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Abstract

We provide a refinement of MacMahon’s partition identity on sequence-avoiding
partitions, and use it to produce another mod 6 partition identity. In addition, we
show that our technique also extends to cover Andrews’s generalization of MacMa-
hon’s identity. Our proofs are bijective in nature, exploiting a theorem of Xiong
and Keith.

Mathematics Subject Classifications: 05C88, 05C89

1 Introduction

In volume 2 of his seminal textbook Combinatory Analysis from 1916 [11], Major Percy
MacMahon proved the following mod 6 partition identity:

Theorem 1 (MacMahon). Let n be a nonnegative integer.

o Let Ai(n) be the number of partitions of n into parts congruent to 0, 2, 3, or 4

(mod 6).
o Let Ay(n) be the number of partitions of n where no part occurs exactly once.

o Let As(n) be the number of partitions of n where no consecutive integers appear as
parts, and all parts are at least 2.

Then, Ai(n) = Ay(n) = As(n).

Note that the equality As(n) = As(n) is relatively trivial, as can be seen by taking
the conjugates of the partitions counted by As(n) or Az(n). Partitions satisfying the
condition for Az(n) that no consecutive integers appear as parts are sometimes described
as “sequence-avoiding partitions”.

A half-century later, this was generalized by George E. Andrews [1]:
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Theorem 2 (Andrews). Let r be a positive integer. The number of partitions of n in
which any part with odd multiplicity must appear at least 2r + 1 times equals the number
of partitions of n where all parts must be even or congruent to 2r + 1 (mod 4r + 2).

The proofs of MacMahon and Andrews involved relatively straightforward manipu-
lation of generating functions, as did the proofs of M. V. Subbarao [16] in his further
generalizations of these identities. However, it was not until 2007 that the first bijective
proof of MacMahon'’s identity was provided (by Andrews, Henrik Eriksson, Fedor Petrov,
and Dan Romik [2]). Subsequently, in 2014, Shishuo Fu and James A. Sellers [5] gave an
alternative bijective proof (also covering the extensions of Andrews and of Subbarao, and
extensions of their own). Beaullah Mugwangwavari and Darlison Nyirenda [12, 13] have
recently given new bijective proofs of many of these identities.

The bijection of Fu and Sellers [5] is the one that is most pertinent for our purposes.
Their key step was to interpret 0, 2, 3, or 4 (mod 6) as 0 (mod 2) or 3 (mod 6). Then,
even parts 27 were replaced with two copies of 7, while parts that are 3 times an odd integer
were sent to partitions where every part occurred exactly three times, following Euler’s
identity. Instead, our basic plan will be to think of 0, 2, 3, or 4 (mod 6) as 0 (mod 3) or
+2 (mod 6). While the parts 0 (mod 3) are easy enough to deal with, working with the
parts +2 (mod 6) is a more involved process.

Our main tool (presented as Theorem 4 below) is a result due to Xinhua Xiong and
William Keith [17]. The process is similar to that of the work of Shashank Kanade, De-
bajyoti Nandi, and the author [8]. It will allow us to obtain a refinement of Theorem 1,
shown below as Theorem 7. This refinement can then be used to prove companion re-
sults, including a three-color partition identity, and the following companion result to
Theorem 1:

Theorem 3. Let n be a nonnegative integer.

e Let Cy(n) be the number of partitions of n into parts congruent to 0, 1, 3, or 5
(mod 6).

o Let Cy(n) be the number of partitions of n that satisfy the following conditions:

— If adjacent parts differ by exactly 1, the smaller part cannot be = 1 (mod 3).
(Equivalently, if adjacent parts differ by exactly 1, their sum cannot be = 0
(mod 3)).

— If adjacent parts differ by exactly 2, the smaller part must be = 2 (mod 3).
(Equivalently, if adjacent parts differ by exactly 2, their sum must be = 0
(mod 3)).

— No parts are equal to 2.
Then, Ci(n) = Cy(n).

To illustrate this theorem, we observe that C(11) = Cy(11) = 15. The partitions
counted by Cy(11) are 11,9+ 1+ 1, 74+3+1, 7+ 14+1+1+1,6+5,6+3+1+1,
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64+14+14+14+14+1,5+5+1,54+34+3,5+3+1+1+1,54+14+14+1+1+1+1,
3+3+3+1+1,3+3+1+14+14+1+1,34+1+14+14+1+14+1+1+4+1, and
1+14+1+14+1+141+141+ 1+ 1, while the partitions counted by C(11) are 11,
100+1,94+1+1,843,84+1+1+1,7+4,74+1+14+14+1,64+5,6+14+1+1+1+1,
54+54+1,5+1+1+1+1+1+1,44+4+3,44+44+14+14+1,4+1+1+1+1+1+1+1,
and 1 +1+14+14+14+14+14+14+1+1+1

We then conclude by applying the same technique to obtain a similar refinement of
Theorem 2.

2 Preliminaries

Let n be a non-negative integer. A partition of n is a list of integers (A1, A9, ..., Ax) such
that Ay + Ao+ -+ Xy =nand Ay = Xy > --- > A\, = 1. We will frequently write this as
AL+ Az + -+« + M. The weight of a partition A, |A|, is the sum of the parts. We also will
use |Aliom) to represent the sum of the parts of A that are congruent to ¢ (mod m). As
an example, if A =9+ 8+ 8+ 5+ 2+ 1, then [Ny = 8+ 8+ 2 = 18. The multiplicity
of a part 7 in a partition A is the number of times it occurs: the part 8 in the preceding
example has multiplicity 2.

The length of a partition A, £(\), is the number of parts of A. The conjugate of a
partition (A1, Ag, ..., A) is a second partition (g1, pio, . . ., itj), where p; is chosen to equal
the number of parts of u that are greater than or equal to ¢. If m is a positive integer, a
partition in which no parts are congruent to 0 (mod m) is called m-regular.

We will occasionally want to present our results in generating function form as formal
power series. For example, if A is the set of all sequence-avoiding partitions with no ones,
then Theorem 1 is equivalent to the statement

S = 1 (2.1)

(¢%, 4% 4% ¢%¢%)

AEA
Here, we employ the standard g-series notation (a;q)_ =[] 20 (1 —aq’), and
— = (01;9) o (a2; @) o -~ (15 @), - (2.2)

Following Xiong and Keith [17], we define the m-length type of a partition to be
the (m — 1)-tuple (ay, @, ..., a,_1), where there are a; parts congruent to i (mod m).
Furthermore, we define the m-alternating sum type of a partition to be the (m — 1)-tuple
(My — My, My — My, ..., M,,—1 — M,,), where M; is the sum of all parts in the partition
whose index is congruent to i (mod m). Note that we define the m-length type of a
partition even when it is not m-regular, and we define the m-alternating sum type of a
partition even if it has parts that occur at least m times.

We can now present the following remarkable theorem of Xiong and Keith [17], which
itself extends a theorem of Igor Pak and Alexander Postnikov [14]:

Theorem 4 (Xiong and Keith). Consider a modulus m and a nonnegative integer n.
The number of m-regular partitions of n with m-length type (o, s, ..., m_1) equals the
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number of partitions of n with no part occurring m or more times with m-alternating sum
typ@ (ab ag, ... 7am—1) .

The proof of Xiong and Keith’s theorem uses a modification of a bijection of Dieter
Stockhofe [15]. A translation of Stockhofe’s thesis [15] from German into English was
helpfully provided by Keith as an appendix to his thesis [9]. Fu, Dazhao Tang, and Ae Ja
Yee [6] have recently refined Theorem 4. Ya Gao and Xiong [7] provided an analytic proof
of certain cases of Theorem 4, and Isaac Konan [10] generalized Theorem 4 to certain
families of colored partitions. Cristina Ballantine and Amanda Welch [3, 4] have used
Theorem 4 to prove certain Beck-type identities.

We will also require the following lemma of Xiong and Keith.

Lemma 5 (Xiong and Keith). The conjugates of partitions A with m-alternating sum
type (S1,...,Sm—1) are precisely those partitions of m-length type (S1,...,Sm-1).

Here is one more lemma that will be useful for us:

Lemma 6. Suppose that \ is a partition with m-alternating sum type (31,39, ..., Xm_1).
Then, if we form a new partition A with weight |A\| = (m — 1)|A| by replacing each part i
of X with m — 1 copies of i, then X\ has m-alternating sum type (X,—1, Xm—2,...,21)-

Proof. For 1 < @ < m, let M; be the sum of all parts of A with indices congruent to ¢
(mod m), and let M; be the sum of all parts of X with indices congruent to i (mod m).
Observe that M |IA| = Mp—iv1. Thus, for 1 <i<m—1, M Merl = (A = My—iy1) —

(|)‘| - Mm—z) = Mp—i — Mpm—iv1 = 2pi. O

One of the referees pointed out that there is a generalization of this lemma. When
we repeat each part m — 1 times, we are essentially multiplying the relevant indices
that contribute nonzero amounts to the sums by —1 (mod m). This is what causes the
alternating sum type to be reversed. Instead, we could multiply by some other value
(mod m). In this case, the new M s would be different linear combinations of the original
M;s, and the new alternating sum type is a permutation of the entries in the original type.

3 Main results and proofs
3.1 A refinement of Theorem 1
Here is our refinement of Theorem 1:
Theorem 7. Let n, my, and my be nonnegative integers.

o Let By (my,ma,n) be the number of partitions of n into parts congruent to 0, 2,
3, or 4 (mod 6), where there are my parts congruent to 2 (mod 6) and mq parts
congruent to 4 (mod 6).
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e Let By (my,ma,n) be the number of partitions of n where no consecutive integers
appear as parts and all parts are at least 2, where there are ms parts congruent to 1
(mod 3) and my parts congruent to 2 (mod 3).

Then, By (my,ma,n) = By (my,ma,n).
Equivalently, we have the following generating function representation:

1

A#2,3(/\)C#1,3(/\)ql>\| —
Z (¢%¢%). (Ag% ¢%) (Ca*; ¢5)

AEA

(3.1)

where A is the set of all sequence-avoiding partitions with no parts equal to 1, the letters
A and C keep track of the number of parts congruent to 2 (mod 3) and 1 (mod 3), and
#13(N\) and #23(\) are the number of parts of A congruent to 1 (mod 3) and 2 (mod 3),
respectively.

Proof. Let X\ be a partition of n into parts congruent to 0 (mod 3) or 2 or 4 (mod 6) with
my parts congruent to 2 (mod 6) and my parts congruent to 4 (mod 6). We will now
demonstrate how to change A into a sequence-avoiding partition 7 with no parts equal to
1 with my parts congruent to 1 (mod 3) and m; parts congruent to 2 (mod 3).

Let p be the partition formed by taking only the parts of A congruent to 2 or 4
(mod 6) and dividing them by 2. We can see that p is a 3-regular partition of length
[Al2e) + Mae)

2

type (my,mg), and |u| = We use the bijection of Theorem 4 to send
this to a partition v with at most two occurrences of each part with 3-alternating sum
type (my,ms). Next, we duplicate each part of v (replace each part i by i + i) to obtain
a partition 7 in which each part occurs exactly 2 times or exactly 4 times. Observe
that 7| = |Aa@) + [Ma@). By Lemma 6, we see that the 3-alternating sum type of
7 is (mg,my). Next, we create partition p by taking the leftover parts of A that are
congruent to 0 (mod 3), replacing each part 3i with ¢ + ¢ + ¢, and combining these parts
with 7, so [p| = |A|a@s) + |Mae) + Ao = |A|. Moreover, p is a partition in which no
part occurs once — but other than that, there are no restrictions on the multiplicities of
parts. Additionally, p still has 3-alternating sum type (ms, m1). To conclude our map,
we take the conjugate of p to obtain a partition 7. By Lemma 5, the 3-length type of 7 is
(mg, m1), which means it has msy parts congruent to 1 (mod 3) and m; parts congruent to
2 (mod 3), as desired. Since p has no parts with multiplicity 1, 7 is a sequence-avoiding
partition with no parts equal to 1.

It is easily seen that the map above is reversible. For a sequence-avoiding partition of n
without 1s, first take its conjugate, which will be a partition where no parts occur exactly
once. Then, for this partition, for each part ¢ with multiplicity > 3, delete subpartitions
of the form 7 + ¢ + 4, until a partition is obtained where parts that appear only have
multiplicity 2 or multiplicity 4. Delete every other part to obtain a partition where each
part occurs at most twice, and run the bijection of Theorem 4 in the other direction to
obtain a 3-regular partition. Multiply each of these parts by 2, and then, for each deleted
triple of parts ¢ + i + 7, restore a part 3i. O
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The following table illustrates Theorem 7 in the case of n = 15. The first column
contains the seven different possibilities of (mq, msy), while the second and third columns
contain the partitions of 15 corresponding to those values of (my,ms) for By (my, ma, 15)

and Bs (mq, ma, 15), respectively.

(ml, mg) B1 (ml, mao, 15) B2 (ml, may, 15)
(0,0) 15 15
1243 1243
9+-6 9+6
9+3+3 9+3+3
6-+6+3 6+6+3
6-+3+3+3 6+3+3+3
3+3+3+3+3 3+3+3+3+3
(1, 1) 104342 1342
9-+4+4-2 11+4
8+4+3 10+5
6+4+342 9+4+2
44+34+3+3+2 74+5+3
(3,0) 9+2+2+2 114242
8+3+2+2 9+2+2+2
6-+3+2+242 8+5+2
3+3+3+2+2+2 94545
(0,3) 1+4+4+3 T+d+4
(2,2) A141342+42 THA+2+2
(4,1) | 44312424242 | T7+2+2+2+2
(6,0) | 3424242424242 | 5+2+42+2+242

We also illustrate the process of mapping A to 7 for A = 39 + 38 + 34 + 28 + 26 +
26 + 18 4+ 16 4+ 3 + 2, which is a partition of n = 230 into parts congruent to 0, 2, 3, or
4 (mod 6), where there are 4 parts congruent to 2 (mod 6) and 3 parts congruent to 4
(mod 6). The process for obtaining u, 7, p, and 7 using the process given in the above
proof is straightforward. In this paper, we do not give the algorithm for mapping pu to v.
However, we have chosen our example so that p and v match the sample A and p given
in section 2 of [6], for which Fu, Tang, and Yee have given a thorough demonstration of
the required bijection. The interested reader may want to work through the example in
that paper.

A=394+38+34+28+26+26+18+16+ 3+ 2
pw=19+17+14+13+13+8+1
v=11+10+9+9+8+8+6+5+5+4+4+2+2+1+1
7=114+11+10+10+9+9+9+9+8+8+8+8+6+6
+54+0+5+5+4+4+4+44+24+24+24+2+1+1+1+1
p=1B3+13+13+11+11+10+104+9+9+9+9+8+8+8+8
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F64+64+6+6+6+5+5+5+5+4+4+4+4
F2424+24+24 1414141 +1+1+1
T=39+32+28+28+24+20+15+154+11+7+5+3+3

As desired, 7 is also a partition of n = 230 with 3 parts congruent to 1 (mod 3) and
4 parts congruent to 2 (mod 3). Observe that p has 3-length type (4,3), and so v has
3-alternating sum type (4, 3). Also, m has 3-alternating sum type (3,4).

3.2 A three-color identity and Theorem 3

But we can prove even more from Theorem 7!
Suppose we consider partitions into three colors, a, b, and ¢, where the parts are
arranged in the following order:

1, <1, <1, <2, <2, <2, <3, < +o+ (3.2)

Let us take the sequence-avoiding partitions from Theorem 7, and map parts of the
form 3k to kj, parts of the form 3k — 1 to k,, and parts of the form 3k + 1 to k.. This
sends A to the set of three-colored partitions A* without occurrences of consecutive parts.
That is, we forbid j, + s, Jb» + Je, and j. + (j + 1), from appearing in our partitions.

Let |A| be the sum of the parts of A, ignoring color. Let #,(\) be the number of parts
of A\ with color a, and define #.(\) similarly. Using these definitions, we then have the
following theorem:

Theorem 8.

1
T At NG

AEA* (¢:9)0 (Aq; ), (Cq; ¢%) (3-3)

We can now use this three-colored partition identity to produce Theorem 3. For a
partition in A*, simply send parts of the form k, to 3k — 2, parts of the form k, to 3k,
and parts of the form k. to 3k + 2. This produces the ordering

1</3<5<4<6<8<T7T<9<11<10---, (3.4)

where 2 does not appear, and adjacent parts under the above ordering are not allowed to
both occur. (For example, under these rules, a partition is not allowed to contain 8 + 6,
but it may contain 7 + 6.) Then, we can see that Theorem 3 directly follows from this
dilation. In fact, we have the following refinement:

Theorem 9. Let n, my, ms be nonnegative integers.

o Let Cy (my,mao,n) be the number of partitions of n into parts congruent to 0, 1,
3, or 5 (mod 6), where there are my parts congruent to 1 (mod 6) and my parts
congruent to 5 (mod 6).

o Let Cy(my,ma,n) be the number of partitions of n that satisfy the following condi-
tions:
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— If adjacent parts differ by exactly 1, the smaller part cannot be = 1 (mod 3).
(Equivalently, if adjacent parts differ by exactly 1, their sum cannot be = 0
(mod 3) ).

— If adjacent parts differ by exactly 2, the smaller part must be = 2 (mod 3).
(Equivalently, if adjacent parts differ by exactly 2, their sum must be = 0
(mod 3)).

— No parts are equal to 2.

— There are my parts congruent to 1 (mod 3) and ms parts congruent to 2
(mod 3).

Then, Cy (m1,mg,n) = Cy (my,ma,n).

3.3 A refinement of Theorem 2

We conclude with the corresponding refinement of Theorem 2:
Theorem 10. Let r be a positive integer, and let n,my, ..., Mo, be nonnegative integers.

e Let Dy (my,ma,...,ma.,n) be the number of partitions of n where all parts must be
even or congruent to 2r +1 (mod 4r +2), where, for 1 < i < 2r, there are m; parts
congruent to 2i (mod 4r + 2).

o Let Dy (my,ma,...,ma.,n) be the number of partitions of n where the difference
between consecutive parts is not in the set {1,3,...,2r — 1} and the smallest odd
part is at least 2r+1, where, for 1 < i < 2r, there are m; parts congruent to 2r—i+1
(mod 2r + 1).

Then, Dy (my,ma, ..., mop,n) = Do (my,mao, ..., M., n).

Proof. Let A be a partition of n into parts congruent to 0 (mod 2r + 1) or 2,4,... 4r
(mod 47 +2), where, for 1 < i < 2r, there are m; parts congruent to 2i (mod 4r+2). We
will now demonstrate how to change A into a partition 7 corresponding to the conditions
of D2 (ml, mao, ..., Moy, ’I’L)

Let p be the partition formed by taking only the parts of A congruent to 2,4,.... 4r
(mod 47+ 2), and dividing them by 2. We can see that p is a (2r + 1)-regular partition of
IM2@r+2) + - 4 | Aar@ars2

length type (m, ma, ..., ma,.), and |u| = ). We use the bijection

of Theorem 4 to send this to a partition v with at most 2r occurrences of each part with
(2r + 1)-alternating sum type (mq,ms...,mo.). Next, we duplicate each part of v to
obtain a partition 7 in which the multiplicity of each part that occurs is in {2,4,...,4r}.
Note that |7| = |Ao@ri2) + -+ + [Aar@ar+2). By Lemma 6, we see that the (2r + 1)-
alternating sum type of p is (may, ma,_1,...,m1). Next, we create partition p by taking
the leftover parts of A that are congruent to 0 (mod 2r + 1), replacing each part (2r +1)i
with 27 + 1 copies of i, and combining these parts with 7, so |p| = |A|a@ri2) + -+ +
| Mar(ar+2) + |Mo@r+1) = |Al. Moreover, p is a partition in which parts are forbidden
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to have multiplicity in the set {1,3,5,...,2r — 1}. Additionally, p still has (2r + 1)-

alternating sum type (mao,, mo,_1,...,m1). To conclude our map, we take the conjugate
of p to obtain a partition 7. By Lemma 5, the (ma,, ma,_1,...,mq)-length type of 7 is
(may, moyr_1,...,myq), as desired. Finally, since p has no parts with multiplicity in the
set {1,3,5,...,2r — 1}, the difference between consecutive parts of 7 is not in the set
{1,3,...,2r — 1} and the smallest odd part of 7 is at least 2r + 1.

As before, it is straightforward to reverse the above map. O

We can convert this to a colored partition identity with 2r 4+ 1 colors, where the parts
are ordered
11<12<13<"'<12r+1<21<”" <35>

This can be achieved by mapping, for k > 0,

@+ D)(k—1)+2 =k, 1<i<2r (3.6)
(2’/“ + 1)k' — k2r+1 (37)

Then, the difference conditions for Dy become forbidding the following pairs of parts:
e jiand (j+ 1), for i <2r and £ <
e j; and jo.41, for ¢ < 2r.

If A is the set of colored partitions satisfying these conditions, and, for 1 < i < 2r, A;
is a variable to keep track of the number of parts of A of color i (represented by #;())),
then we have

2r
NTT A% — 1
q ] - ) (3.8)
2 "1 (@ @)oo [T7, (A ¢%) o

xeh 0=l
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