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Abstract

We characterize ratios of permanents of (generalized) submatrices which are
bounded on the set of all totally positive matrices. This provides a permanental
analog of results of Fallat, Gekhtman, and Johnson [Adv. Appl. Math. 30 no.
3, (2003) pp. 442-470] concerning ratios of matrix minors. We also extend work
of Drake, Gerrish, and the first author [FElectron. J. Combin., 11 no. 1, (2004)
Note 6] by characterizing the differences of monomials in Z[z1 1, 21 2, . . . , Znn] Which
evaluate positively on the set of all totally positive n X n matrices.

Mathematics Subject Classifications: 15A15, 15B48, 06F25, 05A05, 15A45

1 Introduction

Given an n x n matrix A = (a;;) and subsets I,J C [n] := {1,...,n}, let A;; =
(a;j)ier jes denote the (1, J)-submatriz of A. For |I| = |J|, call det(A; ;) the (I, .J)-minor
of A. A real n x n matrix A is called totally positive (totally nonnegative) if every minor
of A is positive (nonnegative). Let M C MINN denote these sets of matrices.

These and the set MIFS of n x n Hermitian positive semidefinite matrices arise in many
areas of mathematics, and for more than a century mathematicians have been studying
inequalities satisfied by their matrix entries. (See, e.g., [8].) Many such inequalities involve
minors and permanents. For instance inequalities of Fischer [9], Fan [4], and Lieb [15]
state that for all matrices A € MINN U MUPS "and for all T C [n] and I¢ := [n] \ I, we
have

det(A) < det(Ay ) det(Age re), 0
P

per(A) > per(Ar ) per(Aree).
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Koteljanskii’s inequality [13], [14] states that for A € MINNUMUPS and for all I, J C [n]
we have

det(A[U]JUL]) det(A[mJJmJ) < det(A”) det(AJ”]). (2)

Many open questions about inequalities exist and seem difficult. For instance, it is
known which 8-tuples (I, J, K, L, I', J', K', L") of subsets satisfy

det(AM/) det(AJJ/) < det(AKvK/) det(ALyL/) (3)

for all A € MINN[7], [16], but few permanental analogs of such inequalities are known.
While some of these 8-tuples also satisfiy

per(ALp) per(AJJ/) 2 per(AK’K/) per(ALL/), (4)
this second inequality is not true in general. For example, the natural permanental analog

per(Ausiug) per(Amnging) = per(Agr) per(Ay.y), (5)

of (2) holds neither for all A € MHFS nor for all A € MINN. (See [17, §6] for a coun-
terexample with n = 3.)
Let us put aside M!PS and consider conjectured inequalities of the form

product; < product, (6)

involving minors and permanents of matrices in MI™N and MIP. One strategy for
studying (6) is to view the difference product, — product, as a polynomial

f(.T) = f(xl,l, 33‘1’2, e 7«rn,n) (- Z[I‘] = Z[;Ul’l, .Tl’g, . 7xn,n] (7)

in matrix entries. Then the validity of the inequality (6) is equivalent to the statement
that for all A = (a;;) € M}NN) we have

f(A) = f(afl,la a1,27 v 7an,n) } 0. (8)

We call a polynomial (7) with this property a totally nonnegative polynomial. Since MY
is dense in MINN_the inequality (8) holds for all A € MI? if and only if it holds for all
A e MINN,

A second strategy for studying (variations of) a potential inequality (6) is to ask for
which positive constants ki, ko the modified inequalities

k1 - product; < product, < ks - product, 9)

hold for all A € MINN. Bounds of k; = 1 or ks = 1 imply the inequality (6) or its
reverse to hold; other bounds give information not apparent in the proof or disproof of
(6). Equivalently, we may view the ratio of product, to product, as a rational function

R(x) == R(x11, %12, -, Tnn) € Q) := Q11,2125 - -, Tnn) (10)
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in matrix entries, and we may ask for upper and lower bounds as x varies over M.
While a ratio (10) is not defined everywhere on MINN_ the density of MY in MINN
allows us to restrict our attention to MIT: we have

kr < R(z) < ke (11)

for all z € MI? if and only if the same inequalities hold for all z € MI™N such that R(z)

is defined. Clearly the lower bound k; is interesting only when positive, since products of

minors and permanents of totally nonnegative matrices are trivially bounded below by 0.
A characterization of all ratios of the form

det(I]J/) det(:z:JJ,)
det(zg ) det(zp 1)’

I,I',...,L, L' Cn], (12)

which are bounded above and/or nontrivially bounded below on MIY follows from work
in [7] and [16]. Each ratio (12) is bounded above and/or below by 1, and for each n,
factors as a product of elements of a finite set of indecomposable ratios. This result was
extended in [11] to include ratios of products of arbitrarily many minors

det(:t]l,‘ri) s det(l’jp’jzl))
det(le,Ji) s det(xjwj;)) '

(13)

Again, each of these factors as a product of elements belonging to a finite set of indecom-
posable ratios. For n = 3, each ratio (13) is bounded above and/or below by 1; for n > 4,
such bounds are conjectured [3].

While the permanental version (5) of Koteljanskii’s inequality is false, we will show in
Section 3 that the corresponding ratio is bounded above and nontrivially below. Specifi-
cally,

1 per(zy ) per(zy.y)
[TUJ| TN per(zusius) per(zinging)
for all I,J C [n] and z € MIP. The failure of (5), combined with (14), exposes a
difference between ratios of minors and of permanents: unlike the bounded ratios in (12),

not all bounded ratios of permanents are bounded by 1. Thus it is natural to ask which
ratios

< M (14)

R(z) = Per(xfl,I;)Pel"($12,I§) e 'pef(QUIT,I;)

B per(x, yr)per(,. 1) - -per(quﬂ]é)

(15)

are bounded above and/or nontrivially below as real-valued functions on M and to
state bounds.

In Section 2 we describe a multigrading of the coordinate ring Z[z] of n x n matrices.
Extending work in [6], we define a partial order on the monomials in Z[z] which charac-
terizes the differences [] a7 — fo/ which are totally nonnegative polynomials. This
leads to our main results in Section 3 which characterize ratios (15) which are bounded
above and nontrivially below as real-valued functions on M¥. We provide some such

bounds, which are not necessarily tight. We finish in Section 4 with some open questions.
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2 A multigrading of the coordinate ring and the total nonneg-
ativity order

We will find it convenient to view degree-r monomials in Z[x] in terms of permutations in
the symmetric group &, and multisets of [n]. In particular, given permutations v, w € &,
define the monomial

v,W

T = Togwy " Lopwp

Define an r-element multiset of [n] to be a nondecreasing r-tuple of elements of [n]. In
exponential notation, we write ¥ to represent k consecutive occurrences of i in such an
r-tuple, e.g.,

(1,1,2,3) = 122'31 (1,2,2,2) = 1123 (16)

Two r-element multisets
M= (mq,...,m,)=1%...n% O=(o1,...,0,) =1°...nfn (17)

determine a generalized submatriz xp0 of x by (Tam0)i; = Tpm,;0;- For example, when
n = 3, we have the 4 x 4 generalized submatrix and monomial

11 12 T12 T12

|11 T1i2 T12 T12
211231222 = ) (951123,1222

)1234,4312
To1 To2 T22 X22

= T12%12221T3,2- (18)
T31 T32 T32 X32

The ring Z[x] has a natural multigrading

Zlz] = @ @AM,O, (19)

r>0 M,O
where the second direct sum is over pairs (M, O) of r-element multisets of [n],

Apro = spang{(zpy0)°" |w € &,}, (20)
and e is the identity element of &,. More precisely, for M, O as in (17), a basis for A0
is given by all monomials

1= (21)
i,j€ln]
with C' = (¢; ;) € Mat,«,(N) satisfying
ci71+---+ci,n:ai, cl,j—l—---—kcn,j:,ﬁj fori,jzl,...,n. (22)
One may express a monomial (21) in the form (z7,0)*" by the following algorithm.
Algorithm 2.1. Given a monomial (21) in Ay o with M, O as in (17),

(i) Define the rearrangement u = wu; ---u, of O by writing (21) with variables in lexi-
cographic order as Xy, u, ** * Ty -
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(i) Let j; < --- < jg, be the positions of the 5y ones in u, let jg,41 < -+ < jg 48, be
the positions of the £, twos in u, etc.

(iii) Fori=1,...,r, define w;, = 1.
(iv) Call the resulting word w = w(C).
For example, it is easy to check that for n = 3 and multisets
(1123,1222) = (122'3%,1'233%)

of {1,2,3}, the graded component Aj193 1220 of Z[x1 1,212, ...,233] is spanned by mono-
mials (21), where C' = (¢; ;) is one of the matrices

1 10 0 20 0 20
o1o0], [1oo], [010 (23)

010 010 1 00

having row sums (2, 1,1) and column sums (1,3,0). These are
T1,101,2%2273 2, $§,2$2,1$3,2, ﬂﬁizxz,ﬂ:&,h (24)

with column index sequences equal to the rearrangements 1222, 2212, 2221 of 1222. Al-
gorithm 2.1 then produces permutations 1234, 2314, 2341 in G4, and we may express the
monomials (24) as

1234,1234 1234,2314

(%1123 1222) . (%1123,1222) , (T11931000) 23234 (25)

For r-element multisets M, O of [n], the monomials in Ay o are closely related to
parabolic subgroups of &, with standard generators sy, ..., s,_1, and double cosets of the
form W,xnwW, 0y where w belongs to &,., W; is the subgroup of &, generated by .J, and

L(M> = {31’ S 78?"—1} ~ {Sala Sar+ags - ST—an} = {Sj | mj; = mj+1})

(26)
L(O> = {517 s 75T*1} ~ {5517 SB1+B21 -+ Srfﬂn} = {Sj | 0j = OJ+1}'

It is easy to see that the map M + (M) is bijective: one recovers M = 1% ...n%
from the generators not in ¢(M) as in (26). It is known that each double coset has
unique minimal and maximal elements with respect to the Bruhat order on &, defined
by declaring v < w if each reduced expression s;, - --s;, for w contains a subword which
is a reduced expression for v. (See, e.g., [2], [5].) Let W,(an\W/W, oy denote the set of
all double cosets of W = &,. determined by r-element multisets M, O.

Proposition 1. Fiz r-element multisets M, O of [n] as in (17). The double cosets
W) \W/Wyoy satisfy the following.

(i) Each double coset has a unique Bruhat-minimal element u satisfying su > wu for all
s € L(M) and us > u for all s € 1(O); it has a unique Bruhat-mazimal element v’
satisfying su’ < ' for all s € o(M) and u's < u’ for all s € 1(O).
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(i) We have W.anvW, 0y = WyanywW, oy if and only if (rm0)9" = (Tm,0)°".

(iii) The cardinality |W, ) \W/W,0)| is the dimension of Ao, equivalently, the number
of matrices in Mat, ., (N) with row sums (o, ..., a,) and column sums (B, ..., ).

(iv) Each permutation w produced by Algorithm 2.1 is the unique Bruhat-minimal ele-
ment of its coset W,(pywW, o)

Proof. (i) See [5].

(ii) The dimension of Ay, o is the cardinality of the set {(zy,0)%" |w € &, }. But we have
(xa0)¢" = (xap0)®" if and only if when we partition the r x r permutation matrices
P(v), P(w) of v, w into blocks by drawing bars after rows ay, oy + o, . .., 7 — o, and after
columns (1, 81 + B, . .., 7 — Ba, the corresponding blocks of P(v) and P(w) contain equal
numbers of ones. It follows that for fixed w € &,, the set {v € &, | (zrp.0)" = (xr.0)9"}
is WL(M)U)WL(())

(iii) This follows from (ii), where ¢; ; is the number of ones in block (z, ) of the permutation
matrix of any permutation belonging to the double coset.

(iv) By Step (i) of the algorithm, subwords w; « « - Way, Wayt+1 " * Waytays €tC., of w(C') are
increasing. It follows that for any generator s € (M) we have sw > w. By Step (ii) of the
algorithm, letters 1,...,3; appear in increasing order in w(C'), as do 81 + 1,..., B1 + B,
etc. It follows that for any generator w € ¢(O) we have ws > w. O

For any subsets I, J of generators of &,, the Bruhat order on &, induces a poset
structure on W \W/W; as follows. We declare WoW,; < WrwW; if elements of the
cosets satisfy any of the three (equivalent) inequalities in the Bruhat order on &,. (See
[5, Lemma 2.2].)

(i) The minimal element of WwW) is less than or equal to the minimal element of
W[U)WJ.

(ii) The maximal element of W;vW; is less than or equal to the maximal element of
W[U}WJ.

(iii) At least one element of WvW; is less than or equal to at least one element of
W[UJWJ.

Call this the Bruhat order on W \W/W;. A fourth equivalent inequality can be stated
in terms of matrices associated to monomials in Ay 0. (See, e.g., [12, Proposition 3].)
Given a matrix C' = (¢; ;) € Mat,«,(N), define the matrix C* = (¢} ;) € Mat,x,(N) by

c; ; = sum of entries of Cf; ;). (27)

Proposition 2. Fiz monomials

Ci,j
(za10)° qu’ (#11.0)° wa’
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in Apmo and define matrices C*, D* as in (27). Then we have
W.onyvWo) < WyanywW, oy in the Bruhat order if and only of C* = D* in the com-
ponentwise order.

The Bruhat order on W,y \W/W, (o is closely related to certain totally nonnegative
polynomials in Ay 0. Indeed, when M = O = 1", totally nonnegative polynomials of the
form %" — 2" are characterized by the Bruhat order on &,, [6, Theorem 2.

w

Theorem 3. Forv,w € &, the polynomial x®° — x*" is totally nonnegative if and only

if v < w in the Bruhat order.

We will now extend this result to all monomials in Z[x]. Let us define a partial order
<r on all monomials in Z[z] by declaring (z,0)" <r (zpg)“" if (xpg)*" — (zm0)*" is
a totally nonnegative polynomial. We call this the total nonnegativity order on monomials
in Z[x]. It is not hard to show that the total nonnegativity order is a disjoint union of its
restrictions to the multigraded components (19) of Z[x].

H% , wa (28)
i i

are comparable in the total nonnegativity order only if they belong to the same multigraded
component of Z|x].

Lemma 4. Monomials

Proof. For k,¢ € [n] and t € R, define the n x n matrix E**(t) = (eﬁ’f)me[n] by

i = (29)

ke )t ifi<kand j<{,
1 otherwise.

This matrix is totally nonnegative if t > 1, or k =n, or £ = n.
Suppose that the monomials belong to components Ao and Ay o of Zlz], with M,
O, as in (17) and

!

M =1%...p% O =101 ...pnbn.

If M # M', then let k € [n] be the least index appearing with different multiplicities in the
two multisets. Evaluating the monomials (28) at E*"(t) yields t®1+ -+ and t*1++ek,
The difference of these can be made positive or negative by choosing ¢ < 1 or ¢ > 1. On
the other hand, if O # O’ then the evalulation of the monomials (28) at matrices of the
form E™¢(t) leads to a similar conclusion. O

Theorem 5. Fiz r-element multisets M = 1% --.n% O = 1°1...nf as in (17), and
matrices C, D € Mat,«,(N) with row and column sums (o, ...,an), (B1,...,0.), and

define the polynomial
Ci, i di’ i
f(z) = Hxi,j] - 1_[552‘,]'J
1,J .3
in Ayo. Then the following are equivalent.
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(i) f(z) is totally nonnegative.
(i1) C* = D* in the componentwise order.
(i17) w(C) < w(D) in the Bruhat order on &,.

(iv) f(x) is equal to a sum of products of the form det(z; j)Tu, vy« Tup_sw,n 1 Aro
with |I| = |J| = 2.

Proof. (i = ii) Suppose C* %2 D* in the componentwise order and let (k,¢) the the
lexicographically least pair satisfying ¢ , < dj ,. Now choose ¢ > 1 and evaluate f(r) at
the totally nonnegative matrix E**(t) to obtain t%¢ — t%.¢ < 0. Tt follows that f(z) is
not a totally nonnegative polynomial.
(ii = iii) This follows from Proposition 2 and the definition of the Bruhat order on double
cosets.
(iii = iv) Suppose that w(C) < w(D) and let p = (w(D)) — ¢(w(C')). Then there exist
a sequence

w(C) = YO <y <y ) = w(D)

of permutations and a sequence ((%o, jo); - - - ; (4p—1, jp—1)) of transpositions in &, such that
we have

y® = (ik—y, je1)y™* Y, (y™) = y* ) +1
for k=1,...,p. We may thus write f(z) = (2a1,0)"?) — (211,0)*"P) as the telescoping
sum

((xM,o)e’y(O)— (xM,o)e’y(1)> + ((xM,o)e’ym— (xM,o)e’y(2>> +--t ((:L‘M,o)e’y(p_l)— (xM,o)e’y(p)>7

where each parenthesized difference either has the desired form or is 0.
(iv = 1) A sum of products of minors is a totally nonnegative polynomial. O]

For example, let us revisit the monomials (24) — (25) in the graded component A; ;23 1222
of Z[x11,212,...,233]. It is easy to see that 1234 < 2314 < 2341 in the Bruhat order
on &, and that the application of (27) to the corresponding matrices in (23) yields the
componentwise comparisons

1 2 2 0 2 2 0 2 2
1 3 3l=211 3 3[>1]0 3 3 (30)
1 4 4 1 4 4 1 4 4
Thus we have (1101123,1222)1234’1234 27 (%123,1222)12342314 27 ($1123,1222)1234’23417 Le.,
T1101,2T22%32 2T ﬁigxz,lxm 2T Iig@,ﬂs,l.
Furthermore, the chain 1234 < 2134 < 2314 < 2341 in the Bruhat order on &4 with
2134 = (1,2)1234, 2314 = (2,3)2134, 2341 = (3,4)2314 (31)
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allows us to write 1121 2222732 — x? 9T2,1%3 2 AS
1234,1234 1234,2134 1234,2134 1234,2314
<($1123,1222) - (%123,1222) ) + ((131123,1222) - ($1123,1222) )

T11 T12 T11 T12
= det T92T32 + T12 det 3.2,
11 T22 To1 T22

and to write 23,9 1230 — T3 4To 2731 as

1234,2314 12342341\ _ .2 To1 T2
((371123,1222) — (@1123,1222) ) = x5 det |:5L‘3 2 2} -

3 Main results

Let MIF be the set of totally positive n xn matrices. To characterize ratios of products of
permanents which are bounded above and /or nontrivially bounded below on the set M
we first consider necessary conditions on the multisets of rows and columns appearing in
such ratios. Let

R(z) = per(zr, 1 )per(zr, ) - - per(zr, 1)

= , 32
per(le,J{)Pel"(ﬂﬁJg,Jg) - 'pef(%q,J;) (82)

be such a ratio, where

(Iy,.... L), (I1,.... 1), (Ji,...,Jy), ( {,...,Jé) (33)
are multisets of [n] satisfying || = |I;|, |Jk| = |J| for all k. In order for R(z) to be

bounded above or nontrivially bounded below on M" the multisets (33) must be related

Qn

in terms of an operation which we call multiset union. Given multisets M = 1%t ... n%
O = 1°1...nP of [n], define their multiset union to be

M WO = 1217P1 .. ponthn (34)
For example, 1124 U 1233 = 11122334.

Proposition 6. Given multiset sequences as in (33), a ratio (32) can be bounded above
or nontrivially bounded below on MY only if we have the multiset equalities

LYU---ul,=JU---UJ, LHY---ull=Jjy---uJ,. (35)

Proof. Given a multiset K, let p;(K) denote the multiplicity of ¢ in K, and define

Q; = ZM(&% Bi = Zﬂi(ﬂg% o = Zui(Jk), Bl = ZMUIQ) (36)
k=1 k=1 k—1 1

Assume that the multiset equalities (35) do not hold, e.g., for some i we have a; # a.
Let A be a totally positive matrix and construct a family of matrices (A(t));~o by scaling
row ¢ of A by ¢. Clearly, each matrix A(t) is totally positive, since each minor det(A(t);, ;)
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equals either det(A; ;) or ¢ times this. Furthermore, we have R(A(t)) =t~ R(A), since
each permanent with row multiset K containing i is scaled by (). Thus, by letting ¢
approach 0 or +o0, we can make R(A(t)) arbitrarily large or arbitrarily close to 0. The
same is true if we have f3; # 5. H

To state sufficient conditions for the boundedness of ratios (32) we observe that it is
possible to bound the permanent above and below as follows.

Proposition 7. For any n x n totally nonnegative matric A = (a; ;) we have
a1 Qg S per(A) <nl-ayg - app. (37)

Proof. The first inequality follows from the fact that aq ., anw, > 0 for all w € G,,.
The second inequality follows from the fact (Theorem 3) that aq .- anw, < a11 Aoy
for all w € G,,. O

Now we state our main result, which characterizes ratios R(z) as in (32) which are
bounded above for z € M".

Theorem 8. Let rational function

per(zy, i )per(wy, ) - - - per(zr, 1)

R(x) =
(z) per(:thJ{)per(xJQ,Jé) . -per(a:JqJé)

have index sets which satisfy (35), and define matrices C = (c; ), C* = (c};), D = (dij),
D =(d;;) by

() (1.1 H x;7, (Tgy,) - (T H ;' (39)

and (27). Then R(x) is bounded above on the set of totally positive matrices if and only
if D* < C* in the componentwise order. In this case, it is bounded above by |I1|!---|I.|!.

Proof. Suppose that D* £ C*. Then for some indices (k, ) we have dj , > ¢} ,.
Then, we have R(E*(t)) = fz% where deg(p(t)) = d;; > ¢;,; = deg(q(t)). Thus we
have
lim R(E (1)) = t%i~% = oo.

t—o00

Assume therefore that we have D* < C* and let A be any n x n totally positive
matrix. Applying the inequalities of Proposition 7 to the numerator and denominator of
R(A) respectively, we see that R(A) is at most

1AL )2 LA ) L]l [ L T afy
(Ajl,JQe’e'"(AJQ,J(’J)E’G HaCzJ

(40)

By Theorem 5 we have that Hajgfj < Ilagy. Thus the right-hand side of (40) is at most
IR -
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Observe that Theorem 8 guarantees no nontrivial lower bound for R(x) and gives an
upper bound which is sometimes tight. Indeed the ratio

T1,2%21

11222

attains all values in the open interval (0,1) as x varies over matrices in M3". On the
other hand, special cases of the ratios in Theorem 8 can be shown to have both upper
and nontrivial lower bounds.

Corollary 9. For ratio R(x) and matrices C, D defined as in Theorem 8, if C' = D, then
R(z) is bounded above and below by

1

ANl < R(x) < [L[!--- |4 (41)
! !

P
forxe M,".

For example, consider the ratio

( ) _ per(x12’34)per(x34,12)

R(x (42)

L1,302,4T3 14,2

Wlth |Il| = |]2| = 2, |J1| = |J2| = |J3| = |J4| = 1, and

(43)

o= O O
_— o O O
o O O
o O = O

By Corollary 9, we have

1
_ 12
T < R(x) < 21-

It is easy to see that R(z) attains values arbitrarily close to 4 as x approaches the matrix
of all ones. It is also possible to show that R(z) attains values arbitrarily close to 1.
Indeed, consider the matrix A = A(e) = (a; ;) defined by

3

@)

Ale) =

1
: (44)

A =N =
=N = ™
— =

63

where € is positive and close to 0. To see that A(e) is totally positive, it suffices to verify
the positivity of the sixteen minors det(Ajq, p,],(as,b,)) indexed by pairs of intervals, at least
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one of which contains 1 [10, Theorem 9]. Observe that we have a;; > 0 and a;; > 0 for

all 7, 7. Also,

(oW

et(Ar2,12) =

(Ai93) = det(A23 12) = 1 — 2€,
det(Ajg34) = det(Aszg12) = € — €,

(A123123) = 1+ 2€ — 262,

det(Aja3931) = det(Agsy. 123) =1—4de+ e+ 36,
det(A) = 4e — 66 — 2¢> + 9¢* — 26° — 3¢5,
It follows that we have

(62 _ 63)2

——=1lim1—-2+¢e =1

e—0t

lim R(A) = lim

e—0t e—0t €

In the case that all submatrices in (38) are principal, the necessary condition (35) for

boundedness is in fact sufficient to guarantee the existence of upper and nontrivial lower
bounds.

Corollary 10. For ratio R as in Theorem 8, if all submatrices in R(x) are principal,
(Ir = I, J. = J}, for all k), then R(x) is bounded above and below as in (41).

Proof. For principal submatrices xp, 1, ..., the condition (35) implies the equality of the
matrices C' and D in (39): this matrix is diagonal with (i, ) entry equal to the multiplicity
oftin W---WI,. O

For example, consider the ratio

per(xzr ) per(xy.y)
Per(mluJ,IuJ) pel”(JUmJ,mJ)

(45)

coming from the (false) permanental version (5) of Koteljanskii’s inequality (2). By
Corollary 10, the four principal submatrices of x imply that the exponent matrices C' and
D are equal and diagonal with (7,7) entry equal to the multiplicity of 4 in I U J. Thus
Corollary 9 gives the lower and upper bounds

1
TUJINJ|

1] (46)

as claimed in (14). These bounds are not in general tight. Consider the special case

1 - per($12712)per($23,23) < 2!)2

< < 47
3111 7 per(z923123)per(za2) 0
with
1 00
C=D= |0 2 0f. (48)
0 01

We improve (47) as follows.
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Proposition 11. For z € M3¥ we have

1 < per(x12712)per(:x23,23) < 2. (49>
2 per(xi23123)per(xa2)

Proof. The first inequality follows from expanding
2 - per(rig12)per(w23,23) — per(T123123)per(r2z2)
and grouping terms as

2 2
($11$22I33 - $13$22$31) + ($12I21I22$33 - $12I22$23$31) + (1312152115231332 - $13$21$22$32)
+ X11T22%23L32 + L12T21T23T32

= det(713.13) T3, + det(w2313)T12T20 + det(T12,93)T21T32 + 11722723732 + T19T21 T3 T30
Similarly, the second inequality follows from expanding
2- PeF(I123,123)pel“($2,2) - pef($12,12)per($23,23)
and grouping terms as

2
T11259%33 + det(29393)T12%21 + 22122222 23%31

+ T11T20T23T50 + 2T13T1 TaaT32 + 2013259231 L
The authors believe that even these bounds are not tight. The smallest and greatest
values for (49) that we have found are 2/3 and 121/114, respectively.

4 Future directions

It would be interesting to characterize the ratios (15) which are bounded by 1, i.e., to
solve the following problem.

Problem 12. Characterize the differences
per(zy, )+ -per(xy, ) — per(xr, ) per(xr,. 1) (50)
which are totally nonnegative polynomials.

To consider a special case, it is possible to show that for small n, the sets I = [2n]\ 27Z,
J = [2n] N 2Z define a totally nonnegative polynomial

Per(Z ) in]) PEr(Tpnt1,20),nr1,20)) — Per(Xrr) per(x, ). (51)

If this polynomial is totally nonnegative in general, then it provides a permanental analog
of the known totally nonnegative polynomial

det(zy 1) det(xyy) — det(zp, ) det(Zpm1,2n] nr1,20))-
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Conjecture 13. The polynomial (51) is totally nonnegative for all n.

Other families of possible inequalities are suggested by the known inequalities appear-
ing in Proposition 7. In particular, the first inequality there compares the permanent to
a product of permanents of 1 x 1 matrices. Comparing further to products of permanents
of the form

per(xh,fl) T per(a:[h]r), (52)

we obtain polynomials of the forms

per(z) —per(zr,n)---per(er. ), per(rnn)---per(rn.n) = T11- - Tnp,  (53)

which are totally nonnegative because they belong to spany{z®" |w € &,}. It is natural
to ask if the cardinalities of the index sets determine whether a difference of the form (50)
is totally nonnegative, but this is not the case. It is natural then to ask how averages

of such products compare to one another. This problem is open. (See [1], [17, Problem
5.3].)

Problem 14. Characterize the pairs of partitions A = (A1, ..., ), g = (1, ..., jtq) such

that
Z per(zr,n) - - - per(zy,.1,) _ Z per(z .y ) per(zy,.s,) (54)
(Ih,....I;") ()\Ln-,)\r) (J1yeeeJq) (m,...,ur)
Hi|=Ak || =

is totally nonnegative.

Now consider generalizing the second inequality in Proposition 7 to products of per-
manents of the form (52). Differences of the form

per(zy,r,) - - - per(a,.r,) - per(z)

55
ARl ) (55)
are not totally nonnegative, while differences of the form

L AR

are (by Proposition 7). It is natural then to ask about the averages of differences (55),
over all set partitions (Iy,...,I,) of a partition A.

Problem 15. Decide if for fixed A = (Ay,..., \.), the polynomial

Y per(enn) - per(er,r,) — per(x)

(I1ye.1r)
[Tk |[=Ak

is totally nonnegative.
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To illustrate (55) and Problem 15, let us consider the case that n = 3. It is straight-
forward to show that
per(T12,12)%33 _ per ()
211! 3
equivalently, 3per(z12,12)23 3 — per(z), is totally nonnegative because the latter expression
equals a sum of matrix minors. Similarly,

(57)

Per($23,23)$1,1 _ per(:c)

211! 3 (58)
is totally nonnegative. On the other hand,
per(z1313)%22  per(x)
211! T (59)
is not, because its evaluation at
110
1 11
1 11

is negative. However, two times the sum of the three differences (57) — (59) is

2961,1962,25153,3 — X1,2X23731 — T1,322,1T32,

which is totally nonnegative by Theorem 3.
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