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Abstract

The Turdn number of a graph H, denoted by ex(n, H), is the maximum number
of edges in an n-vertex graph that does not contain H as a subgraph. For a vertex
v and a multi-set F of graphs, the suspension F + v of F is the graph obtained
by connecting the vertex v to all vertices of F' for each F' € F. For two integers
k > 1and r > 2, let H; be a graph containing a critical edge with chromatic
number r for any i € {1,...,k}, and let H = {H;,..., Hr} 4+ v. In this paper, we
determine ex(n, H) and characterize all the extremal graphs for sufficiently large n.
This generalizes a result of Chen, Gould, Pfender and Wei on intersecting cliques.

Mathematics Subject Classifications: 05C35

1 Introduction

Given a graph H, a graph G is called H-free if it contains no copy of H as a subgraph.
The Turdn number ex(n, H) of H is the maximum number of edges in an H-free graph
on n vertices. Determining ex(n, H) is one of most important problems in extremal graph
theory and the Turdn graph plays a key role. For two integers n and r with n > r > 2,
the Turan graph 7,.(n) is an n-vertex complete r-partite graph with parts of size [n/r] or
|n/r]|. Let t,.(n) denote the number of edges in T,.(n). The classical Turdn’s theorem [17]
shows that ex(n, K,41) = t.(n) = (1 -1 +0(1))(}) and the only extremal graph is T} (n).

Let x(H) denote the chromatic number of H. If there is an edge e of H such that x(H —

e) = x(H) — 1, then we say that H is edge-critical and e is a critical edge. The celebrated

Erdés-Stone-Simonovits Theorem [6, 7] states that ex(n, H) = (1 - m + 0(1)) (5)-

For an edge-critical graph H with x(H) = r+ 1, Simonovits [16] proved that 7,.(n) is also
the unique extremal graph for sufficiently large n.
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Theorem 1 (Simonovits [16]). Let H be an edge-critical graph with x(H) =r + 1 > 3.
Then there ezists some ng such that ex(n, H) = t.(n) for all n > ngy, and the unique
extremal graph is T.(n).

Although the Turdn numbers of non-bipartite graphs are asymptotically determined
by Erdos-Stone-Simonovits theorem, it is still a challenge to determine the exact Turan
numbers for many non-bipartite graphs. There are only a few graphs whose Turan num-
bers are determined exactly, including edge-critical graphs and some other specific graphs
(e.g. see [8, 10, 12, 13, 19, 20, 21, 22]). Among all the existing results, the Turdn num-
ber of the graph consisting of some specific graphs that intersect in exactly one common
vertex is widely studied (e.g. see [4, 9, 14, 11, 18]).

In this paper, we mainly consider edge-critical graphs intersecting in a special vertex.
For a vertex v and a multi-set F of graphs, the suspension F + v of F is the graph
obtained by connecting the vertex v to all vertices of F' for each F' € F. If F = {F'}, then
we simply write '+ v instead of F + v. We call the vertex v the center vertex of F + v.
If F is a multi-set consisting of k copies of K,_ i, then the graph F + v is known as a
(k,7)-fan, denoted by Fy,. Erdds, Firedi, Gould and Gunderson [5] first considered the
Turdn number of Fj, 3 (also known as the friendship graph), and established the following
result.

Theorem 2 (Erdés, Fiiredi, Gould and Gunderson [5]). For every k > 1, and for every
n > 50k2,

ex(n, Fr3) = | — :
x(n, Fi.z3) { K2 —3k ifk is even.

nZJ {k?—k if k is odd,
7|t

For general r, Chen, Gould, Pfender and Wei [2] determined ex(n, F},,) for sufficiently
large n.

Theorem 3 (Chen, Gould, Pfender and Wei [2]). For every k > 1 and r > 2, and for
every n > 16k3r8,

k> —k  ifk is odd,

k* — 3k if k is even.

ex(n, Fy) = tr—1(n) + {

We further extend this result and determine ex(n, H) for H := F +v, where F consists
of k edge-critical graphs Hy, Ho, ..., Hy with x(H;) = r for each 1 <i < k. Let G, be
a family of graphs, each of which is obtained from Turén graph 7,(n) by embedding two
vertex disjoint copies of K} in one partite set if k is odd and embedding a graph with
2k — 1 vertices, k* — 3k /2 edges with maximum degree k — 1 in one partite set if k is even.
Our main result is as follows.

Theorem 4. Suppose that k > 1 and r > 2 are integers. Let H; be an edge-critical graph
with x(H;) = r for each i € {1,...,k}, and let H := {Hy, Hy,--+ , Hy} +v. Then, for
sufficiently large n,

k> —k  if ks odd,

k? — 3k if k is even.

ex(n, H) = t.(n) + {
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Moreover, the G, i, s the family of extremal graphs for H.

This paper is organized as follows. In the remainder of this section, we describe
notations and terminologies used in our proofs. In Section 2, we make a reduction of
Theorem 4, and prove it assuming Theorem 8. We prove Theorem 8 in Section 3.

Natation. Let G be a graph. We use e(G), 6(G) and A(G) to denote the number
of edges, minimum degree and maximum degree in G, respectively. For S;T C V(G),
we use G[S] denote the graph induced by S. For v € V(G), let Ng(v) denote the set
of vertices in S adjacent to v and dg(v) = |Ng(v)|. Let Ng(T) = (\,er Ns(v). Let
V—-S={veV:v¢S} In particular, if S = V(G), then we substitute Ng(v) and
da(v) for Nyq)(v) and dy(g)(v), respectively. A matching in G is a set of edges from
E(G), no two of which share a common vertex. The matching number of G, denoted by
v(G), is the maximum number of edges in a matching in G. An r-partition of G is a
partition of V(@) into r pairwise disjoint nonempty subsets Vi, V5, ..., V,. For an integer
t,let [t] ={1,2,...,t}.

2 Reduction to H-free graphs with large minimum degree

In this section, we make a reduction in preparation for the proof of Theorem 4. We first
introduce a function related to the number of edges in a graph with bounded matching
number and maximum degree. Let G be a graph with its matching number v(G) and
maximum degree A(G). Define

f(r,A) =max{e(G) |v(G) < v,A(G) < A}.
Abbott, Hanson and Sauer [1] studied this function for v = A = k — 1, and proved that

k> —k  if kis odd,
k% — %k if k is even.

f(k—l,k—l)—{

The extremal graphs are graphs with 2k — 1 vertices, k* — 3k/2 edges with maximum
degree k — 1 if k is even, or two vertex disjoint copies of Ky if k is odd. For general v and
A, Chvétal and Hanson [3] established the following theorem.

Theorem 5 (Chviatal and Hanson [3]). For every v > 1 and A > 1,

F(r, A) = vA + EJ LﬁJ <vA+ v, (1)

Definition 6 (Good partition). For two integers k,r > 2, call a partition Vi, Vs, ..., V.
of G k-good, if the following properties hold for each i € [r]:

() AGV]) <k -1,
(i) 2 jeppqa Y(GIVi]) <k —1, and
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(ili) dv;(w) + 3 ep g ¥ (GINa(w) N Vi]) < k —1 for each u € V.

Chen, Gould, Pfender and Wei [2] characterised the properties of a k-good partition
of graphs by showing the following lemma.

Lemma 7 (Chen, Gould, Pfender and Wei [2]). Suppose that G has a k-good parti-
tion Vi, Vo, ..., V.. Let G' be the minimal induced subgraph of G such that e(G') —
Y icicir [ViV]| is mazimal, where V' =V(G') N'V; for each i € [r]. Then the following
properties hold:

(1) e(G) = Xicicjer VIV < flR =1 k= 1);

(ii) For each i € [r] and x € V!, we have 0 < dg/(x) — |V(G)N\V/] < k-1 —

> e V(G VD
(ifi) If (G[V}]) = 2 for each i € [r], then e(G) — 3y ieser VIV < flk = 1,k = 1).

Now, we begin with a reduction of our main theorem via the existence of a k-good
partition, and prove Theorem 4 assuming Theorem 8. We leave the proof of Theorem 8
in the next section.

Theorem 8. For two integers k,r > 2, let H; be an edge-critical graph with x(H;) = r for
each i € [k], and let H := {Hy, Hs,...,Hy} +u. If G is an H-free graph with n vertices
and 0(G) > %n — k, then G contains a k-good partition for sufficiently large n.

Proof of Theorem 4 given Theorem 8. Let G, 1., be the family of graphs defined in
Section 1. We first show that G is H-free for each G € G, x,. Otherwise, we consider
an embedding of H with the center vertex v into G. Without loss of generality, we may
assume that e(G[V1]) = f(k—1,k—1). Note that E(H;+v)NE(G[V1]) # 0 for each j € [k]
in view of x(H;) = r. It follows that v ¢ V} as A(G[V1]) < k by the construction of G,, k.
Suppose that v € V for some s € [r]\ {1}. In this situation, we have E(H;+v)NE(G[V;])
are pairwise disjoint for any j € [k]. This means that v(G[V1]) > k, a contradiction. Thus,
G is H-free and e(G) = t.(n) + f(k — 1,k — 1), implying the lower bound.

In what follows, we prove that e¢(G) < t.(n) + f(k — 1,k — 1) for any H-free graph
G on n vertices. We first show that this is true if 6(G) > ’”:—171 — k. By Theorem 8 and
Lemma 7, there is a k-good partition Vi, V5, ..., V, of G such that

e(G)< D VillVil + flk =1k —=1) <t (n) + f(k— 1k —1),

1<i<j<r

as desired. Next, we aim to deal with small vertices. For a graph F and f € V/(F),
we say f is a small vertez of F if d(f) < 2|V (F)| — k. We first delete a small vertex
in GG. As long as there is a small vertex in the resulting graph, we delete it. We keep
doing this until the remaining graph G* (G* maybe empty) has no small vertices. If
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n* = |V(G*)| < \/kn/4, then
e(G) <e(G)+ > (Tzli—k)

i=n*+1
<k_n+r—1(n+ kn/4)(n — \/kn/4) . kn L
8 r 2 4
r—1n(n—1)
< t'f‘ )
. 5 (n)

as required. Thus, we may assume that n* is sufficiently large and §(G*) > TT’ln* — k.
This implies that e(G*) < t.(n*) + f(k— 1,k — 1) as G* is also H-free. It follows that

e(G) < e(G*) + i (r;1¢ . k)

i=n*+1

n

<t fE-1h-1D)+ Y (T_li—k)

. r
i=n*+1

<to(n)+ flk—1,k—1), (2)

where the last inequality holds as ¢,(s — 1) + ==%(s — 1) < t,(s). Thus, e(G) < t.(n) +
f(k—1,k—1).
Now, we prove the uniqueness of the extremal graph. Let G be an H-free graph with

e(G) = t,(n) + f(k — 1,k — 1). (3)

Then 6(G) > “*n — k by the above argument. It follows from Theorem 8 that G has
a k-good partition Vi, V5, ... V.. By Lemma 7, there exists a minimal induced subgraph
G’ of G such that

e(G)— > WVilVil<e@) = > IVIIV/I< f(k—1Lk—1). (4)

1<i<j<r 1<i<j<r

Without loss of generality, suppose that |[V/| > 0 for 1 <i < s and |V/| =0 for s + 1 <
i <. Then, for each i € [s] and z € V/

0 <de(a) = [V(GNV/[ <k =1 " v(G'V])),
J€lsI\{i}
implying that v(G'[V]]) 2 1 and >, iy ¥(G'[V]]) <k —2. In addition, by (3) and (4),
we have

T S

> e(GVi) =Y e(G' V) = flk—1,k—1). (5)

i=1 i=1
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Case 1. 3 et ioy Y(G'[V]]) = 0 for some i € [s]. This implies that V; = for each
g € [r]\ {io} and G" = G[V]]. Thus, e(G[Vy]) = e(G") = f(k — 1,k —1). It follows from
(5), the definition of good partition and the result of Abbott, Hanson and Sauer [1] that
G=Ghir € Gnr-

Case 2. 1 < D iy Y(G'[V]]) < k — 2 for each i € [s]. Clearly, there exists an
io € [r] such that v(G'[V]!]) = 1; otherwise, we get a contradiction by Lemma 7 (iii) and
(4). Without loss of generality, suppose that v(G’[V]]) = 1. Then, we have

S

DAV < Yo FWG V) k=1 + f(LE—1)

i=1 2<i<s

N

/ (Z V(G V). k 1) - FLk—1)
2<i<s
< flk—2k—1)+ f(1,k—1)

where the last inequality is strictly true for k£ > 5. This leads to a contradiction in view
of (5). It remains to consider the situation for k£ < 4.

If £ =3, then s = 2 and G[V]| = G[V3] = K;. This together with (5) yields that G
is a graph formed by the complete r-partite graph with classes Vi, ..., V, embedding two
triangles x1y; 21 and zoy225 in V] and Vs, respectively. Recall that Vi, Vs, ..., V. is a k-good
partition of G. But dgpj(21) + v (G[ Ny, (21)]) = 3 > k — 1, a contradiction to Definition
6 (iil). If £ =4, then G[V]] = Ky 3 and >, , v(G[V3]) = 2. As the same argument of the
case k = 3, we can find a vertex « € V; such that dgpsj(2)+> 0, v (G[Ny, (2)]) =5 > k—1,
a contradiction to Definition 6 (iii). Thus, we complete the proof of Theorem 4. O

3 H-free graphs with large minimum degree

In this section, we give a proof of Theorem 8. We first present the following useful lemmas
given by Roberts and Scott [15].

Lemma 9 (Roberts and Scott [15]). Let F' be a graph with a critical edge and x(F) =
r+12>3, and let f(n) = o(n?) be a function. If G is an F-free graph with n vertices and
e(G) = t.(n) — f(n), then G can be made r-partite by deleting O(n=' f(n)>/?) edges.

Lemma 10 (Roberts and Scott [15]). Let r > 2 and t > 1 be integers. Suppose that the
graph G C T,.(rn) is T,(rt)-free. Then e(G) < t.(rn) —n?/2 for sufficiently large n.

We also need another easy lemma about edge-critical graphs.

Lemma 11. Let G be an edge-critical graph with x(G) =r > 2, and let G* = G +u. If
vy s a critical edge of G, then both uvy and uvy are critical edges of G*.
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Proof. By symmetry, it suffices to show that wv; is a critical edge of G*. Since x(G) =r
and vyvy is a critical edge of G, there is a partition (V1,...,V,) of G such that V; is an
independent set of G for each ¢ € [r — 1] and V;, = {v;}. Let G’ be the graph obtained
from G* by deleting the edge uwv,. Clearly, (V4,...,V,_1,V, U{u}) is an r-coloring of G'.
This means that uv; is a critical edge of G* in view of x(G*) =r + 1. O

Now, we are in a position to prove Theorem 8.

Proof of Theorem 8. Suppose that H; is an edge-critical graph with a critical edge
ujv; and x(H;) = r for each j € [k]. Let H := (Hy, Hy, ..., Hy) +u and Hf = H; + u for
j € [k]. By Lemma 11, we have uv; is a critical edge of H}. Then, by Theorem 1, there
exists a constant p; (or p;) such that Hj can be embedded in T, ((r — 1)p;) + e with
ujv; = e (or HY can be embedded in T;(rp}) + e with uv; = e) for each j € [k], where e
is any edge inside a vertex class of T,_1((r — 1)p;) (or T,.(rpj)).

Let G be an H-free graph with maximum number of edges. This means that G + e
contains a copy of H for any e ¢ E(G). It follows that G contains a subgraph D which
is a copy of H — ey for some ey € H. Without loss of generality, we may assume that
ep € H} and vy is the center vertex of D. Let D’ denote the subgraph which is a copy
of (Hy,...,Hy-1) + u in D with the center vertex vy. Note that 6(G) > “tn — k. Let
¢ =1V (D")|. Choose a subset S C Ng(vg) — V(D') such that

r—1

|S| = n—k—¢. (6)
Clearly, G[S] is Hy-free as G is H-free. We show that G[S] is close to T,_1(|S]). Note
that

r—2

5(G[S]) 2 0(G) = (n—|S]) =
This implies that

n—2k—£:|S|—§—k. (7)

[SI(SI =2 k) _Isl(s|+1) _ [SI(Z+k+1)
e(G[S]) = 5 Z 5 - 5
r—2|S|(1S|+1) (k+l—-1)+(r—1)(k+1)

Tr-1 2 2(r —1) 151

For simplicity, let Cy, = (k%_l%z;(jz)l)(kﬂ). Since (1 — :ﬂ)m > t,-1(]S]), we have

e(G[S]) = tr-1(|S]) — CrulSI. (8)
For a partition (51, S, ..., S,—1) of G[S], we define an (r — 1)-partite graph
GS[Sl,SQ, .. ~,Sr—1] = (S, {Uz‘Ui/ S E(G) s € Sjvp € 8,1 < < i <r— 1})

Now we partition S into (S, Ss,...,S,—1) such that e(Gg[S1, S2, ..., S,—1]) is maximum.
By Lemma 9, for some constant ¢

> e(G[Si]) < e8]V < en . (9)

1<i<r—1
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This together with (8) implies that
n n
sil-2| <al 10
151 - 2| < e (10)

for some €, € (0,107°%). Fix i € [r — 1]. For z; € S; and ¢’ € [r — 1] with ¢ # i, we have

r—3

11
ds, (x:) 2 0(GIS])— > [Syl—en> > —n—2k—(—

ein—cn? > (1—52)E (11)
r
ae[r—1\{2,¢'}

for some g5 € (261,107°).

Now, we show that F(G[S;]) is empty for each i € [r — 1]. Suppose that there exists
an edge wv € E(G[S]). Pick By C (S1 — {u,v}) with |B;| = =. By (10) and (11), we
have N n

[Ns, (u) W N5, ()] 2 (1= 2(er +e2)) - > o
for each 2 <4 < r — 1. We can pick a subset B; C (Ng,(u) N Ng,(v)) with |B;| = 3= for
each 2 < i <r—1 Let B =i,y Bi- Recall that G[S] is Hy-free. It follows from
Theorem 1 that Gg [By, B, ..., B,_1] is T,_1((r — 1)pg)-free for some constant p; > 0.

By Lemma 10, we have

(r—1)n n?
Bi,By,....B,4]) <t | ——— | — —.
e(Gp[B1, By, ..., Br1]) 1 ( o 32

implying that there are at least % edges missing between vertex classes .S; for i € [r— 1].
This together with (9) shows that

n?

e(GLS]) < tr-a(|S]) +en® — =,

a contradiction to (8). Therefore E(G[S;]) = 0 for each i € [r — 1].
Since e(G][S;]) = 0, we can further improve |S;| for each i € [r — 1] by showing that

S <151 = 5(GIS) < = +k (12)
in view of (6) and (7). This further implies that
n
Sil =1S1— > ISy > —h(r—1)—¢ (13)
i"efr—1)\{i}

Moreover, for x € S; and i’ € [r — 1] \ {¢}, it follows from (7) and (12) that

n
ds,(r) 2 0(GIS) = D>, IS = ——k(r—1)—L (14)
gelr—1\{i')

Recall that D" denote the subgraph which is a copy of (Hy,..., Hx_1) + u in D. We
consider the vertices not in SUV(D'). Let Sy = V(G) — S — V(D'). Then

|So|:n—€—|S|:;+k. (15)
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For z; € S; with i € [r — 1], by §(G) > (r—l/r)n—k;

dsy(z;) = dg(x;) — (|[SUV(D)| = |Si]) =2 |Si| = — —k(r — 1) — £ =|So| — kr — €. (16)
Let
a=kr+/¢, p*:pr, (17)
1€[k]
and

={x € Sy :ds,(x) =2 p*(r —1)a+k}.
Claim 12. |S§| < a(r — 1).

Proof. Suppose that |S§| > a(r — 1) + 1. For each ¢ € [r — 1], let

Si = {v €Sk dg,(v) = 15l }

a+1
Notice that dg,(z;) = |So|—a for x; € S; by (16) and (17). In other words, there are at most
a vertices in Sy are not adjacent to x;. If X C S5 with |X|=a+1, then S; C J,.x N(x)
for i € [r —1]. This implies that [Sj| > |Sg| —a. Thus, |,y Sg’ > |S§l—a(r—1) > 1.
We can choose a vertex v € S§ such that for each i € [r — 1]
5]
a+1

In the following, we aim to find a copy of H with a center vertex v.
For i # 4" € [r — 1] and x € S;, recall that ds,(v) = n/r —k(r —1) — £ > |S;| —a by
(12), (14) and (17). This together with (18) shows that

dSi (U) =

(18)

|53l
a+1

where Y C § — S; and |Y| = Cy is a constant. For sufficiently large n, by (19), we can
pick Yll C Ng, (U) with ’Y11 = pi, Y;l C Ng, (U) N (mi/e[i—l] NSl(Y;’l)) satisfying ‘Y;l’ =pn
successively for 2 < ¢ < r — 1. Note that the size of |Y;!| is to ensure that H; can be

N, (Y U{v}) = Ns,(v) —alY] >

(19)

embedded in Gyluyoj g, Y4, ..., Y.L ] 4 vy Fix 4, we choose
S [Nsn| () NsOYD | |- () ¥
ireli-1] jeli-1]

satisfying |Y/| = pj successively for 2 < j < k. For j € [k], let Y; = ;) Y/. Then
Y| = (r — 1)p;. Now, we find a copy of H} in G[Y; U S]. It follows from (16) that
[N (¥;) N Ny (0)] = [Ny (0)] = > ([So] — g (1))
u€eY;
pr(r — )a+k—p§(r—1)a
(p* —pj)(r — 1Da+ k.

VoV
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Thus, for j € [k], we can pick z; € N (Y;)NNg,(v) such that 1, xs, ...,z are pairwise
distinct. Again by (16), for j € [k], we have

* n *
[N, (Y5)] = [Sol _pj(r —a= - +k_pj(7" —1a.

This means that we can pick Yj' C Ng, (Y1) — {v, 21,22, ..., 21}, with |Yg'| = pt, and pick

}/E)JQNS(J(}/;)_ U ijU{U,xl,xg,...7$k}

j'eli—1]

with |YO]| = pj for j =2,3,..., k successively.
For j € [k], we have chosen x; € Ng,(v) and subsets Y;, Yj. It is easy to see that
G[Y; UY{] contains a copy of T,(rp;). This together with the choice of the edge va; and

Theorem 1 shows that H} = H; 4 u can be embedded in Gy, Y7, Y7, ... Y ] 4 vx;
such that u = v. Thus, we can get a copy of H in (G, a contradiction. O

Now, we consider the vertices in Sy with small degree in G[Sy]. Let Zy = Sy — S§,
Zi=S;forie[r—1land Z =Z,UZyU---UZ,._;. It follows from Claim 12 that

=k =150l > 1Zo] > |So| = alr = 1) > =+ k —a(r - 1). (20)

By (12), (13) and (17), we have

Sk |Z] =182 T —a+k (21)
for ¢ € [r — 1], and then
r—1
V(G) = 2| < [V(G) = | Si| +a(r—1) < +a(r—1). (22)
=0

Recall that 6(G) > “tn — k and dg,(z) < p*(r — 1)a+ k — 1 for € Z,. This together
with (21) and (22) shows that for x € Zy and i € [r — 1],

dz,(z) > da(z) — [V(G) = Z| —dg,(x) = > |Zy|
i'elr—1]\{}

2rzln—k‘—ﬁ—a(r—l)—(p*(r—l)a—f—k—l)—(r—Z) <;+k:>
>~ — (" + D=1+ Da—p'(r— Dk
2;—2((p*+1)(7"—1)+1)a. (23)

For every i € [r — 1] and every x € Z;, by Claim 12 and (16), we have

dy, (1) > ds,(z) — |S5| > ; —a+k—alr—1)= ; —ar+ k. (24)
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Claim 13. For every x € V(G) — Z, there exists an i = i(x) such that dz,(z) < k.
Moreover, such an i is unique.

Proof. Suppose that there exists a vertex v € V(G) — Z such that dz,(v) > k for each
i € {0} U[r —1]. Let dz (v) = min{dz,(v) : 0 <i<r—1} for somei € {0} U[r —1]. In
the following, we consider the case =0 (for other cases, i.e., i € [r — 1], we can derive

a similar conclusion through analogous reasoning). By the pigeonhole principle, we have
dz,(v) < dg(v)/r. Thus, for i € [r — 1], we have

dz,(v) 2 da(v) = |V(G) = Z| = dgy(v) = ) dg,(v)

irelr—1\{}
> do(o) = ((+a(r—1) = €Y _ 57,
r
irelr—1\{i}
r—1 r—2 n
> . dg(v) — . n—aTEﬁ. (25)

Now, we construct k r-partite graphs. Recall that | Nz, (v)| > k. We can pick k distinct

vertices 21, g, ..., 2) in Nz, (v) and choose k pairwise disjoint subsets Y, Y2, ..., Y in
Zy — {x1, 29, ..., xp} with |Y{| = & for j € [k]. By (21), (23) and (25), we have
n
[Nz, (v) OV Nz, (25)] 2 dz,(v) = (12| = dz.(2)) = 5 (26)
For i € [r — 1], we can choose k pairwise disjoint V;!, Y2, ..., Y/ such that Y/ C
Nz, (v) N Nz(z;) and |Y/| = ;% for j € [k]. This is possible, since we can choose

Y}! € Ny (v) N Ny (x1). Suppose that Y;!,...,Y? ! have been chosen. Due to (26), we
choose
Y/ C (Nz () n Nz @)\ | Y
jeli’'=1
Let Y7 = |J/Z, Y/ for j € [k]. Then, we obtain k r-partite graphs Gy,[Yy,Y{,..., Y7 .
Since G is H-free, there exists jo € [k] such that Gy, [Y{°, Y7, ..., Y7 ]is T,.(rp;,)-free
by Theorem 1. Thus, by Lemma 10, we have

2

G(Gyjo D/(]]Oa Yljoa s aYrjgl]) < tT <4]{3T> B 32k2r4 ’

This means that

n2

C32k2pt (27)

€ (GZU{U} [ZO U {U}, Zl, ey Z,«_l]) < tr(n)
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On the other hand, by (14), (21) and (24), we have
€ (GZU{U} [Zo U {U}, 21y, Zr—l]) Ze (Gz [ZO, 21y, Zr—l])

~ S dn@+ Y Y ds @)
€S

=1 i<i/<r—1
:EGS,L-/

> (; - ar) §2|S,| =t (n) — 2a(r+1) - k>n>

T

\

a contradiction to (27).

Now, we prove the uniqueness of i = i(z) for x € V(G) — Z. Suppose that there exists
€ V(G) = Z and 4,7 € {0} U[r — 1] such that both dz, (z) and dgz, (z) are less than k.
This means Z;, U Z;, has at least |Z;, | + |Zi,| — 2k + 2 vertices that are not adjacent to .
Thus dg(x) < n—(|Z;,| + | Zi,| — 2k) < (1—1/r)n—k in view of (21), a contradiction. [J

By Claim 13, for each z € V(G) — Z, there is a unique i = i(x) such that dz, (z) < k.
We can put « in Z;(,y. Then, we get an r-partition (Vo, Vi,...,V,—1) of G with Z; C V; for
i€ {0}U[r —1]. For z € V(G), we consider the degree of x in V; with z ¢ V;. Suppose
first that o € Vi) for x € V(G) — Z. For 0 <@ < r — 1 with ¢ # i(x), by (20), (21) and
(22),

n
B (@) > do(e) —dg (0) = V(@) — 21— Y 12l =" —ar k. (29)

0<i’'<r—1

i'¢{ii(z)}
Then, we bound dy, (x) for x € V; and i # i’. For i € {0} U [r — 1], it follows from (20)
and (21) that

§+k+e+a(r—1) > |Zi|+V(G) = Z| = Vi = 2] = ;—i—k—a(r—l). (29)
Let x € V; and i’ # i, 0 < i’ < r — 1. Combining (23), (24) and (28),
dy, (x) > dy, (x) > ; —2((p" +1)(r - 1) +1)a (30)

Let by =k+{(+a(r—1)and by =2((p* +1)(r — 1) + 1) a. Fixing i € {0} U [r — 1], (29)
and (30) can be reduced to

§+b1>|m|>;+k—a(r—1) (31)
and n
dy, () > o by = |Vir| — (b1 + b2) (32)
forx € V;and ¢/ #4, 0 <7 <r—1. By (31) and (32), we have
r—2 r—1
n .
GV Ve Vi) = D0 DT dul@) > (5 - ba) YoilVi
i=0 i<i'<r—1 =1
z€Vy
2 —1)—k+0b
(- 2alr )r b)), (33)
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In what follows, we prove that (Vo, Vi,...,V,_1) is a k-good partition of G.

First, we show that (Vy, Vi, ..., V,_1) satisfies (1) of Definition 6. Note that V; # ) for
0<i<r—1by (29). If A(G[V]) = k for some i € {0,1,...,7r — 1}, then we can choose
x € V; and x1, 29, ..., 2, in Ny (x). As in the proof of Claim 13, we can find k r-partite
graphs and one of them is 7T;.(rpj)-free for some j € [k] by Theorem 1. Thus, by Lemma
10, we have

e(G Vo, Vi,...,Vi_1]) < to(n) —en? (34)

for some € > 0, a contradiction to (33).

Then, we show that (Vp, Vi,...,V,_1) satisfies (2) of Definition 6. Otherwise, by
symmetry, suppose that Zie[rq] v(G[Vi]) = k. Let x1y1,x2ys, . . ., Txyr be the matching
M of G with x;y; € Vi,y,) for some i(z;y;) € [r —1]. We use M to find k (r — 1)-partite
graphs. By (31) and (32), we have

() (Nv(5) 0 Ny (y3))| = [Val = 2Kk(by + b2) > 0.

JE[k]

Choose a vertex v € (e (Nvy ()N Ny, (y5)). For j € [k] and ¢ € [r—1] with ¢ # i(z;y;),
let X] = Ny, (v) N Ny, (z;) N Ny, (y;). Clearly, | XJ| > n/r — 3(by + bz) > n/(2r) + 2k by
(32). We first choose r — 2 subsets Y;" with ¢ € [r —1] and q # i(z1y1) such that Y, C X
and |Y,'| = 5&=. Then, for j € {2,3,...,k}, we choose 7 — 2 subsets Y with ¢ € [r — 1]
and ¢ # i(x;y;) such that Y7 € X7\ |J Y and ‘Yqj‘ =3

s€lj—1]

5p-- Finally, we choose

se[k\{7}
with [V}, | = g for j € [k]. Let Y7 = g,y Y/ for j € [k]. Then, we obtain k
(r — 1)-partite graphs G; = Gy;[Y{,Y{,...,Y? |]. Since G is H-free, there exists some
Jo € [k] such that G}, is T (rpj, )-free by Theorem 1. Thus, by Lemma 10, we have

2

o<1 (3) - s

TL2

8k2r2’

This means that
€ (G[‘/O; ‘/17 cee 7‘/7"71]) < tr(”) -

a contradiction to (33).

In the end, we show that (Vp, Vi,...,V,_) satisfies (3) of Definition 6. Otherwise, by
symmetry, suppose that there exists v € Vg such that dy, (v) + 3, v (G[Ny;(v)]) > k.
Thus, we can pick z1, 29, ...,2s in Ny, (v) and (k — s)-matching T 1Ysi1, Tsi2Yst2, - - -
TrpyYk in UZE[T 1) GIVy; (v)] suCh that z; and y; are in the same vertex class Vi, for
s+ 1 < j < k. As the same methods used to verify (1) and (2) of Definition 6, we
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can show that e(G[Vy, V4,...,V,_1]) < t.(n) — en? for some ¢ > 0 by finding s k-partite
graphs Y7, Y5, ..., Y, with v; € V(Y}), and (k — s) (r — 1)-partite graphs Yy q11,...,Y%
with z;,y; € V(Y}), a contradiction to (33). Thus, we conclude that (Vp, Vi,...,V,_4) is
a k-good partition of GG, completing the proof of Theorem 8. n
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