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Abstract

We show that for threshold graphs, the eigenvalues of the signless Laplacian
matrix interlace with the degrees of the vertices. As an application, we show that
the signless Brouwer conjecture holds for threshold graphs, i.e., for threshold graphs
the sum of the k largest eigenvalues is bounded by the number of edges plus k + 1
choose 2.

Mathematics Subject Classifications: 05C50, 15A18

1 Introduction and main result

Given an undirected graph G = (N, E) on node set N = [n| := {1,...,n} for some n € N
and edge set £ C (];[) ={{i,j}: 4,5 € N,i # j}, the signless Laplacian is the symmetric
n x n matrix Q(G) = >, ncplei +e;)(e + e;)", where e; denotes the i-th column of the
n X n identity matrix I,,. The matrix Q(G) may also be written as Q(G) = D + A, where
A is the adjacency matrix and D the diagonal degree matrix. Thus, Q(G) is positive
semidefinite and its eigenvalues may be ordered as

O<S M <A< <A

Spectral properties of the signless Laplacian Q(G) of a graph G were collected and
developed in a series of papers by Cvetkovi¢ and Simié [5, 6, 7]. Nevertheless, it seems
that the spectrum of this matrix is far less understood than that of the combinatorial
Laplacian L(G) = D — A, for example.
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In this note, we show an interlacing property of the eigenvalues of Q(G) when G is
a threshold graph. Essentially, our result says that the eigenvalues of a threshold graph
interlace with the degrees of the vertices.

In order to more precisely state the result, we first review some facts about threshold
graphs. This class of graphs has been discovered independently by several authors in many
distinct contexts since the 1970’s. They are an important class of graphs because of their
numerous applications in diverse areas which include computer science, social sciences and
psychology. See, for example, [16] for a more detailed account. A threshold graph can be
characterized in many ways. We are going to view threshold graphs as given through an
iterative process steered by a binary string which starts with an isolated vertex (for the
initial digit 0 or 1), and where, at each step, either a new isolated vertex is added (digit
0), or a dominating vertex (adjacent to all previous vertices, digit 1) is added.

Building on the notation in [11], this construction is encoded in a binary sequence
bi* .- b of length n =Y, _, qx with b, € {0,1} and g € N giving this digit’s repetitions
in the sequence for kK = 1,...,r. For convenience, let n; = 2221 qr for k=0,...,7, so
n =n, and ng = 0. Then the corresponding threshold graph G = (N = [n], E) has edge
set E so that for 1 <7 < j < n the edge ij is present if and only if 5 belongs to a block of
ones, 1. €.

1jelF & Elke{l,...,r}(nk_1<j<nk/\bk:1). (1)

All nodes of block k£ have the same degree. Their values are

D = { Z;L:k bhqh fOI‘ bk = 0,
S an— 1+ gy for by =1,

We may and will assume the sequence of by to be alternating, i.e., by + byy1 = 1 for
k=1,...,7r—1. Because G is independent of the choice of the first digit, there is no loss in
generality in requiring ¢; > 2. It is known (see, for example, [4, Conjectures 28,29] or [11])
that py — by is an eigenvalue of Q(G) of multiplicity at least ¢ — 1, for k=1,...,r. Asa
direct consequence of the construction and assumptions, the degrees of the zero blocks are
increasing while the degrees of the one blocks are decreasing, and the degree ps_p, of the
first one block is larger than the degree py4p, of the first zero block. This gives rise to the
following chain of inequalities that also holds for the eigenvalues induced by ¢ > 1,

k=1,...r (2)

Dr—b, < Dr—po—2 < "+ < Pigp42 < Pi4by < Pa—p, — 1,
Paby — 1 <psp, —1<pep, —1<--<pr_qs)— L

(3)

The results of [11] imply that the remaining r eigenvalues are those of the following
condensed signless Laplacian r X r matrix

[ )+ bi(qn — 1)

(@) =

52\/611(12
53\/(]1(]3

br \V q194r

bar/01G2

P2 + ba(g2 — 1)

53\/ 4243
br\/ q24r

b3\/q1q3
bquma

ps + bs(gs — 1)

br\/ q34qr
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br V q24r
br vV q34r

Dr + br(Qr - 1)




In Theorem 8 we establish that these remaining signless Laplacian eigenvalues of the
threshold graph G interlace with pp — bx. More precisely, for C' = C(G) we prove the
inequalities

M(C) < prop, < X(C) < prop—a < -+ < Arbe;bﬁrl (C) < pr4n,
and

C) < <pr—gimp) — 1< A(O).

s

b2—v, — 1 < Ar—brgbl""l_’_l(

C) <pav — 1< A
2

This interlacing property gives rise to the main result Theorem 13 which sheds some light
on the distribution of the signless Laplacian spectrum of graphs. The trivial upper bound
2n — 1 on the largest signless Laplacian eigenvalue of a graph G — called the signless
spectral radius of G — is frequently an obstacle for obtaining meaningful upper bounds
involving this spectral parameter. For threshold graphs, however, this interlacing property
may be used to obtain tighter bounds for the sum of the largest eigenvalues. Indeed,
together with a subtle sharpening for a special case, the bounds suffice to establish the
signless Brouwer conjecture [1] for threshold graphs in Theorem 19.

The remainder of the paper is organized as follows. The next section is devoted to
prove our main result. In Section 3 we interpret the result and give an estimate of the
eigenvalues growth with the evolution of a binary sequence defining a threshold graph. In
Section 4, as an application of the interlacing property for threshold graphs, we prove that
the signless Brouwer conjecture holds for threshold graphs.

2 Proof of the main result

We will make heavy use of the following direct consequence of the Courant-Fischer Theorem.

Theorem 1. Given a symmetric matriz A € R™"™ and h € {1,...,n}, for any choice of
vectors vi,...,vp_1 € R" and uq,...,u,_, € R™ there holds
min zTAr < M(4) < max z' Ax.
rlvy, ..., vp_1 rluy, ..., Up_p
]} =1 ]} =1

If h —1 orn — h is zero, x ranges over R™ in the respective expression.
We recall and use a number of further consequences of the Courant-Fischer Theorem.

Theorem 2 (Weyl Inequalities — [15],Theorem 4.3.1). Let M and N be two n x n real
symmetric matrices. Then

Ai(M + N) < Aigj (M) + A (N),
fori<i<nand0<j<n—1, and
ANi(M + N) > Nija(M) + A(N)

forl<i<mnandl1l<j<i.
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Theorem 3 (Cauchy Interlacing — [15],Theorem 4.3.28). Let A be a real, symmetric n X n
matriz and let B be a principal submatriz of A with order m x m. Then, fork =m,--- 1,

Metn-m(A) Z A(B) = Ai(A).

Theorem 4 (Interlacing for a rank-one perturbation — [15], Corollary 4.3.9).
Let A € R™™™ be a symmetric matriz and let z € R™ be a vector. Then the eigenvalues of
A and A+ 22" satisfy

M(A) K M(A+22T) <\ (A), h=1,2,....n—1,

<
X ; @
n(A) < A (A+220).

In order to relate the eigenvalues of the signless Laplacian matrix of a general graph
G to those of its complement, note that the signless Laplacian of the complete graph is
Q(K,) = Z{i,j}e([g])(ei +ej)(eit+e;)’ = (n—2)1,+1,1,, where 1 denotes the vector of all
ones of given or appropriate dimension. With this the signless Laplacian of the complement
graph G = (N, (g) \ E) of G computes to Q(G) = Q(K,)—Q(G) = (n—2)I,+1,1] —Q(G).

Lemma 5. Let @ = Q(G) be the signless Laplacian of a graph G on n nodes and let
Q = Q(G) represent its complement, then

max{n —2 — X, (Q),0} < M(Q) <n—2—X11(Q) < X(Q) < -+

< A1(Q) £ n—2 =X (Q) < min{n —2,\,(Q)}.

Proof. The signless Laplacian is positive semidefinite, so A;(Q) > 0 and A;(Q)) > 0. By
Q=117 + (n — 2)I,, — Q the statement follows from Theorem 4. O

If now G is a threshold graph, we notice that Eq. (1) establishes that the complement
graph G of G is defined by the binary sequence (1 — b;)% ... (1 — b,)%. This sequence
is again alternating with ¢; > 2. The degrees p; of the blocks of the complement graph
satisfy

pe=n—1—p, fork=1...r (5)

Up to the specification of the eigenvectors the following result has already been observed
in [11].

Lemma 6. Let b{' ---bI be a binary sequence specifying a threshold graph G on n =
> r_1 qx nodes with block degrees py and put ng =0, ny = 22:1 qn fork=1,...,r. For
ke {1,...,r} its signless Laplacian Q(G) has an eigenvalue py — by of multiplicity at least
qr — 1 with an associated orthogonal basis of eigenvectors

Onkﬂ Olnk—l lonkfl
k 1 k 519 k — 14,1
'Ui): 1 71}5): 2_1 7""U((Zk)_1: dk 1_fk
On_nk—1_2 On—nk—1—3 On—nk—l—%
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Proof. Direct computation shows ('Uz-(k))ij(.k) =0for 1 <i<j<qg Letvbeany of these

vectors. By (1) columns ng_1 + 1 to ny of row i < ng_q or row ¢ > ny, of @ have the same
value by, so (Qu); = 0 for these i. It remains to consider the principal submatrix " on
indices ¢ = ng_1 + 1,...,n;. The case b, = 0 yields Q' = prly, so Qu = pv; the case
be = 1yields Q' = 15,1, + (pr — 1)1y, s0 Qv = (pr — 1)v. O

Lemma 6 describes n — r eigenvalues of () via its eigenvectors. It is proved in [11]
that the remaining r eigenvalues are those of C'= C(G). By (5) the condensed signless
Laplacian C' = C(G) of the complement graph may be computed via

C=mn-2I+q¢"'—C withg=(/a, -, V@) -
So the eigenvalues of C' and C satisfy the same interlacing property as those of Q and Q.

Lemma 7. Let C be the condensed signless Laplacian of a threshold graph G specified by
a binary sequence by --- b onn =3",_, q nodes and let C represent its corresponding
complement, then

max{n —2 — X\.(C),0} < \M(C) <n—2-X_1(C) < X(C) < -+

- <A1 (C) <n—2 =X (C) <min{n — 2,\,.(C)}.

Proof. The matrices C and_C_’ are positive semidefinite, thus A\;(C) > 0 and )\1(6_’) > 0.
By C = qq" + (n — 2)I, — C the statement again follows from Theorem 4. O

We are going to prove the following bounds on the eigenvalues of C'.

Theorem 8. Let bl ---b¥ be an alternating binary sequence with ¢ > 2 specifying a
threshold graph G onn =", _, qi nodes with block degrees py and C' its condensed signless
Laplacian.

(0<) M(C) <prop, S A(C) <K prop,—2 < -+ < )\rfbrgbﬁl(c) < Pitby
and

Paby — 1< Artpbion, ((C) Kpapy — 1< Arennr L(C) < < praop,) — 1< A(O).
2 2

+1 +2
We break the proof into four intermediate steps.

Observation 9. Fori=1,..., % there holds \i(C') < pr_p.—2i42-

Proof. Choosing the r — i vectors ey, €a,...,€r b 211, €rb,—2i+3, Cr_b,—2i+5s - - - s Er—1+b,
for the right hand side u vectors in Theorem 1 restricts x to the coordinates e,_j 919,
€r_b,—2it4, - - -, €r—p, (all these indices k satisfy by, = 0), so the bound is obtained by the
maximum eigenvalue of the submatrix
Dr—b,—2i+2 0 e 0

0 Dr—by—2i+d :

: . . 0

0 e 0 DPr—b,
The statement now follows from Eq. (3) and Theorem 1. O

ot
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Observation 10. Fori=1,..., % there holds pyyp,.+1-2; — 1 < A1 (C).

Proof. Choosing the r — ¢ vectors ey, €, ..., €r1p, 2, €rib.—2i42, Crib.—2itds - -+ Cr_b,
for the left hand side v vectors in Theorem 1 restricts x to the coordinates e, p, 241,
€rib,—2i43, - - -5 Errpr—1 (all these indices k satisfy by, = 1), so the bound is obtained by the
minimum eigenvalue of the submatrix

Pribe—2it1 — 1 0 = 0 Vrb—2it1
_ 94 — T : . dr br—2i
i+ 0 Prby—2i+3 — 1 withg= | V™ 2i+3
. _ 0

0 .. 0 prgp—1—1 v/ Qr4-b,—1

Because ¢q' is positive semidefinite, the smallest diagonal element is certainly a lower
bound, thus the statement again follows from Eq. (3) and Theorem 1. O

Observation 11. Fori=2, ..., % there holds \r—i11(C) < Pryp.+3-2i — 1.

Proof. Without loss of generality it suffices to consider the case b. = 1. Indeed, in the
case b, = 0 we may split off the eigenvector e, to eigenvalue p, = 0 of C' and work with
the principal submatrix C” on indices ¢ = 1,...,r — 1. This (" is the condensed matrix of
the threshold graph corresponding to the sequence b¥' - - - b ' and its eigenvalues coincide
with the remaining ones of C. Thus let b, = 1 and p, = n — 1 in the following.

For i = 2 the statement follows directly from Lemma 7 by A,_1(C) < n — 2.

For 7 > 2 first choose the 7 — 2 vectors u; = e,,us = €,_2,...,Ui_2 = €,_2(i—3).
Orthogonality with respect to these vectors already restricts x to the submatrix

C+2J L Qr2—2j a2 0 e 0
0 Pris—2i :
: . .0
0 e 0 proa
where C is the condensed signless Laplacian of the threshold graph b{* - - - 19+4-2_ By the
same argument as above Lemma 7 yields A\, y4_9; 1(C ) < ZTH % ¢; — 2 and
r+4—2i
Argd—2i—1 C+ZQr+2 9ilria—9i) < Z q; —2+ZC]r+2 2j —Pr+4 2 — L.
7=1

Now choose u;_1 to hold the Perron vector to the largest eigenvalue of C on components 1
to r + 4 — 2¢ and zero otherwise, then by Eq. (3) and Theorem 1 the value p, 44 o; — 1 is
an upper bound on A,_;+1(C). O

Observation 12. Fori=2, ..., % there holds p,_p, —2i1a < N(C).
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Proof. Consider the condensed signless Laplacian C' of the complement graph (1 —
b)) ... (1 — b.)% with degrees p; satisfying Eq. (5). For i = 2,..., = 1+(1= b’")+(1 1)
Observation 11 proves \,_i1(C) < Dr+(1—b,)+3—2i — 1. Therefore Lemma 7 and Eq. (5)
establish \;(C) 2n—-2—-\_;11(C)2n—-2—(n—1—prpia92—1) =prp1a-2. O

Observations 9-12 prove Theorem 8. Together with Lemma 6 the latter gives rise
to the main result, which is more conveniently stated in terms of the degree sequence
dn(G) > -+ > dy(G) of the graph. Furthermore, if b; = 1 and the number k of ones in the
binary sequence exceeds ¢y, it will be possible to improve the bound on the larger “central”

eigenvalue A,—o,—v;41_,(C) by one.
2

Theorem 13. Let G be a threshold graph with n vertices represented by the binary sequence
b{* ---bI. Denote the degree sequence of G by d,,(G) = --- = di(G) and the number of
ones in the binary sequence of G by k = > biqi. Then, the eigenvalues of G satisfy

Ap 2 dp — 12Ny 2...2>\n+1fl::>dn+lfl::_1>dn—]_g>)\ F 2 Zdy 2 M\ 20.
Furthermore, if by = 1 and k > q1, then Mt Z An—fitqn -

Proof. Note that b, = 0 results in appending ¢, isolated nodes or, equivalently in appending
zero rows and columns which does not influence the other eigenvalues and eigenvectors.
So for simplifying notation we assume without loss of generality b, = 0. Then according
to (2) and (3) the degrees satisfy

dy == dQ'r =pr < dqr-i-l == dQT"FQT‘—Q =pra < <d,_j = Prib; < P2y — 1,
P2—b, = dnfl_chl == dnfl_erQQ—bl < Pa—by = < Pro1 = dnfqr_lJrl == dn-

With this Theorem 8 and Lemma 6 yield the general eigenvalue bounds.
Now assume b; = 1 and ¢; < k. This implies g > 1. Then, by (2) and the relation

above, d,_ =ps =k —qi, dy_jsy =+ = dyy_jyq = k— 1, and the (k+1) x (k+ 1)
matrix ~ -
dy, 1 1 1 1
1 d,, - 1 1 1
M=19 1 . F-1 1 0
1 1 -~ 1 k=1 0
i 0 0 k—aq]

is a principal submatrix of Q(G) for a suitable index reordering. The matrix

1
1 k - 1 1 1
QUX)= |, 4 EF—1 1 0
1 1 1 k-1 0
11 0 0 k—q
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is the signless Laplacian matrix of the graph X obtained from K7, by removing a copy
of K, 1. Hence, the matrix Q(X) may be written as

Q(X) = Q(Kppy) — QUk — q1) K1 U Ky 1)

The signless Laplacian (K, 1) has an eigenvalue zero with eigenvector ( 1qu, —1)T. There-

fore the smallest ¢; eigenvalues of the matrix —Q((k — ¢1) K1 U K, 1) are its only nonzero
eigenvalues. Thus, by the Weyl inequalities of Theorem 2,

Ai+1(X) = M(Kg ) + A1 (—Q((k — 1) K1 U Ky, 1))
=k—140
= k-1

Now, we notice that M = Q(X) + F, where

F = Diag(d, — k,d,_1 — k,...,d k,0,...,0).

n—k+qi+1

Therefore, again by Theorem 2 we obtain

)‘Q1+1(M) = )‘Q1+1(X) + Al(F)
A (X).

Since M is a principal submatrix of Q(G), we may apply Cauchy’s interlacing Theorem 3
to obtain

Ao (@) 2 Ayt (M) 2 Agya (X) 2 F— 1.

H—E-Hh

Now, the proof follows because when b; = 1 we have d,,_z,,, =p1 =k — 1 by (2). O

3 Discussion

We first give an example of the interlacing result and an interpretation based on the Ferrers
diagram of a threshold graph.

Example 14. Let G be the threshold graph with binary sequence b - - - 5% = 02120101013,
We have n =12 and r = 8. Let \;, i = 1,...,12, be the eigenvalues of Q(G) and let v;,
j=1,...,8, be the eigenvalues of C'(G) (note that 7; = A;, for some ¢ and j). The signless
Laplacian spectrum is (approximately)

{2.46158,3.50373,4.49073,5.68371,7,7,7.84337,8.68471,9.49912, 10, 10, 17.83303}.

As theory predicts, repeated lines within the Ferrers diagram lead to signless Laplacian
eigenvalues of G determined by Lemma 6:

)\10 = )\11 =10 and )\5 = )\6 =T.
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By the bounds in Theorem 8, the remaining signless Laplacian eigenvalues of G are those
of C' and satisfy:

NS3<SPRSASEIOISUSTSB S8 % <I<)r<10< 8.

Note, the bounds hold independently of whether the integral values py — by are eigenvalues
of G or not. Geometrically we can illustrate the bounds in Theorem 8 by the Ferrers
diagram — its rows of boxes display the sorted degree sequence — in the following way.

= Ny —
»_3 0000000 0000 b
_.r " 0000ooo oood b
-~ 0000000 0000 b
r % 0000000 goo b,
S _% DO00ogdogd go by
P_T _Doooooo o by
° TOooooog O by
. 0O0ooogo by
_,, _0oooood b
neM o THOOO00 by
73i§3 :DDDD e
T2 = A2 D00 b
Nn=A —

Figure 1: Illustration of the interlacing on the Ferrers diagram

The next result investigates the development of the eigenvalues upon appending a one
to the binary construction sequence.

Theorem 15. Let bi* ---b% be an alternating binary sequence with g1 > 2 specifying a
threshold graph G onn = 22:1 qr nodes and eigenvalues 0 < A\ < Ao < -+ < \,. The
eigenvalues 0 < N| < Xy < --- < A, of the signless Laplacian of the threshold graph G’
specified by b - -- b1 satisfy

O< N, < N+1I<N,,  fori=1,...,n (6)
Furthermore, max{n + 1, \, + 2} <X\, ;.

Proof. Because

0=XQ(G") = l %fi) O%Xl ] + Z(Gi + eny1) (e + €n+1)T - { C121(53 sn—xa ] + Lng1,
i=1

inequalities (6) follow directly from Cauchy’s interlacing Theorem 3.
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M,+1 = n+1is a consequence of the maximum eigenvalue of Y7 (€;4€,11)(€;+€p11)
being n + 1 (eigenvector (1ix,,n)"). Suppose now A, +2 > n+ 1, i.e., A, > n — 1.
Then Theorem 13 ensures A, < n —1 < A, and trace Q(G’) = trace Q(G) + 2n yields
SN =Y 2 = N N+ D A 1 = T N+ D+ (n— 1)+ (A +2) >
Yoy X+ A, + 2, implying that A, > A, + 2. O

4 The signless Brouwer conjecture for threshold graphs

For an integer k with 1 < k < n, we denote by Sx(G) the sum of the k largest signless
Laplacian eigenvalues of a graph G, that is Si(G) = 31" 1, Mi(Q(G)). Ashraf et al. [1]
posed the following conjecture.

Conjecture 16 (Signless Brouwer Conjecture [1]). Let G be a graph with n vertices.

Then .
siey<ien+ (M1,

where k is an integer with 1 < k& < n.

This conjecture was motivated by Brouwer’s Conjecture [2], which states that the same
inequality is valid for the sum of the k largest Laplacian eigenvalues of a graph G and
has been studied by many researchers. For recent results on Brouwer’s Conjecture see
8, 10, 12, 13, 17, 18, 14].

Ashraf el al. [1] proposed Conjecture 16 and proved it for graphs with at most 10
vertices, for all graphs when k£ € {1,2,n — 1,n} (see [20] with corrigendum [9] for the
case k = 2) and for regular graphs. Because trees satisfy Brouwer’s Conjecture (see, for
example, [10]) and the spectrum of Q(G) is equal to the spectrum of L(G) when G is
bipartite, Conjecture 16 holds for trees.

In [19], Yang and You studied and proved that Conjecture 16 is satisfied by unicyclic
graphs, bicyclic graphs and tricyclic graphs with & # 3. More recently, Chen et al. [3]
proved that Conjecture 16 is true for all graphs when k =n — 2.

In this section, as an application of the main result, we prove that Conjecture 16 is true
for threshold graphs. We begin by proving some technical lemmas. Lemma 17 provides an
expression for d,,_z(G).

Lemma 17. Let G be a threshold graph with n vertices and alternating binary sequence
b{* ---bI. We have that d,_ =k — q1by.

Proof. Tt follows from the definition that k = 3", _, bnqn and d,,_j, represents the degree of
vertices of the first block of zeros.

If by = 0 then the first block of zeros is the first block of the binary sequence of GG
and its degree is p; = > p_, bpgn = k — q1by. If by = 1 then the first block of zeros is the
second block of the binary sequence of G and its degree is py = 22:3 bugn =k — qiby. O
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Figure 2: The red vertices have degree d,,_j.

Figure 2 illustrates Lemma 17. On the left, we see the threshold graph given by
By, = 1%20%1%01, in which n = 9,b; = 1,¢1 = 2 and k = 6. The red vertices, which represent
the first block of zeroes, have degree p, = d, ; = ds = k — 10y = 6 — 2 = 4. On the right,
we have the threshold graph given by B, = 031202101, in which n = 10,b; = 0,¢; = 3 and
k = 4. The red vertices (the first block of zeroes) have degree p; = d,,_; = dg = k—qb =
6—2=4.

In the next lemma we present a lower bound for the number of edges of the graph as a
function of its sequence of degrees.

Lemma 18. Let G be a threshold graph with n vertices and alternating binary sequence
b{* ---bir. For k < k, we have that

i d; — (l;) + (%;k> +q(k—k)(1—b) < |E.

i=n+1—k

Proof. The term ) . 41 d;i adds the degrees of the k last one-vertices in the binary
k

sequence. In relation to all edges |F| the (2) edges between these vertices are counted
twice while at least the (k;k) edges among the first k — k one-vertices are not counted
in the sum. Furthermore, if b; = 0, there are ¢;(k — k) edges between the last k — k
one-vertices and the first ¢ zero-vertices that were still not counted. This completes the
proof. O]

Figure 3: An illustration of the proof of Lemma 18.
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Figure 3 illustrates the proof of Lemma 18. We see the threshold graph given by the
binary sequence B = 0310101%. As n = 9 and k = 4, consider k = 2. The black edges are
counted in d,, + d,,_1, with the thick black edge counted twice. The red edges amount to
(k;k) + q1(k — k)(1 — by). The blue edge is not counted.

Now, we proceed with the proof of the main result of this section.

Theorem 19. Let G be a threshold graph with n vertices. For any integer k with 1 < k < n
there holds
= kE+1
> ey <tz (7).
i=n+1-k

Proof. Let b - b be the alternating binary sequence with ¢; > 2 specifying the threshold
graph G, and k be the number of ones in this sequence. By Theorem 13,

>\n>dn_1>~->>\n+1—k>dn+1—k_1>dn—]}>>\n—]}>~~->d1>)\1- (7)

Summing the n + 1 — k smallest signless Laplacian eigenvalues we have that

n—k n—1-k
DNz ) d
=1 =1

From Lemma 17, adding d,,_z = k — ¢;b; on both sides of the above inequality we obtain

n—k
Z(di — X)) <k —qb.
i—1

The trace Y, N = >, d; = 2|E| now gives rise to

Z (N —di) =) (di = Ni) <k —qiby.
i=n+1—k 1=1

Adding k on both sides, we obtain

n

Z [>\z’ - (di - 1)] < 2k — ¢101, (8>

i=n+1—k

where \; — (d; —1) > 0fori=n+1—Fk,...,n by (7).

We first consider i ., , A; for k < k. Relation (8) asserts

i=n+1—k i=n+1—k
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With Lemma 18 this allows one to bound the sum of the largest k eigenvalues by

z": Ai <

i=n+1—k

<|E|+ = [4/<; 2qby — 2k + k(k —1) — (E — k)(k — k — 1) — 2q1(k — k)(1 — by))]
= |E[ + 1[k2+k (k= E)* + (k — k)(4 = 21 + 21b1) — 2q1b4]. (10)

It remains to check that for k < k the term added to |E| is at most (k'gl), or
B4k —(k—k)?+ (k—k)(4—2¢ +2¢b) — 2¢b < (k+ 1)k
which simplifies to
—(k—k)*+ (k= k)[5—2q:(1 —b1)] — 2.0, < 0.

Consider first the case by = 0. We have (k — k)[(5—2¢1) — (k— k)] <0. Ifk—k =0
the result follows. If k — k > 1, we notice that 5 — 2¢; < 1, since ¢; > 2, and the result
follows.

For by = 1, we have —(k — k)2 + 5(k — k) — 2¢1 < 0. We notice that this expression
represents a parabola in (k — k), and its maximum ensures that

25 — 8(]1

—(k —k)*+5(k — k) — 2q; < 1

If ¢; > 3, it follows that —(k — k)2 + 5(k — k) — 2q1 < O for k — k integer. If q; = 2, it

follows that —(k — k)2 +5(k — k) —2¢; <Ofork—k <land k —k > 4.
It remains to consider the cases with by =1, ¢y =2 and k = k — 2,k — 3. We have

)\nfE+2<G) > k—1

by Theorem 13. Thus, when k =k — 2,

> hm Y A=A (@)

i=n—k+3 i=n—k+2
<1E|+<)
s ) -

=K

a1+ (" )
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because the case k = k — 1 was already proved. Similarly, when & = k — 3, since
)\n—E-l—B 2 >\n k+2 = k - 1

Z Ai = Z Ai = n%+3(G>

i=n—k+4 i=n—k+3

<|E|+ (E; 1) SR (€)
<|El+ (E; BRI

k—2
<\E]+( 5 )

For k > k+ 1 we proceed by induction on k. For the induction basis consider k = k + 1.
By \,  <d, ; =k — qb, <k there holds

E+1\ - k+2
ZA_ Z A+>\nk |E|+< ) )+k<|E|+( ) )

1=n+1—

For k > k + 1, we have Atk Sdpi1x < d,_z = k— q1b1 < k<k. Consequently,

- - k k+1
Z i = Z /\i+)\n+1—k<|E’+<2)+k:’E‘+( 9 >

i=n+1-k i=n+2—k
This completes the proof. O
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