almkvist
and Fossum [1, Section V 1.8] proved that

_ 1 n/d+m/d
dim C[V]¢ = va(d) ; (19)
nm d|(n;n) ’ < n/d )

where ¢¢(d) is the number of elements in G of order d. Note that (19) has the same form
as (2). Consequently, for any finite group H and its regular representation V' over C, if
(3) holds, then we have

dim C[V]{7; = dim C[V']{%,. (20)

Based on this observation and Theorem 3, it is natural to consider whether (3) is a
necessary condition for the reciprocity (20) to hold. In fact, we prove some positive
results on this problem.

Theorem 13. Let G and H be two finite groups. Let V' (resp. V') be the regular repre-
sentation of G (resp. H). Assume that one of the following holds:

1. G = Dy, is the dihedral group of order 2p, where p = 5 is a prime;
2. |H| = |GJ? and |G| does not contain two divisors dy,dy > 1 with dy — dy = 1.

Then we have
dim C[V]{j; = dim C[V']{§,

if and only if oc(d) = ¢nu(d) for any d|(|G], |H]).

Proof. (1) Firstly, we assume that
G=Dy=(ry|a®=1=y" ayr=y")

is the dihedral group of order 2p, where p > 5 is a prime.

It suffices to prove that if dim C[V]ﬁﬂ = dim C[V’]fé‘, then we have pg(d) = pu(d)
holds for any d|(|G|, |H|). As |G| = 2p, d|(|G],|H]) if and only if d € {1,2,p,2p}. The
desired result follows easily if (|G|, |H|) € {1,2,p}. Therefore, it suffices to consider the
case (|G|, |H|) = 2p, i.e., 2p|m.

Note that o (p) = ¢c(p) = p— 1, and ¢u(2p) = ¢c(2p) = 0. If pu(2) > ¢c(2), by
the formula (19), we have the desired result. Now, suppose that ¢ (2) < pc(2) = p. Let
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|H| = m = 2{p where ¢ € N. In this case, we have
(m 4+ 2p)(dim C[V]|GH| — dim CW’]\%Q

= S (veld) — (@) (m)

d|2p ard
m+2p m+2p m+2p
> (e - on@) () —ou)( 75, ) — eun) ()
2072 P p 2p° 2p
> () —era) = (7)) ()
272 p’p
Moreover, as p > 5, we have
p+p L lp+i L lp+i
( ) = [[——=o]]—
p i1 ! i—2 !
p 4
(¢+1) 20+ 2
> /! (+1) > > .
pil_!( +1)2m—; ml

Therefore, we obtain dim (C[V]ﬁ;,| > dim C[V’ ]fé‘, a contradiction.

(2) Secondly, we assume that |H| > |G|* and |G| does not contain two divisors dy, dy >
1 with d; — dy = 1. As before, it suffices to prove that if dim C[V]|GH‘ = dim C[V’]fa,
then we have pg(d) = pu(d) holds for any d|(|G|,|H|). Assume to the contrary that
va(d) # pr(d) for some d|(|G|, |H|). Let |G| =n and |H| = m.
Let
a =min{d | pg(d) # ¢u(d) for d|(n,m)}.

Case 1: Assume that pg(a) < pg(a). If pa(d) < pg(d) holds for any d|(n,m), then
the desired result follows. Therefore, we assume that ¢g(d) > @g(d) holds for some
d|(n,m) and let

b=min{d | g(d) > pu(d) for d|(n,m)}.

Clearly, we have a < b. Now, we show that

(o) = 2@ 4% ) > (Z soG(e)) (Z) 1)

a’ a

In fact, (21) follows from the following stronger result

ntm ntm
(nam) > n(n bm)‘ (22>
a’a b b

In order to prove (22), by Lemma 5.(i), we only need to prove that
m an. 1

(1+ E)"(%—%)(l + ga)m(a_z) > n. (23)
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It is easy to see that, as 2 — 2 > 1 and m > n?,

MynG=3)(1 4+ 2ymG-5) m

(1+n) b(1+bm) v>14+ >,

and therefore (22) follows. By (21) and the formula (19), it is easy to see that
dim (C[V"]‘I({}| > dim C[V]ﬁq‘, a contradiction.

Case 2: Assume that pg(a) > vp(a). If pe(d) > ¢up(d) holds for any d|(n,m),
then the desired result follows. Therefore, we assume that pg(d) < ¢p(d) holds for some
d|(n,m) and let

b =min{d | pc(d) < pu(d) for d|(n,m)}.

Clearly, we have a < b. Similar to the above case, we show that

(vo(o) = en(a) 4% ) > (Z ¢H<e>> (_Z) (24)

a’ a

In fact, (24) follows from the following stronger result

ntm ntm
(nam> >m(n bm)' (25>
a’a b b

In order to prove (25), by Lemma 5.(i), we only need to prove that
m
(L+Ew%%x1+—gwﬁ—%>nk (26)

Note that, as n does not contain two divisors dy,ds > 1 with d; — dy = 1, we have

n(% — %) > 2. Since m > n?, we have that

mA\ME—1%) m 2 m  m?
@+—> >O+—):HQ—+7>m,
n n n n

as desired. By (24) and the formula (19), it is easy to see that dim (C[V]‘GHI > dim C[V/]I%I’
a contradiction. This completes the proof.

5 Further discussions

Let D(G) be the number of formally different monomials occurring in det(Mg). Due
to possible cancellations, we have D(G) < P(G). It is natural to consider an analog of
Theorem 1 for D(G) (note that, such a result, if it is correct, is stronger than the result
of Formanek and Sibley). Unlike P(G), there is no explicit formula for D(G). When G
is cyclic, using ideas from symmetric functions and number theory, it was proved that
D(G) = P(G) if and only if |G| is a prime power; see [2, 33]. For general abelian groups,
it is still unknown whether there exists a similar relation between D(G) and P(G); see
[11, Problem 1].
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We have discussed several characterization results for finite groups in terms of the
permanent or the determinant of M. Note that, for an n x n matrix M = (m;;)1<i j<n,
the permanent and the determinant are just special cases of the immanant

immy(M) = Z XA(T) Hmiﬂ'(i)’
i=1

TGSn

where x, is an irreducible character of S, indexed by the partition A of n [24, Chapter
VI] (the determinant and the permanent are the immanants corresponding to the sign
character and the trivial character, respectively). Immanants appeared naturally and are
very important in algebraic combinatorics [17, 18, 31, 32]. It would be interesting to see
if there are some other immanents characterize the finite groups.

This paper provides some results on zero-sum sequences over finite abelian groups
and polynomial invariants of finite groups. Recently, the relationship between zero-sum
theory (also factorization theory) and invariant theory is getting closer; see [3, 4, 6, 20]
for some recent studies. Based on Theorems 3, 12, and 13, it is natural to propose the
following conjecture.

Conjecture 14. Let G and H be finite groups. Let V (resp. V') be the regular repre-
sentation of G (resp. H). Then we have

dim C[V]{; = dim C[V']{,

if and only if p(d) = ¢u(d) for any d|(|G], |H]).
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