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Abstract

We provide a combinatorial formula for the expansion of immaculate noncommu-
tative symmetric functions into complete homogeneous noncommutative symmetric
functions. To do this, we introduce generalizations of Ferrers diagrams that we
call GBPR diagrams. A GBPR diagram assigns a color (grey, blue, purple, or red)
to each cell of the diagram. We define tunnel hooks on GBPR diagrams; these
new objects play a role similar to that of the special rim hooks appearing in the
Egecioglu-Remmel formula for the symmetric inverse Kostka matrix. We extend
this interpretation to skew shapes and fully generalize to define immaculate func-
tions indexed by integer sequences skewed by integer sequences. Finally, as an
application of our combinatorial formula, we extend Campbell’s results on ribbon
decompositions of immaculate functions to a larger class of shapes.

Mathematics Subject Classifications: 05E05, 05E16, 05A05, 05A19

1 Introduction

The ring Sym of symmetric functions on a set of commuting variables consists of all
polynomials invariant under the action of the symmetric group. Symmetric functions play
an important role in representation theory, combinatorics, and other areas of mathematics
and the physical and natural sciences. Bases for Sym are indexed by partitions; two
ubiquitous examples are the Schur functions s, and the complete homogeneous symmetric
functions hy. Schur functions correspond to irreducible representations of the symmetric
group, and their multiplication corresponds to the cohomology of the Grassmannian [11,
20, 23|.

The inverse Kostka matrix is the transition matrix from the Schur basis of Sym to the
complete homogeneous basis. Objects called special rim hooks are used by Egecioglu and
Remmel to construct a combinatorial interpretation of this matrix [10], originating from
the Jacobi-Trudi formula.
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The Hopf algebra NSym of noncommutative symmetric functions is freely generated
by a collection of noncommutative algebraically independent generators H;, one at each
positive degree i. The set {H, := Hy, Hy, - - - Ha, }, indexed by compositions « of n, forms
a basis for NSym, called the complete homogeneous basis. The map x : NSym — Sym
defined by x(Ha) = hayhas - - - ha,, (sometimes called the “forgetful map since it “forgets”
that the generators don’t commute) sends elements of NSym to elements of Sym.

The immaculate basis for NSym is a Schur-like basis that maps to the Schur functions
under the forgetful map. This new basis was introduced in [5] through creation operators
analogous to those used to construct the Schur functions. It is natural to ask if there
is a generalization to NSym of the combinatorial inverse Kostka formula, since there
is a Jacobi-Trudi style formulation for the immaculate basis in terms of the complete
homogeneous basis for NSym [5].

In this paper, we provide a combinatorial formula for the expansion of the immaculate
basis into the complete homogeneous basis for NSym using ribbon-like objects we call
tunnel hooks. Specifically, we prove the following theorem. This theorem generalizes the
Egecioglu-Remmel result and in fact provides an alternative method for computing the
classical inverse Kostka matrix entries.

Theorem 1. The decomposition of the immaculate noncommutative symmetric functions
into the complete homogeneous noncommutative symmetric functions is given by the fol-
lowing formula.

S,= > ][ €b(r.7) Hapwrr, (1)

YETHC,, r=1

where p € ZF, THC,, denotes the collection of tunnel hook coverings of a diagram of
shape p, and a sign €(h(r,7.)) together with an integer value A(h(r,7.)) are assigned to
each tunnel hook b(r,7.) in each v € THC,,.

Note that the product H’:Zl €(b(r, 7)) Hagp(r,r)) in Equation (1) is taken in order from
r =1 to k so that

1 €tb(r.7) Hawprry = (0(1,71)) Hawny -+ €k, 7)) Haweem),

r=1

since the functions Ha )y do not commute.

Our formula translates, via duality between NSym and the vector space QSym of
quasisymmetric functions, to a formula for the expansion of a monomial quasisymmetric
function into the dual immaculate basis for QSym, which can then be expanded com-
binatorially (and positively) into the Young quasisymmetric Schur functions [3]. This
expansion provides a potential avenue for attacking questions of Schur positivity, since
any symmetric function expanding positivity into the Young quasisymmetric Schur func-
tion basis must be Schur positive.

The process of constructing tunnel hook coverings is an iterative process that intro-
duces a skew-shape generalization along the way. This naturally leads to the introduction
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of a candidate for the skew immaculate noncommutative symmetric functions &,/ and a
generalization of Theorem 1 to the skew setting. Although this construction is compatible
with skew Schur functions (following [20]) under the forgetful map, this doesn’t always
align with the Hopf algebraic skewing operator. See Section 5 for details.

Theorem 2. The decomposition of the skew immaculate noncommutative symmetric func-
tions &,/ (with p € Zk and \ a partition with at most k parts) into the complete homo-
geneous noncommutative symmetric functions is given by the following formula.

k
6;1//\ = Z H E(f](’f’, TT)) HA(h(r,’rr))a (2)

yeTHC

/v T=1

where THC,,\ denotes the collection of tunnel hook coverings of a diagram of shape ju/X,
and a sign €(b(r, 7)) together with an integer value A(b(r, 7)) are assigned to each tunnel
hook b(r,7.) in each v € THC,).

As in Theorem 1, the product is taken in order from r = 1 to k since the order of the
functions matters in NSym.

Loehr and Niese recently published a combinatorial interpretation of the noncom-
mutative inverse Kostka matrix [18]. Their approach uses transitive tournaments and
recursively defined sums, which is quite different from our computationally expedient
diagrammatic approach.

In addition to the tournament approach, Loehr and Niese also provide a diagrammatic
method for computing the decomposition of an immaculate into the complete homoge-
neous basis when the indexing shape is a partition. Our diagrammatic approach works
for all indexing shapes, including all compositions and also all sequences of integers. Our
decomposition can be determined directly by looking at the diagram and recording the
values of the tunnel hooks. While our formula is not cancellation-free, neither is the
Egecioglu-Remmel formula. In fact the cancellations are an artifice of the fact that the
Jacobi-Trudi formula is not cancellation-free. However, when we restrict to partition
shapes, no cancellations appear in our formula.

In Section 2 we review important definitions and properties concerning the rings Sym,
NSym, and QSym. In Section 3 we generalize Ferrers diagrams to provide what we call
GBPR diagrams for sequences of integers skewed by partitions. We also define tunnel
hooks and tunnel hook coverings, the main objects involved in our combinatorial for-
mulas. Section 4 contains the proof of Theorem 1. In Section 5 we use determinants
of submatrices to generalize Theorem 1 to immaculate functions indexed by sequences
skewed by partitions. We then extend this further to sequences skewed by arbitrary se-
quences and describe the relationship between special rim hooks [10] and tunnel hooks.
In Section 6 we apply Theorem 1 to extend results of Campbell [8] regarding the ribbon
decompositions of immaculate functions. Section 7 describes several interesting applica-
tions and future directions. An abbreviated version of this work appeared as an extended
abstract for the conference proceedings of the 35th International Conference on Formal
Power Series and Algebraic Combinatorics [4].
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2 Foundation and background

We begin by reviewing necessary material to motivate our work. There are a number of
excellent sources [5, 8, 12, 20, 23] for further background in this area.

2.1 Classical combinatorial notions

A sequence p of length k (denoted ¢(u)) consists of a k-tuple of integers (1, pa, - . ., fix)
where p; € Z for 1 < i < k. A weak composition is a sequence whose entries are all non-
negative integers. A strong composition is a weak composition all of whose positive entries
appear before any zeros. Often, we simply use the term composition to refer to a strong
composition. A partition X = (A, Ay, ..., Ag) is a composition in which 0 < A1 < A
for 1 <7 < k — 1. Note that we allow trailing zeros in our partition definition for ease of
proofs in this article. We use p = n to denote that u is a composition of n and A - n to
denote that A is a partition of n. Partitions are often represented by Ferrers diagrams in
which (using French notation) there are \; boxes (called cells) in row i, where the rows
are read from the bottom (south) to the top (north).

A skew shape is a pair of partitions A/v such that v; < \; for 1 < i < k. The diagram
of a skew shape A\/v, where A = (A, Ay, ..., \¢) and v = (vq,19,..., 1), has \; cells in
row ¢ with the left-most v; cells shaded out. A cell in row ¢ and column j is indicated
by (i,7). A partition \ is identified with the skew shape /), where the empty partition
(denoted ) is identified with a sequence of zeros.

Example 3. The diagram of shape
ANv=(4,3,2,2,1)/(2,2,1,0,0)

is given by the labelled cells (row, column) in the following figure.

5.1
41

)

| QO | =
DN

2
1

, 3
31 1,4

Note that throughout this paper, we typically use ;1 and v to denote sequences (which,
depending on the context, includes compositions, weak compositions, and partitions),
while X is used for partitions.

A semi-standard Young tableau (SSYT) of shape \/v (where A and v are partitions)
is a filling of the non-shaded cells of the diagram with positive integers, so that the
entries weakly increase along rows from left to right (west to east) and strictly increase
up columns from bottom to top (south to north). The set of all semi-standard Young
tableaux of shape A\/v is denoted by SSYT(\/v). The weight 27 of a semi-standard
Young tableau 7' is given by

.Z'T _ H 96’@-# of times ¢ appears in T'
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In the following definition we suppress the variable set, which can either be finite
{1, 29,...,2,} or infinite {x1,2s,...}. In the finite case SSYT(A\/v) includes all semi-
standard Young tableaux with entries in {1,2,...,n}. In the infinite case we allow all
positive integers to appear as entries in the semi-standard Young tableaux in SSYT'(\/v).

Definition 4 (Schur functions). The Schur function sy, is defined by

S\/v = Z .’ET.

TeSSYT(M\/v)

2.2 The symmetric group and symmetric functions

A permutation o = 0105...0, € S,, written in one-line notation where S,, denotes the

symmetric group, acts on a formal power series f(zq,s,...,2,) in n variables by
o(f(x1,...,20)) = f(@oy, Toyy -+ Tp, ).

The formal power series f(z1,s,...,2,) in n variables is said to be symmetric if
o(f(x1,me,...,x,)) = f(x1,22,...,2)

for all o € S,,. The ring of symmetric functions in n variables, denoted by Sym,,, consists of
all symmetric formal power series f(x1,s,...,%,) on commuting variables z1, xs, ..., x,
with coefficients from a field K. This notion can be extended to symmetric functions in
infinitely many variables; a formal power series f(z1,xs,...) is in Sym if

o(f(xy,me,...)) = flx1,29,...)

for every permutation o of the positive integers. Bases for Sym are indexed by partitions.

Schur functions form an important basis for Sym since they correspond to characters
of irreducible representations of the symmetric group and also to the cohomology of
the Grassmannian [11]. Skew Schur functions generalize the Schur functions to pairs of
indexing partitions while enjoying many properties similar to those of the Schur functions
indexed by partitions [20]. The collection of skew Schur functions do not form a basis for
Sym but each skew Schur function expands into a positive sum of Schur functions.

Two other useful bases for Sym are the complete homogeneous symmetric functions hy
and the elementary symmetric functions ey where A = (A1, ..., A\x) is a partition. One way
to define hy is to set h,, = s, (for n € ZT) and hy = hy,hy, - - - hy,,. Similarly, set e, = s1n
(for n € ZT) and ey = ey ey, -~ €y, for X = (A1, Ao, ..., A). The Jacobi-Trudi Formula
provides a rule for expanding the Schur functions s/, into the complete homogeneous
symmetric functions.

Theorem 5 (Jacobi-Trudi Formula). [20] Let \/v be a skew shape. Then

Sy = det(hx,—i—(;—5))i - (3)
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The inverse Kostka matrix is the transition matrix from the Schur function basis to the
complete homogeneous symmetric function basis. Egecioglu and Remmel’s combinatorial
interpretation of the inverse Kostka matrix [10] provides a method for writing Schur
functions in terms of complete homogeneous symmetric functions using decompositions
of the indexing shapes into collections of cells called special rim hooks. A rim hook
tabloid is constructed by repeated removal of special rim hooks from the diagram of a
partition. Each rim hook tabloid has an associated type and a sign, and these are used to
determine the coefficients appearing in the expansion of Schur functions into the complete
homogeneous symmetric functions. (See Section 5.4 for further details.)

2.3 Quasisymmetric and noncommutative symmetric functions

Quasisymmetric functions generalize symmetric functions. They first appear in the work
of Stanley [24] and are formally developed by Gessel [13]. A polynomial (or more generally
a bounded degree formal power series on an infinite alphabet x1, s, ...) f is quasisymmet-
ric if the coefficient of z{"xy” -+~ 2* in f is equal to the coefficient of 325> ---27* in f
for any sequence j; < jo < ... < ji of positive integers and any composition (ay, ..., ay).
Quasisymmetric functions form the terminal object in the category of combinatorial Hopf
algebras [1].

Bases for the algebra QSym of quasisymmetric functions over a field K are indexed
by compositions o = (aq,aqa,...,ax). The monomial quasisymmetric function M, is
obtained by taking the monomial 2% = z7" - - - 23* and “quasisymmetrizing” it. That is,

_ § Qi oo .0k
M, = Ljy Ljy Ljy. -

J1<g2<<Jk

The fundamental quasisymmetric functions are a basis for QSym that can be defined
in terms of monomial quasisymmetric functions. In particular,

F,=)Y M;,

Bra

where 8 = (B4, B2,...,08;), a = (1,09, ...,a;), and > is the refinement order. (Recall
B > o means that there exists a sequence (g1, ..., g;) With g, < gmi1 for 1 <m <j—1
such that 8; = oy, 41+ -+, for 1 <i < j with go =0.)

Each Schur function decomposes into a positive sum of fundamental quasisymmetric
functions based on a statistic called the descent set [25]. Fundamental quasisymmetric
functions correspond to characters of irreducible representations of the 0-Hecke algebra [9].

The Hopf algebra NSym is the graded dual of QSym [12]. Recall NSym can be thought
of as the free associative algebra K(H, Ho,...) generated by algebraically independent,
noncommuting complete homogeneneous symmetric functions H; over a fixed commuta-
tive field K of characteristic zero. Set H, := 0 if a is a negative integer and Hy := 1.
Then Hy, as,...ap) = HayHa, - -+ Hy,, for a; € Z. The collection of complete homogeneous
noncommutative symmetric functions indexed by compositions forms a basis for NSym.
There is a pairing (-,-) : NSym x QSym — K defined by (H,, Mg) = d, 5, where 0,5 is
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the Kronecker delta. In Section 6, we will work with the ribbon basis, which is a basis for
NSym dual to the fundamental basis for QSym under this pairing.
2.4 Creation operators and immaculate functions

The Schur function basis for Sym can be defined using creation operators. Let B,, :
Sym,, — Sym be the Bernstein operator [27] defined by

B, =Y (—1)'hmeief

120

m+n

in which e;" is the adjoint operator defined by

{e;g,h) = (g,e;h) for all g, h € Sym,

2

where (,) is the Hall inner product (-,-) on Sym defined by (hy,m,) = dx,. The Schur
functions are orthonormal under this product, i.e. (sy,s,) = 0.

For any sequence p € ZF, the Schur function s, can be constructed by repeated
application of Bernstein operators [27]; specifically,

Sp = BMBM o 'B#k(l)'

These creation operators can be extended to NSym by replacing h,,; with the complete
homogeneous non-commutative symmetric function H,,; and replacing e;* with the linear
transformation F;: of NSym that is adjoint to multiplication by the fundamental Fy: in
QSym. This construction leads to the following definition.

Definition 6 (noncommutative Bernstein operators [5]). The noncommutative
Bernstein operator B, is given by

By =Y (—1)'HpyiFi.
>0

The immaculate functions &, are then defined analogously to the Schur functions by the
following application of creation operators.

Definition 7 (immaculate noncommutative symmetric functions [5]). The im-
maculate noncommutative symmetric function &, is defined by

Sy =By, -+ By, (1).

Immaculate functions correspond to indecomposable modules of the 0-Hecke alge-
bra [6]. The following NSym version of the Jacobi-Trudi Theorem provides a deter-
minantal formula for the expansion of the immaculate functions &, into the complete
homogeneous basis for NSym.
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Theorem 8 ([5]). For an arbitrary integer sequence i, let M, be the matriz given by
(M) = Hy,—ivj. Then &, = det(M,).

The above formula for &, requires that the determinant be computed using Laplace
expansion starting with the top row and then continuing down to the bottom row. We
will use det(M,) instead of det(M,,) to represent this strict expansion process.

Example 9. If = (—1,3,2), then

H., Hy H,
M, = | Hy, Hs H,
Hy Hy H,

With H, = 0 if a € Z<° and Hy, = 1, the decomposition of &, into the complete
homogeneous basis for NSym is given by

&, = H_,(HsH, — H,H,) — Hy(HyHy — HyHo) + Hy(HyHy — HyHy)
= —Hepo) + Huy+ Hapn) — Hag).

3 GBPR diagrams and tunnel cells

Skew diagrams, as traditionally defined, do not extend to the full generality necessary for
our work. For our diagrams, we will need to consider shapes p/v where p is an integer
sequence (which in particular might contain negative parts) and v is a partition. Allowing
1 to have negative parts requires modifying the typical diagram visualization.

For all of Section 3, let p = (u1,...,ux) be an integer sequence and v = (vq,..., V%)
be a partition. The Grey-Blue-Purple-Red (GBPR) diagram D, for the skew shape p/v
is obtained via the following process.

1. Place v; grey cells in row i of the diagram (for 1 < i < k), working from bottom to
top (to stay consistent with French notation).

2. For each 1 < 7 < k, there are several cases that impact the placement of red and
blue cells into row i.

(a) If p; > 0 and v; < py, place p; — v; blue cells in row ¢ situated immediately to
the right of the grey cells.

(b) If u; > 0 and p; < v;, place v; — p; red cells in row 7 situated immediately to
the right of the grey cells.

(c) If u; <0, place |p;| + v; red cells in row 4 situated immediately to the right of
the grey cells.
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3. Any cell in the first quadrant that is not colored grey, red, or blue is purple, but
we do not typically color these in illustrations since there are infinitely many purple
cells. Purple cells are considered part of the diagram and are available to be claimed
(converted to grey or red) as necessary in the following applications. Often, we will
draw a purple cell in cell location (i,7; + 1) when the row does not have any blue
or red cells to emphasize that the the cell is available for claiming.

Although the GBPR diagram does not necessarily contain exactly pu; cells in row i,
the value of u; can be determined from the number of grey, blue, and red cells in the
following way.

Lemma 10. If row i of a GBPR diagram has a; grey cells, b; blue cells, and c; red cells,
then a; + b; — ¢; = ;.

Proof. To see this, consider each of the cases in Step 2 of the GBPR diagram construction.
In all cases, a; = v;.
In case (a), b; = p; — v; and ¢; = 0, so

ai+b—ci=vit+p—vi—0=p,
In cases (b) and (c), b; = 0 and ¢; = v; — p;, SO
a;+b—ci=v;+0—(v; — i) = ;. O
Let €}/, denote the collection of red and blue cells in a diagram D,,/,.

Example 11. The following is the diagram D,,, where p = (=3,1,-1,0,3,—2) and
v=1(2,2,1,0,0,0) with the corresponding location indicated in each cell, respectively.

Note
C, = {(1’ 1)> (17 2)7 (27 1)7 (2> 2)7 (37 1)}

and
Cw ={(1,3),(1,4),(1,5),(1,6),(1,7).(2,3),(3,2),(3,3). (5, 1),

(5,2),(5,3),(6,1),(6,2)}.

Definition 12 (adjacent, connected, and diagonally adjoining cells). Two cells
(p,q) and (s,t) are said to be adjacent if and only if [p — s| + |¢ — t| = 1. We say that a
collection C' of cells is connected if and only if for any cells ¢,d € C there is a sequence
C = Uy, Ug,...,u; = d where u; € C and u; and w;1; are adjacent for 1 <7 < j—1. A
set consisting of just one cell is also considered to be connected. Cells (p,q) and (s,t) are
diagonally adjoining if both s=p+1landt=qg+1orbothp=s+1and qg=1+1.
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It is often convenient to construct diagrams for shapes obtained via prefix removal.
In particular, at times we encounter a pair of sequences y € Z* and v € Z* with v, >
Vpy1 =2 ... =2 1 = 0. If the first » — 1 parts of v are not weakly decreasing, we can
remove them and consider parts r through k of p and v, which allows us to still construct
a GBPR diagram for the remaining rows. The following definition makes this precise. We
introduce a superscript (r — 1) (rather than r) because we will be constructing objects
indexed by r directly on the partial diagram with the first » — 1 rows removed.

Definition 13 (partial diagrams D(/ o). Let r € 2% € ZF, and v € Z*

such that "V > l/ﬁill) > > I/,ET Y > 0. The partial diagram D' ) is obtained by

/=)
constructing the GBPR diagram D

PRI Gl (oD ) and then shifting the
resulting diagram up by r — 1 rows, so that the first nonempty row is in row r of the
plane.

The row labels for a shifted diagram correspond to their placement in the xy-plane.
Note that any GBPR diagram D,,/, can be considered as a partial diagram by setting
r=1and v Y = = p: that is,

Dy = D'

w0

Example 14. With D,/ as in in Example 11, the partial diagram D! /) 2 (with v =y

and r = 3) is depicted below.

Intuitively, a boundary cell is any cell in the partial diagram D

(r=1)
p/vr=1

that is either horizontally or vertically adjacent to at least one cell in »"=1), or diagonally
adjoining a cell in "~ (as in Definition 12). Any red or blue cell in row r of the plane

in the partial diagram Df:"/;(lr)_l) is also a boundary cell. Boundary cells will be used

outside of v(m=1

to construct tunnel hooks that will play a role similar to the role of rim hooks in the
combinatorial interpretation of the symmetric inverse Kostka matrix [10].

Definition 15 (boundary and tunnel cells). Let 1 € Z* and let r be a positive integer
such that 1 < < k. Let vV € ZF such that v" Y > l/T(Z__ll) >...>v (T_l) > 0. A cell
in location (p, q) (Wlth r < p < k) is a boundary cell of D" pyes 1) if and only if

Y 41

(T’ 1) + 1

where a,., b, and c, are the number of grey cells, blue cells and red cells in row 7, respec-
tively. A tunnel cell (p,q) of D" o (T ,, is a boundary cell such that ¢ = 1/3(7 Y

<v _11)+1 ifp>r
< max{y, (r=1) —|—1,ar—{—br—|-c,~} if p=r,
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Note that boundary cells are not necessarily cells of C /,,(r 1; boundary cells may be red,

blue, or purple. The inequality Y 4 1<qg< max{l/ Dy 1,a, + b, + ¢} for row r

forces the cell (7, WY 4 1) as well as all red or blue cells in row 7 to be boundary cells.

Also note that a cell (p, ) with p < r cannot be a boundary cell of D T/ (12 1

Let B (, ;) and 'T (T ;) denote the collections of boundary cells and tunnel cells of

D,(f/,,(lr) 1 reSpectlvely Let ./\/ ! ('9 ., be the set difference

r—1 r—1
N =B NT (4)

1 p/v(r=1

We are now ready to define our combinatorial objects called tunnel hooks. A tunnel

hook originating in row r of D, will be constructed on the partial diagram D . IT) -

Therefore in general the superscripts on our partial diagrams will typically be r — 1 (as
above) whereas the tunnel hooks will be indexed by 7.

Definition 16 (tunnel hooks, terminal cells, signs, coverings). Let 7 = (p,q) €

7;(; (i ;) be a tunnel cell. A tunnel hook on D (T .y is a collection h(r, 7) consisting of
all boundary cells in rows r through p. The cell 7 (the farthest northwest cell of h(r, 7))
is called the terminal cell of h(r, ) and we say this tunnel hook terminates in row p. The
sign of tunnel hook h(r, 7), denoted by €(h(r, 7)), equals (—1)P~". If cell n € h(r,7) then
we say that h(r,7) covers n. The southeasternmost cell in h(r, 7,.) is called the initial cell

and we say that h(r,7,.) starts in row 7.

There are a number of hook/strip objects in the literature such as skew hooks, ribbons,
and border strips [20], and the rim hooks [10] appearing in the combinatorial interpretation
of the inverse Kostka matrix in Sym. In order to generalize these combinatorial objects to
the NSym setting, tunnel hooks need to “tunnel” into the diagram instead of remaining
on the rim. See Section 5.4 for a detailed comparison of rim hooks and tunnel hooks.

Example 17. Let p = (5,4, —4,3,-2,5,3), v'¥) = (5,4,2,2,2,1,0), andr—1—2 Since

(1/3(,2), z/i ), cee 1/§ )) is a partition, we have the follovvlng GBPR diagram D L2 in which

we have selected a tunnel hook
h(3,(6,2)) ={(3,8),(3,7),(3,6),(3,5), (3,4),(3,3),
(4,3),(5,3),(6,3),(6,2)}.

The boundary cells in the above diagram are

B® . =1{(3,3),(3,4),(3,5), (3,6). (3,7). (3,8),

w/v
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(4,3),(5,3),(6,2),(6,3), (7,1), (7,2)},

the tunnel cells are
7;(/23(2) = {(37 3)7 (47 3)7 (55 3)7 (67 2)’ (7> 1)}>

and

N ={(3,4),(3,5),(3,6), (3,7), (3,8), (6,3), (7, 2)}.

The following lemmas will be useful in later proofs.

Lemma 18. If (p,q) € B oy then (p+1,q+1) ¢ B#/V(T)

Proof. Let (p,q) € B Then 1/,() "4+1<g by Definition 15. Adding 1 to both sides
(r)

implies that v, " +2 < ¢+ 1. Then y§, Dil<y (r) —|— 2 < g+ 1 contradicts the mequahty
g+1< ( ) 41 necessary for (p+ 1,9+ 1) € B ) Therefore, (p+ 1, + 1) ¢ Bu/r/(”
and the proof is complete.

v

Note that Lemma 18 implies the set of all boundary cells does not contain any 2 x 2
rectangles. Another consequence of Lemma 18 is that for any cell (p,q) contained in a

tunnel hook in the diagram DUt , the cell (p 4+ 1,¢ + 1) is not a boundary cell in

/ (7‘ 1)
DS"/VST)_U. The following lemma shows that every tunnel hook is connected.

Lemma 19. Let b(r,7) be a tunnel hook in D(/ (T) ,y terminating at cell T = (p,q). Then

bh(r,T) is connected.

Proof. For r < i < p, the boundary cells Y; and Y;,; of rows ¢ and ¢ + 1 are, respectively,
(r—1 r—1 . r—1
Vo= {(in "+ 1.6 42, G+ 1)

and
1+1 - {(l +1, 1(—7;—11) + 1)7 (l + 1’1/'5:—11) + 2), Cee (’L + 1, UZ.(T_I) + 1)}

Each of these collections is connected. Since (i, Vi(r_l) + 1) and (i + 1,y2.(r_1) + 1) are
connected, the union ¥; UY;,; is connected, and hence the collection h(r, 7) is connected
as long as the collection Y, of boundary cells in row r is connected to the boundary cells
Y,.1 in row r + 1. Since (r,vi" " +1) € Y, and (r + 1,4 + 1) € Y,41, the union
Y, UY,; is connected and the proof is complete. O

Definition 20 (bank and taxi indices). Given a row i of D" define

/ (r 1)

bank,, -1 (i) =(# of blue cells in row i) — (# of red cells in row 7).
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With h(r, 7) a tunnel hook in the partial diagram DU}

i (T ,, terminating at cell 7 = (p, q),
set

A(b(r, 7)) = bank,, ¢ (r) + (7Y + 1= q) + (p = 7). (5)

Note that (Vﬁr—l) +1—gq)+ (p—r) is the tazicab (or Manhattan) distance from the cell
(r, Y 4 1) to the cell 7 = (p,q) [16]. Therefore, set

tazi(h(r, 7)) = (Y +1—q) +(p— 7). (6)

In Equation (5), since Y > sz__ll) > 2 V,(:_l) > 0, the cell (p,q) € 7;(;;21) will be
weakly west of (r, /""" +1).

Example 21. Consider the partial diagram D® / (2 depicted in Example 17. The tunnel

hook shown has A(h(3,(6,2))) = —6 + 4 = —2, since there are six red cells in row
3 and tazi(h(3,(6,2))) = 4. Similarly (but not shown), A(h(3,(7,1))) = -6+ 6 = 0,
A(b(3,(5,3))) = =64+2 = =4, A(h(3,(4,3))) = =6+ 1 = =5, and A(H(3,(3,3))) =
—6+0=—6.

The proof of the following lemma is immediate since there is only one tunnel cell in
each row and moving up a row strictly increases the value of A(h(r, 7)).

Lemma 22. Gien a partial diagram Dl(;/;(lr)_l) with p a sequence and v a partition, for
any fized j € Z, there is at most one tunnel cell T such that j = A(h(r,7)).

The following iterative procedure provides a method for constructing a tunnel hook
covering (THC') of the diagram D, /).

Procedure 23 (tunnel hook covering construction). Consider a sequence p =

(1, fa, - - -, ix) € ZF and a partition v© = (v ) l/éo), . ,I/](CO)).

1. Construct the partial GBPR diagram DLO/),,(O) of shape /v,
2. Repeat the following steps, once for each value of r from 1 to k.

(a) Choose a tunnel hook b(r, ) in Dl(j/;(lr)_l) and set

A, = A(b(r, 7).
(b) For each 1 <1 < k, let n(r) be the number of cells in row i of h(r,7.) and let
v(") be the sequence defined for 1 <i < k by

Y0 = =D )

2

(c) Construct the partial GBPR diagram D" )
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3. Let v denote the resulting tunnel hook covering and define the sequence associated
to the tunnel hook covering v by A(y) = (Aq, ..., Ag).

Step 2b appends the cells covered by h(r, 7) to v('=1_ Although v is not necessarily

a partition, we will prove in Lemma 24 that ( 57_21,1/522, .. .,V,(g )) is a partition, as is

necessary in order to construct the partial diagram D" WACE

In the diagram D L constructed in Step 2c, all the cells in v") become grey. Addi-

tional red cells are appended to the remaining rows in Step 2c. One additional red cell is
appended to row i for every purple cell covered by h(r, 7) in row 7 and two additional red
cells are appended to row i for every red cell covered by h(r,7) in row .

Lemma 24. Let y1 € ZF be an integer sequence and v\") be a sequence of nonnegative

integers produced during Step 2b of Procedure 23. Then (v, +)1, V,(,QQ, e I/,E )) 1S a partition.

Proof. First note that v is assumed to be a partition, possibly the empty partition.

Therefore the base case is true. Assume that ( ]( +)1, 1/](1)2, . 1/,? )) is a partition for 0 <

j < r—1and let v be a sequence of nonnegatlve mtegers produced during Step 2b
of Procedure 23 for the partial GBPR diagram D Let h('r 7,) be the tunnel
(r <

hook constructed during this process. We will prove that v;” > v; +1 forr+1<i<k.

First note that since (V,(«r_l), Vﬁi_ll), . ,V,(:_l)) is a partition by assumption, I/Z»( >

1/1(+1 for r < @ < k. Assume r < 7 < k and notice this means we don’t need to
consider cells from row r, which eliminates the need to consider the second inequality in
the boundary cell definition (Definition 15). If h(r,7,.) does not include cells from row
i+ 1, then 7 = 070 < w7V <0 so that v <7, as desired.

If h(r, 7) includes cells from row ¢ + 1, it must also include cells from row i. Recall
the definition of tunnel hooks states that every boundary cell from an included row must

be contained in h(r, 7). The largest column index for a boundary cell in row i + 1 is

/(r n:

1(;1)1 +1= I/(T_l) + 1, whereas the largest column index for a boundary cell in row 7 is

v Y 410 Since v + 1 < v + 1, the largest column index for a boundary cell in
row ¢ + 1 is weakly smaller than the largest column index for a boundary cell in row .
Therefore, I/g_)l < ui(r), and the proof is complete. O

Example 25. We describe a tunnel hook covering of D, for the shape p/v© =

(—3,5,5,0,5,—2,4,6)/(2,1). First, we give the GBPR diagram of Dg)/)y(o). We then
provide a series of diagrams detailing the construction of the individual tunnel hooks of

a particular tunnel hook covering, summarizing this construction in a table. Finally, we
illustrate this particular THC on the GBPR diagram itself.

The GBPR diagram of D;(j)u(o) is shown below, with each cell labelled by its corre-
sponding row and column.
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2,1
1,1

1,2

b)

The following series of diagrams illustrates the construction of a particular tunnel hook
covering. The dark grey indicates the rows that are removed to create the partial diagrams.

The following table records the process of decomposing the GBPR diagram D, ,«)
into tunnel hooks. Each row r indicates the situation before the 7** tunnel hook is placed.
Here 7, is the tunnel cell at which the tunnel hook beginning in the 7** row of the partial
diagram terminates. Notice that although v"~Y is not always a partition, the last k—r+1
terms of »("~1) do form a partition, as emphasized in boldface in the table below. Therefore

(r=1)

/-1 is a valid partial GBPR diagram.
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r (:urv Hr+1s - - - 7#13) V(Til) Tr A([‘)(?", 7—7’))
1](=3,5,5,0,5,—2,4,6) | (2,1,0,0,0,0,0,0) | (5,1) | =5+6=1
21 (5,5,0,5,-2,4,6) | (7,3,2,1,1,0,0,0) | (2,4) | 2+0=2
31 (5,0,5,-2,46) | (1,5,2,1,1,0,0,0) | (4,2) | 3+2=5
4 (0,5, 2,4, 6) (7,5.5,3,1,0,0,0) | (5.2) | —3+3=0
5 (5,—2,4,6) (7,5,5,6,4,0,0,0) | (5,5) | 1+0=1
6 (—2,4,6) (7,5,5.6,5,0,0,0) | (8,1) | —2+2=0
7 (4,6) (7,5,5,6,5,2,1,1) | (8,2)] 3+1=4
8 (6) (7,5,5,6,5,2,4,2) | (8,3) | 4+0=4

Next, we illustrate ~, the final THC' of DLO/)V(O) resulting from the construction above. In
this diagram, we depict all the tunnel hooks at once. We omit the step of converting the
colors of the cells to grey as they are covered by tunnel hooks, so that their color as they
are covered by a tunnel hook is retained.

Therefore A(y) = (1,2,5,0,1,0,4,4).

4 Theorem 1 proof and application to QSym

In this section, we prove Theorem 1. Recall Theorem 8 [5] states that

S, = vet(M,,) = Z e(o) H(Mu)wz

oc€SK =1

Theorem 1 provides a combinatorial interpretation of this decomposition of immaculate
functions into complete homogeneous functions using diagram fillings called tunnel hook
coverings. The main idea behind our proof is a natural bijection between tunnel hook
coverings and permutations (Proposition 31). Furthermore, each tunnel hook is associated
to a number which we will show is equal to the subscript of the corresponding complete
homogeneous function appearing in the matrix M, (Lemma 37). We complete the proof
by attaching signs to tunnel hooks and showing that the product of the signs of the tunnel
hooks in a tunnel hook covering is equal to the sign of the corresponding permutation.
We close the section with an application to QSym, obtaining a combinatorial formula for
the expansion of monomial quasisymmetric functions in terms of dual immaculates as a
corollary to Theorem 1.
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4.1 A procedure for selecting tunnel cells to construct a tunnel hook covering

The first lemma necessary for the proof of Theorem 1 provides foundational insight into
how tunnel cells are related to the diagonals parallel to the line y = x. Let

Li={(pqlp—a+1=35}t ={(+m,1+m)m e 27"} (7)

be the collection of cells in the j** diagonal of the first quadrant of the plane, for 1 < j < k.
These diagonals (whose properties are described in the following lemma) will correspond
to the entries in the permutations used when computlng the determinant of the matrix
M,. Recall the definition of boundary cells B L, tunnel cells 7" /) , and N;E;lm found

in and immediately following Definition 15.

T

Lemma 26. Let D(T_(lr)_l) be a partial GBPR diagram for p € ZF and v"=Y) € ZF such
u/v

that vV > l/ffr_ll) > > I/,Ef_l) > 0. Assume r < k. Suppose T,,w € T/T (i) s Tr # W,

and & € /\/‘T 1T) v Furthermore, suppose 7, = (p1,q1), w = (P2, q2), and § = (ps3,q3).

Finally, let h(r 7,) be a tunnel hook in the diagram D(/ —1y- Then

A. (p1+17QI+1) N(/ (r)*

B. If b(r,7.) does not cover w then w € ’T/ (r) -

C. If b(r,7,) covers w then (po+1,q0+ 1) € T/ r)-

D. If h(r,,) does not cover € then & € N(/u(’")

E. If b(r,7,.) covers & then either (ps + 1,q3 + 1) € N
(ps+1,q5+1) ¢ Du/,,m

i) OT P3 = k in which case

Proof of part A. First note that py, ps, ps = r since the dla%ram begins in row r. Since

7. = (p1,q1) is the terminal cell of h(r,7.), we have upl a— 1, 1/,()1) > q1, and
I/I(,::LP = VI(H)H Also, the fact that (Vﬁrﬁl),ur(:ll), .., v Y is a partition (Lemma 24)
implies

Vo1 = Uyt SV = - L
Thus,

;(,’;L1+1 q<q+1<v)+1,

so that (pr + 1,1 + 1) € B ) However, (py + 1,1 + 1) ¢ ’T/ () since v z(>1)+1 < q1 -1
implies (1)+1 +1# q1 + 1. Therefore (m+1Lqg+1)€ N L recalling that N Ly 18

the set difference B ) \T /W ) dJ

Proof of part B. If h(r,7,) does not cover w = (pz, ¢2), then pg > p1 by the tunnel hook def-

inition. Therefore, ¢o = 1/1(,2 b +1= V}u) + 1 so that w € T/ ) [
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Proof of part C. 1f h(r,7.) covers w = (pa,qa) € T/Ty(i)l), then p, < pp since 7, # w and

(r—1)

at most one cell of each row of D" belongs to T 1y Therefore, b(r, 7,.) includes

/ <r 1)
all boundary cells from row p2 + 1. The tunnel hook b(r Tr) does not cover (po+1,q2+1)
since (po+1,q2+1) ¢ B~ L (r ;) by Lemma 18. Since w € 'T/ (re1)1

This means (ps, g2 — 1) & h(r, 7,), so that all cells in row py covered by h(r, 7,.) lie weakly

we have u},’;‘” =q — 1.

to the right of (p2, g2). The fact that go+1 > 1/,(3271) implies the cells in row py + 1 covered
by b(r,7.) must lie strictly to the left of (p2 + 1,92 + 1). Since h(r,7,.) is connected by
Lemma 19 and includes cells in row py + 1 (since py + 1 < p1), the cell (ps + 1, ¢2) must
be covered by h(r, 7). Since (p2 + 1,q2) is covered by h(r,7,) but (ps —|— 1,q2 + 1) is not
covered by h(r,7,), we have go + 1 = 1" )+1 +1land (po+1,¢2+1) € T S O
Proof of part D Let £ = (ps, g3) be a boundary cell which is not a tunnel cell in D(T 12 "

ie, € N/ (1. Assume [’J(?“ 7,) does not cover £. Therefore, p; < p3 and Vp3 = VI(,Q b,
So £ is a boundary cell in D) but not a tunnel cell in DS"/)V(T) since otherwise ¢ would

O

/)

be a tunnel cell in D(r/ (lr ,- Therefore, § € N )

1/(7‘)

Proof of part E. Let & = (p3,q3) be a boundary cell which is not a tunnel cell; ie., £ €
NO-T
/l/(’" 1)

We first prove (ps +1,q3 +1) € B"

and assume h(r, 7,.) covers f Assume p3 < k; otherwise (p3+1,¢3+1) ¢ D(/V(’")
/vy and then show (p3 +1,¢3+1) ¢ T/l,m

The assumption that h(r, 7,.) covers £ implies g3 < Vp3 . Adding 1 to each side of this
inequality gives
g+ 1<)+ 1. (8)

/-1 Lemma 18 implies that (p3 + 1,3+ 1) ¢ B(T/ (12 1y~ Thus, (ps +
1,93 + 1) is not covered by h(r,7,), since h(r, 7,.) only covers boundary cells. Therefore,
;S)H < ¢z + 1 and thus

Since (p3, q3) € c BV

v+ 1< gs+ 1. 9)
Together Equations (8) and (9) imply that

V1< g+ 1<) +1,

meaning (p3+ 1,q3+ 1) € B )

Now we show (ps +1,q3+ 1) ¢ T/V ), by proving gz +1 # v 3+1 + 1. Since (ps3, q3) ¢
’T(;V(i) 1y, the fact that (ps, g3) is covered by h(r, 7,) also implies that (ps, g3 — 1) is covered
by b(r,7.) by the tunnel hook definition. So (p3 g —1) € B . IT) ,y- Therefore, we have
(ps+1,q3) ¢ B""D by Lemma 18. Then, v )+1 < g3, SO 1/(3)+1 + 1 < ¢3 + 1. Therefore,

/V(T 1)
(p3+ 1,3+ 1) ¢ 70 . So (p3+ 1,3+ 1) € ./\/'“/U(T), as desired. O

/v
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The following lemma states that a boundary cell in DEZ‘/I_/(l'r)—l) remains a boundary cell

in D(T)

/") if it is not covered by b(r, 7).

Lemma 27. Suppose that h(r,T,) is a tunnel hook in the partial GBPR diagram D(T/ (IT 1

and consider the partial GBPR diagram D(T/)  Tesulting from applying Step 2 of Proce-

dure 23. If (p,q) € B(T/) (> then either (p,q) € B(/V(T yor(p—1,q9—1)€b(r).

Proof. Suppose (p,q) € B/(;)V(”' Thus, from Definition 15, we have 1" +1 < ¢ (T) L+ 1
Assume (p —1,q—1) ¢ b(r,7,.), since otherwise we are done. Since ¢ < ; )1 + 1, we have
g—1< . Since (p—1,¢—1) ¢ b(r,7,) but ¢ —1 < Z(,)l,we must have ¢ — 1 < (T 1).

So q < (r 1 )41, Also, V,ST 2 V,(,r), SO 1/1(, Vi1« y(r)—{—l < q. Therefore 1/1(, )—l—l <q.
Putting these together 1mphes

v r1<g<y Y 1

Therefore, by definition, (p, q) € B O

M/W v

Lemma 26 implies an algorithm for identifying the cells in T(T_i)_l available to become
p /=1

terminal cells at each step r in the construction of a THC. Along the way, we uncover
a permutation associated with each THC. This algorithm to identify tunnel cells and
produce the associated permutation is described below. The subscripts on the T emphasize
the fact that each new collection of cells depends on the choice of cells in the previous
step.

Procedure 28 (associated permutation construction). Let u € Z* and set v =
v = 0. The following algorithm constructs a sequence of cells (which we will see are
terminal cells for a tunnel hook covering) and also produces a permutation associated to
each choice of cells.

1. Let T, 0 = {(1,1),(2,1),...,(k, 1)} be the collection of all cells in the leftmost
column of the GBPR diagram D,,.

2. Select a cell Ty = (p1, 1) from T,/ and set

TH/V(D = {(272)7 (3>2)a sy (p172)7 (pl +1, 1), s (k7 1)};

T, ;. is the set constructed from T, 0 by removing (p1,1) and adding (1,1) to
n/ n/
each cell in ']Tu/,,(o) situated in a row lower than row p;.

3. Let o1 = p1— 141 = py. Note that L,, (see Equation (7)) is the diagonal containing
(pl’ 1)

4. Repeat the following steps, once for each value of r from 2 to k.
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(a) Select a cell 7, = (pr, qr) from T, /0-1).

(b) Construct T, o) from T, -1 by removing 7, and adding (1,1) to each of cell
in'T, e from a row lower than row p,.

(c) Let 0, = p, — q, + 1. Note that L,, is the diagonal containing (py,q.).
5. Set o0 = 0109 - 0p,.

Lemma 29. The cells in the set T, 1) are precisely the tunnel cells in 7;(;21) for
1 < r < k. Furthermore, the resulting sequence o = oy - - - 0y, 1S a permutation in Sy.

Proof. Let T,/ = {(1,1),(2,1),...,(k, 1)} be the collection of cells in the leftmost
(0)
p/v0"

T, o = 7;(;)3(0). Note that each cell of 7;(?3(0) belongs to a unique diagonal L£; for
1<j<k.
Let 71 = (p,1) € L, be the cell chosen as terminal cell in Step 1 of Procedure 28.

column of D At the beginning of Step » = 1 of the procedure, it is clear that

Then Lemma 26 (A) implies (p+1,2) € N;E}l(l)' Furthermore, by repeated application of

Lemma 26 (D) and (E), no elements of £, other than (p, 1) can be in any of the collections

7;(;3(T) for any 1 <r <k — 1.

Consider an arbitrary cell (s,1) with s # p. By Lemma 26 (C), if h(1,7) covers the

cell (s,1) € 7;(?3(0), then (s +1,2) € 7;(/13(1). If h(1,71) does not cover the cell (s, 1), then

Lemma 26 (B) implies (s,1) € 7;(/13(1). This proves the containment

T[L/V(D = {(272)7 (372>7 ey (pv 2)5 (p+ 17 1)5 R} (k7 1)} g 7;(/13(1)'

Since there are exactly k£ — 1 cells in 7;(/13(1), the fact that there are k — 1 cells in T, )
implies that ']I‘M/V(l) = 7;(/11)/(1).
This argument can be repeated to show that each collection T/, is equal to the set

’7;(2(T) and includes at most one cell from £; for each 1 < j < k, since adding (1,1) to a
cell does not change the diagonal in which it lies.

The construction of the cells in T, ) from those in T, /y(r—1) TEMOVES a cell in row r
or higher and increases the row value for each cell lower than the removed cell. Therefore
by induction, the cells in T, all lie in rows strictly higher than row r.

Finally, repeated application of Lemma 26 (A, D, E) implies that if £, is the diagonal
containing the cell 7. removed during Step r, then no cell from diagonal £, can appear
in 7;(2() for ¢ > r. Therefore each of the k diagonals L,,,L,,, ..., L, removed during
the k steps of the procedure is distinct, and satisfy 1 < o; < k for all j. This implies that
o is indeed a permutation in .Sj. O

Lemma 29 in fact proves that Procedure 28 is equivalent to the THC construction
procedure starting with v = (), since selecting a tunnel hook starting in row r can be done
by simply selecting its terminal cell. Every possible terminal cell for a tunnel hook starting
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(r—1)
#/V(r—l
hooks) is included in T, Jr=1) -

The following example demonstrates this construction.

in row r (for the diagram D , created from the selection of the first r — 1 tunnel

Example 30. Let i be a composition of length £ = 10 and consider step ¢ = 6 in the
tunnel hook covering construction. Assume the first 5 tunnel hooks have been constructed
and 0; € {2,3,6,7,9} for 1 <7 < 5. Then the tunnel cells in T, ) are in diagonals £,
Ly, L5, Lg, and Lyo. If a cell is in £;, any cell northwest of this cell will be in a higher
diagonal, which means that the tunnel cell in row 6 must be in £, the tunnel cell in row
7 must be in L4, etc. Therefore,

T, e = {(6,6), (7,4),(8,4), (9,2), (10,1)}.

If, for example, the cell (8,4) is selected as the terminal cell for the next tunnel hook,
then the new collection of tunnel cells will become

Tu/u(ﬁ) = {(77 7)7 (87 5)7 (9’ 2)7 (10a 1)}a

since (1,1) is added to the first two entries of T, /s and (8,4) is removed.
If, instead, the cell (9,2) is selected from T,/ ) for the next terminal cell, the new
collection of tunnel cells will become

w/v

T,/ ={(7,7),(8,5),(9,5), (10,1)},
since (1,1) is added to the first three entries of T/, and (9,2) is removed.

The following proposition, which states that there is a bijection between tunnel hook
coverings and permutations, will be used in the proof of our combinatorial interpretation
of the NSym Jacobi-Trudi determinant.

Proposition 31. Let jp = (p1, ..., px) be a sequence. There is a bijection between tunnel
hook coverings of the GBPR diagram for p and permutations o € Sk. In particular, if
the tunnel hook covering has terminal cells {T, 7o, - , 7}, where 7, = (p;,q:), then the
bijection sends this tunnel hook covering to the permutation o such that o; = p; — q; + 1
forall 1 <i<k.

Proof. We first show how to determine the permutation from the tunnel hook covering of
the GBPR diagram. Let

7 = {01, 7). b2 7). bk, 7))}

be a tunnel hook covering (THC) of the GBPR diagram for p, where 7, = (p;,q;) for
1 < i < k. Let o(y) be the permutation which maps i to p; — ¢; + 1. This is precisely
the permutation produced by Procedure 28. Lemma 29 guarantees that o is indeed a
permutation in Sk.
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To recover the THC from the permutation o = gy09 - - - 0%, it is enough to determine
the terminal cells {71, 72, ..., 7%}. To this end, set 7. = (o, + m,, 1 +m,), where

m, =#{i e {1, ..., k}|i <rand o; > 0,}.

We show that these cells are indeed the terminal cells for a THC by proving inductively
that 7, € 'I[‘H/V(r—l) for 1 <r <k.

For the base case, note that 71 = (o1, 1), since there is no value i € {1,...,k} such
that i < 1. Since (04,1) € T, /@, the base case is satisfied.

Next assume that 7; € Tu/y(j—l) for 1 < j < r. The cell in diagonal £, of T, ORE
(0,,1). With each choice of 7; (for j < r) selected during Procedure 28, this cell either
remains the same (if o; < o,) or is augmented by (1,1) (if o; > o,). But this implies
that 7, € T, /u(r—1) since m,. counts the number of times (in steps 1 through r — 1) the
coordinates of the terminal cell in diagonal £, are increased by (1,1).

Thus, the cells {71, 7»,..., 7%} are indeed tunnel cells and produce precisely the tunnel
hook covering associated to o from Procedure 28. Therefore, the map described is a
bijection between tunnel hook coverings of D, and permutations in Si, as desired. 0

Example 32. Let 0 = 4731625 € S;. Then 7 = (4,1). Since ms = 0, we have 7 =
(62 +0,140) = (7,1). For o3, we have mg = 2 since both o1 and o9 are greater than
o3 =3. Som3 = (3+4+2,1+2)=(53). Continuing this process produces the overall
collection

{(4,1),(7,1),(5,3),(4,4),(7,2),(6,5),(7,3)}

of terminal cells for the tunnel hook covering corresponding to . Note that these terminal
cells are in diagonals L4, L7, L3, L1, L¢, Lo, L5, respectively.

The bijection between THC’s and permutations allows us to go one step further in

giving a combinatorial interpretation for the partitions (Vﬁ?l, Vﬁ?m el V,S")) appearing in

the partial GBPR diagrams D/(;)W) associated to o = 01095 - - - 0. In the following, assume
o € Sy and m < k. Let Uy, (o) be the set {041, 0m+2,- -+ , 0k} and set Uy, j(0) to be the

4 smallest element of U,,(c).

Example 33. If ¢ = 437926581 then Uy(o) = {1,2,5,6,8} and Uys(c) = 5.

Note that the set U,,(o) is the collection of diagonals £; remaining after the first m
tunnel hooks for the THC associated to o have been constructed.

Lemma 34. Let 0 = 0109 - - 0% € Sk, assume 0 =0, and let

— no (1
Dy=D, 0D, 0Dy

be the sequence of partial GBPR diagrams produced during the construction of the corre-
sponding tunnel hook covering of diagram D,,. Then VJ(.T) (for j > r) equals the number of

entries in the set {01, 09,...,0,} that are greater than U, ;_.(0).
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Proof. The tunnel hook covering construction algorithm (Procedure 28) begins with the
collection of cells in the leftmost column, one on each diagonal L£,. At each stage of
the algorithm, one diagonal is removed and each tunnel cell in a diagonal below the
removed diagonal is augmented by (1,1). This means that after r iterations of the tunnel
hook covering construction, the tunnel hook with initial cell in row r + 1 and terminal
cell in tow j > r + 1 terminates in the (j — )" smallest remaining diagonal L;, where
b= U, ;_.(0). The coordinates of this tunnel cell are (p,+1,¢+1), where ¢, is one more
than the number of tunnel hooks terminating in a diagonal greater than b. But since
(Pra1,Gr+1) is a tunnel cell, we have " = Gre1 — 1, SO uj(-r) equals the number of tunnel

J
hooks terminating in a diagonal greater than U, ;_.(c). Since o; equals the diagonal in

which the " tunnel hook terminates, VJ(-T) equals the number of entries in {0y, 09,...,0,}

greater than U, ;_, (o). O

Recall that the Lehmer code [17) L(o) of a permutation o € Sy is given by
L(o) = (L(01), L(a2), - - -, L(ow)),

where L(o;) = #{j > ilo; < 0;}. Note, if d := 3.7 L(0;) counts the total number of
inversions of o, then the sign of o is given by €(o) = (—1)%

The following lemma provides a method for counting the number of rows covered by
a tunnel hook. This will be useful in constructing the sign of a tunnel hook covering.

Lemma 35. Let
h(laTl)a h(277-2)7 ceey b(kaTk)a

be a THC of D,, with corresponding permutation
0= 01020} € S.
The number of rows covered by b(r,7,) is equal to L(o,) + 1.

Proof. The tunnel hook h(r,(p,,q,)) begins in row r and travels through each tunnel
cell situated in a diagonal smaller than o,, which means the number of rows covered by
bh(r, (pr,qr)) equals one plus the number of remaining diagonals in T, /v smaller than
o-. But this is equal to one plus the number of entries in the set {0, 11,042, ...,0%} that
are less than o,.. But this is precisely equal to L(o,) + 1, as desired. O

Notice that the terminal cells for the tunnel hooks are not dependent on . However,
the tunnel hooks themselves still vary based on p due to the cells in the lowest row of
each tunnel hook as well as the new red cells that are potentially introduced, depending
on fi.

Example 36. Let 0 = 4731625 € S7. Then L(o) = (3,5,2,0,2,0,0). Recall from Exam-
ple 32 that the terminal cells in the THC corresponding to o are

{(47 1)’ (7’ ]')7 (57 3)7 (4’ 4)’ (77 2)7 (67 5)’ (7’ 3)}

Consider, for example, the tunnel hook h(3, (5,3)). This tunnel hook starts in row 3 and
ends in row 5, so it covers 3 rows, which equals L(o3) + 1.
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Our next step in the proof of Theorem 1 is to show that the lengths of the tunnel
hooks equal the subscripts of the corresponding entries in M.

Lemma 37. Let i be a sequence of length k and let M, be defined as above. Assume the
first r — 1 tunnel hooks have been constructed and let 7 be any positive integer between 1
and k such that none of these r — 1 tunnel hooks have terminal cell in L;. Then

(Mu)r,j(: Hur—r-i-j) = HA(*J(TJ))’ (10)
where T is the unique cell in the diagonal L; that is also in ’]I'H/,,(T_l).

Proof. First note that there exists a unique s such that (j +s,1+s) =7 € T,/ by
the arguments given in the proof of Lemma 29. By the definition of taxi (Equation (6)),
we have

tazi(h(r,7) = W +1—1+8) + (G +s—1) =D —r+j

Next, recognize that p, — Y = b, — ¢, = bank(r), where the first equality is due to

Lemma 10 (since Y = a,) and the second is the definition of bank (see Definition 20).
Therefore,

bank(r) + taxi(h(r, 7)) = pp — vV 400D —p 4§ =y —r 4 4,

which is exactly what is necessary since A(h(r, 7)) = bank(r) + taxi(b(r, 7)). O

4.2 Proof of Theorem 1
We now have all the pieces we need to complete the proof of Theorem 1.

Proof of Theorem 1. Recall [5] that

&, = 0et(M,,) = > e(0) [ [(M,.)io..

oESy =1

Proposition 31 gives a bijection between permutations and tunnel hook coverings. In
Lemma 37 we show that the subscripts on the entries of the matrix M, are equal to
the A values for the corresponding tunnel hooks. All that remains is to show that €(o)
equals the product of the signs of the tunnel hooks. Recall that the sign of a permutation
0 = 01090}, is given by (—1)%, where d = Y, L(0;).

Lemma 35 shows that the sign of each individual tunnel hook h(r,7;) is in fact
(—1)@)i since the sign of an individual hook h(i,7) is one less than the number of
rows covered by §(i, 7). Thus, the product of the signs of the tunnel hooks gives the sign
of the permutation corresponding to that tunnel hook covering. O

In Examples 38, 39, and 40, we give the complete collection of tunnel hook coverings for
shapes (3,1,3),(3,0,3), and (3, —1,3) to provide the expansions of &3y, &3,0,3), and
S(3,-1,3) into complete homogeneous noncommutative symmetric functions.
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Example 38. Below is the complete homogeneous expansion of &3 ; 3).

Putting this together produces the expansion

Sz = Hiaz) — Haoo — Hug) + Huooy + Hio) — Hes ).

Example 38 does not include red cells in any of the tunnel hook coverings, since
no parts are negative and it is not possible in this example for a tunnel hook to cover a
purple cell at any point other than in its originating row. Note that it is, however, possible
to introduce a red cell in the decomposition of an immaculate function whose indexing
composition has all positive parts; consider for example the tunnel hook decomposition
of &(1,91) (not shown), which includes the term H3HyH_;.

The next example illustrates a situation in which it is possible to introduce a red cell,
despite the fact that the indexing composition does not contain any negative parts.

Example 39. The complete homogeneous expansion of &33) is depicted below.

Including signs and recalling that H; = 0 if j € Z~, we see that

S0 = His) — Haiz) + Hainy — He .

Finally, Example 40 depicts the decomposition of &3 _; 3y into tunnel hooks. In this
situation, even though we begin with a red cell, two of the six tunnel hook coverings result
in nonnegative indices.

Example 40. Below is the complete homogeneous expansion of &3 _1 3).
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Including signs and recalling that H; = 0 if j € Z~, we see that

S(3,-1,3) = —H2) + Hey).

4.3 Quasisymmetric Functions

The Hopf algebra QSym of quasisymmetric functions is dual to the algebra NSym, satis-
fying the pairing
(,+) : NSym x QSym — K,

defined by setting
<Ha7M/3> = Oa,B-

Let C be the set of all compositions. Any pair of bases { X, }aecc in NSym and {Y3}sec in
QSym satisfying (X,,Ys) = 04 are said to be dual to one another. Hence, the complete
homogeneous basis for NSym is dual to the monomial basis for QSym.

The ribbon Schur basis {Ra}acc for NSym can be defined in terms of the complete

homogeneous basis by
R, = z:(_l)f(a)—@(ﬁ)ﬂﬁ7
azp

where < is the refinement ordering on compositions. The ribbon Schur basis for NSym is
dual to the fundamental basis for QSym [12, 13].

The basis in QSym dual to the immaculate basis is called the dual immaculate qua-
sisymmetric function basis [5]. Elements of this basis are denoted by &7 and expand
positively in the monomial, fundamental, and Young quasisymmetric Schur bases [19, 3].
The following combinatorial formula for the expansion of the monomial basis for QSym
into the dual immaculate basis is an immediate corollary of Theorem 1, due to duality.
Intuitively, to expand M, into dual immaculates, the shapes being covered may vary but
the values associated to the tunnel hook coverings must be equal to the composition a.

Corollary 41. The expansion of the monomial quasisymmetric functions into the dual
immaculate quasisymmetric function basis is given by the following formula.

M, = Z Z 6(7)6;7 (11)

pElal ~E€THC,,
flat(A(y))=a
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where p is a composition of |a|, THC,, denotes the collection of tunnel hook coverings of

a diagram of shape p, b(r,7,.) € v, and the sign €(y) = Hﬁ(z“l) e(h(r,7.)) and composition

A(y) associated to each tunnel hook covering v are as described above.

Note that this formula is not cancellation-free in general. For example, when a =
(1, 3,2), the shape (1,2, 1,2) appears twice: once with associated sequence (1,3,0,2) and
once with associated sequence (1,3,2,0). These two tunnel hook coverings have opposite
signs and therefore cancel each other out. The following example, however, contains no
cancellations and therefore includes every tunnel hook covering whose flat is equal to
(2,1,2). We do not draw the tunnel hooks with A value zero since for this example all
are simply a single purple cell in their originating row. (For instance, the first diagram
also has a tunnel hook in cell (2,2) and another in cell (5,2).)

Example 42. Let a = (2,1,2). The following are all THC ~ such that A(y) = (2,1, 2).

Therefore, Ma1z = 671111 — G119 + 61911 — Glgp — 65141 + 655

5 Immaculate functions indexed by skew shapes

We now extend Theorem 8 to introduce a definition of skew immaculate functions, just
as the Jacobi-Trudi formula can be used to define skew Schur functions in terms of the
complete homogeneous symmetric functions.

Definition 43 (skew immaculate functions). Let i, v € Z* be sequences of integers.
Recalling Theorem 5, we define (M, )i ; = Hu,—i)—(v;—j) and

S,y = vet(M,,). (12)

where the determinant det is expanded using Laplace expansion starting in the top row
and continuing sequentially to the bottom row.

For example, if 4 = (2,5,3) and v = (1, 3,0), then

H, Hy Hy
M,u/v = H3 Hy H6
Hy H, Hj
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Recalling that H, = 0 if a € Z~ and Hy = 1, the resulting decomposition of &/, into
the complete homogeneous basis for NSym is therefore

Supw =Hapgs — His) + He) — Hug).

Notice that the skew Schur function s(53)/(1,3) becomes s 33)/(2,2) under the well-
known straightening algorithm that states that for any integer sequences X', \” and any
integers a and b,

S(N,a.b ) = TSN b—1a+1,)\")-
This property arises by swapping rows in the Jacobi-Trudi determinant for Schur func-
tions. Note that this relationship does not generally apply to immaculate functions due
to the noncommutativity of the complete homogeneous noncommutative symmetric func-
tions. For example, G, p) = H(ap) — Hat1,—1) While Sp_1411) = Hp—1,a41) — Hpa) SO
that ) # —Sp-1,0+1)-

Decomposing the Schur function from our example into the complete homogeneous
symmetric functions produces the expansion

54,33)/(2,2) = hz2,1) — hz3) + he) — ha2).

This is exactly the decomposition obtained by applying the forgetful map to the expansion
produced by our construction in NSym. This is true in general since the starting matrices
are identical and the only difference between the H expansion of &/, and the h expansion
of 5,/, is in the commutativity of the indices. The indices for the H basis expansions do
not commute whereas the indices for the h basis expansions do commute.

It is important to note that the Hopf algebra operation — for skewing elements of
NSym by elements of QSym (often referred to as the transpose of multiplication [22]),
another natural candidate for skew immaculates, does not always coincide with this con-
struction. For example, skewing &y 53) by 6?173) produces the H decomposition

(13 — 6253 =623 + 6132 + G + Sus + Spa) # Sas3)/013):

One open problem is to classify the pairs of compositions for which the two skew candidates
coincide.

Theorem 2 states that when we restrict v to be a partition (regardless of whether it is
contained inside p), we can still apply tunnel hook coverings to generate the determinantal
decomposition combinatorially. That is,

G,LL/V = Z H G(h(T’, TT)) HA(b(T,Tr))’
YETHC),;, b(r,m)EY

where T'HC),/,, denotes the set of all tunnel hook coverings of the GBPR diagram D,,,.

Section 5.1 describes how to utilize submatrices to produce the homogeneous function
expansion of an immaculate function indexed by a skew shape. In Section 5.2, we apply
these submatrices to prove Theorem 2. In Section 5.3, we discuss how to extend this
approach to the situation in which v is an arbitrary sequence. Section 5.4 explains how to
recover the decomposition of a Schur function into the complete homogeneous symmetric
functions in Sym.
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5.1 Submatrices and immaculate functions indexed by skew shapes

Recall that the Jacobi-Trudi formula stated in Theorem 8 [5] requires the determinant of
M, be computed expanding using Laplace expansion row by row starting with the first
row; the order in which the expansion occurs is important since the complete homogeneous
noncommutative symmetric functions are not commutative. Recalling this convention, we
have &, = det(M,) where (M,,);; = H,,4+j— and 1 < 4,5 < n. Using the permutation
expansion of the determinant, we have

S, = Z €(o) (M) 1,00 (M) 2,05 -+ (M) k0,

oc€Sk

= Z 6(0’)HN1+01—1H;L2+0'2—2 e Huk+0k—k; (13)

ocESk

where €(o) is the sign of 0. Due to properties of the Jacobi-Trudi matrix, it is possible
to describe the submatrices of M, in terms of permutations. Recall that with o € S}
and m < k, the set U,,(0) is the collection {011, 0m12, - ,01} and U, j(0) is the j©
smallest element of U,,(0).

Let M(i]j) be the submatrix obtained from the matrix M by deleting row ¢ and
column j. With this notation, the submatrix obtained by deleting row ¢ and column o;
for1<t1<mis

M) .= (M) (1]o1)(2]o2) - .. (m]om,).

°w
Notice that U,, (o) is the set of columns that were not deleted in the construction of
MG
In the following proposition, we use notation ji and 7 to denote the last £ — m parts
of 1 and (™) respectively. Although this process of removing the first m parts relies on
m, we suppress the m in our notation for clarity of exposition.

Proposition 44. Let p = (1, ..., k) € ZF and let 0 = 0104 - - - 03 be a permutation in
Sk Let i = (Hma1,s a2y - - - fi) be the sequence obtained by deleting the first m parts of
woand let v = (z/r(n"i)l, 1/7(nm+)2, U l/,im)) be the partition consisting of the last k —m parts of
the sequence obtained during the construction of the first m tunnel hooks corresponding
to the first m entries in the permutation o. Then

(MLm’U))i,j = H(ﬂi_i)—(ﬂj—j)'

Proof. We use the Laplace expansion for computing the Jacobi-Trudi determinant. After
expanding through the first m rows following the ordering given by the permutation
o € Sk, the entries of the resulting submatrix Mf}n’a) are given by the formula

(M;(Lm’a))i,j = Hﬂm+i_(m+i)+Umvj(o')’ (14)

with 1 <, < k—m. For 1 <7 <k —m, we set

G =m+ = Upy(o).
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There are k—(U,, ;(0)) entries larger than U, ;(0) in o € Sj, with exactly k—m—j of them

in {oy+1,...,0k}. Therefore, the number of entries larger than U, ;(o) in {o1,...,0,}
equals
k= (Unj(0)) = (k—m —j) = m+j = (Un;(0)) = ¢
Substituting m for r and j + m for j in Lemma 34 implies uﬁﬁ)j = CJ(-m’U). Then
Unj(o) =m+j— l/fn"jr)j. Equation (14) now produces
(mo)y. _
(M1 = B, iy, = Hmimiy-047, -y
so that
(ME™)ij = Hmiy~(,-i).
as desired. O

Proposition 44 together with Equation (13) imply that the skew immaculate &5 is

equal to the determinant of the submatrix M,Sm"’). This provides a way to start with

a sequence i and produce a skew immaculate &j/5. In the next section, we discuss
how to start with the skew shape, modify it to create a starting un-skewed sequence,
and then apply the tunnel hook covering techniques to construct its H-decomposition
combinatorially.

5.2 Proof of Theorem 2

In the following, AT denotes the transpose of the partition )\, obtained by reflecting A
across the main diagonal (southwest to northeast).

Proof of Theorem 2. Let u € Z* and let A\ be a partition with ¢ nonzero parts, where
C < k. Ifl <k, set \; =0 for / < i < k. Prepend \; rows of length \; to the
front of 41 to obtain = (A1), s, ..., k). (See Example 45.) Applying Theorem 1 to
the composition p produces a collection of tunnel hook coverings whose signed weights
produce the decomposition of & , into complete homogeneous noncommutative symmetric
functions. Consider the tunnel hook coverings of y whose first A; tunnel hooks are the
collection B

{h(laTl)a h(277-2)7 R b()‘laTx\l)}a
where T; = (/\1 + (/\T)],])
To see that (A + (A\T);,7) € T, G-n for each 1 < j < Ay, first note that 7 =

(A + (AT)q,1) is in T, /., since every cell in the leftmost column of D, @) is in T, ).
The tunnel hook h(1, 1) is shaped like the letter L; it is comprised precisely of the cells

{(1,1),(1,2),...,(1,A\),(2,1),(3,1),..., (A + (A, D)}

In particular, the cell (A\; + (\T),, 1) is contained in h(1, ;) since (A7) < (AT);. But then
(A1 +(AT)3—1,1) € h(1,71) and is not the terminal cell for h(1, ;) since (A; +(AT)y—1,1)
lies immediately below (A; + (A\T)3,1) and h(1,7;) is L-shaped. Step 4b of Procedure 28
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implies that (A +(A")2,2) € T,y since (A +(N)3, 2) is obtained from (A + (A7), —1,1)
by adding (1,1).
The tunnel hook h(2,73) is then also shaped like the letter L, consisting of the cells

(2,2),(2,3), -+, (2,01, (3,2), (4,2), ..., (A + (AT)a, 2)1.

We can yet again use the fact that AT is a partition to conclude that (A, + (A\T)3,2) €
h(2,72). This implies that (A + (A\")3,3) € T, ,». Repeating this argument shows that
the cells {7y, 7»,..., 7\, } are indeed terminal cells, and so the collection

{h(LTl)’ h(2’72)7 SRR b()\:l’T/\l)}

is indeed a valid tunnel hook covering.

Next, consider the partial GBPR diagram obtained after \; iterations of Procedure 23
(Step 2). The first A; rows of y have been removed and the remaining nonzero rows of yA1)
are equal to the rows of ), since their columns are the rows of A”. Therefore, removing
the first \; rows entirely from this diagram produces precisely the GBPR diagram DL%.

Finally, we prove that the determinant det (Mu//\) is equal to the determinant of the
submatrix of M, obtained by removing rows 1 through A\; and columns {\; + ()\T)l, A+
(AT)y —1,..., 0 + (AT)y, — A1 + 1}. Let o be the permutation whose first \; parts are
A+ D)+ (Ao — 1,00, A + (M), — A1 +1). These parts are obtained by listing
the diagonals containing the terminal cells; that is, cell (A + (AT);, ) lies in diagonal
Ly, +(31),—j+1- Proposition 44 implies that

0et(M)) = Vet ((Hu—i)-0y—)is) = Spin,

(A1)

as desired, since \; = vy Y as observed above. O

Note that there are other choices for the prefix of u that yield the same result. This
particular choice is taken so that none of the first A\; rows of the matrix M, contains the
entry Hy. In particular, observe that for the tunnel hooks given in the proof of Theorem 2,
A(h(j,75)) > 0 for 1 < j < A\;. To see this, first note that h(j, 7;) contains A\ — j + 1
blue cells in row j. This means bank(j) = A\; —j + 1 > 0. Since A(h(j,7;)) = bank(j),
we have A(h(j,7;)) > 0 for 1 < j < Ay

This allows us to determine the H-decomposition of &,y by first computing the H-
decomposition of &, and then identifying the terms in this decomposition beginning with
Hox, 110y, Haxy—3100m), - Haxy— (23, -1)4 (A7), (and deleting all other terms). Removing
this initial product from each of the identified terms and then summing the resulting
terms produces the H-decomposition of &,,/5.

Example 45. Let u = (5,—1,3,4) and A = (3,1,0,0). Then £ = 2 and AT = (2,1,1,0).
Therefore, = (3,3,3,5,—1,3,4) and the initial GBPR diagram for p is
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The first three (since A\; = 3) tunnel hooks terminate at the tunnel cells
{(5, ].), (4, 2), (4, 3)} (Since )\1+()\T)1 =342 = 5, )\1+(>\T)2 =3+1= 4, and )\1+()\T)3 =
34+ 1 = 4), producing the partial tunnel hook covering

The skew immaculate &5 _1,34)/(3,1,0,0) can be obtained by selecting the terms appear-
ing in &(3335-1,34) Whose first three terms are Hy HyH,.
Notice that the submatrix M, (1]5)(2(3)(3|2) of the matrix

Hs Hy Hs Hg H; Hs Hy
H, Hs Hy, Hs Hs H; Hs
H, Hy, Hs Hy H; He Hy
M,=|H, Hs Hy Hs Hs H; Hg
H; H, Hs H, H, Hy H
H, H, Hy H, Hy, Hs H,
H, H, Hy H, Hy Hs Hy

=

(obtained by deleting the first through third rows and columns 5,3, and 2) is given by

Hy, Hs H; Hg
H, H, Hy H
H., H, Hy H,
H., H, Hy; H,

which is precisely the matrix defined by (Ml,,/x)i; = H(u—i)—(r,—j)

5.3 Skewing by non-partition shapes

We now apply NSym analogues of well-known Sym constructions to produce the homo-
geneous expansion of an immaculate function skewed by a non-partition shape.
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First assume that A is an integer sequence, all of whose parts are nonnegative. As in
the analogous Sym situation, if we set

~

A= (AL A A — LA 1 A 0,0, )
and (Mu/;\)iﬁj =H

~

(ni=i)-(y—s)> then (Muya)ij = (M,5)i; for j ¢ {p,p + 1}. Furthermore,

since A\py1 = A\, + 1 and A\, = A\,41 — 1, we have

(Mu/k)im = Hpi—i)-(ry—p) = H(m—i)—(}\,,+1—p—1) = (Mu/ﬁ\)i,pﬂ
and
(M2 )iptr = Hipimiy-pir—o01) = Hip iy (3 01- 1)) = Myy8)ip
for all 1 <@ < k. Thus, &,/ = =6, /5, since M 5 is obtained from M,y by swapping
columns p and p + 1.

Note that if A\;;; = A; + 1, for some 1 < ¢ < k, then columns ¢ and 7 + 1 of M,/
are identical. Thus the row by row expansion of det(M,,/,) starting in the first row and
continuing down yields that &,/\ = det(M,,/,) = 0.

When taken together, the results of the two previous paragraphs imply that, without
loss of generality, we may assume that the entries of A\ are weakly decreasing. If the
entries of A\ are not weakly decreasing apply the straightening operator A (adjusting the
sign each time) until the result is a partition (in which case Theorem 2 applies) or a
sequence containing a one-step increase (in which case the skew immaculate function is
zZ€ero).

Finally, if any terms of A are negative, let A\; be the smallest part of A. Add —\; to
every part of ;1 and every part of A; call the resulting sequences augy,(¢) and augy,(A)
respectively. Then MaugAj (1) /auga; (A) = M, /x, so

S = Saug, () fauga, ) (15)

and we can apply the above techniques to Gaug, (4)/augy. () to find the decomposition of
J J
S,,/» into the complete homogeneous noncommutative symmetric functions.

Example 46. Let u = (2,—5,0,1) and A = (2,—3,1,6). To compute the expansion of
S,,/x into the complete homogeneous noncommutative symmetric functions combinatori-
ally, we must apply several steps before finding the tunnel hook coverings.

1. Since A includes negative parts (with smallest part equal to —3), add 3 to every
part of A and every part of u to get

augs(p)/augs(A) = (5,-2,3,4)/(5,0,4,9).
2. Since augs(A) is not a partition, apply the straightening operator to get
S =—6(5,-231/6085 = S(5,-234)/(57,15)
= —6(5,-2,39/(66,15) = 6(5-2,3,4)/(6,6,42)-
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The following corollary (an immediate consequence of Proposition 44 and Proposi-
tion 31) provides a way to expand the immaculates &, in terms of skew immaculates. A
linear permutation (or partial permutation) of a k-element set is an ordered arrangement
of an m-element subset of a k-element set. (Note that in the literature, these are also
sometimes referred to as partial permutations or k-permutations.)

Let A, be the set of all linear permutations of an m-element subset of a k-element
set. Define the sign €(r) of a linear permutation 7 = 7, - - - m,,, to be (—1)°, where § is the
number of pairs a, b such that either a = m; > m; = b withi < jora =m > g with g a
positive integer not equal to 7; for any j.

Corollary 47. Let yn € ZF and m be a fived integer such that 1 < m < k. If i is the
sequence obtained by deleting the first m parts of u, then

S.= Y e ( II & _+> & jims

TEAR,m 1<i<m

where V™) is the sequence obtained from the construction of the tunnel hooks corresponding
to m in the diagram D,,.

For example, when p = (4, 3,3,2) and m = 2, we have the following decomposition of
S4,332)-

Suss2 = Hu3)6i2 — HunG62)0.0 + HausSe2)/0.0
— Hi2632) + Hz4632)/020 — Hs5632)/021)
+ Hi263,2)/0,0) — Hi6,363,2)/00 + Hie5 63,2022
— Hz2)6@2)/00) + Hiz36 3201 — Hra6i2)/22

Note again that applying the forgetful map to this expansion produces the expansion of
a Schur function in terms of skew Schur functions with complete homogeneous symmetric
functions as coefficients. Thus we have the following Schur function decomposition.

5(1332) = N3)S3.2) — haa)S3.2)/0) + has)se2)/0.0)
- h(5,2 (3,2) +h (5,4)5(3,2)/(2) — h(5,5)5(3,2)/(2,1)

+ h6,2)5(3,2)/(

)

- h(? 2)5(3,2)/(1,1) T h (7,3)5(3,2)/(2,1) — h( 4)5(3,2)/(2,2)

/) — M63)53.2)/2) + Pi6,5)53.2)/2.2)

5.4 Recovering the Schur function decomposition

The forgetful map applied to immaculate functions produces the Schur functions, and the
forgetful map applied to the H basis for NSym produces the h basis for Sym. Therefore,
applying the forgetful map to the decomposition of &,/ into the H basis (where 1 is a
partition and A is a partition such that \; < p; for all i) produces the decomposition of
the skew Schur function s,/ into the h basis.
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Our approach, therefore, provides an alternative to the special rim hooks appearing
in the Egecioglu-Remmel [10] combinatorial interpretation of the inverse Kostka matrix.
While tunnel hooks and special rim hooks share some similarities, they are not simply
shifts or translates of one another.

Rim hooks are collections of cells in the diagram of a partition satisfying the following
properties.

1. Rim hooks consist of cells on the northeastern rim of the diagram.
2. The cells in a rim hook are connected.

3. A rim hook contains no 2 x 2 squares.

4. A rim hook is special if it includes a cell in the leftmost column.

If one attempts to apply rim hooks to immaculates indexed by shapes which are
not partitions, one must sacrifice either property (1) or (2). Example 48 illustrates this
obstruction, since there must be a covering of the shape (3,8,4, 1) by special rim hooks
whose lengths are 6,0, 8,2 respectively. In order to have a special rim hook of length 8
beginning in the third row, there cannot also be a connected special rim hook of length 6
beginning in the top row.

Example 48. Let p = (3,8,4,1) and consider the term Hs2) in the expansion of
S(3,84,1)- To fill the shape (3,8,4,1) with special rim hooks, a special rim hook of length
6 starting in the top row is necessary, but this is not compatible with a special rim hook
of length 8 starting in the third row from the top.

If one relaxes the rules for special rim hooks to try to address this concern, other
lengths (such as an initial rim hook of length 7) become available which are not legal
options since they do not appear as indices in the H-decomposition of & 52). In fact,
Loehr and Niese point out that their special rim hook method (which solely applies to
immaculates indexed by partitions) does not compute the content of a diagram simply by
listing the lengths in some predetermined order [18].

In order to generalize the Egecioglu-Remmel decomposition idea to composition shapes
(for NSym), we need objects that “tunnel” into the interior of the diagram. Our tunnel
hooks satisfy properties (2) and (3) above, as well as a variant of (1) stating that tunnel
hooks are comprised of cells on the South-Western border of the diagram. See Exam-
ple 49 to compare a tunnel hook covering of skew shape (7,7,7,6,6,4)/(2,2,1,1) and the
corresponding special rim hook tableau.

Example 49. Let p = (7,7,7,6,6,4) and A = (2,2,1,1). The tunnel hook covering that
produces the term H (s 10.4,8,0,1) is shown.
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The corresponding special rim hook tableau is shown below. Note that this produces the
term h(10,884,1,0) due to the commutativity of Sym. There are no other rim hook tableaux
of this shape corresponding to h(10,88.4,1,0)-

Our tunnel hook approach also allows us to generalize to ribbon decompositions of
certain immaculate functions, improving upon results of Campbell [§].

6 Ribbon decompositions of immaculate functions

The ribbon basis for NSym is another collection of Schur-like functions in NSym. There
are a number of excellent sources for background on ribbons in Sym and NSym [12, 20].
Our work in this section extends results of Campbell [8]. We take the following formula
as our definition for the ribbon functions.

Definition 50 (ribbon functions). The ribbon function in NSym indexed by a compo-
sition « is given by the formula

R, = Z(_ 1)€(B)—E(Q)Hﬁ’
Bra

where = is the refinement order on compositions and where ¢(«) is the length (i.e. number
of parts) of a.

The set of all ribbon functions indexed by compositions form a basis for NSym. Here
for a € Z<Y, set R, = H, = 0 and Ry = Hy = 1. We will make use of the formula that
converts a complete homogeneous function in NSym indexed by a composition into the
ribbon basis for NSym [12]. That is,

Hy=> Rp.

Bra

The ribbon basis for NSym is dual to the fundamental basis for QSym. That is, when
(-,) is the pairing defined by (H,, Mg) = 0,3, we have

(R, Fg) = 6a.p-
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Multiplication in the H basis is fairly straightforward; simply concatenate the indexing
compositions. Multiplication in the ribbon basis requires two steps, which are described
below.

Definition 51 (concatenation, near concatenation and ribbon multiplication).
[12] Let o = (a1, 00, ,a4) and B = (b1, P2, -+, B;) be integer sequences. Then the
concatenation of o and [, denoted by « - 3, is given by

a- B = (a0 ag, B, B2, B)

Define near concatenation ® by
a®pf=(a,a - ar+ Bi, B2, B)
The product of two ribbons R, and Rg, where o and [ are compositions, is given by
RoRg = Ruop + Raop- (16)

We now describe a method for expanding the refinement order to weak compositions,
by first defining a coarsening of a sequence (generalizing the notion of coarsening compo-
sitions).

Definition 52 (refinement ordering and coursening). Let o = (g, 9,..., ) be a
weak composition. Given a subset S = {iy,1s,...4;} of [k — 1], the coarsening ©(«, S) of
a with respect to S is given by

@(a, S) = (Ch *1 Qg k2 (x3 %3 * - - k2 Q1 *k—1 ak);

where

,  otherwise.

*i:{-l— if7e€S. (17)

The refinement ordering on weak compositions is given by g > « if and only if 3 is a
coarsening of a. If f = o, we say that « is a refinement of (.

For example, let o = (5,2,1,4,3,3,2,6,2,3) and let S = {2,3,5,8}. Then the coars-
ening of a with respect to S is

O(a,S) = (5,2+1+4,34+3,2,6+2,3) = (5,7,6,2,8,3).

Therefore (5,7,6,2,8,3) = (5,2,1,4,3,3,2,6,2,3). Note that as long as « is a composi-
tion (rather than a weak composition), there is a unique subset producing each distinct
coarsening.

When we expand an immaculate function indexed by a composition into the complete
homogeneous basis for NSym, some of the terms are indexed by weak compositions.
Since Hy = 1, we usually simply delete the zeros and consider the indices to be shorter
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compositions. However, the proofs in this section are aided by keeping track of the
positions of the zeros in the indexing compositions. If a = (ag,qq,...,ax) is a weak
composition whose subsequence of nonzero parts is «;,, aj,, ..., a;, (with j; <j» <... <
Js), let flat(a) be the composition (a;,, aj,, ..., a;,). It will be useful to think of flat(«a)
as a coarsening; to do so, we standardize notation for the coarsening set.

In this section, all immaculate functions will be indexed by compositions (rather than
weak compositions or integer sequences). To indicate this shift, we use o rather than p as
our index for immaculate functions going forward. This means that all indices appearing
in the first row of the matrix M, used to construct the immaculate function &, (see
Theorem 8) are positive integers. Thus the A values indexing the H functions will always
begin with a positive integer. Therefore all of the weak compositions appearing in the H
expansions in this section will begin with a nonzero part.

Definition 53 (allowable flat coarsening subset). Let a = («a,..., ;) be a weak
composition with oy > 0 and let the set {iy,...,%;} be the collection of indices such that
, =0,0;, =0,...05;, =0. Let Z = {iy —1,...,i; — 1} C [k —1]. Then an allowable flat
coarsening subset for a is any subset of [k — 1] containing Z.

For example, let o = (5,0,3,0,1,5,0,4) and consider the composition (5,3,1,9) ob-
tained by flattening and coarsening «. Since ay = 0,a4 = 0, and a; = 0, any al-
lowable flat coarsening subset for a must contain the subset {1,3,6}. The only al-
lowable flat coarsening subset producing (5,3,1,9) is S = {1,3,6,7}. Although the
coarsening of a with respect to the set @ = {2,3,6,7} also produces the composition
(5,0+3+0,1,54+0+4) =(5,3,1,9), Q is not an allowable flat coarsening subset since
ay=0but2—-1¢ Q.

Notice that for any weak composition a and any allowable flat coarsening subset .S, the
coarsening O(a, S) will be a composition. The main reason for introducing the allowable
flat coarsening subset terminology is to provide a unique way to represent the coarsening
of a weak composition.

Lemma 54. Given a weak composition o = (ayq, ..., ax) such that oy # 0, and a compo-
sition o/ such that o/ is a coarsening of flat(«), there is a unique allowable flat coarsening
subset S such that O(a, S) = .

Proof. Suppose S and S are two distinct allowable flat coarsening subsets such that
O(a,S) = o/ = O(a, S). Let s be the smallest integer that is in exactly one of S and S.
Without loss of generality, assume that s € S and s ¢ S. Furthermore, we have asy1 > 0,
since if a1 = 0 then s must be a member of any allowable flat coarsening subset for «;,
including S. Now, let s’ be the smallest of the set of consecutive positive integers in S
that ends with s. Then

as’+a5/+1+"'+as<as’+as’+1+"'+as+as+1;

since g1 > 0. The positive integer aiy + g1 + - - - + a5 is one of the parts of O(a, 5’),
say the i'" part. Then oy + gy + -+ + g + gy is the i part of ©(a, S). But this
means that O(a,S) # O(a, S), since their i parts do not agree. Therefore there must
be a unique allowable flat coarsening subset S such that O(«, S) = /. O
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6.1 Ribbon expansions of immaculate functions

The ribbon basis expands positively into the immaculate basis via standard immaculate
tableaux [5], but the expansion of the immaculate basis into the ribbon basis is only
known for certain special cases. In particular, Campbell provides the following formulas;
one for the ribbon expansion of immaculate functions indexed by rectangles and one
for immaculate functions indexed by products of two rectangles satisfying certain size
conditions.

Theorem 55. [8] The ribbon expansion of an immaculate function indexed by a rectangle
(mF) is given by
6(mk) = Z 6(0')]%(m—1—+—01,’m—2—+—02,...,m—k—}—ak)7
€Sk
with the convention that R, vanishes if o contains any nonpositive parts.

Theorem 56. [8] The ribbon expansion of an immaculate function indexed by the product

a = (ab c?) of rectangles satisfying b < ¢ and b < a is given by

S, = E E(U)R(al—1+017a2—2+02,~~-7ak_k+(7k)7

oESK
with the convention that R, vanishes if a contains any nonpositive parts.

It is not true in general that

S, = Z 6(0)R(Oél_1+UI,(12—2+02,---yak_k+0k)' (18)

cESE

For example,

Susiy = Hasy — Hepy + Hao) — Hag
= Rus1) — Rez + Rig) — Res).

One open problem is to classify the compositions for which Equation (18) is true. In
this section, we provide a partial solution to this question by developing a large class of
compositions for which this expansion applies.

Let o be a composition. We describe a function f; from a tunnel hook covering v of «
to a tunnel hook covering f;(y) of a. Recall that s; is the transposition (7,7 + 1) so that
if o =070, then

0S8; = 0102 °07-104+10;042 " Op.

Definition 57 (function fi(v)). Let o be a composition and v € THC,,. Let o be the
permutation associated to v (see Procedure 28 and Lemma 31). Set f;(y) to be the tunnel
hook covering of 1+ whose associated permutation is os;. If A is the sequence associated
to the tunnel hook covering v (see Procedure 23), then let f;(A) denote the sequence
associated to the tunnel hook covering f;(7).
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It is immediate that f; is an involution, since os;s; = 0. We now describe how
applying f; to a tunnel hook covering impacts the tunnel hooks. Note that Lemma 29
implies that if (p;, ¢;) and (pi+1, ¢i+1) are distinct terminal cells of a tunnel hook covering,
then p; — q; # pir1— qir1. Therefore we only need to consider the cases p; —q; < Piv1— Giv1

and p; — ¢; > Piy1 — Giy1-

Proposition 58. Let a be a composition and v € THC,,. Let h(1,7),
.., b(k, ) be the tunnel hooks in v with 7; = (p;,q;). Then the terminal cells of fi(7y)
are

(7'17 ceey Ti—1, Tig1, (Pi +1,q + l)aTi+27 e ,Tk) ifpz' — ¢ < Di+1 — Qi+1,
(715 oy Tict, i1 — L Gir — 1), Tis Tig2, oo, k) if Di — @ > Pig1 — Qi

Proof. Assume (11,...,7i—1, (Pi, @), (Pi+1,Git1), Tiz2, - - -, Tk) are the terminal cells for ~
with associated permutation o. Recall Proposition 31 implies that o; = p; — ¢; + 1.
First assume p; — ¢; < piy1 — ¢i+1 (which also means o; < ¢;41). Then applying s; to
the associated permutation o corresponds to selecting terminal cell (p;; 1, g;+1) for the i
tunnel hook. In this case the i’ tunnel hook now covers cell (p;,q;) and therefore by
Lemma 26(C), (p; + 1, ¢; + 1) becomes the terminal cell for the tunnel hook corresponding
to (fi(0))ix1 = pi — ¢; + 1 (writing fi(o) to denote the permutation associated to f;(7)).

If pi = i > pit1 — qiy1, then fi(y) has permutation fi(o) with (fi(c)); < (fi(o))it1.
Therefore applying the involution f; to v effectively “undoes” the operation in the first
situation. So the terminal cell for the 7" tunnel hook is (p;41—1, ¢;+1— 1) and the terminal
cell for the (i + 1) tunnel hook is (p;, ¢;), as desired. O

Lemma 59.

— H e(h(r, 7)) = H e(h(r, 7))

bh(r,mr)ey h(r,mr)Efi(7)

Proof. The non-commutative determinant of M, can be computed according to the for-
mula

Pet(Ma) = D €(0)(Ma)1.0:Ma)oz (M)t (19)

€Sy,

Each tunnel hook covering corresponds to one of the permutations in the summation of
Equation (19). The map f; replaces the tunnel hook corresponding to o with the tunnel
hook corresponding to os;, which multiplies the sign by —1. O

We now use tunnel hook coverings to prove that a larger class of compositions than
those described in Campbell [8] satisfies Equation (18).

Theorem 60. Let o = (avy,...,q) be a composition such that o; > i for 1 < i < k.
Then

G, = E E(J)R(a1—1+0'1,ag—?—!—ag,...,ak—k—i—ak)-

€Sk
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Proof. Recall the complete homogeneous noncommutative symmetric functions expand
into the ribbon basis according to the following formula. Let o be a composition. Then

H, =Y Rs, (20)

Bra

where > is the refinement ordering on compositions.

As in Procedure 23, we set A, = A(h(r, 7)) and A(7y) = (A1, Ay, - -+, Ag), where A(7)
is the sequence corresponding to the tunnel hook covering +. Therefore the homogeneous
expansion of the immaculate functions becomes

k
G, = Z ( 16 (r,7) HAT>

YETHCy \r=

= Z ( E 7“7'7« )HA(W)
r=1

YETHC,

= Z ( e(b(r, 1) )( Z Rg), by Equation (20).
r=1 Bz flat(A(7))

YETHC,

I:1?r IIIw

Note that since a,. > r for all 1 < r < k, it is not possible for all the cells in row r to be
covered by tunnel hooks originating in rows 1 through r — 1, so every tunnel hook starts
within the GBPR diagram DY’. Therefore A(h(r, 7)) > 0 for all 1 < r < k for every
tunnel hook covering . Every indexing composition § in the ribbon expansion can be
thought of as a pair (A, S) where A = (Aq, Ay, ..., Ay) is the sequence corresponding to
a tunnel hook covering v and S is the unique allowable flat coarsening subset such that
B=0(A,S).

We describe a sign-reversing involution on the pairs (A, S) with S # (), proving that
every term with less than & parts cancels out. For an arbitrary pair (A, S) corresponding
to a term Rg(a,s), let i be the smallest element in S and set g(A,S) = (f;(A),S). We will
show that Re(f,(a),s) cancels out Rga,s). The map f; is a sign-reversing involution (by
Definition 57 and Lemma 59), so that Re(f,a),s) and Rg(a,s) appear with opposite signs.
Any coarsening set S is an allowable flat coarsening subset for any indexing composition
of a tunnel hook covering of « (since all parts of a are nonzero).

Since (f;(A)); = Aj for all j #4,i+1 and (fi(A))iy1 + (fi(A))i = A + Aiq, we have
O(fi(A),S) =6(A, S) Thus the ribbon function indexed by O(fi(A), S) cancels out the
ribbon function indexed by ©(A, S) since they occur with opposite signs. Therefore the
only terms appearing in the ribbon expansion after cancellation are exactly the Rg such
that the length of the composition g equals k, completing the proof. O

We next use tunnel hooks to provide a combinatorial proof of Campbell’s ribbon
expansion of immaculate functions [8]. First, we provide a lemma that will be useful in
our proof.
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Lemma 61. Let v be a tunnel hook covering of the diagram of a composition o =
(aq,...,ax). Let j be the smallest value such that o; = «; for all i such that j < i < k.
If b(r,7.) is a tunnel hook of v with j < r < k and such that h(r, 7,.) includes at least one
cell that is purple in the GBPR diagram D,,, then either h(r,T.) consists of a single purple
cell or there exists a tunnel hook H(s,7s) in v with r < s < k such that A(h(s, 7)) < 0.

Proof. Assume that h(r, 7,.) is a tunnel hook with j < r < k containing at least one cell
that is purple in the GBPR diagram D,. Note that since « is a composition, all cells in
D,, are either blue or purple. If h(r, 7,.) consists of just one cell then this cell is either red
(meaning h(r,7,.) < 0) or purple, so we are done. Therefore we may assume that b(r, 7,.)
contains more than one cell. We will show that there exists a tunnel hook h(s,75) in 7
with r < s < k such that A(h(s,7s)) < 0. First, note that for any two cells in a tunnel
hook, if one is strictly north of the other, then it must also be weakly west of the other.
Since a; = o for all j <@ <k, if a cell in row 7 of the tunnel hook h(r,7,) is blue in the
diagram D, then all cells of h(r, 7.) in higher (more northernly) rows must also be blue
in the diagram D,. This means that in order to contain a cell that is purple in D,, the
southernmost row of the tunnel hook h(r, 7,.) must contain a cell that is purple in D,,. Let

DS/)W) \ D, be the set of all red cells in Dg/)y(t). Note that these are precisely the cells
converted from purple to red during the construction of the first ¢ tunnel hooks. If any
cells in row r are red and h(r, 7,) terminates in row r, then A(h(r,7,)) < 0 and we are
done. Therefore assume that either no cells in row r are red or the tunnel hook h(r, 7,.)
terminates in a row higher than row r. If no cells in row r are red, h(r, 7,.) must contain
exactly one purple cell in row r, immediately to the right of a cell that is blue in D,. This
means that the terminal cell of h(r, 7;.) must be in a higher row than row r since otherwise
b(r, 7-) would consist of only one cell.

We may now assume h(r,7,) terminates in a row higher than row r. Then h(r,7,)
includes at least one purple or red cell in row r + 1 (the cell immediately above the
initial cell in h(r, 7)), which creates at least one red cell in row r + 1 during Step 2(c) of
Procedure 23.

We have now shown that any tunnel hook h(r,7,.) such that j < r < k including a
cell that is purple in D, and also consisting of more than one cell must result in at least
one red cell in row 7 + 1. Now the tunnel hook h(r + 1,7,,;) includes the red cell in
row r + 1 and therefore can only be nonnegative if it introduces a red cell in row r + 2.
[terating this argument shows that under the conditions on « in this lemma, once a red
cell is introduced, there must be an additional red cell in a higher row. Therefore there
exists a positive integer r < s < k such that A(h(s, 7)) < 0. O

We are now ready to use tunnel hook coverings to prove Campbell’s Rectangle Theo-
rem.

Theorem 62. [8] Let o = (m*) be a rectangle with k rows each of length m. Then

6(m’“) - E E(U)R(m—l—i-al,m—2+0'2,...,m—k+ak)7
oES

with the convention that Rz vanishes if 5 contains any nonpositive parts.
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Proof. Let a = (mF) be a rectangle with k& rows each of length m. Letting j = 1 in
Lemma 61 implies that if 7 is a tunnel hook covering of (m*) such that A(h(r,7.)) = 0
for all 1 < r < k, then every tunnel hook h(r, 7,.) in v either consists of a single cell that is
purple in D, (so that A(h(r, 7)) = 0) or is contained entirely within the rectangle (m*)
(so that A(h(r, 7)) > 0).

We claim that for the rectangle (m*), we cannot have two different tunnel hook cov-
erings v # 7' such that flat(A(y)) = flat(A(v')) and both (A(y)); = 0 and (A(v')); =0
for all ¢ such that 1 < ¢ < k. To see this, assume flat(A(vy)) = flat(A(y")) for some
v # v such that (A(y)); = 0 and (A(7')); = 0 for all 1 < i < k. Let j be the smallest
positive integer such that (A(7y)); # (A(v)),. If both (A(y)); > 0 and (A(y')); > 0, then
their flattenings must differ at the corresponding position. One of (A(7y)); or (A(Y));
must therefore be zero. Assume without loss of generality that (A(v)); = 0. Then the
tunnel hook of v with lowest row j must include a purple cell in row j of D,. But
then the tunnel hook of 7 with lowest row j must also contain a purple cell in row j
of D,, and therefore Lemma 61 implies that (A(y)); = 0, contradicting the assumption
that (A(y)); # (A(7'));. Therefore there is only one tunnel hook covering v such that
(A(7)); = 0 for all 1 < i < k with flattening flat(A(7y)).

We may therefore write the complete homogeneous expansion of &, using the flat-
tenings flat(A) as the subscripts, keeping track of the flattenings by associating the term
flat(A) with the pair (A, S), where S is the unique allowable flat coarsening subset (see
Lemma 54) such that flat(A) = ©(A,S). Since only one tunnel hook covering pro-
duces a given flattened composition, no entries cancel out in the complete homogeneous
expansion.

To prove that the ribbon expansion satisfies Equation (18), we first ignore any tunnel
hook covering v such that A(7) includes negative parts since H, = 0 when z < 0. Next,
we construct a sign-reversing involution on pairs (A, S) where A is a weak composition
obtained from a tunnel hook covering of (m*) and S # () is a nontrivial allowable flat
coarsening subset for A.

Consider an arbitrary tunnel hook covering v of a described by tunnel cells (71, 7o, . . ., T3, Tig1s - - - k)
and corresponding indexing weak composition A(y) = (A1, Ag, ..., Ag) such that A; > 0
for all . Let Rs be a term in the ribbon expansion of &, with f = O(A,S) such that
S ={j1,...,Js} is a nontrivial allowable flat coarsening subset for A. Let i be the index
of the smallest element of S. If 7; is not contained within the rectangle (mk), then A; =0
by Lemma 61. But if so, then i — 1 € S (by the definition of allowable flat coarsening
subset) which contradicts the assumption that ¢ is the smallest element of S. Therefore
7; must be contained within the rectangle (m*) and we must have A; > 0.

Next, set g(A,S) = (fi(A),S), where f;(A) is the sequence obtained by applying f;
to the tunnel hook covering with associated sequence A. This map is sign-reversing by
Lemma 59. Since f; is an involution and the set S is unchanged, we must prove that f;(A)
is a weak composition and also that S is an allowable flat coarsening subset for f;(A). If
so, we claim that the ribbon term indexed by ©(A, S) is cancelled out by the ribbon term
indexed by O(f;(A,S) and therefore every Rz whose indexing composition 5 has length
less than £ will be cancelled out in the ribbon expansion.
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To prove our claim, first note that Lemmas 31 and 37 imply that (fi(A)); = A; for
j # i,i + 1. Therefore to see that f;(A) is a weak composition, we must prove that
(fi(A))i = 0 and (fi(A))i+1 2 0.

Recall that A; > 0 since ¢ is the smallest element in the allowable flat coarsening
subset S. This means that the i tunnel hook in 7 is contained within the diagram (m*).
Since the map f; changes the terminal cell but not the initial cell, Lemma 61 implies
that the " tunnel hook in f;(v) will also be contained entirely within (m*). Therefore
(fi(A)); > 0 and we now only need to prove that (f;(A));11 = 0. The only way for
(fi(A))iy1 < 0is if the initial cell of the (i + 1) tunnel hook of f;(7) is red. But red cells
can only be created when earlier tunnel hooks cover purple or red cells. Since all earlier
tunnel hooks are either contained entirely within the (m*) or consist of a single purple
cell by Lemma 61, no red cells appear in row ¢ + 1 and therefore the smallest possible
value for (f;(A))it1 is 0.

Next, to prove that S is an allowable flat coarsening subset for f;(A), we must show
that if (f;(A)), =0, then » — 1 € S. First consider the case that r # ¢,7 + 1. Recall that
(fi(A), = A, for r # i,i+ 1. If (f;(A)), = 0, then A, = 0, and therefore r — 1 € S
since S is an allowable flat coarsening subset for A. Note that we have already shown
(fi(A)); > 0, so the last case we need to consider is if (f;(A));41 = 0. But ¢ € S, so S is
an allowable flat coarsening subset for f;(A) and the proof is complete. O

We now combine the classes of compositions introduced in Theorems 60 and 62 to pro-
duce a larger class of compositions for which Equation (18) applies, therefore generalizing
Campbell’s results.

Theorem 63. Let a = (aq,0,...,ax) be a composition for which there exists J with
1< J<ksuchthatap >0 for 1 <O < J andoay=J for J+ 1<l < k. Then

Ga - E G(U)R(a1—1+al,a2—2+ag ,,,,, ar—k+ok)s

oESk
with the convention that Rz vanishes if 3 contains any nonpositive parts.

Proof. As in the proof of Theorem 62, we must prove that if Rz (where 3 is a composition)
is a term appearing in the ribbon expansion of &, (after cancellation) then the length of
[ is k. To see this, we again describe a sign-reversing involution on pairs (A, S) where
A is a weak composition obtained from a tunnel hook covering v of o and S # ) is a
nontrivial allowable flat coarsening subset for A.

Let g(A,S) = (fi(A),S) where i is the smallest element in S. As in the proof of
Theorem 62, it is enough to show that f;(A) is a weak composition and S is an allowable
flat coarsening subset for f;(A). To see that f;(A) is a weak composition, we only need to
show (fi(A)); = 0 and (fi(A))is1 = 0, since (fi(A)); = A, for j # 4,7+ 1 by Lemmas 31
and 37.

First assume ¢ < J. Then (f;(A)); > 0 and (fi(A));41 > 0 since o; > i and a4 >
i+ 1. Next, consider the case i = J. Then «a; > i, so (f;(A)); > 0 and we must show
(fi(A))ix1 = 0. The only way (f;(A))ix1 < 0 is if there are red cells in row i + 1 after
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the construction of the first ¢ tunnel hooks of f;(). But since i = J and all rows of «
higher than row i(= J) have length J, all the tunnel hooks in rows 1 through ¢ remain
completely inside the original diagram D,. Therefore there are no red cells anywhere in
the diagram after the construction of the first ¢ tunnel hooks of f;(). So (fi(A))i+1 = 0.

Finally, assume ¢ > J. Then o; = J = ;4 and in fact o, = J for all » > i. Therefore
Lemma 61 applies to all tunnel hooks of f;(v) constructed in rows i and above. Since
we assumed that A, > 0 for all 1 < r < k, any tunnel hook b, (where b, = h(r,7,)) in
v (with » > i) such that A, > 0 must lie entirely inside the diagram D,. (Otherwise
by Lemma 61, there would be a value ¢ such that A, < 0, a contradiction.) Since i is
the smallest element of S, we must have A; > 0 because if A; = 0 then7—1 € § by
the allowable flat coarsening subset definition. Therefore since A; > 0, the tunnel hook
h; must lie entirely within the diagram D,. But this means that there are blue cells in
row ¢ when the tunnel hook A} of f;(v) originating in row ¢ is constructed. Therefore
(fi(A)); > 0. Every cell of b} lying in a row higher than row i must be weakly west of
the initial cell of b, and every row above row ¢ has the same length as row i. Therefore
b’ is contained entirely inside the diagram D,. Thus no red cells are created during the
construction of h. Since no red cells are created during the constructions of the tunnel
hooks in rows 1 to i — 1 either, there are no red cells in row ¢+ 1 of f;(y) when the tunnel
hook b, is constructed. Therefore (f;(A))i41 = 0.

Next, to show S is an allowable flat coarsening subset for f;(A), we must prove that
if (fi(A)), =0, then r — 1 € S. Consider first the case that r # i,7 + 1. Since S is an
allowable flat coarsening subset for A and (f;(A)), = A, for r #4,i + 1, if (f;(A)), =0,
then A, = 0, and therefore r — 1 € S. Note that we have already shown (f;(A)); > 0,
so the last case we need to consider is if (f;(A));+1 = 0. But since i € S, our proof is
complete. Therefore S is an allowable flat coarsening subset for f;(A). O

To see that Campbell’s rectangles (a’, ¢?) with b < ¢ and b < a are contained in the
set of compositions for which Theorem 63 applies, let 1 = as = ... = o = a and
pr1 = Qprg = ... = Qpiqg = ¢. Set J = ¢ in Theorem 63. For 1 < ¢ < b, we have
ap=a>=>b>/. Forb</{<c wehave ay =c > (. For c+1 </l < k, we have ay = c.
Therefore Campbell’s rectangles satisfy the hypotheses of Theorem 63 with J = ¢, but
are certainly not the only compositions satisfying these hypotheses.

The compositions appearing in Theorem 63 are not the full set for which Equation (18)
is true. For example,

61123 = R1123 - R1132 - R1213 + R1231 + R1312 - R1321

but (1,1,2,3) does not satisfy the conditions in Theorem 63 since ap < 2 but ag # as.
We, like Campbell, leave the full classification as an open problem.

7 Future Directions

In addition to classifying the compositions for which Equation (18) is true, it would be
valuable to identify a combinatorial formula for the expansion of an arbitrary immaculate
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function into the ribbon basis. Duality could then be used to transform this formula into
a formula in QSym for the expansion of an arbitrary fundamental quasisymmetric func-
tion into the dual immaculate quasisymmetric basis. This would open up a new approach
to Schur positivity since there is a combinatorial formula for the expansion of dual im-
maculate quasisymmetric functions into the Young quasisymmetric Schur functions, and
any symmetric function that expands positively into the Young quasisymmetric Schur
functions is Schur positive.

For example, one of the major open problems in algebraic combinatorics is to find
a combinatorial formula for the Schur expansion of Macdonald polynomials. Macdonald
polynomials can be expanded combinatorially into fundamental quasisymmetric functions
using statistics on tableaux [14, 15]. A formula for the expansion of the fundamental
quasisymmetric functions into the dual immaculate quasisymemtric functions could be
used to construct a combinatorial formula for the expansion of Macdonald polynomials
into Young quasisymmetric Schur functions. There would still be signs and cancellation
with this approach, but since both steps involve statistics on tableaux, the goal would be
to construct a sign-reversing involution on these diagrams to prove Schur positivity.

There are cancellations inherent in Theorem 1 since there are also cancellations in the
Jacobi-Trudi formula and in the special rim hook formula [10]. All of the compositions
exhibiting cancellation for n < 5 are of the form (aq, 9, ..., a5, a; + 1, aj40,..., )
for some j with a; < j. One can then produce a cancellation-free formula for these
situations by ruling out the corresponding tunnel hook coverings. The problem of finding
a cancellation-free combinatorial formula for the homogeneous basis expansion of the
immaculates then reduces to identifying the cancellations that fall outside of this pattern
and determining which tunnel hook coverings should be ruled out to avoid them.

Another interesting problem that could potentially be attacked using the combina-
torics introduced in this article is the problem of dual immaculate multiplication. One of
the things that makes this problem significantly harder than the classical Littlewood-
Richardson situation is the fact that boxes can be removed as well as added. The
GBPR diagrams introduced in this paper provide a method for representing this “growth
and decay” within the tableau format. In fact, GBPR diagrams could be extended to any
situation in which a weak composition is skewed by a partition.

Acknowledgements

We would like to thank Mike Zabrocki and Aaron Lauve for their helpful comments and
thoughtful suggestions with respect to this project. We are also grateful to the anonymous
referees for their thoughtful comments and suggestions. Finally, in this project we made
extensive use of the open-source mathematics software system SageMath [26].

Acknowledgements

We would like to thank Mike Zabrocki and Aaron Lauve for their helpful comments and
thoughtful suggestions with respect to this project. We are also grateful to the anonymous

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.39 46


sagemath.org

referees for their thoughtful comments and suggestions. Finally, in this project we made
extensive use of the open-source mathematics software system SageMath [26]. Sarah
Mason was partially supported by an AMS-Simons PUI grant.

References

1]

[10]

[11]

[12]

Marcelo Aguiar, Nantel Bergeron, and Frank Sottile, Combinatorial Hopf algebras
and generalized Dehn-Sommerville relations, Compos. Math. 142 (2006), no. 1, 1-
30.

Farid Aliniaeifard, Shu Xiao Li, and Stephanie Van Willigenburg, Schur functions in
noncommuting variables, Advances in Mathematics 406 (2022), 108536 (en).

Edward E. Allen, Joshua Hallam, and Sarah K. Mason, Dual immaculate quasisym-

metric functions expand positively into Young quasisymmetric Schur functions, J.
Combin. Theory Ser. A 157 (2018), 70-108.

Edward E. Allen and Sarah Mason, A combinatorial interpretation of the noncom-
mutative inverse Kostka matriz, Sém. Lothar. Combin. 89B (2023), Art. 59, 12.

Chris Berg, Nantel Bergeron, Franco Saliola, Luis Serrano, and Mike Zabrocki, A
lift of the Schur and Hall-Littlewood bases to non-commutative symmetric functions,
Canad. J. Math. 66 (2014), no. 3, 525-565.

Chris Berg, Nantel Bergeron, Franco Saliola, Luis Serrano, and Mike Zabrocki, In-

decomposable modules for the dual itmmaculate basis of quasi-symmetric functions,
Proc. Amer. Math. Soc. 143 (2015), no. 3, 991-1000.

Chris Berg, Nantel Bergeron, Franco Saliola, Luis Serrano, and Mike Zabrocki, Multi-
plicative structures of the immaculate basis of non-commutative symmetric functions,
J. Combin. Theory Ser. A 152 (2017), 10-44.

John M. Campbell, The expansion of immaculate functions in the ribbon basis, Dis-
crete Mathematics 340 (2017), 1716-1726.

Gérard Duchamp, Daniel Krob, Bernard Leclerc, and Jean-Yves Thibon, Fonctions

quasi-symétriques, fonctions symétriques non commutatives et algébres de Hecke a
q =0, C. R. Acad. Sci. Paris Sér. I Math. 322 (1996), no. 2, 107-112.

Omer Egecioglu and Jeffrey B. Remmel, A combinatorial interpretation of the inverse
Kostka matriz, Linear and Multilinear Algebra 26 (1990), no. 1-2, 59-84.

William Fulton, Young tableaux, London Mathematical Society Student Texts,
vol. 35, Cambridge University Press, Cambridge, 1997, With applications to rep-
resentation theory and geometry.

.M. Gelfand, D. Krob, B. Leclerc, A. Lascoux, V.S. Retakh, and J.-Y. Thibon,
Noncommutative symmetric functions, Advances in Mathematics 112 (1995), 218~
348.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.39 47


sagemath.org

[13]

[14]
[15]
[16]

[17]

[18]

[19]

[25]

2]

[27]

Ira M. Gessel, Multipartite P-partitions and inner products of skew Schur functions,
Combinatorics and algebra (Boulder, Colo., 1983), Contemp. Math., vol. 34, Amer.
Math. Soc., Providence, RI, 1984, pp. 289-317.

J. Haglund, M. Haiman, and N. Loehr, A combinatorial formula for Macdonald
polynomials, J. Amer. Math. Soc 18 (2004), 735-761.

James Haglund, The q,t-Catalan numbers and the space of diagonal harmonics, Uni-
versity Lecture Series, vol. 41, American Mathematical Society, Providence, RI, 2008.

E. F. Krause, Tazicab geometry: An adventure in non-euclidean geometry, Dover
Publications, Inc, 1986.

D. H. Lehmer, Teaching combinatorial tricks to a computer, Proc. Sympos. Appl.
Math., Vol. 10, American Mathematical Society, Providence, R.I., 1960, pp. 179-
193.

Nicholas A. Loehr and Elizabeth Niese, Combinatorics of the immaculate inverse
Kostka matriz, Algebr. Comb. 4 (2021), no. 6, 1119-1142.

Kurt Luoto, Stefan Mykytiuk, and Stephanie van Willigenburg, An introduction to
quasisymmetric Schur functions, SpringerBriefs in Mathematics, Springer, New York,
2013, Hopt algebras, quasisymmetric functions, and Young composition tableaux.

[. G. Macdonald, Symmetric functions and hall polynomials, 2nd ed ed., Oxford
mathematical monographs, Clarendon Press; Oxford University Press, 1995.

Sarah K. Mason, Recent trends in quasisymmetric functions, Recent trends in al-
gebraic combinatorics, Assoc. Women Math. Ser., vol. 16, Springer, Cham, 2019,
pp- 239-279.

S. Montgomery, Hopf algebras and their actions on rings, Hopf algebras and their
actions on rings, no. no. 82, Conference Board of the Mathematical Sciences, 1993.

Bruce E. Sagan, The symmetric group, second ed., Graduate Texts in Mathemat-
ics, vol. 203, Springer-Verlag, New York, 2001, Representations, combinatorial algo-
rithms, and symmetric functions.

Richard P. Stanley, Ordered structures and partitions, Memoirs of the American
Mathematical Society, No. 119, American Mathematical Society, Providence, R.I.,
1972.

Richard P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in Ad-
vanced Mathematics, vol. 62, Cambridge University Press, Cambridge, 1999, With a
foreword by Gian-Carlo Rota and appendix 1 by Sergey Fomin.

The Sage Developers, Sagemath, the Sage Mathematics Software System (Version
10.1), 2023, https://www.sagemath.org.

Andrey V. Zelevinsky, Representations of finite classical groups, Lecture Notes in
Mathematics, vol. 869, Springer-Verlag, Berlin-New York, 1981, A Hopf algebra ap-
proach.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.39 48



