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Abstract

In 1985, Brualdi and Hoffman posed the following conjecture: Let G be an n-
vertex graph of size m, where 0 < m < (g) If m= (;) + b with 0 < b < a, then
G = (KpV(Kq4—pUK7))U(n—a—1)K] is the unique graph having the largest spectral
radius. This conjecture was completely resolved by Rowlinson (1988). In 2008,
Bhattacharya, Friedland and Peled posed the bipartite version of Brualdi-Hoffman
conjecture. Here, we consider an A,-spectral extremal question, which may be seen
as an A,-spectral version of the Bhattacharya-Friedland-Peled conjecture: For fixed
a € [0,1), which graph attains the maximum A,-index over all bipartite graphs with
n vertices and m edges? When % < a < 1, we prove that for every pair of positive
integers n, m, if m = k(n — k), where k is a positive integer with k # 1,n — 1, then
the complete bipartite graph Kj, ,—j is the unique graph that maximizes the A,-
index over all bipartite graphs with n vertices and m edges; if n < m < 2n—5, then

9m—2, the graph obtained from the complete bipartite graph Ky ,_2 by deleting
2n — 4 — m edges which are incident on a common vertex of degree n — 2, is the
unique graph that maximizes the A,-index over all bipartite graphs with n vertices
and m edges; if 2n—3 < m < 2v/2(n—4), then K3, 3, the graph obtained from the
complete bipartite graph K3 ,_3 by deleting 3n —9 —m edges which are incident on
a common vertex of degree n — 3, is the unique graph that maximizes the A,-index
over all bipartite graphs with n vertices and m edges. It improves some known ones
of Zhang and Li (2017) and partially answers some questions posed by Zhai, Lin
and Zhao (2022).
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1 Introduction

In this paper, we consider only simple and finite graphs. Unless otherwise stated, we
follow the traditional notation and terminology (see, for instance, West [28], Godsil and
Royle [14]).

Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). We use
n = |V(G)| and m := |E(G)| to denote the order and the size of G, respectively. We
say that two vertices u and v are adjacent (or neighbours) if they are joined by an edge
and we write it as u ~ v. If u ~ v, then let G — uv denote the graph obtained from G by
deleting edge wv (this notation is naturally extended if more than one edge is deleted).
Similarly, if u » v, then let G + uv denote the graph obtained from G by adding an edge
joining u and wv.

As usual, let K,; be the complete bipartite graph with partite sets of sizes a and b.
The set of neighbours of a vertex v (in a graph G) is denoted by Ng(v). The degree dg(v)
of v in a graph G is the number of edges incident with v, and it is equal to the size of
N¢(v) if G is simple. The mazimum degree of G is denoted by A(G). A vertex v € V(G)
is said to be a leaf of G if dg(v) = 1.

Let G be a graph of order n, the adjacency matriz of G is defined as the n x n (0, 1)-
matrix A(G) = (a;;) with a;; = 1 if and only if v; ~ v;. The degree diagonal matriz of
G is defined as the n x n diagonal matrix D(G) = diag(dg(vy),. .., dg(v,)). The signless
Laplacian matriz of G is defined as Q(G) = D(G)+A(G), whereas the Laplacian matriz of
G is defined as L(G) = D(G) — A(G). The largest eigenvalue of A(G) (resp. Q(G), L(G))
is called the index (resp. Q-indez, L-index) of G, denoted by p(G) (resp. q(G), u(G)) as
usual. It is known that u(G) = ¢(G) if G is a bipartite graph.

In 2017, Nikiforov [22] proposed the A,-matriz of G, which is a convex linear combi-
nation of D(G) and A(G), i.e.,

)
AL(G) =aD(G) + (1 — a)A(G), a €0, 1].

Note that A,(G) is real symmetric, its eigenvalues are real. The largest eigenvalue of
A, (G) is called the A,-index of G, denoted by A\, (G) as usual. It is obvious that Ay(G) =
A(G), A%(G) = 1Q(G) and 4,(G) = D(G). Therefore, \(G) = p(G), )\%(G) = 1¢(G).
If G is connected and « # 1, then A,(G) is non-negative and irreducible; by the Perron-
Frobenius theory, there exists a unique positive unit eigenvector of A,(G) corresponding
to Ao (G), we call this vector the Perron vector of A.(G).

Let G and H be two graphs, define G U H to be their disjoint union, and GV H to be
their join. Denote by C" = (K, V (Ko U K1)) U (n — a — 1)Ky, where m = (5) + b and
0 < b < a. Let G(n,m) be the set of all n-vertex graphs of size m. In 1985, Brualdi and
Hoffman posed the following conjecture.

Conjecture 1 ([3]). Let G € G(n,m), where 0 <m < (5). If m = (§) +bwith 0 < b < q,
then p(G) < p(C™). Equality holds if and only if G = C".

Conjecture 1, confirmed for some special cases by Brualdi and Hoffman [3], Friedland
[13] and Stanley [27], was completely resolved by Rowlinson [26].
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Let G(n,m) be the subset of G(n,m) consisting of all connected graphs. In mathe-
matical literature many works focused on identifying the graphs among G(n,m) with the
maximum index. These nice results can be found in [1, 4, 10, 21, 24].

In 2010, Chang and Tam [7] determined the graphs with maximum @-index over
G(n,m) for m < n+3; and then Chang and Tam [5] determined the graphs with maximum
Q-index over G(n,m) for n — 1 < m < 2n — 3. Based on the results in [7, 5], Zhai, Lin
and Zhao [29] determined the graphs with maximum @Q-index over G(n,m) for n +4 <
m < 2n — 3.

Recently, Li et al. [18] determined the graphs with maximum A,-index over G(n,m)
forn—1<m<2n—3 and % < a < 1, extending and also providing an alternative proof
for the results of Chang and Tam [5]. And then, based on the results in [18], Chang and
Tam [6] determined the graphs with maximum A,-index over G(n,m) for m < 2n — 3
and 1 < a < 1, extending the results of Chang and Tam [7] and Zhai, Lin and Zhao [29].

Let B(p,q,m) be the set of all bipartite graphs with size m and the sizes of partite
sets being p and ¢, respectively. As an analogue of Conjecture 1, Bhattacharya, Friedland
and Peled [2] posed the following conjecture.

Conjecture 2 ([2]). For 2 < p < ¢ and 1 < m < pg, a graph that solves
MaXGer(p,qm) P(G) is the union of G* with possible some isolated vertices, where G* is ob-
tained from a complete bipartite graph by adding one vertex and a corresponding number
of edges.

Conjecture 2 was confirmed for some special cases by Bhattacharya, Friedland and
Peled [2], Chen et al. [8], Das et al. [11] and Liu and Weng [20]. Recently, Cheng, Liu
and Weng [9] provided some counterexamples of Conjecture 2.

For 2 < p < qand pg—p<m <pgq, let "K,, denote the bipartite graph obtained
from K, , by deleting pg —m edges which are incident on a common vertex in the partite
set of size g. Chen et al. [8] refined Conjecture 2 under the assumption that m > pg — p
as follows, which was confirmed by Liu and Weng [20].

Conjecture 3 ([8]). Let G € B(p,q,m), where 2 < p < ¢, pg —p < m < pq. Then
P(G) < p("Kpq)-

Motivated by Conjecture 2, Zhai, Lin and Zhao [29] asked the following question.

Question 4 (]29]). For 2 < p < ¢ and 0 < m < pg, what is the maximum @Q-index and
the corresponding extremal graphs over all graphs in B(p, ¢, m)?

Zhai, Lin and Zhao [29, Theorem 1.2] answered Question 4 for 0 < m < 2g; they
found the extremal graphs in [29, Theorem 1.2] are connected only when m = p + ¢ — 1
or p = 2. Let B(p,q,m) be the subset of B(p, g, m) consisting of all connected bipartite
graphs.

Question 5 ([29]). For 2 < p < gand p+¢—1 < m < pq, what is the maximum @Q-index
and the corresponding extremal graphs over all graphs in B(p, ¢, m)?
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Zhai, Lin and Zhao showed the extremal graphs in Question 5 are double nested graphs
(see Section 2); they [29, Theorem 4.1] answered Question 5 for p+¢—1 < m < 2¢+p—2.

Let B(n, m) be the set of all n-vertex bipartite graphs with size m, and let B(n, m) be
the subset of B(n,m) consisting of all connected bipartite graphs. For n < m < 2n — 5,
Petrovi¢ and Simi¢ [25] determined the maximum index and the corresponding extremal
graphs over all graphs in B(n,m). For n < m < 2n — 5 and m = k(n — k), where k is an
integer with 2 < k£ < | 5], Zhang and Li [30] determined the maximum L-index (and so
the maximum @-index) and the corresponding extremal graphs over all graphs in B(n, m).

In this paper, we mainly consider a question of maximizing A,-index over B(n,m).

Question 6. For 1 <m < [§][5] and 0 < a < 1, what is the maximum A,-index and

the corresponding extremal graphs over all graphs in B(n,m)?

m

For 1 < p < qand pg —q < m < pq, let K, denote the bipartite graph obtained
from K, , by deleting pg —m edges which are incident on a common vertex in the partite
set of size p. For 3 < a < 1, Feng and Wei [12], Li and Qin [16], Chang and Tam [6]
determined all the graphs with maximum A,-index over all the graphs with size m. As a
product, we can obtain the following result quickly, which gives an answer to Question 6
forlgmgn—land%<a<1.

Corollary 7. Let % <a<landl <m < n—1 be giwen. If G € B(n,m), then
Aa(G) < Aa(KT%, ), with equality if and only if G = KT, _,.

Our first main result gives an answer to Question 6 for m = k(n — k) and 3 < o < 1,
where £ is an integer with 2 <k < [§].

Theorem 8. Let 5 < o < 1 and m = k(n — k) be given, where k is an integer with
2 <k < 5] IfG e Bn,m), then \o(G) < Ma(Kin—t), with equality if and only if
G = K-

Our second main result gives an answer to Question 6 for n < m < 2n — 5 and
<a<l

N

Theorem 9. Let
Aa(G) < Ao(KT, o

<a<landn <m < 2n—>5 be given. If G € B(n,m), then
, with equality if and only if G = K3, _,.

NSO

Our last main result gives an answer to Question 6 for 2n —3 < m < 2\/§(n —4) and
<a<l.

N |=

Theorem 10. Let 1 < a <1 and 2n —3 < m < 2v2(n —4) be given. If G € B(n,m),
then \o(G) < Aa(K3,_3), with equality if and only if G = K3, 5.

The remainder of this paper is organized as follows. In Section 2, we give some
necessary preliminaries. In Section 3, we give the proofs of Theorems 8 and 9. The proof
of Theorem 10 is presented in Section 4. Some concluding remarks are given in the last
section.
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Figure 1: The structure of a double nested graph.

2 Preliminaries

Let GG be a connected bipartite graph with partite sets U and V. The graph G is said to be
a double nested graph (also known as a chain graph or a difference graph, see [2, Section
2]) if there exist partitions

U=U,00,U---UUpand V=V UVoU---UVp,

such that all vertices in U; are adjacent to all vertices in U;’: - Vi for 1 < i < h (see

Figure 1).

Lemma 11 ([17]). Let G be a graph in B(n,m) with mazimum A,-index for some o €
[0,1). Then G is a double nested graph with all leaves being adjacent to a common vertex.

By Lemma 11, the following corollary is clear.

Corollary 12. Let G be a graph inB(p, ¢, m) with mazimum A,-index for some o € [0, 1).
Then G is a double nested graph, possibly with some isolated vertices.

Let M be an n X n real symmetric matrix and let 7 : W = W, U---UW, be a partition
of W ={1,...,n}. Then corresponding to the partition 7, M can be partitioned into the
following block matrix:

My - My

M = : . :
My -+ My

The quotient matriz of M with respect to 7 is the matrix B = (b;;)sxe, Where b;; is the
average row sum of the block M;;. The partition 7 is said to be equitable if each block
M;; has constant row sums for ¢,5 € {1,...,/(}.

Lemma 13 ([15]). Let M be a real symmetric matriz and let B be a quotient matriz of M
with respect to an equitable partition. Then the eigenvalues of B are also the eigenvalues
of M. Furthermore, if M is nonnegative and irreducible, then A(M) = X\(B), where A\(M)
and A(B) are the largest eigenvalues of M and B, respectively.

o
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Lemma 14 ([19]). Let G be a connected graph and let x be a Perron vector of A.(G).
Then, for each v € V(G), one has

Ao(G)x, = adg(v)x, + (1 — a) qu, (1)

u~v

A2(G)xy = ada()Aa(G)xy + (1l —a) Y de(wx, + (1 —a)’> Y x,.  (2)

u~v W~ Y U~NW

Lemma 15 ([16]). Let G and H be two connected graphs of order n, and let x and'y be
the Perron vectors of G and H, respectively. Then

XTAQ(G>Y =« Z (XuYu + Xva) + (1 - Oé) Z (XuYU + vau)

weE(G) weL(G)

and

XTY()‘a(G) —Aa(H)) = XT(Aa(G) — Au(H))y.

Lemma 16 ([23]). Let 0 < a < 1, and let G be a connected graph with u,v € V(G).
Assume that x is the Perron vector of A.(G), and S C Ng(v)\(Ng(u) U {u}). Let
G=G—{vw:weSt+{uw:weS} IfS#0 and x, = x,, then \o(G') > Ao (G).

Lemma 17 ([22, 17]). Let G be a double nested graph of order n. For some o € [0, 1),
let x be the Perron vector of Ay(G). Assume that u and v are two vertices in the same
partite set of G.

(i) If dg(u) = dg(v), then x, = X,.
(i) If dg(u) < dg(v), then x, < X,.

Lemma 18 ([22]). Let G be a graph with no isolated vertices, then

veV(Q) dg(v)

Lemma 19. For% Sa<landl<k< |3, the Ay-index of Ky p—i satisfies

Ao(G) € max {adg(v) + l-a ng(u)} .

u~v

k(1 — a)?

Both the right and left equalities hold if and only if o = %

CY(TL — k’) + < )\Q(Kkjn_k) < an.

Proof. According to [22, Proposition 38], one has

Aa(Kin-k) = % (om +va2n2 +4dk(n — k)(1 — 2a)> (3)
= % an + \/(a(n—Qk) + M)z—i—éﬂﬂ(l — «)? (1 — (1;—2&)2)
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Note that for % < a < 1, one has 4k2(1 — 04)2 (1 - (1;—3‘)2) > 0, with equality if and only
if = % Then
k(1 —a)?
Ao Kgn—k) = a(n—Fk)+ %

with equality if and only if a = %

On the other hand, as a > 1, one has 4k(n — k)(1 — 2a) < 0, with equality if and only
if @ = 1. Then (3) gives

<cm +Va2n? 4 4k(n — k)(1 — 2a)> <an

DN | —

)\Oé (Kk,n—k) -

with equality if and only if a = %
This completes the proof. n

3 Proofs of Theorems 8 and 9

In this section, we aim to give the proofs of Theorems 8 and 9.

Proof of Theorem 8. Choose G in B(n,m), and let U, V be two partite sets of G with
|U| < |V|. Note that for any positive integers p, ¢,n with p < ¢ < [§], we have p(n—p) <
g(n— ). 16 (U] < k— 1, then |E(G)] < [E(Kuyp)l = [UIV] < kin — k) = m, a
contradiction to G € B(n,m).

If [U| > k+ 1, then |E(G)| = k(n — k) < |U||V|, and so G is a proper subgraph of
Ky, jv|- By the Perron-Frobenius theory and (3), one has

Aa(G) < Al Koy = % (an + Va2a  A0TVI( — 20))

1
< 3 <an + Va2n? 4 4k(n — k)(1 — 2a)>
= )\a(Kk,n—k’)-
If |U| = k, then G is a subgraph of Ky, ,,_x, and so |[E(G)| < |E(Kg )| (= k(n—k) =
m), with equality if and only if G = K} ,,_y. O

In the remainder of this section, we are going to give the proof of Theorem 9.

Let % < a < 1, and let n, m be positive integers with n < m < 2n — 5. Then
n > 5. In the remainder of this section, we assume that G* is a graph with maximum
A,-index among all graphs in B(n, m). Then by the Perron-Frobenius theory (see the first
paragraph of the proof of [29, Lemma 2.5]), G* has at most one non-trivial component. For
convenience, we denote by A\, = A\ (G*), A = A(G*) and d(v) = dg-(v) for v € V(G*).
As K3, , € B(n,m), and K37, _, contains K1, 5 as a proper subgraph. By the choice of
G*, the Perron-Frobenius theory and Lemma 19, one has

(1—a)

No 2 Aa(E5 o) > Aa(Kinmz) 2 aln —2) + ——

(4)
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Fact 20. G* = K3, _, forn <m < 2n —6.

Proof. Note that G* is a bipartite graph. Hence, in order to show G* = K3, ,, it suffices
to prove A = n— 2. Note that A =n —1 gives G* = Ky,_1, and so |[E(G*)| =n—1 <m,
a contradiction to G* € B(n, m).

Now suppose A < n — 3. Note that given real numbers a,b > 0, the function f(z) =
ar + - b with > 0 is convex. Let G; be the non-trivial component of G*. Let v be in
V(Gh).

If d(v) = 1, then one has

<a+(l-a)A<a+(n—-3)(1—a). (5)
If d(v) > 2, then 2 < d(v) < A <n—3. And so
(1 —a)m
Zd d(v)

<an—3)+2(1—a). (6)

gmax{2a+ , a(n—3) +

Together with (5), (6) and Lemma 18, one has

1—
Ao = Aa(G1) < max {ad’u aZd }

veV(Gh)

< max{a + (n — 3)(1 —a),a(n—3)+2(1—a)}
=a(n—3)+2(1 - ). (7)

Combining (4) with (7) gives us

1— )’ 20— 1)
a(n—2)+ﬂ <an—3)+2(1 —a),ie., Za-1) <0,
a a
a contradiction.
Therefore, A =n — 2, and so G* = K7, _,. O

Fact 21. Forn < m = 2n —5, we have n —3 < A < n—2, and A = n — 2 only if
G*:Kénn—?

Proof. If A =n — 1, then since G* is bipartite, G* must be K;,_1. So |[E(G*)|=n—1<
n < m, which is a contradiction. If A =n — 2, it is clear that G* = K7, _,. To complete
the proof, it remains to rule out the possibility A < n — 4.
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Suppose A < n — 4. Then for n = 5, one has A < 1, and so by Lemma 18, A\, < A =
1 <3a+ (1_;“)2, a contradiction to (4); for n = 6, one has A < 2, and so by Lemma 18,
Ao SAL2<4a+ (1_;‘)2, a contradiction to (4).

Now we consider n > 7. In this case, let G; be the non-trivial component of G*. Let

v be in V(Gy). If d(v) = 1, then one has

ad(v) + 1d(_—v§l Zd(u) =a+(1-a) Zd(u)

u~v u~Y

<a+(l-a)A<a+(n—4)(1—a). (8)

If d(v) = 2, then one has

ad(v) + 1d(_vf‘ 3 d(u) =20+ ! 3 3" d(u)

u~v u~v

<2a+ (1—a)A<2a+ (n—4)(1 —a). 9)
If d(v) > 3, then 3 < d(v) < A <n—4. And so
-« (1—a)m
i) D d(u) < ad(v) + i)

u~v

ad(v) +

(1 —a)m (1 —a)m
< max{3a+ — aln —4) + ﬂ}
:a(n—4)+(1—a)(2+ni4). (10)

Together with (8)-(10) and Lemma 18, one has

)‘oc = )\a(G1>

11—«
S e {O‘d(”) T 2w Zd(“)}

u~v

3
— )

). (11)

<max{a+(n—4)(1—-a),2a+(n—-4)(1—-a),aln—4)+(1—-a)2+

3
n—4

=an—4)+(1—-a)2+

Together with (4) and (11), one has

(1—a)? 3
an—2)+—<an—4)+1—-a)2+ 4)<a(n—4)+3(1—a),
a n—
Le., w < 0, a contradiction to a > 1.
Therefore, A > n — 3, as desired. O

Fact 22. G* is connected for n < m = 2n — 5.
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Proof. Suppose G* is not connected. Let (G; be the non-trivial component of G*, then
|[V(G1)] < n—1. On the other hand, by Fact 21, one has n—3 < A(G1) < n—2. Then G
is a subgraph of K, 5 or Ks,_3, and so \E(G*)\ = |E(G1)| < max{n —2, 2n — 6} < m,
a contradiction. O

Fact 23. A, <a(n—3)+(1—a)2+25) for6 <n<m=2n—->5and A =n—3.
Proof. Let v be in V(G*). If d(v) = 1, then one has

Zd J=a+(l—a)) du)<a+(n-3)(1-a) (12)

u~v u~v

If d(v) = 2, then one has

ad(v) + 1d(_v;)‘ > d(u) = Zd <20+ (n—3)(1—a). (13)

u~v u~v

If d(v) > 3, then 3 < d(v) < A =n—3. And so

1—a (1—a)m
Zd < ad(v )

(1 —-a)(2n—1>5)
3 ;

1
n—3"

u~v

:max{3a+ a(n —

=a(n—-3)+(1-ao)2+

Together with (12)-(14) and Lemma 18, one has

1 -«
Aa < d(u
o { P }

u~v

1
<max{a+ (n—3)(1—a),2a+ (n—3)(1 —a), a(n—3)+ (1 —a)(2+ — 3)}
1
= -3 1—a)(2
a(n=3) +(1-a)2+ —)
as desired.
This completes the proof. n

Fact 24. G* = KJ, _, forn <9 andn <m =2n —5.

Proof. By Fact 21, it suffices to show A # n — 3. Suppose A = n — 3, recall that n > 5.
If n =5, then m = 5 and there exists a partite set of G* with at most 2 vertices. And so
|E(G*)] < 2A =2(n—3) =4 < m, a contradiction to G* € B(n, m). In the following, we
only need to consider 6 < n < 9.
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Case 1. n = 6. In this case, m = 7. By Fact 23, one has

1 )_Qa—l—?
n—3" 3

A <an—3)+(1—-a)2+ (15)
On the other hand, consider the partition m : V(K7 ,) = {u1} U {uz} U {vy,v3,v5} U

{v4}, where uy (resp. uq, v4) is the vertex of degree 4 (resp. 3, 1), v; (1 <@ < 3) are the
vertices of degree 2. With respect to the partition my, the quotient matrix of A, (K7 ,) is
given as

dov 0 31l—-a) 1-«a

0 3a 3(l—a) O
l—a 1-« 200 0
l—a 0 0 Q

By a direct calculation, the characteristic polynomial of By is

Blz

fi(x) = 2* —10ax® + (280 4+ 14a — 7)2? + (=180 — 64a® + 32a)z + 420 — 90 — 120 + 3.

Note that the partition m is equatable. By Lemma 13, /\Q(K27’4) is equal to the largest
eigenvalue of By, i.e., the largest zero of fi(z).
Furthermore, by a direct calculation, one has

(16)

20+ 7\ (1 — a)(188a% — 162002 + 1497 — 443
h{—3 - 81 '

Consider the function g;(a) = 188a® — 1620a* + 1497a — 443. By a direct calcula-
tion, the first derivative of gi(a) is ¢j(a) = 564a* — 3240c + 1497, which is positive

in [%, 270’9— V449447> , and negative in (270’9— V449447, 1) . Therefore, g;(a) < ¢ (270’9— V449447> =

—75.94 < 0. Combining with (16) gives fi (247) < 0, and so 2% < A\, (K7 ,). Together
with (15), one has A\, < A.(K7,), a contradiction to the choice of G*.
Case 2. n = 7. In this case, m = 9. By Fact 23, one has

1 _7a+9

/\aéa(n—3)—|—(1—a)(2+n_3) 1

(17)

On the other hand, consider the partition w5 : V(K3 5) = {u1} U{us} U{vy, va,v3,04}U
{vs}, where uy (resp. us, vs) is the vertex of degree 5 (resp. 4, 1), v; (1 <@ < 4) are the
vertices of degree 2. With respect to the partition s, the quotient matrix of A, (K3;) is
given as

Sa 0 41l-a) 1—«a

B — 0 da 41—-a) O
27l 1-a 1-« 20 0
11—« 0 0 Q

By a direct calculation, the characteristic polynomial of By is
fo(x) = 2* —1202® + (4002 + 18— 9)2? + (—28a® — 100a* + 500 )z + 720 — 20a* — 16+ 4.
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Note that the partition 5 is equatable. By Lemma 13, /\a(K29’5) is equal to the largest
eigenvalue of Bs, i.e., the largest zero of fo(x).
Furthermore, by a direct calculation, one has

. (18)

Ta+ 9 (1 — a)(47530® + 585302 — 11229a + 4079)
P\ =3 - 256

Consider the function go(a) = 4753a% + 585302 — 11229« + 4079. By a direct calcu-
lation, the first derivative of go(a) is gh(a) = 14259a* + 11706cc — 11229, which is

s [1 —19514+1161/1605 oo e ((—195141161/1605
negative in [5, T) , and positive in (T, 1) . Therefore, go(a) >

go (FBLLUOANS ) — 460,23 > 0. Combining with (18) gives /> (1%2) < 0, and so

189 < Xo(K3 ;). Together with (17), one has Ao < Ao(K35), a contradiction to the choice
of G*.
Case 3. n = 8. In this case, m = 11. By Fact 23, one has

1 . la+11

Aaga(n—3)+(1—a)(2+n_3)— g

(19)

On the other hand, consider the partition 75 : V(K3g) = {u1} U {ug} U {vy, va, v3, 04,
vs} U{wve}, where uy (resp. ug, vg) is the vertex of degree 6 (resp. 5, 1), v; (1 < ¢ < 5) are
the vertices of degree 2. With respect to the partition 73, the quotient matrix of Aa(K%’lﬁ)
is given as

(ife! 0 5l—-a) 1—«
0 S5a 5(1—a) O
l—a 1—-« 2a0 0
1 -« 0 0 o

Bs =

By a direct calculation, the characteristic polynomial of Bj is
f3(x) = 2* —1daz®+ (54a* +22a—11)2° + (—400° — 1440+ 720) v+ 1100 — 350° — 200+ 5.

Note that the partition 73 is equatable. By Lemma 13, /\a(Kg’lﬁ) is equal to the largest
eigenvalue of Bs, i.e., the largest zero of f3(x).
Furthermore, by a direct calculation, one has

(14a + 11) (1 — 04)(40936043 — 57382 — 34207« + 15509) (20)
3\ — = | =/ — :
5

625
Consider the function gs(a) = 4093603 — 57382 — 34207 + 15509. By a direct cal-
culation, the first derivative of gz() is gj(a) = 122808a? — 11476cv — 34207, which is

1 2869+5v42338179 , and pOSitiVG in 28694—5\/42338179’ 1) ) Therefore, 93(06> >

negative n [2 J 61404 61404

gy (BOEBISIO) — 172501 > 0. Combining with (20) gives fs (1%11) < 0, and so
Hatll < N (K3g). Together with (19), one has A, < Ao(K3%), a contradiction to the

choice of G*.
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Case 4. n = 9. In this case, m = 13. By Fact 23, one has

1 )_230z+13
n—3" 6

A <an—3)+(1—-a)2+ (21)
On the other hand, consider the partition 7 : V(Kgl?;) = {uy JU{ug }U{vy, v, v3, vy, Us,
ve} U{v7}, where uy (resp. ug, v7) is the vertex of degree 7 (resp. 6, 1), v; (1 <7 < 6) are
the vertices of degree 2. With respect to the partition 7y, the quotient matrix of Aa(KQI’?;)
is given by
Ta 0 6(l-a) 1-—a

s | 0 6 61-a) o0
Tl 1-a 1-a 20 0
11—« 0 0 Q

By a direct calculation, the characteristic polynomial of By is
fa(x) = 2* = 1602+ (700* +260—13)2° + (—54a” — 1960 +98a) v+ 1560° — 54a® — 240 +6.

Note that the partition m, is equatable. By Lemma 13, )\OC(K%%) is equal to the largest
eigenvalue of By, i.e., the largest zero of fy(x).
Furthermore, by a direct calculation, one has

f (23a + 13) (1 — a)(176617a3 — 9235502 — 70857 + 42755) (22)
a\ — - | = — )
6

1296

Consider the function g4(a) = 17661703 — 9235502 — 70857 + 42755. By a direct cal-
culation, the first derivative of gy(a) is gj(a) = 529851a? — 184710 — 70857, which
1 30785+21/1279808287 307854-21/1279808287 1>' Therefore

is negative in [ > , and positive in (

2 176617 176617
ga() = g4 (30785+f7vﬁl621779808287> = 5049.74 > 0. Combining with (22) gives f4 (%) <0,

and so 243 < ) (K}%). Together with (21), one has A, < A(K3%), a contradiction to

the choice of G*.
This completes the proof. O

Now, we are ready to give the proof of Theorem 9.

Proof of Theorem 9. Forn < m < 2n—6 and n < 9, n < m = 2n — 5, our result
follows by Facts 20 and 24, respectively. In the following, we only need consider n > 10
and m = 2n — 5. By Fact 21, it suffices to show A # n — 3.

Suppose A = n — 3. By Fact 22, G* is connected, and so Lemma 11 implies G* is a
double nested graph with all leaves being adjacent to a common vertex.

Let u; be the vertex of G* with d(u;) = n — 3, and let uy, ug be two vertices of G*
not adjacent to wuy. If the sizes of the partite sets of G* are 2 and n — 2, say, one of
the partite sets is {uj,us}, then we have d(ug) = m —d(uy) = (2n —5) — (n — 3) =
n — 2 > A, which is a contradiction. Hence, {uj,us,u3} and Ng«(uj) are two partite
sets of G*, and so d(uy) + d(uz2) + d(us) = m. Without loss of generality, we assume
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d(uz) < d(uz) < d(uq). Then according to the structure of a double nested graph, one has
Ng+(u3) € Ng«(uz) € Ng«(uq). For convenience, we denote by s := d(u3), t := d(us) and
Vi := Ng=(u3), Vo := Ng«(u2)\Ng=(u3), V3 := Ng«(u1)\Ng=(uz) (it may hold one of V5
and V3 is empty). Then

s<tand s+t=m—d(u)=n—2. (23)

Let x be the Perron vector of A,(G*). For 1 < < 3, let x,, = a;. As all vertices in V}
(resp. Vi, V3) have the same degree 3 (resp. 2, 1). According to Lemma 17, for 1 < i < 3,
we can assume X, = b; if v € V;. Then Lemma 17 implies

a3 < as < ap and b3 < bg < bl. (24)

In order to complete the proof of Theorem 9, we need the following three claims.

Claim 25. V3 # (), and by = S04

—Q

Proof of Claim 25. Suppose V3 = (). Then Ng:(us) = Ng«(uy), and so t = d(u;) =n — 3.
By (23), s =1, i.e,, |Vi| = 1. Let V} = {v1}, applying (1) to vy gives

)\abl = 3@()1 + (1 - Oé)(CLl + as + CL3) < 30éb1 + 3(1 - Oé)(ll. (25)
As n > 10, by (4), we have A\, > 8a. Together with (25),

31—a)a; 31 —a)ay
by < :
! Ao — 30 < Sa =0

Construct G = G* — ugv; + uguy. Clearly, G € B(n,m), and by Lemma 16, \,(G) >
Ao(G*), a contradiction to the choice of G*. Therefore, V3 # (.

Now, applying (1) to a vertex v € V3 gives Ayb3 = abs+ (1 —a)a;. And so by =
as desired.

_ (1—da
Aa—a

Claim 26. It holds that by < max { 2=2, Tb,}.

Proof of Claim 26. Applying (2) to a vertex v € V] gives
A2by = 3adaby + a(l — a)[(n — 3)a; + tag + sas)

+ (1 — a)?[3sby + 2(t — 8)by + (n — 3 — t)bs]
< 3adab1 +a(l —a)(2n — 5)a; + (1 — a)?(2n — 5)by,

where the inequality follows by (23) and (24). Then
a(l —a)(2n —5)ay B 2a(1 — a)ay
(A =30)A0 — (1 =)?(2n—5)  (Aq — 3a) 225 — 2(1 — a)?’

2

b <
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Together with (4), one has

20(1 —
by < - O‘i a“?fb}ap . (26)
(A — 3a)a + 27 ‘”55: =) _ 2(1 — a)?
Note that n > 10 and a > 1 — a. By (4),
a  (1—a)? (1-a)*\ (a (1-a«a)?
()\a—?)oz)(§+ - >>((n—5)a+ - 5t —
> (n—%) (1—a)?
Together with (4) and (26), one has
by < 2a(1 — a)ay < 2a(1 —Qoz)al _ 2(1 — oz)al. 27)
(Ao — 3a)a — (1 — a) ((n —5)a+ (1—aa) ) a—(1-a)? (n—>5)a
On the other hand, according to the first inequality of (27), one has
2a(1 — a)ay 2(1 — a)ay
by < = . 28
" (e = 3a)a — a2 Ao — da (28)
Asn > 10, by (4), Ao > (n — 2)a > 8a. Together with (28) and Claim 25, one has
b 2(1 — — —
b _ ( a)al' Ao — Q1 :2()\a a):2+ 6a <z.
bs Ao —da  (1—a)ay Ao — 4o Ao — 4 2
And so b; < %bg. This completes the proof of Claim 26. O
Claim 27. If s > 2"5_7, then tas + sas < %al.
Proof of Claim 27. Applying (1) to u; gives
Aot1 = a(n —3)a; + (1 —a)(sby + (t — s)ba + (n — 3 — t)bs). (29)
Applying (1) to usy gives us
Aot = atas + (1 — a)(sby + (t — $)ba). (30)
And applying (1) to ug yields
2(1 — «a)?
Aotz = asasz + (1 — a)sby < asag + %, (31)
where the inequality follows by Claim 26. Together with (29)-(31), one has
(Ao —a(n —3))ay 2(1 — a)?sa,
d . 2
42 < Ao — at and as < (Ao —as)(n —5H)a (32)
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Note that s > 2”5_7. Hence, by (23), one has 2”5_7 <s < ”T_2 <t < 3”5_3. Together

with (24) and (32), one has
3n —3 2n — 17

tas + sas < 5 Qo 5 as
3In—3 (Aa—an—3))a; 2n—-7 2(1 — a)?say
5 Ao — Ot 5 (Ao — as)(n — 5)a
o [3n —3 A\ —5(n—3)a  2(2n—T7)(1 — a)? n—2 .
S5 BAa—(3n—3)a 5(n —5)a e —a(n—2)
[3n —3 2(n — 6)a 2(2n —7)
(1= by (4
<175 ( 5Aa—(3n—3)a)+5(n—5) “ (by (4))
[3n—3 2(n — 6) 2(2n —7)
(1= by Fact 23
<175 ( 2n—1)+5(n—5) “ (by Fact 23)
 41n? — 2300 + 179
T 10n2 —B5n+25
21
< Faat (by n > 10)
as desired. O

Recall that s < ¢ and s+t =n — 2 (see (23)). Consequently, s < 252. According to
the values of s and ¢, we consider the following two cases.

Case 1. s < 2(”5_4), and so t > =2 1In this case, K", _, = G* — {ugv|v € Vi} +
{ugv|v € V3} + uyus. By the Courant-Fischer theorem (see [15, Section 2.6]), one has

Aa(K3y 5) = Aa = X (Aa(K7,, o) — Aa(GT))x
= aa] + 2(1 — a)ajaz + aa3 + (s — 1)(aas + 2(1 — a)agbs + ab3)
— s(aa3 4+ 2(1 — a)azb, + ab?). (33)
Note that as < az and by < Ibs (see Claim 26), one has
Aa(K3 o) = A > aat + 2(1 — a)ajas + (s — 1)(2(1 — a)asbs + ab3)

- 2(28(1 — a)agbs + 49ab3)

(4a3 — (455 + 4)b3) + (1 — a)((2(s — 1)ag — Tsas)bs + 2aias). (34)

«

4
As by = (;L_)Zl (see Claim 25), Ao > a(n —2) (see (4)) and s < £(n — 4), we obtain

(455 +4)(1 — a)?a? (455 +4)(1 — a)?a?

4a? — (455 + 4)b3 = 4a] — v ap > 4a? — Bs+ a? >0 (35)
and
2 —
(2(s — 1)ag — 7saz)bs + 2a1a3 > (Q\afaa) —5s — 2) azbz > 0. (36)
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Combining with (34)-(36) gives Ao (K35, _5) > Aa, & contradiction to the choice of G*.
Case 2. s> ( Y Then s > an— T and so t <

(2) to uy gives

Na, = (n—3)a)\aa1—|—a(1—a)[33b1+2(t—s)bg+(n—3—t)bg]+(1—a)2[(n—3)a1+ta2+8a3].
Together with (23), (24) and Claim 27, one has

Aa[Aa — (n —3)ala; < a1l — a)(2n — 5)by + (1 — a)*(n +6/5)a;
Combining with (4) and Claim 26 gives us

M] [a+ (1_04)2} _20-a)?@n—5)

a(n —2) + + (1 — a)?*(n +6/5).

« Qo n—2>5

By a direct calculation,

aQ(n—2)+%<(1—Q)2 (%+n1_05> <4—;(1—@)2. (37)

Note that 1 —a < a. If 1 —a < §, then (37) gives

9 (1—04)4 41
) NI e A
a’(n—-2)+ o2 20"

a contradiction to n > 10. If 1 — a > §, then (37) gives

1—a)? 1—a)t 41
a%n—Q)%—% <a2(n—2)+% < g(l—a)Q,
and son —2 < 12509, a contradiction to n > 10.
This completes the proof. n

4 Proof of Theorem 10

In this section, we aim to give the proof of our last main result, i.e., Theorem 10.

Let % < a < 1, and let n, m be positive integers with 2n — 3 < m < 2\/§(n —4).
Then n > 11. In the remainder of this section, we assume that G* is a graph with
maximum A,-index among all graphs in B(n, m). Then by the Perron-Frobenius theory
(see the first paragraph of the proof of [29, Lemma 2.5]), G* has at most one non-trivial
component. Denote by A\, = Ao (G*), A = A(G*) and d(v) = dg+(v) for v € V(G*). As
K3, 3 € B(n,m), and K3, ; contains Ky, 3 as a proper subgraph. By the choice of G,
the Perron-Frobenius theory and Lemma 19, one has

2(1 — «a)?

)‘a > /\a<K?Tn_3> > )\Q(Kgm_g) > Oé(’I'L — 3) + (38)

Further on we have the following facts.
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Fact 28. A =n — 3.

Proof. Since G* is bipartite, if A = n — 1, then G* must be K ,_, and so |E(G*)| =
n — 1 < m, a contradiction; if A =n — 2, then G* must be a subgraph of K,,_», and so
|E(G*)| € 2(n —2) < m, a contradiction. To complete the proof, it remains to rule out
the possibility A <n — 4.

Suppose A < n — 4. Let G; be the non-trivial component of G*. Let v be in V(G)).
If d(v) = 1, then one has

ad(v) + 1d<_v>o‘ ddu)y=a+(1-a)) du)
<at+(l-a)A<a+(n—4)(1—a). (39)

If d(v) = 2, then one has

ad(v)+1d<_—v;)‘2d(u) — %+ 1;a2d(u)

<2a+(1—a)A<2a+ (n—4)(1 —a). (40)
If d(v) > 3, then 3 < d(v) < A <n—4. And so

ad(v) + i) Zd(u) < ad(v) + %

< max {3a + 2v2(n _34)<1 — 04), a(n —4) 4+ 2v2(1 — a)}
= a(n—4)+2v2(1 —a). (41)

Together with (39)-(41) and Lemma 18, one has

I -«
Ao = Aa(G1) < vgl/&(%{l) {ad(v) + o) %d(u)}

< max{a+ (n —4)(1 — ), 2a + (n — 4)(1 — ), a(n — 4) +2v2(1 — a)}
=a(n—4) +2v2(1 — a). (42)

Together with (38) and (42), one has

2(1 — a)?

- <a(n—4)+2vV2(1—a),

a(n —3) +

2
: 342v/2 212 s gt
le., == |« —3+2ﬁ) < 0, a contradiction.

Therefore, A = n — 3, as desired. O

Fact 29. G* is connected.
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Proof. Suppose G* is not connected. Let (G; be the non-trivial component of G*, then
|[V(G1)] < n— 1. On the other hand, by Fact 28, one has A(G;) = n — 3. Then G
is a subgraph of Ks,_3, and so |E(G*)| = |E(G1)| < 2n — 6 < m, a contradiction to
G* € B(n,m). O

Now, we are ready to give the proof of Theorem 10.

Proof of Theorem 10. By Fact 29, G* is connected, and so Lemma 11 implies G* is a
double nested graph with all leaves being adjacent to a common vertex.

Fact 28 shows A = n — 3. Let u; be the vertex of G* with d(u;) = n — 3, and let
ug, uz be two vertices of G* not adjacent to u;. Then {uy,us, us} and Ng«(u;) are two
partite sets of G*, and so d(uy)+d(uz2)+d(us) = m. Without loss of generality, we assume
d(ug) < d(ug) < d(uq). Then according to the structure of a double nested graph, one has
Ng+(u3) € Ng=(ug) € Ng«(uy). For convenience, we denote by s := d(us), t := d(uz) and
Vi = Ng+(u3), Vo := Ng+(uz)\Ng+(u3), Va3 := Ng=(u1)\Ng~(uz) (it may hold one of V;
and V3 is empty). Then

s<tand s+t=m—d(u) =m—n+3. (43)

In order to show G* = K3, s, it suffices to prove t = n — 3. Suppose ¢ < n — 4. Then
V3 # ). Let x be the Perron vector of A,(G*). For 1 <i < 3, let x,,, = a;. As all vertices
in Vj (resp. Vi, V3) have the same degree 3 (resp. 2, 1). According to Lemma 17, for
1 <i < 3, we can assume X, = b; if v € V;. Then Lemma 17 implies

a3 < ags < aq and bg < by < by. (44)
Let Vi ={v1,...,us}, Vo = {vss1, ..., v} and V3 = {vyq,...,0,_3}. Then
K3, 3 =G" —{ugvilm — 2n + 7 <@ < s} + {ugui|t +1 <i <n — 3}

Let y be the Perron vector of A, (K3, 3). According to Lemma 17, we can assume y,, =
Vuy, = A4, Yuy = 0b, ¥y, = ) for 1 <i < m—2n+6, and y,, = b, form—2n+7 <i < n—3.
Then Lemma 17 implies

ay < ay and b, < b). (45)
In order to complete the proof of Theorem 10, we need the following three claims.
Claim 30. It holds that by < 4bs. Furthermore, if as < %, then by < 3bs.

Proof of Claim 30. Consider the graph G* and the Perron vector x. Applying (1) to a
vertex v € V3 gives A\ b3 = abs + (1 — a)a;. And so

(1—a)ay

by = )
3 Ao — O

(46)
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Applying (2) to a vertex v € V; gives

Aby = 3ad.by + a(l — a)[(n — 3)a; + tag + sas)
+ (1 — )?[3sby 4+ 2(t — 8)by + (n — 3 — )bs] (47)
< 3adaby + a(l — a)may + (1 — a)’*mby, (48)

where the inequality in (48) follows by (43) and (44). As m < 2v/2(n — 4), together with
(38) and (48), one has

by < a(l — a)may _ 2v2(n — 4)a(l — a)a

(a=3ada = (I =aPm = (3, —30) (a(n - 3) + 258 — 20/2(n — 4)(1 - a)?

B 2v2a(1 — a)ay 19
a ()\a—3a)<a+72(1;a)2 ’ ( )

(Aa — 30)a + — ) _ 2v/2(1 — a)?

Note that n > 11 and a > 1 — «. By (38),

(Ao — 30) (Q+M> > ((n_G)a+M) ((HM)

« « «

=(n—10)a” +2(n—5)(1 —a)*+4 (a2 + u ;za)4)

> (n—10)a* +2(n —5)(1 —a)* + 8(1 — a)?
>3(n—4)(1—a) (50)
Together with (49), one has
by < M_ (51)

Ao — 3

As n > 11, by (38), we obtain A\, > (n — 3)a > 8a. Together with (46) and (51), one
has

by _ 2V2(1 —a)ay Ao —a B 2v2(Ag — @) P 420 14v/2

= < < 4.
b3 Ao — 3 (1—a)ay Ao — 3 Ao — 3 5
Consequently, by < 4bs.
Furthermore, if a; < %, then a3 < ay < %. And so by (43), (44) and (47), one has

a(l —a)(m+n—3)a
2

A2by < 3ad.by + + (1 — a)*mb;. (52)
Note that n > 11, m < 2\/§(n — 4), we have
m+n—3<(2vV2+1)n—8V2 -3 <4(n—4).
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Together with (38), (50) and (52), one has

20(1 — 2(1 —
< tall- ol SAdu ()
a—3a) | a a
( )EL_Z =) 931 — a2

(Aa — 3a)a +

As n > 11, by (38), one obtains A\, > (n — 3)a > 8a. Together with (46) and (53), one
has

by _ 21 —a)ay  da—a  2(M—a) 4oy 14

bs M—3a (I—a)ay Ao —3a Ao — 3 5

Therefore, b; < 3bs. O

Claim 31. If m > 3(n — 6), then by < 5;77%;.

Proof of Claim 31. Consider the graph G* and the Perron vector x. Applying (1) to u;
and us, respectively, gives us

Aot = a(n —3)a; + (1 — a)(sby + (t — )by + (n — 3 — t)bs)
(1—a)?(n—3—t)a

=a(n—3)a; + (1 — a)(sby + (t — s)bs) + N o : (by (46))
Aotz = atas + (1 — «)(sby + (t — s)by).
Then
B (Ao — at)agy
T N —a(n - 3) — LRl oy

Recall that m > 3(n — 6). Together with (43), one has t > =243 > n — 22 On the

other hand, m > 2n — 3, and so t > 2243 > 2 Together with (38) and (54), we have

0 < (Ao — a(n — 2))ay (Aa — a(n — 2))ay (55)
—a2(2_ —a2
Ao —aln —3) = TS Ao —aln - 8) - G52
Now together with (46) and (55), one has
. :(1—a)a1 11—« _ ()\a_a(n_%’))ch
K Ao — @ Ao — @ )xa—oz(n—?))—%
o 1—a)?
_l-a %oy o) )
Ao — @ _ _ 3y _ (= |7
a Ao —a(n —3) o
-« 902 + (1 — a)?
(0~ D)ot TaE () tves)
1 2 _ 2
_ 9a” + 41 — ) 0. 56
9

(n— Qo+ T 3(-a)

«
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Notethat n > 1land 1 —a<a. If 1l —a < @, then (56) gives

1 902 + 202 11laas 11laas
by < : = < : 57
S —4a 31-a) ? 3n-—d(1—a) S211-a) (57)
If @ <1—a < a, then (56) gives
1 1302 13aas 13aas
by < : = < : 58
55 m—3)a 301-a)? 3n-3)(1—a) " 241-a) (58)
Together with (57) and (58), one has b3 < 1?““2), as desired. O
Claim 32. It holds that
;o MalKE, ) —an=3)ay 2(1-a)q

< = .
SN KD ) —am—2n+46) 2 A(Kf ) —2a

Proof of Claim 32. Consider the graph K3, 5 and the Perron vector y. Applying (1) to
uy, uz and v, _3, respectively, gives us

Aa(K3, s)a) = a(n —3)ay + (1 — a)((m — 2n 4 6)by + (3n. — 9 — m)by), (59)

Aa(K3, _3)ay = a(m —2n + 6)a; + (1 — a)(m — 2n + 6)b], (60)
Aa(K3, _3)by = 2aby + 2(1 — a)aj. (61)
Then (59) and (60) give
(1 —a)(m—2n+6)b) (Aa(K3,3) — a(n —3))a)

[
O TN KT ) —a(m—2n+06)  A(Kf% 4) —a(m —2n+6)°

And (61) gives
2(1 — a)d}
as desired. ]

Recall that

b, =

K3, 3 =G —{ugvilm —2n + 7 <i < s} +{ugui|t +1 <i <n — 3}
According to Lemma 15, one has

XTY()‘a(K:Tn—S) —Xa) = XT(Aa(Kg,ln—?,) — Au(G))y

n—3 s
=« [ Z (XUZyU2 + Xviyvi) - Z (Xu3Yu3 + Xviym)

i=t+1 i=m—2n+7

n—3 s
+ (1 - Oé) [Z (XU2yvi + XUiyu2) - Z (XUBin + XUiyUB)]

i=t+1 i=m—2n+7
= (n — 3 = t)[a(azd) + bsbly — azay, — b1by)
+ (1 — a)(agbl + bzay — asby — byay)].
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Note that t <n — 4, ag < as. Then

X"y (Na(K5Y ) — Aa)
n—3—t

> alag(a) — ay) + by(bs — by)] + (1 — a)(ajbs — ayb).  (62)

Note that ay < a;, according to the relationship between a; and ay, we consider the
following two cases.
Case 1. % < ap < a;. In this case, together with Claims 30, 32 and (62), one has

X"y (Aa(K5 3) — Aa)
n—3—t
;o (Aa(KF, 3) —a(n —3))a) 6(1 — a)a’bs
>« ag | a) — _
Aa(K5h 3) — a(m —2n +6) Aa(K3, 3) — 2
, 4(Aa (K3, _3) — a(n —3))a;bs
1— — . .
+(1-a) {albg’ Aa(K55) — a(m — 20+ 6) }

Then

X"y (Aa(K35) = )
(n—3—1t)d}

)\a(ng’n_;;) —a(n —3)
> |l — 2
Aa(K5Y, 3) — a(m —2n +6)
(A (KT o) — -3
)\Q(Kg’fnfg) — 2« )\Q(K;fnfg) —a(m —2n+6)

(3n —9 —m)atay + (1 — a)[=3Aa (K35, _5) + a(6n — 24 — m)]bs

>
Ao(K3, 3) — a(m —2n + 6) ’

(63)

where the inequality in (63) follows by m > 2n — 3.
Note that m < 2v/2(n —4) < 3n — 9, Ao(K3Y 3) > Aa(Kapn-3) > a(n — 3). We have
Ao(K3, 3) —a(m—2n+6) > 0and 3n —9 —m > 0.
If —3M\a(K3, 3) + a(bn — 24 —m) > 0, then by (63), one has \,(K3},_3) > a4, a
contradiction to the choice of G*.
. If =3 (K%, 5) + a(6n—24—m) < 0. Note that a5 > %, by = U2 < Lok <
en

(3n — 9 —m)alas + (1 — a)[=3Xa (K5, _3) + a(6n — 24 — m)]bs
- (3n —9 —m)ala N al=3X\o (K3, 3) +a(6n — 24 —m)]a;
2 6 '

(64)

As K7, 5 is a proper subgraph of K3 ,,_3, by the Perron-Frobenius theory, Ao (K g}n_3) <
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Aa(K3n-3). And so by Lemma 19, Ao (K3, 3) < an. Together with (64),

(3n — 9 —m)atas + (1 — a)[=3Xa (K5, _3) + a(6n — 24 — m)]bs
> %[(% — 27 — 3m)a — 3an + a(6n — 24 — m)]

a’ay

> ——((12 - 8V2)n +32v2 - 51) (by m < 2v/2(n — 4))
S oz26a1 (81 — 56v2) (by n > 11)
> 0.

Together with (63) and A (K35, 3) — a(m — 2n +6) > 0, we have A\, (K3}, 3) > Aa, a
contradiction to the choice of G*.

Case 2. ay < %. In this case, by Claim 30, b; < 3bs. Together with (62) and Claim
32, one has

XTY()‘Oc(K?Tn—?;) —Aa)
n—3—t
+ o (o Lol )y 1=ty |
)\a(Kgfn_g) —a(m —2n + 6) )\a(K?Tn_?)) — 2«
3K, 3) — a(n —3))ajbs
Aa(KEY, 5) — a(m —2n +6) ] .

+(1—a) {a’lb;; -

Then

XTY()‘a(K?Tn—3) —Aa)
(n—3—1t)d}

Ao(K3 3) —a(n —3)
-« {1 TN ) —a(m —2n+ 6)] 2
4o 3(Aa(KT,_3) — a(n —3))
+(1—a) {1 TOM(KT ) — 20 (K ) —a(m—2n 1+ 6)]

(3n —9 —m)a’as + (1 — a)[2Xo (KL, _3) + a(5n — 19 — m)]bs

>
(K5 _3) — a(m —2n 4+ 6) ’

(65)

where the inequality in (65) follows by m > 2n — 3. Note that 3n —9 —m > 0 and
Aa(K5 3) —a(m —2n+6) > 0.

If —2X\o(K3, 3) + a(5n — 19 —m) > 0, then by (65), one has A\,(K3}, _3) > a4, a
contradiction to the choice of G*.

If —2Xa (K3, 3) + a(d5n — 19 —m) < 0, then we proceed by the following discussion.
As A\o(K3),_3) < an, one has a(—2n +5n — 19 —m) < 0. And so m > 3n — 19, that is
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m > 3n — 18. By Claim 31, b3 < Qi?f‘ffl). Note that m < 2v/2(n — 4), then

(3n — 9 —m)atas + (1 — a)[—2Xa (K3, _3) + a(5n — 19 — m)]bs
13aas
24

> (30— 9 — 2v2n + 8v/2)aay +
(111 — 74+/2)n — 463 + 296v/2
«

> (3n — 9 —m)atay + [—2Xa (K3, 3) + a(5n — 19 —m)]

13 Qa9
24

[—2am + a(5n — 19 — 2v/2n + 8v/2)]

- 24 @2
_ 518V/2
S Ma2a2 (by n > 11)
24
> 0.

Together with (65) and A\, (K3, 3) — a(m — 2n +6) > 0, one has A\o(K3), 3) > A, a
contradiction to the choice of G*.
Therefore, ¢ = n — 3, and so G* = K7, _;. O

5 Further discussions

In this paper, we give answers to Question 6 for 1 < m < 2v/2(n — 4),

1
2
m = k(n — k), 3 < a < 1, where k is an integer with 2 < k < [2]. Ta

Theorems 8-10, we may obtain the corresponding results for ()-index.

<a<1and
ke

Corollary 33. Let m = k(n — k) be given, where k is an integer with 2 < k < [5]. If
G € B(n,m), then q¢(G) < ¢(Kyn—k), with equality if and only if G = Ky, .

Corollary 34. Let n < m < 2n — 5 be given. If G € B(n,m), then q(G) < q(K3',_,),
with equality if and only if G = K3, 5.

Corollary 35. Let 2n — 3 < m < 2v/2(n — 4) be given. If G € B(n,m), then q¢(G) <
q(KZ,_3), with equality if and only if G = K3, 5.

Note that if G is a bipartite graph, then u(G) = ¢(G), i.e., the L- and Q-indices of
G are coincide. As Ky, and K" 2m_o are connected for all p081tlve integers k,n, m with
n < m < 2n — 5, the main results in [30] can be deduced (see [30, Theorems 2.3, 2.4]).

On the other hand, it is clear that Corollary 33 gives an answer to Questions 4 and
5 for 2 < p < g and m = pq; Corollary 34 gives an answer to Questions 4 and 5 for
p=2<gqgand ¢g+2<m < 2q—1; Corollary 35 gives an answer to Questions 4 and 5 for

—3<qand2q+3<m<2\/_(q—1).

Furthermore, by observing the extremal graphs in Theorems 8-10, we believe the

following conjecture is true.

a<l. If(k=1)(n—k+1)+1<m < k(n—k)

Conjecture 36. For 1 < k < and 3 <
v ). Equality holds if and only if G = K [

5]
and G € B(n,m), then \,(G) < A\, (K]

,V—

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(4) (2024), #P4.78 25



Acknowledgements

We take this opportunity to thank the anonymous referee for his/her careful reading of
the manuscript and suggestions which have immensely helped us in getting the article
to its present form. This work is supported by the National Natural Science Foundation
of China (Grant Nos. 12171190, 11671164) and the Special Fund for Basic Scientific
Research of Central Colleges (Grant No. CCNU24.JC005).

References

1]

9
10
1
12
13
14

[15]

F.K. Bell, On the maximal index of connected graphs. Linear Algebra Appl., 144:
135-151, 1991.

A. Bhattacharya, S. Friedland, U.N. Peled, On the first eigenvalue of bipartite
graphs. Electron. J. Combin., 15 (1): #R144, 2008.

R. A. Brualdi, A. J. Hoffman, On the spectral radius of (0, 1)-matrices. Linear Algebra
Appl., 65: 133-146, 1985.

R. A. Brualdi, E.S. Solheid, On the spectral radius of connected graphs. Publ. Inst.
Math. (Beograd) (N.S.), 39(53): 45-54, 1986.

T.-C. Chang, B.-S. Tam, Connected graphs with maximal @-index: the one-
dominating-vertex case. Linear Algebra Appl., 435: 2451-2461, 2011.

T.-C. Chang, B.-S. Tam, Graphs of fixed order and size with maximal A,-index.
Linear Algebra Appl., 673: 69-100, 2023.

T.-J. Chang, B.-S. Tam, Graphs with maximal signless Laplacian spectral radius.
Linear Algebra Appl., 432: 1708-1733, 2010.

Y.-F. Chen, H.-L. Fu, I.-J. Kim, E. Stehr, B. Watts, On the largest eigenvalues
of bipartite graphs which are nearly complete. Linear Algebra Appl., 432: 606614,
2010.

Y.-J. Cheng, C.-A. Liu, C.-W. Weng, Counterexamples of the Bhattacharya-
Friedland-Peled conjecture. Linear Algebra Appl., 641: 200-207, 2022.

D. Cvetkovi¢, P. Rowlinson, On connected graphs with maximal index. Publ. Inst.
Math. (Beograd) (N.S.), 44(58): 29-34, 1988.

K. C. Das, I. N. Cangul, A.D. Maden, A.S. Cevik, On the spectral radius of bipartite
graphs which are nearly complete. J. Inequal. Appl. 121: 2013.

Z.M. Feng, W. Wei, On the A,-spectral radius of graphs with given size and diameter.
Linear Algebra Appl., 650: 132-149, 2022.

S. Friedland, The maximal eigenvalue of 0-1 matrices with prescribed number of ones.
Linear Algebra Appl., 69: 33—69, 1985.

C. Godsil, G. Royle, Algebraic Graph Theory. vol. 207 of Graduate Texts in Mathe-
matics, Springer-Verlag, New York, 2001.

C.D. Godsil, Algebraic Combinatorics. Chapman and Hall, New York, 1993.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(4) (2024), #P4.78 26



[16] D. Li, R. Qin, The A,-spectral radius of graphs with a prescribed number of edges
for 2 < o < 1. Linear Algebra Appl., 628: 29-41, 2021.

[17] S.C. Li, W.T. Sun, Some spectral inequalities for connected bipartite graphs with
maximum A,-index. Discrete Appl. Math., 287: 97-109, 2020.

[18] S.C. Li, B.-S. Tam, Y.T. Yu, Q. Zhao, Connected graphs of fixed order and size
with maximal A,-index: The one-dominating-vertex case. Linear Algebra Appl., 662:
110-135, 2023.

[19] S.C. Li, Y.T. Yu, On A, spectral extrema of graphs forbidding even cycles. Linear
Algebra Appl., 668: 11-27, 2023.

[20] C.-A. Liu, C.-W. Weng, Spectral radius of bipartite graphs. Linear Algebra Appl.,
474: 3043, 2015.

[21] L. Lovész, J. Pelikdn, On the eigenvalues of trees. Period. Math. Hungar., 3: 175-182,
1973.

[22] V. Nikiforov, Merging the A-and Q-spectral theories. Appl. Anal. Discrete Math., 11:
81-107, 2017.

[23] V. Nikiforov, O. Rojo, On the a-index of graphs with pendent paths. Linear Algebra
Appl., 550: 87-104, 2018.

[24] D.D. Olesky, A. Roy, P. van den Driessche, Maximal graphs and graphs with maximal
spectral radius. Linear Algebra Appl., 346: 109-130, 2002.

[25] M. Petrovié¢, S.K. Simié, A note on connected bipartite graphs of fixed order and
size with maximal index. Linear Algebra Appl., 483: 21-29, 2015.

[26] P. Rowlinson, On the maximal index of graphs with a prescribed number of edges.
Linear Algebra Appl., 110: 43-53, 1988.

[27] R.P. Stanley, A bound on the spectral radius of graphs with e edges. Linear Algebra
Appl., 87: 267-269, 1987.

[28] D.B. West, Introduction to Graph Theory. Prentice Hall, Inc., Upper Saddle River,
NJ, 1996.

[29] M. Q. Zhai, H. Q. Lin, Y. H. Zhao, Maximize the @-index of graphs with fixed order
and size. Discrete Math., 345(1): 112669, 2022.

[30] H.H. Zhang, S. C. Li, On the Laplacian spectral radius of bipartite graphs with fixed
order and size. Discrete Appl. Math., 229: 139-147, 2017.

THE ELECTRONIC JOURNAL OF COMBINATORICS 31(4) (2024), #P4.78 27



	Introduction
	Preliminaries
	Proofs of Theorems 8 and 9
	Proof of Theorem 10
	Further discussions

