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Abstract

In their classical paper, Erdés, Goodman and Pésa studied the representation
of a graph with vertex set [n] by a family of subsets Si,...,S, with the property
that {4, 7} is an edge if and only if S; N S; # (). In this note, we consider a similar
representation of bounded degree r-uniform hypergraphs and establish some bounds
for a corresponding problem.

Mathematics Subject Classifications: 05C62, 05C65, 05D40

1 Introduction

A set S represents an r-uniform hypergraph G if there is a family (S,)yev () of subsets of
S such that for any {vy,...,v.} CV(G),

{v1,...,v,} € E(Q) <= > 1.

Ns.
i=1

One can observe that any r-uniform hypergraph can be represented by a finite set and
similar to [6], we define the representation number of an r-uniform hypergraph G' denoted
by 6(G) as the cardinality of the smallest set S that represents G.

The study of representing graphs (the case where r = 2) can be traced back to the work
of Szpilrajn-Marczewski in [9]. In [6], Erdds, Goodman, and Pdsa introduced the parameter
0(G) for 2-graphs, and proved that 6(G) < |n?/4| for any graph G on n vertices.

For graphs G on n vertices whose complement G has bounded maximum degree, i.e.,
A(G) < A, Alon [1] proved that (G) < c¢;A%logn. On the other hand, in [5] it was
shown that for every A > 1 there are graphs G on n vertices with A(G) < A such that
0(G) > 02% log n, showing that the upper bound is sharp up to a factor of log A. In [8],
these results were extended to r-uniform hypergraphs.
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The related concept of k-representation where k is a positive integer has been studied by
a number of authors (for example see [2-4,7]). For any integer k > 0, a set S k-represents
an r-uniform graph G if there is a family (S,).cv(e) of subsets of S such that for any
{v1,..., 0.} CV(Q),

{v1,...,0.} € E(G) <= > k.

Ns.
i=1

The k-representation number of an r-uniform hypergraph G, denoted by 0(G), is the
cardinality of the smallest set S that k-represents G. Note that for k =1, 6,(G) = 0(G)
holds.

It may be natural to ask the following question: given a graph G, what is the smallest
cardinality of a set .S for which there exists a positive integer k such that S k-represents
G? In [5] the authors studied this question by defining the parameter

0(G) = min (G).

for 2-graphs. In particular, they proved that 6(G) < c3A2logn for any graph G on n
vertices with A(G) < A and that, on the other hand, there exist graphs on n vertices with
A(G) < A and 0(G) > c4Alog(5%). Here we consider the parameter 6(G) where G is a
bounded degree r-uniform hypergraph.

For a vertex v in V(@) in an r-uniform graph G, let the degree of v, denoted by d(v),
be the number of edges that contain v, and further let A(G) be the maximum degree of
G. An r-uniform hypergraph G is linear if the intersection of any two edges has size at
most 1. We will prove the following theorems.

Theorem 1 (Upper Bound). For every r > 3, there ezists a constant C,. > 0 and inlegers
Ag = Ao(r),n9 = no(r) such that if G is an r-uniform hypergraph on n = ng vertices with
A(G) = A = Ay, then
0(G) < C.A%logn. (1)
Further, if G is linear, then
0(G) < C,A* 7T logn. (2)

Theorem 2 (Lower Bound). For every r > 3, there exists an integer ng = ng(r) such
that for every n > ng and A, there exists an r-uniform hypergraph G on n vertices with
A(G) < A such that,

0(G) > %log n. (3)
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2 Proof of Upper Bound

To prove Theorem 1, we will first decompose the edges of the r-uniform hypergraph G into
matchings My, ..., My for some integer L using Lemma 3. We will represent G' by a union
of L disjoint subsets Sy,..., S, and a family (R.)ccp(e) such that R, is a subset of S;
whenever e is in M;. Lemma 4 asserts the existence of such families. We will then assign
to each v in V(G), the set S, which will be the disjoint union of all R, such that v € e
and show that this forms a k-representation for some k£ € N. This is done in Lemma 5.
Given an r-uniform graph G, let x'(G) denote the chromatic index of G, defined as the
smallest integer L such that F(G) can be decomposed into L matchings.

Lemma 3 (Matching Decomposition). If G is an r-uniform hypergraph on n vertices and
A(G) < A, then X'(G) <K L=A-r.

Proof. Let L be the 2-graph such that V' (£) = F(G) and,

E(L) ={{e,f} CE(G):e# fandenf#0}.

Then for any e in F(G), there are at most (A —1)-r edges f such that f # e and fNe # 0.
Thus the maximum degree of £ is (A — 1)r and so x(£) < (A —-1)r+1 < Ar. For a
proper coloring of £, with L = Ar colors, each color class is an independent set in £ and
thus a matching in G. Thus E(G) can be decomposed into matchings My, ..., M, each
corresponding to a color class. O]

In the following lemma, we will use z = (a+b) to denote the inequality, a—b < x < a+b.

Lemma 4. Let m,e,p such that 2 < m < r, 0 <e < 1,0 < p < 1. There exists an
integer ng = no(r) such that if n and t are integers satisfying n = ng, and

< 3(m+1)logn
€2pm
then there exists a family of subsets (R;)icpn) of a set S of size t, such that

(| =

jel

(1% e)p't for every I € [n]?, (4)

whenever 1 <1l < m.

Proof. Let ng = ng(r) be an integer. Wherever necessary, we will assume ng is large
enough. Let n,p,e,t be as given above. Let S be a set of size t and R; for i € [n] be
random subsets of S with elements chosen independently, each with probability p. Fix
1 <l<mandlet JC [n]? then

&

jed
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Since the above random variable has a binomial distribution, we have:

2lt
(ﬂR 1:|:€pt><26Xp<—€§>

jeJ
1
< 2exp (_m+l logn)
P

< op~(m+1),

Thus, the probability that

R =

Jel

(1% &)p't for every J C [n]®,

whenever 1 <1 < m, is at least

E (o

=1
for n > ng provided nyg is large enough. O]

Lemma 5. There exists a constant A > 0 such that for every integer r > 3, there are
positive integers ng = ng(r), and Ly = Lo(r), such that for every n > ng and L > Ly, if G
is an r-uniform graph on n vertices with x'(G) < L,

0(G) < AL?logn.

Moreover, if G is linear, then

0(G) < A(r + 1)L2+ﬁ logn.

Proof. Fix v > 3. Let ng(r), Lo(r) be integers that are assumed to be large enough
wherever necessary. Let G be any r-uniform hypergraph on n vertices with y'(G) < L.
Let E(G) be decomposed into matchings Mj, ..., My with L > Ly, that is

E(G)=MU---U M.

In what follows, we will give two separate upper bounds for general r-uniform hypergraphs
and linear r-uniform hypergraphs. In each of these cases, we will fix parameters m, p and
consider pairwise disjoint subsets {.S; : ¢ € [L]}, each of size t = 12(m + 1)p~™ log n, along
with families of subsets (R.)cens, satisfying Eq. (4). The parameter m will allow us to
control the size of m-wise intersections for the families (R.)ce M When G is any r-uniform

hypergraph (not necessarily linear), we will choose m = 2,p = 4 7, while when G'is a linear

r-uniform hypergraph, we choose m = r,p = (ﬁ)fl However, since the analysis for

the two cases follow the same steps, we will prove Proposition 6 for a general parameter
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2 < m < r. We will then use it to prove the bounds, considering the cases when G is a
general r-uniform hypergraph (not necessarily linear) and when G is linear.

Construction of Representation: Fix an integer m such that 2 < m < r. Let G be
an r-uniform hypergraph with the matching decomposition E(G) = M; U --- L M. Let
{S;}E, be a collection of pairwise disjoint sets of size ¢t and for each i € [L], let (R.)eenr,
be a family of subsets of S; satisfying Eq. (4). For any v € V(G) and i € [L], let

()

R(v, i) R, if there exists an e € M; such that v € e,
v,1) = )
)  otherwise.

We construct the representation of G as follows. For every v € V(G), define

Observe that, for any {vq,...,v.} C V(G),

ﬂsvj = Z DR(Uj,i) . (7)
M;

R, Ry
Ry

Si (Re)eEMi

Figure 1: Pairwise disjoint sets .S; with the families (R.)ccnr,. The shaded area
corresponds to R N Ry N R, = R(vy,i) N R(ve,7) N -+~ N R(vy, 7).

ot
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If there exists a £ € N such that

ﬂ R(Uj7 Z)

Jj=1

L

D

=1

>k e {u,...,0) € BQ) 8)

then Sy U --- IS, k-represents G and 0(G) < 0,(G) < |Si| + - --|S.| = Lt. We will now
find such a k by giving a lower and upper bound on |R(vy,i) N --- N R(v,, )| for each
i € [L] when {vy,...,v,} is an edge and non-edge respectively.

Bounding the size of intersections |R(v1,2) N --- N R(v,,%)|: Note that given a
fixed i € [L], the sets R(v;, 1) are not necessarily distinct for distinct j. For example, Fig. 1
depicts the situation when R(vy,7) = R(vs,i) = R.. Further, for a fixed ¢ € [L], since the
families (R.)cen, satisfy Eq. (4), |R(v1,4) N -+ N R(v,,4)| “shrinks” with the number of
distinct R(v;, 1) for j € {1,...,r}.

In particular, if e = {vq,...,v,} is an edge, then it is in some matching M;, and the sets
R(vj,i) = R, and the size of the intersection, |R(vq,4) N --- N R(v,, )|, is roughly pt. On
the other hand, if {v1,...,v,} is not an edge, then for every matching M;, there are at

least two distinct R(v;,i) for j € {1,...,r} and |R(v1,i) N -+~ N R(vy, )| is at most p?t.
Proposition 6 below states a slightly stronger version of this observation. Before we state
it, it will be convenient to introduce some notation.

Let {v1,...,v,.} be an r-tuple. Given a matching M;, let

a; = a;({vy,...,v.}) == ’{e eM; : enfur,...,v.} #0}, (9)
i.e, a; is the number of edges in the matching M; that intersect {vy, ..., v,}. Further, let,
L =L{v,...,u.})={ie[L]: {v1,..., 0} € Ueenm,e} and,

I =L({v,....,v,})={ie[L]: {v1,...,v.} C Ueeme},

i.e., I} and I, are the sets of those ¢ € [L] such that the union of the edges in M; do not
and do cover the sets {vy,...,v,}, respectively.

Proposition 6. For every i € [L], let (Re)een, be a family that satisfies Fq. (4) with a
fized integer m such that 2 < m < r and for every v € V(G), let R(v,i) be as given in
Eq. (5). Then, for every {vi,...,v,} € E(G), there exists i € [L] such that

> (1—e)pt, (10)

m R(“j» Z)

and for every {vy,...,v.} & E(G),
o Ifiecl, then

r

ﬂ R(Ujv Z)

Jj=1

—0. (11)
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M;
e >

(a) Case L i € I (b) Case II: i € I,

Figure 2

o Ificly, and a; < m, then

r

ﬂ R(Ujv Z)

J=1

< (1 +¢)p*t. (12)

Further, a; > 2.

Proof. 1t {vy,...,v.} € E(G), then there is an i € [L] such that {vy,...,v.} € M; and
hence for all 1 < j <, R(vj,1) are identical. Consequently, a; = 1 and

= (L—¢)pt.

n R(Uj’ Z)

Next, we fix {v1,...,v,.} ¢ E(G), and consider the following cases. Case I (Fig. 2a)
considers matchings with isolated vertices, and implies Eq. (11), while Case II (Fig. 2b)
considers matchings with no isolated vertices, and implies Eq. (12).

Case I Leti€ I, ie., {v,...,0,} SZ Ueenm,e. Then there is a v;, that is not in any edge
in M; (Fig. 2a) and thus R(v;,,7) = (). Consequently,

.
() R(v;. )| = 0.
j=1
Case II Let i € I, ie., {v1,...,0,} € Ucepe. Then every v; € {vq,...,v,} is contained
in some edge in M; (Fig. 2b). Since {vy,...,v,} is not an edge, there are at least two

such edges in M;, and thus a; > 2. Further, since (R, )ccns, satisfy Eq. (4), whenever
[ = a; < m, we have,

< (1 +¢)p™t. O

m R(Ujv Z)
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Having described our construction of the representation and computed the bounds on
|R(v1,7)N---NR(v,,1)| in Proposition 6, we use Lemma 4 to show that such a construction
exists and k-represents GG for some k € N.

General Case: First consider the case where G is any r-uniform hypergraph with
E(G)=M;U---UM,. Let t = [576L%logn],m=2,p= -, e =1/2and k = [ (1 —¢)pt].
By Lemma 4, there exists pairwise disjoint sets {S; : @ € [L]}, each of size ¢, and families
of subsets (Re)een, of Sy, satisfying Eq. (4) with m = 2. For every v € V(G), let S, be as
in Eq. (6), in our construction of the representation.

For every {vq,...,v,} € E(G), Proposition 6, Eq. (10) implies that,

v —Z ﬂRv], > (1—e)pt > k.
=1 [j=1
On the other hand, since,
L(1+e)p*t = ! —t <k
P T 916

For every {vy,...,v.} ¢ E(G), by Eq. (12), we have the upper bound,

m R@j? Z)

Consequently, G' can be k-represented by the set S; U Sy U ---U Sy. This implies that, for
A =577, we have

L
< Z(l +e)pit < L(1 + e)p*t < k.

i=1

0(GQ) < 0,(G) < Lt < AL logn.

Linear Case: Let G be a linear r-uniform hypergraph with E(G) =M U---UDMp.

Let t = [384(r + 1)L logn], m = r, p = (i)r T,e=1and k= [(1—¢)pt]. By
Lemma 4, there exists pairwise dlsjoint sets {S; : @ € [L]}, each of size ¢, and families of
subsets (Re)eens; of S;, satisfying Eq. (4) with m = r. For every v € V(G), let S, be as in
Eq. (6), in our construction of the representation.

For every {vy,--- ,v,} € E(G), in view of Eq. (10),

S| aLox

=1 |j=1

(1—¢e)pt > k.

vj

Now we consider the case where {vy,...,v.} ¢ E(G). Note that, ifi € Iy = Iy({v1,...,v,}),
i.e. the edges of M; cover {vy,...,v,.}, then a; = r if and only if each edge e of M; satisfies
len {v1,...,v,}| < 1. By linearity of G, there are at most (}) edges that share a pair of
vertices with {vy,...,v,} and, consequently, at most (;) matchings M; with some edge of
M; intersecting {vy,...,v.} in a set of size at least two. Thus, a; = r for all but at most
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(g) matchings in /5 and, by Proposition 6, a; > 2 for the remaining matchings.

Consequently, for every {vy,...,v,.} ¢ E(G),

-3 | A

i=1 [j=1

Ao (@-@)rt+ Q). 09

vj

It remains to show ‘ﬂ;zlSUj| < k. Indeed, for large enough k and large enough L, the
ratio of }ﬂ;zlSvj‘ for a non-edge to an edge is,
) -

e\ C- QWO (, 1. ()
<1—€) pt <3<L 4L+(4L>Ti1
(1+6) (L= () p't+ ()p?0) < 201 <hpt < k.

| Ot

Thus, for every {vy,...,v.} ¢ E(G), in view of Eq. (13),

L

R

Thus, G can be k-represented by the set S; U Sy U---U Sy and for A = 577, we have
0(G) < 0,(G) < Lt < A(r+ 1)L =T logn = A(r + 1) L*"+ log n. O

T

(5

T

(]

Proof of Theorem 1. Given r > 3 and let C, = r3(r + 1)A, ng, Lo be as in Lemma 5.
Let Ag = [Lo/r]. For a graph G on n > ng vertices with maximum degree A > Ay, by
Lemma 3 x'(G) < L = Ar. Then by Lemma 5,

0(G) < Ar*A®logn < C.A%logn,
and if G is linear,

0(G) < A(r + 1)r** AT logn < C, A = logn. O

3 Proof of Lower Bound

The proof of the lower bound extends the approach used in [5] for the case where r = 2.
Fix r > 3. Whenever necessary, we will assume that ng is a large enough integer. Assume
that n > ng. Let H((n, A) be the collection of r-uniform graphs on the vertex set [n] with
bounded degree A, and let M) (n) be the collection of all almost perfect matchings of
r-tuples on [n]. Each union of A matchings from M) (n) is a graph on [n] with maximum
degree A < n, and consequently,

o> () 5 (MY (00

Claim 7. Forr > 3 and n > ng,

o> (2"
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Proof. Let n = qr + s where 0 < s < 7 and ¢ = [n/r]. We have that |[M™(n)| is at least

%(n) (n . ) ( i ) B $<£is! g <n/r>!grwr!'

We use that n! > v/27n(n/e)™ and consequently, we have, for n > ng(r)

n! ><n>”\/ﬁ 1 >(n)" 1 (n)nﬂ.

(n/iGyerrt = Ner) = Gt = \er) Tt = \er

WV

er
[l

Proof of Theorem 2. Given any integer t, there are at most (2!)™ distinct r-uniform hy-
pergraphs on the vertex set [n]| that can be k-represented on the set [t]. Consequently, if ¢
is such that |H((n, A)| > 2", then there must exist some G € % (n, A) that cannot be
k-represented by a set of size ¢ for any k, and hence HN(G) > t.

In view of Eq. (14) and Claim 7,

for large enough n > ng(r). Consequently, for ¢ = iA log n, we have that,

17 (n, A)] > 2. O

4 Concluding Remarks

In this note we established upper and lower bounds on 0(G) that differ by a factor of
O(A?), i.e. Q(Alogn) < 6(G) < O(A%logn). Closing the gap between these bounds is a
problem of interest. Further, since the lower bound in Theorem 2 is nonconstructive it

would be interesting to find an explicit construction that matches or improves our lower
bound.

Acknowledgments

We would like to thank the anonymous referees for their valuable comments and suggestions.
The first and third authors were supported by by NSF grant DMS 2300347, the third and
fourth authors were supported by NSF grant DMS 1764385, and the fourth author was
also supported by US Air Force grant FA9550-23-1-0298.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.27 10



References

[1] Noga Alon. Covering graphs by the minimum number of equivalence relations.
Combinatorica, 6(3):201-206, 1986.

[2] Richard P. Anstee. Dividing a graph by degrees. Journal of Graph Theory, 23(4):377—
384, 1996.

[3] Myung S. Chung and Douglas B. West. The p-intersection number of a complete
bipartite graph and orthogonal double coverings of a clique. Combinatorica, 14:453—
461, 1994.

[4] Nancy Eaton and David A. Grable. Set intersection representations for almost all
graphs. Journal of Graph Theory, 23(3):309-320, 1998.

[5] Nancy Eaton and Vojtéch Rodl. Graphs of small dimensions. Combinatorica, 16(1):59—
85, 1996.

[6] Paul Erdés, Adolph W. Goodman, and Louis Pésa. The representation of a graph by
set intersections. Canadian Journal of Mathematics, 18:106-112, 1966.

[7] Zoltan Fiiredi. Intersection representations of the complete bipartite graph. The
Mathematics of Paul FErdds II, pages 86-92, 1997.

[8] Vojtéch Rodl and Marcelo Sales. Some results and problems on clique coverings of
hypergraphs. Journal of Graph Theory, 107(2):442-457, 2024.

[9] Edward Szpilrajn-Marczewski. Sur deux propriétés des classes d’ensembles. Funda-
menta Mathematicae, 33(1):303-307, 1945.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.27 11



	Introduction
	Proof of Upper Bound
	Proof of Lower Bound
	Concluding Remarks

