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Abstract

The inversion of a set X of vertices in a digraph D consists of reversing the
direction of all arcs of D〈X〉. The inversion number of an oriented graph D, denoted
by inv(D), is the minimum number of inversions needed to transform D into an
acyclic oriented graph. In this paper, we study a number of problems involving
the inversion number of oriented graphs. Firstly, we give bounds on inv(n), the
maximum of the inversion numbers of the oriented graphs of order n. We show
n−O(

√
n log n) 󰃑 inv(n) 󰃑 n−⌈log(n+1)⌉. Secondly, we disprove a conjecture

of Bang-Jensen et al. [3] asserting that, for every pair of oriented graphs L and R, we
have inv(L ⇒ R) = inv(L) + inv(R), where L ⇒ R is the oriented graph obtained
from the disjoint union of L and R by adding all arcs from L to R. Finally, we
investigate whether, for all pairs of positive integers k1, k2, there exists an integer
f(k1, k2) such that if D is an oriented graph with inv(D) 󰃍 f(k1, k2) then there is
a partition (V1, V2) of V (D) such that inv(D〈Vi〉) 󰃍 ki for i = 1, 2. We show that
f(1, k) exists and f(1, k) 󰃑 k+10 for all positive integers k. Further, we show that
f(k1, k2) exists for all pairs of positive integers k1, k2 when the oriented graphs in
consideration are restricted to be tournaments.
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1 Introduction

Notation not given below is consistent with [4]. We denote by [k] the set {1, 2, . . . , k}.
The notation log refers to the logarithm to the base 2. A digraph D is a pair (V,A)
where V is a finite set and A is a set of pairs of distinct elements of V . If for every distinct
u, v ∈ V , at most one of the pairs uv and vu is in A, then we say that D is an oriented
graph. Furthermore, if for every distinct u, v ∈ V , exactly one of the pairs uv and vu is
in A, then we say that D is a tournament

Let D be an oriented graph. The inversion of a set X of vertices of D consists of
reversing the direction of all arcs of D〈X〉. We say that we invert X in D. The resulting
oriented graph is denoted by Inv(D;X). If (Xi)i∈I is a family of subsets of V (D), then
Inv(D; (Xi)i∈I) is the oriented graph obtained after inverting the Xi one after another.
Observe that this is independent of the order in which we invert the Xi : Inv(D; (Xi)i∈I) is
obtained from D by reversing the arcs such that an odd number of the Xi contain its two
end-vertices. A decycling family of an oriented graph D is a family (Xi)i∈I of subsets of
V (D) such that Inv(D; (Xi)i∈I) is acyclic. The inversion number of an oriented graph
D, denoted by inv(D), is the minimum number of inversions needed to transform D into
an acyclic oriented graph, that is, the minimum cardinality of a decycling family.

The inversion number of oriented graphs was first introduced by Belkhechine et al.
in [7]. They studied oriented graphs with large inversion number. For any positive
integer n, let inv(n) = max{inv(D) | D oriented graph of order n}. Since the inversion
number is non-increasing with respect to edge deletion, we have inv(n) = max{inv(T ) |
T tournament of order n}. In the following, we give some basic bounds on inv(n).

Remark 1. inv(n) 󰃑 inv(n− 1) + 1 for all positive integer n.

Proof. Let T be a tournament of order n. Pick a vertex x of T . Observe that x is a
sink in T ′ = Inv(T ;N+

T [x] ∪ x). This yields inv(T ′) = inv(T ′ − x) 󰃑 inv(n − 1). Hence
inv(T ) 󰃑 inv(n− 1) + 1.

Every oriented graph on at most two vertices is acyclic, so inv(1) = inv(2) = 0.
Every tournament of order at most 4 has a cycle arc-transversal of size at most 1, so
inv(3) = inv(4) = 1 since it is enough to reverse this single arc (see Theorem 6). As
observed by Belkhechine et al. [6], every tournament of order at most 6 has inversion
number at most 2. This observation and Remark 1 yield

inv(n) 󰃑 n− 4 for all n 󰃍 6. (1)

Moreover, Belkhechine et al. [7] observed that since there are n! labelled transitive
tournaments of order n, the number of labelled tournaments of order n with inversion

number less than p is at most n!2n(p−1), while there are 2
n(n−1)

2 labelled tournaments of

order n. It follows that for all positive integers n and p such that 2
n(n−1)

2 > n!2n(p−1), there
is a tournament T of order n such that inv(T ) 󰃍 p. Hence, for every positive integer n,
we have
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inv(n) 󰃍 n− 1

2
− log n. (2)

However, Belkhechine et al. [6] conjectured that Equation (2) is not tight.

Conjecture 2 (Belkhechine et al. [6]). inv(n) 󰃍 ⌊n−1
2
⌋.

Their conjecture was motivated by their conviction that some explicit tournament of
order n has inversion number at least ⌊n−1

2
⌋. Let Qn be the tournament obtained from

the transitive tournament by reversing the arcs of its unique directed hamiltonian path
(v1, v2, . . . , vn).

Conjecture 3 (Belkhechine et al. [6]). inv(Qn) = ⌊n−1
2
⌋.

The first main contribution of this article is an improvement of both the upper and
the lower bound on inv(n). With a rather simple argument we improve the upper bound.

Theorem 4. For every positive integer n, we have inv(n) 󰃑 n− ⌈log(n+ 1)⌉.

Next, we improve the lower bound using some more involved probabilistic techniques.
More precisely, considering a random tournament of order n, we show the following result.

Theorem 5. inv(n) 󰃍 n− 2
√
n log n for n sufficiently large.

Observe that for n sufficiently large, Theorem 5 confirms Conjecture 2 and even estab-
lishes a much stronger bound. The proofs of Theorems 4 and 5 can be found in Section
2.

A cycle transversal (resp. cycle arc-transversal) in a digraph D is a set of vertices
(resp. arcs) whose deletion results in an acyclic digraph. We wish to remark that cycle
transversals and cycle arc-transversals are sometimes also referred to in the literature as
feedback vertex sets and feedback arcs sets, respectively. The cycle transversal number
(resp. cycle arc-transversal number) is the minimum size of a cycle transversal (resp.
cycle arc-transversal) of D and is denoted by τ(D) (resp. τ ′(D)). As observed in [3],
the inversion number is bounded by the cycle arc-transversal number and twice the cycle
transversal number.

Theorem 6 (Bang-Jensen et al. [3]). inv(D) 󰃑 τ ′(D) and inv(D) 󰃑 2τ(D) for every
oriented graph D.

A natural question is to ask whether these bounds are tight or not.
We denote by 󰂓C3 the directed cycle of length 3, and by TTn the transitive tournament of

order n. The vertices of TTn are v1, . . . , vn and its arcs {vivj | i < j}. The lexicographic
product of a digraph D by a digraph H is the digraph D[H] with vertex set V (D)×V (H)
and arc set A(D[H]) = {(a, x)(b, y) | ab ∈ A(D), or a = b and xy ∈ A(H)}. It can be
seen as blowing up each vertex of D by a copy of H. Using boolean dimension, Pouzet et
al. [8] proved the following.
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Theorem 7 (Pouzet et al. [8]). inv(TTn[ 󰂓C3]) = n.

Since τ ′(TTn[ 󰂓C3]) = n, this shows that the inequality inv(D) 󰃑 τ ′(D) of Theorem 6 is
tight.

Pouzet asked for an elementary proof of Theorem 7. Let L and R be two oriented
graphs. The dijoin from L to R, denoted by L ⇒ R, is the oriented graph obtained from
the disjoint union of L and R by adding all arcs from L to R. Observe that TTn[ 󰂓C3] =
󰂓C3 ⇒ TTn−1[ 󰂓C3]. Hence one way to prove Theorem 7 would be to prove that inv( 󰂓C3 ⇒
T ) = inv(T ) + 1 holds for every tournament T . First inverting inv(L) subsets of V (L)
to make L acyclic and then inverting inv(R) subsets of V (R) to make R acyclic, makes
L ⇒ R acyclic. Therefore inv(L ⇒ R) 󰃑 inv(L) + inv(R). Bang-Jensen et al. [3]
conjectured that equality always holds.

Conjecture 8 (Bang-Jensen et al. [3]). For any two oriented graphs, L and R, inv(L ⇒
R) = inv(L) + inv(R).

Bang-Jensen et al. [3] showed that the inequality inv(D) 󰃑 2τ(D) of Theorem 6 is
tight for τ(D) ∈ {1, 2} and conjectured the following.

Conjecture 9 (Bang-Jensen et al. [3]). For every positive integer n, there exists an
oriented graph D such that τ(D) = n and inv(D) = 2n.

This conjecture would also be implied by Conjecture 8.
Moreover, Bang-Jensen et al. [3] proved that deciding whether a given digraph D has

inversion number at most 1 is NP-complete. Together with Conjecture 8, this would imply
the following conjecture posed in [3].

Conjecture 10 (Bang-Jensen et al. [3]). Deciding whether a given digraph D has inver-
sion number at most k is NP-complete for any fixed positive integer k.

Bang-Jensen et al. [3] proved that Conjecture 8 holds when inv(L) 󰃑 1 and inv(R) 󰃑 2,
and when inv(L) = inv(R) = 2 and both L and R are strongly connected. Unfortunately,
in Section 3, we disprove Conjecture 8. More precisely, we show the following result:

Theorem 11. For every odd integer k 󰃍 3, there is a tournament Tk with inv(Tk) = k
such that inv(Tk ⇒ R) 󰃑 k + inv(R)− 1 for every oriented graph R with inv(R) 󰃍 1.

A celebrated conjecture of Alon [1] states that for any two positive integers k1, k2, there
is a minimum integer f(k1, k2) such that, for any digraph D with minimum out-degree
f(k1, k2), there is a partition (V1, V2) of V (D) such that the minimum out-degree of the
subdigraph induced by Vi is at least ki for each i = 1, 2. It is natural to ask whether an
Alon-type result holds for the inversion number.

Conjecture 12. For every two positive integers k1, k2, there exists an integer f(k1, k2)
such that every oriented graph D with inv(D) 󰃍 f(k1, k2) admits a partition (V1, V2) of
V (D) such that inv(D〈Vi〉) 󰃍 ki for i = 1, 2.
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An oriented graph is intercyclic if it does not have two vertex-disjoint directed cycles.
Bang-Jensen et al. [3] proved that intercyclic oriented graphs have inversion number at
most 4. This implies that f(1, 1) exists and f(1, 1) 󰃑 5.

In an attempt to approach Conjecture 12, we give two partial results. Firstly, we show
that an analogous statement holds when we restrict the oriented graphs in consideration
to be tournaments.

Theorem 13. For every two positive integers k1, k2, there exists an integer fT (k1, k2) such
that every tournament T with inv(T ) 󰃍 fT (k1, k2) admits a partition (V1, V2) of V (T ) such
that inv(T 〈Vi〉) 󰃍 ki for i = 1, 2.

Secondly, we show that the statement holds when restricting one of the two parameters
to be 1. More concretely, we show the following result.

Theorem 14. For every positive integer k and for every oriented graph D with inv(D) 󰃍
k+10, there is a partition (V1, V2) of V (D) satisfying inv(D〈V1〉) 󰃍 k and inv(D〈V2〉) 󰃍 1.

The proofs of Theorems 13 and 14 can be found in Section 4.

We conclude this work in Section 5, by proposing directions for further research on
the topic.

First, since the lower bound on inv(n) of Theorem 5 is obtained by random tour-
naments, we explore possible explicit constructions of tournaments with large inversion
number. Theorem 7 yields tournaments of order n with inversion number ⌊n/3⌋. Explicit
constructions of tournaments with larger inversion number are not known. Proving (or
approaching) Conjecture 3 would give one. Let us describe another construction. Let D
be an oriented graph. We denote by △(D) the oriented graph obtained from D by adding
two new vertices u, v, adding all the arcs from V (D) to u, adding the arc uv, and adding
all arcs from v to V (D). We believe that iterating this construction yields tournaments
with large inversion number.

Conjecture 15. inv(△k(TT1)) = inv(△k(TT2)) = k + 1.

In Subsection 5.1, we consider this conjecture. In particular, in Theorem 29, we prove
that inv(△k−1(TT2)) 󰃍 k/2− 1.

Finally, in Subsection 5.2, we present some problems raised by the disproof of Conjec-
ture 8.

Note added Almost simultaneously with the release of this paper, Alon, Powierski,
Savery, Scott, and Wilmer announced independent work [2] on some of the problems we
address here. Specifically, they show upper and lower bounds on inv(n) of forms similar
to those of Theorems 4 and 5. They also disprove Conjecture 8, but only provide one
counterexample. In addition, they prove Conjectures 9 and 10.
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2 Maximum inversion number of an oriented graph of order n

This section is dedicated to improving the bounds on inv(n). More particularly, we prove
Theorems 4 and 5.

We first give the proof of Theorem 4 which we recall.

Theorem 4. For every positive integer n, we have inv(n) 󰃑 n− ⌈log(n+ 1)⌉.

Proof. As observed above, it suffices to prove the statement for tournaments. We proceed
by induction on n, the result holding trivially when n = 1.

Let T be a tournament on n vertices for some n 󰃍 2. Now consider a vertex u.
Without loss of generality, we may assume that d−T (u) 󰃑 ⌊n−1

2
⌋. Let v1, . . . , vd−T (u) be an

arbitrary ordering of N−
T (u). For every i ∈ [d−T (u)], let Xi = {vi}∪N−

Ti−1
(vi) \ {vj | j < i}

where Ti−1 = Inv(T ; (Xj)j∈[i−1]). Observe that after inverting Xi, vi dominates all the
vertices of {vj | j > i}∪{u}∪N+

T (u), and u dominates N+
T (u). Hence it remains to apply

the induction hypothesis to make the subtournament induced by N+
T (u) acyclic. In total,

we used at most
󰀙
n− 1

2

󰀚
+

󰀛
n− 1

2

󰀜
− log

󰀕󰀛
n− 1

2

󰀜
+ 1

󰀖
= n− log

󰀕
2

󰀛
n− 1

2

󰀜
+ 2

󰀖

󰃑 n− log(n+ 1)

inversions. This proves the theorem.

The proof of Theorem 5 is based on probabilistic methods and heavily relies on prop-
erties of a certain random matrix over the unique field F2 on two elements 0 and 1. All
the matrices considered in this paper are over this field, and for a matrix M , we denote
by rk(M) its rank over F2. A significant part of the technicalities of the proof is included
in the following lemma.

Lemma 16. Let n 󰃍 1 be a positive integer and let x1, . . . , xn ∈ F2. Let M be a matrix in
Fn×n
2 chosen uniformly at random among all symmetric matrices whose diagonal entries

are x1, . . . , xn. Then for every r ∈ {0, . . . , n}, we have

Pr[rk(M) 󰃑 n− r] 󰃑 2−
1
2
(r2−4r)

Proof. For i ∈ {0, . . . , n}, let Mi be the submatrix of M which is restricted to the first i
rows and columns. Observe that Mn = M . Further, we define random variables Xi, i =
0, . . . , n where Xi = i− rk(Mi).

Claim 17. For every i ∈ {0, . . . , n− 1}, we have Xi − 1 󰃑 Xi+1 󰃑 Xi + 1.

Proof of claim. AsMi is a submatrix ofMi+1 with one row and one column less thanMi+1,
we have rk(Mi) 󰃑 rk(Mi+1) 󰃑 rk(Mi)+2. By definition, Xi+1 = Xi+1−rk(Mi+1)+rk(Mi),
so Xi − 1 󰃑 Xi+1 󰃑 Xi + 1. ♦
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Claim 18. For any i ∈ {1, . . . , n− 1} and r ∈ {1, . . . , i}, we have

Pr [Xi+1 = r − 1 | Xi = r] = 1− 2−r

and

Pr [Xi+1 󰃍 r | Xi = r] = 2−r.

Proof of claim. Suppose that Xi = r, so rk(Mi) = i − r. First let M ′
i be the submatrix

of M restricted to the first i + 1 rows and i columns. Observe that the vector space
spanned by the rows of Mi is of dimension i− r and hence contains 2i−r vectors. Further,
the last row of M ′

i is chosen uniformly at random among 2i vectors. We hence obtain
Pr [rk(M ′

i) = rk(Mi)] =
2i−r

2i
= 2−r and Pr [rk(M ′

i) = rk(Mi) + 1] = 1− 2−r.
If rk(M ′

i) = rk(Mi), then rk(Mi+1) 󰃑 rk(Mi)+1, and so Xi+1 󰃍 Xi = r. Now consider
the case rk(M ′

i) = rk(Mi) + 1. Due to the symmetry of the matrix, we then obtain
that the last column vector of Mi+1 is not spanned by the column vectors of M ′

i . Hence
rk(Mi+1) = rk(M ′

i) + 1 = rk(Mi) + 2 yielding

Xi+1 = (i+ 1)− rk(Mi+1)

= (i+ 1)− (rk(Mi) + 2)

= i− rk(Mi)− 1

= Xi − 1. ♦

Claim 19. For any i ∈ {1, . . . , n} and r ∈ {0, . . . , i}, we have Pr [Xi 󰃍 r] 󰃑 2−
1
2
(r2−4r).

Proof of claim. We proceed by induction on i. The statement clearly holds for i = 1. We
now suppose that the statement holds for all integers up to some i and show it also holds
for i + 1. For r 󰃑 4, we have Pr [Xi 󰃍 r] 󰃑 1 󰃑 2−

1
2
(r2−4r). We may hence suppose from

now on that r 󰃍 5. By induction, Claims 17 and 18 we obtain

Pr [Xi+1 󰃍 r] = Pr [Xi+1 󰃍 r and Xi 󰃍 r + 1] + Pr [Xi+1 󰃍 r and Xi = r]

+ Pr [Xi+1 󰃍 r and Xi = r − 1]

󰃑 Pr [Xi 󰃍 r + 1] + Pr [Xi+1 󰃍 r | Xi = r] Pr [Xi = r]

+ Pr [Xi+1 󰃍 r | Xi = r − 1] Pr [Xi = r − 1]

󰃑 Pr [Xi 󰃍 r + 1] + 2−r Pr [Xi = r] + 2−(r−1) Pr [Xi = r − 1]

󰃑 2−
1
2
((r+1)2−4(r+1)) + 2−(r−1) Pr [Xi 󰃍 r − 1]

= 2−
1
2
((r+1)2−4(r+1)) + 2−(r−1)2−

1
2
((r−1)2−4(r−1))

= 2−
1
2
((r2−4r)+(2r−3)) + 2−

1
2
((r2−4r)+3)

󰃑 2−
1
2
(r2−4r)(2−

1
2
(2r−3) + 2−

3
2 )

󰃑 2−
1
2
(r2−4r)(2−

7
2 + 2−

3
2 )

󰃑 2−
1
2
(r2−4r). ♦

the electronic journal of combinatorics 32(1) (2025), #P1.42 7



The lemma now follows by applying Claim 19 to i = n.

For a tournament T with vertex set [n] and a permutation σ of [n], we denote by
invσ(T ) the minimum number of inversions needed to transform T into a transitive tour-
nament with acyclic ordering σ. Observe that inv(T ) = minσ invσ(T ). We also denote by
Mσ(T ) the symmetric matrix in Fn×n

2 all of whose diagonal entries are 0 and which has a
0 in a cell (i, j) if and only if the arc between i and j is oriented according to σ. Finally,
we say that a matrix is a diagonal matrix if all its off-diagonal entries are 0 and we let
Dn×n

2 be the set of diagonal matrices in Fn×n
2 .

Lemma 20. Let T be a tournament on [n] and let σ be a permutation of [n]. Then

invσ(T ) 󰃍 min
D∈Dn×n

2

rk(Mσ(T ) +D).

Proof. Suppose invσ(T ) = k and that X = (Xℓ)ℓ∈[k] is a decycling family such that
Inv(T ;X ) is the transitive tournament with acyclic ordering σ. For every ℓ ∈ [k], let Mℓ

be the matrix with cell (i, j) having value 1 if and only if both i and j are in Xℓ. Then
if D is the diagonal n× n matrix whose value at cell (i, i) equal 1 if and only if i is in an
odd number of sets in X , we have

Mσ(T ) +D = M1 + · · ·+Mk.

Note that the column j of each Mℓ is either the null vector (if j /∈ Xℓ) or the indicator
vector of Xℓ (if j ∈ Xℓ). Hence each Mℓ has rank at most 1. Thus

rk(Mσ(T ) +D) 󰃑 rk(M1) + · · ·+ rk(Mk) 󰃑 k

and the result follows.

We are now ready to proceed to the proof of Theorem 5, which we recall.

Theorem 5. inv(n) 󰃍 n− 2
√
n log n for n sufficiently large.

Proof. Let n be a positive integer and let r ∈ [n] to be determined later. Let T be a
tournament with vertex set [n] taken uniformly at random. Observe that for any fixed
permutation σ of [n], the matrix Mσ(T ) follows the uniform law in the set of symmetric
matrices in Fn×n

2 with diagonal constant to 0. Hence, by Lemma 16, for any fixed diagonal
n× n matrix D we have

Pr[rk(Mσ(T ) +D) 󰃑 n− r] 󰃑 2−
1
2
(r2−4r).

and so by Lemma 20 and the Union Bound

Pr[inv(T ) 󰃑 n− r] 󰃑
󰁛

σ

󰁛

D∈Dn×n
2

Pr[rk(Mσ(T ) +D) 󰃑 n− r]

󰃑 n! 2n 2−
1
2
(r2−4r)

󰃑 2n logn+n− 1
2
(r2/2−4r)

< 1
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if n log n + n− 1
2
(r2 − 4r) < 0. This last condition holds if r > 2 +

󰁳
2(n log n+ n+ 2).

As a consequence, for every positive integer n, there exists a tournament of order n with
inversion number at least n − (2 +

󰁳
2(n log n+ n+ 2)) and so inv(n) 󰃍 n − 2

√
n log n

for all sufficiently large integers n.

3 Inversion number and dijoin

In this section, we disprove Conjecture 8. We need the following lemmas.

Lemma 21. Let k 󰃍 3 be an odd integer. There is a tournament Tk such that inv(Tk) = k
and there are disjoint sets A1, . . . , Ak−1 such that (A1, . . . , Ak−1,

󰁖k−1
i=1 Ai) is a decycling

family of Tk.

Proof. Let k 󰃍 3 be an odd integer and N = 4k−1 + 1. For every i ∈ [k − 1], let
Ai = {a1i , . . . , aNi } and A′

i = {a′1i , . . . , a′Ni } be sets of vertices and define an ordering < on
these vertices by

a11 < a′11 < a21 < a′21 < · · · < aN1 < a′N1 < a12 < · · · < aNk−1 < a′Nk−1.

We define Tk as the tournament with vertex set V (Tk) =
󰁖k−1

i=1 (Ai ∪ A′
i), in which the

arc between two vertices is oriented according to < (i.e., xy is an arc if and only if

x < y), except the ones of the form ajia
j′

i′ for i ∕= i′ which are oriented opposite to
<. In other words, Tk is obtained from the transitive tournament with hamiltonian
path (a11, a

′1
1 , a

2
1, a

′2
1 , . . . , a

N
1 , a

′N
1 , a12, . . . , a

N
k−1, a

′N
k−1) by reversing all the arcs between the

different Ai. See Figure 1.

Figure 1: The tournament T3 of Lemma 21.

It is straightforward to check that (A1, . . . , Ak−1,
󰁖k−1

i=1 Ai) is a decycling family of Tk.
Now we show that inv(Tk) 󰃍 k.

Suppose for a contradiction that there is a smaller decycling family X of Tk. Possibly
adding empty sets, we may suppose that X = (X1, . . . Xk−1) for some X1, . . . , Xk−1 ⊆
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V (Tk). For every vertex x in Tk, its indicator vector with respect to X is the vector
x = (x1, . . . , xk−1) ∈ Fk−1

2 such that xi = 1 if x ∈ Xi and xi = 0 otherwise.
For every i ∈ [k − 1] and j ∈ [N ], let vj

i and v′j
i be the indicator vectors of aji and a′ji

respectively. By the Pigeonhole Principle, for every i ∈ [k−1], there exist distinct indices

j, j′ ∈ [N ] such that j < j′, vj
i = vj′

i and v′j
i = v′j′

i .

Set α1
i = aji , α

2
i = aj

′

i , α
′1
i = a′ji , α

′2
i = a′j

′

i , Ãi = {α1
i ,α

2
i }, vi = vj

i = vj′

i , Ã
′
i =

{α′1
i ,α

′2
i } and v′

i = v′j
i = v′j′

i . We also define ui = vi + v′
i for every i ∈ [k − 1]. We will

now extract several constraints on the vectors ui.
We denote by · the scalar product in Fk−1

2 . Note that u · u = 1 · u for every vector
u ∈ Fk−1

2 , where 1 ∈ Fk−1
2 is the vector constant to 1.

Claim 22. For every i ∈ [k − 1], ui · ui = 0.

Proof of claim. First consider the triplet (α1
i ,α

′1
i ,α

2
i ). Observe that the arcs between the

pairs {α1
i ,α

′1
i } and {α′1

i α
2
i } are inverted exactly

󰁓k−1
ℓ=1 vi,ℓv

′
i,ℓ times, and the arc between

the pair α1
iα

2
i has been inverted exactly

󰁓k−1
ℓ=1 vi,ℓ times. But as {α1

i ,α
′1
i ,α

2
i } induces

originally a TT3, and must finish as a TT3, we deduce that these quantities must be
equal modulo 2. In other words

󰁓k−1
ℓ=1 (vi,ℓv

′
i,ℓ + vi,ℓ) ≡ 0 mod 2, which can be rewritten

vi · (v′
i + vi) = 0.

Similarly, by considering the triplet (α′1
i ,α

1
i ,α

′2
i ), we deduce the constraint v′

i · (v′
i +

vi) = 0. Then we deduce from the last two equalities

ui · ui = 0, for all i ∈ [k − 1]. ♦

Claim 23. For every distinct i1, i2 ∈ [k − 1], ui1 · ui2 = 1.

Proof of claim. Consider the triplets in Ãi1×Ã′
i1
×Ãi2 for distinct i1, i2 ∈ [k+1]. Observe

that there is always an arc from Ãi1 to α′1
i1
, and an arc from α′1

i1
to Ãi1 . Further observe

that all arcs between Ãi1 and Ãi2 are oriented in the same direction in Inv(D,X ). As
Inv(D,X ) is acyclic, this yields that in Inv(D,X ), we have either (Ãi1 ∪ Ã′

i1
) ⇒ Ãi2 or

Ãi2 ⇒ (Ãi1 ∪ Ã′
i1
). Therefore, the number of times the arcs from Ã′

i1
to Ãi2 are inverted

plus the number of times the arcs from Ãi2 to Ãi1 are inverted must be odd. Hence
v′
i1
· vi2 + vi2 · vi1 = 1. Similarly, by considering the triplets in Ãi1 × Ã′

i1
× Ã′

i2
, we get

v′
i1
· v′

i2
+ v′

i2
· vi1 = 0. Summing these two equalities we obtain

ui1 · ui2 = 1 for all i1, i2 ∈ [k − 1] such that i1 ∕= i2. ♦

Now consider the matrix U ∈ F(k−1)×(k−1)
2 with column number i being ui. Claims (22)

and (23) yield

U⊤ · U =

󰀳

󰁅󰁃
0 (1)

. . .

(1) 0

󰀴

󰁆󰁄 = M (3)

where M is the (k − 1) × (k − 1) matrix with a 1 in every cell, except in the diagonal
which is constant to 0. As k is odd, we have M2 = Ik−1. Thus M has rank k − 1,

the electronic journal of combinatorics 32(1) (2025), #P1.42 10



and every solution U to (3) is invertible. We will construct a solution U ′ with a line
equal to 0, which is a contradiction. To do so, observe that in any solution U to (3),
for every column i1, adding 1, the vector constant to 1, to this column yields a new
solution. Indeed, if ui1 · ui1 = 1 · ui1 = 0, ui2 · ui2 = 1 · ui2 = 0 and ui1 · ui2 = 1, then
(ui1 +1) · (ui1 +1) = 0+0+0+1 ·1 = 0 (because k−1 is even) and (ui1 +1) ·ui2 = 1+0.
Now consider U ′ obtained from U by adding the vector 1 to every column starting by a
1. This gives a solution to (3) with the first row being the vector 0, which contradicts the
fact that every solution to (3) has full rank.

This contradiction shows that there is no decycling family of length k − 1 for Tk, and
so inv(Tk) 󰃍 k.

We are now ready to give the proof of Theorem 11, which we recall.

Theorem 11. For every odd integer k 󰃍 3, there is a tournament Tk with inv(Tk) = k
such that inv(Tk ⇒ R) 󰃑 k + inv(R)− 1 for every oriented graph R with inv(R) 󰃍 1.

Proof. Let Tk be as in Lemma 21 with decycling family (A1, . . . , Ak−1,
󰁖k−1

i=1 Ai). Let
(X1, . . . , Xp) be a decycling family of R with p = inv(R). One easily checks that

󰀣
A1 ∪X1, . . . , Ak−1 ∪X1,

k−1󰁞

i=1

Ai ∪X1, X2, . . . , Xp

󰀤

is a decycling family of Tk ⇒ R.

4 Splitting into two digraphs with large inversion number

In this section, we give partial positive answers to Conjecture 12 by proving Theorems
13 and 14.

In order to prove Theorem 13, we need the following result of Belkhechine et al. [6].

Lemma 24. Let D be an oriented graph and let x ∈ V (D). Then inv(D) 󰃑 inv(D−x)+2.

We also need a theorem of Belkhechine et al. [6] on inversion-critical tournaments.
Let k be a positive integer. A tournament T is k-inversion-critical if inv(T ) = k
and inv(T − x) < k for all x ∈ V (T ). We denote by ICk the set of k-inversion-critical
tournaments.

Theorem 25 (Belkhechine et al. [7]). For any positive integer k, the set ICk is finite.

We are now ready to give the proof of Theorem 13, which we recall.

Theorem 13. For every two positive integers k1, k2, there exists an integer fT (k1, k2) such
that every tournament T with inv(T ) 󰃍 fT (k1, k2) admits a partition (V1, V2) of V (T ) such
that inv(T 〈Vi〉) 󰃍 ki for i = 1, 2.
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Proof. For every positive integer k, let p(k) be the maximum order of a tournament in
ICk+1 ∪ ICk. Such a number exists, by Theorem 25.

We set fT (k1, k2) = k2 + 2p(k1).
Let T be a tournament with inv(T ) 󰃍 fT (k1, k2). By Lemma 24, T has a subtour-

nament T1 in ICk1+1 ∪ ICk1 . We have inv(T1) ∈ {k1, k1 + 1} and |V (T1)| 󰃑 p(k1).
Set T2 = T − T1. By Lemma 24, inv(T ) 󰃑 inv(T2) + 2p(k1), so inv(T2) 󰃍 k2. Hence
(V (T1), V (T2)) is the desired partition.

We now proceed to the proof of Theorem 14. In fact, we shall prove the following
result which directly implies Theorem 14.

Theorem 26. Let D be a non-acyclic oriented graph. Then D contains a directed cycle
C such that inv(D − C) 󰃍 inv(D)− 10.

Proof. As D is not acyclic, we can choose a shortest directed cycle C = (v1, . . . , vp, v1) in
D. Set a = ⌊p/3⌋, b = p− 3a. Let Y1 = {v3i−2 | 1 󰃑 i 󰃑 a}, Y2 = {v3i−1 | 1 󰃑 i 󰃑 a}, and
Y3 = {v3i | 1 󰃑 i 󰃑 a}, and let B = V (C) \ (Y1 ∪ Y2 ∪ Y3). Note that |B| = b 󰃑 2.

First invert a minimum decycling family X of D − C. For any i ∈ {1, 2, 3}, let
Zi = N+(Yi) \ C. Observe that there is no arc from Zi to Yi for otherwise D would
contain a shorter directed cycle than C. Therefore, after inverting Yi∪Zi and Zi, we have
all the arcs between Yi and Zi directed towards Yi. Hence after doing at most six inversions
(two for each i) all the arcs between V (D) \ V (C) and Y1 ∪ Y2 ∪ Y3 are directed towards
Y1 ∪ Y2 ∪ Y3. If b = 0, then inverting any arc of C, we get a decycling family of D of size
inv(D−C)+7. Therefore inv(D−C) 󰃍 inv(D)−7. If not, then D〈Y1∪Y2∪Y3〉 is acyclic,
so X ∪

󰁖3
i=1{Yi∪Zi, Zi} is a decycling family of D−B. Hence inv(D−B) 󰃑 inv(D−C)+6.

Thus, by Lemma 24, inv(D) 󰃑 inv(D − B) + 2|B| 󰃑 inv(D − C) + 10.

5 Further research

5.1 Explicit construction of tournaments with large inversion number

The lower bound n − 2
√
n log n on inv(n) is given by a random tournament. It would

be interesting to have explicit constructions of tournaments with large inversion num-
ber. Theorem 7 provides tournaments of order n with inversion number ⌊n/3⌋. Explicit
constructions of tournaments of order n with inversion number larger than ⌊n/3⌋ are not
known. An option would be to prove Conjecture 3. Another one is to prove Conjecture 15,
which we recall.

Conjecture 27. inv(△k(TT1)) = inv(△k(TT2)) = k + 1.

With the aid of a computer, we verified this conjecture for k 󰃑 5. A natural way
to prove it would be to prove the following extension: For any digraph D, inv(△(D)) =
inv(D)+1. Unfortunately, this does not hold, even for tournaments. Consider for example
the rotative R5 tournament on five vertices v1, . . . , v5 in which vi → vj if and only if
j − i mod 5 ∈ {1, 2}. Let uv be the arc of △(R5) − V (R5). Setting X = {v2, v4} and
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X = {v1, v3, v5}, one easily checks that inv(R5) = 2 and (X,X) is a decycling family of R5.
Thus (X∪{v}, X∪{v}) is a decycling family of △(R5). Hence inv(△(R5)) = inv(R5) = 2.

However the statement holds for oriented graphs with inversion number at most 1.

Proposition 28. If inv(D) 󰃑 1, then inv(△(D)) = inv(D) + 1.

Proof. The result holds trivially when inv(D) = 0.
Assume now inv(D) = 1. Clearly, inv(△(D)) 󰃑 inv(D) + 1. Suppose for a contra-

diction that there is a decycling set X of △(D). Then X ∩ V (D) is a non-empty strict
subset of V (D) for otherwise inverting X would either entirely reverse D or leave it un-
changed. In both cases, a directed cycle would remain, a contradiction. So there is a
vertex x ∈ X ∩ V (D) and a vertex y ∈ V (D) \X. Let uv be the arc of △(D) −D. By
definition in △(D), for any x ∈ V (D), xu and vx are arcs in △(D). If X ∩ {u, v} = ∅,
then (u, v, x, u) is a directed 3-cycle in Inv(D;X). If X ∩ {u, v} = {u, v}, then (v, u, x, v)
is a directed 3-cycle in Inv(D;X). If |X ∩{u, v}| = 1, then (u, v, y, u) is a directed 3-cycle
in Inv(D;X). In all cases, we get a contradiction, so inv(△(D)) = 2 = inv(D) + 1.

Theorem 29. inv(△k−1(TT2)) 󰃍 k/2− 1.

Proof. Let Dk = △k−1(TT2). We write V (Dk) = {a1, b1, a2, b2, . . . , ak, bk}, with aibi being
the arc of Di −Di−1. Let ℓ = inv(Dk) and let X = (X1, . . . Xℓ) be a decycling family for
Dk. For every i ∈ [k], we denote by vi (resp. wi) the vector in Fℓ

2 with coordinates number
j being 1 if and only if ai ∈ Xj (resp. bi ∈ Xj). Consider the matrices V with columns vi

and W with columns wi. Let M be the matrix defined by M = (mij) = V ⊤W +Ik ∈ Fk×k
2

where Ik denotes the identity matrix of size k.

Claim 30. M contains no submatrices

󰀕
0 1
1 0

󰀖
and

󰀕
1 0
0 1

󰀖
.

Proof of claim. Note that mij represents the inversion of the arc bjai in Inv(Dk;X ): if
mij = 1, then aibj ∈ A(Inv(Dk;X )), and if mij = 0, then bjai ∈ A(Inv(Dk;X )). Hence

if there were a submatrix

󰀕
mi1j1 mi1j2

mi2j1 mi2j2

󰀖
equal to

󰀕
0 1
1 0

󰀖
(resp.

󰀕
1 0
0 1

󰀖
), then

ai2bj1ai1bj2ai2 (resp. ai1bj1ai2bj2ai1) would be a directed 4-cycle in Inv(Dk;X ), a contra-
diction. ♦

We will now show using this claim that V ⊤W = M + I has rank at least ⌈k
2
⌉ − 1,

which will imply inv(Dk) = ℓ 󰃍 ⌈k
2
⌉ − 1. As M contains no submatrices

󰀕
0 1
1 0

󰀖
and

󰀕
1 0
0 1

󰀖
, the columns of M are ordered by inclusion. By sorting the columns (and the

rows with the same order) according to this ordering, we can now suppose that each
row is of the form 1 . . . 10 . . . 0. Let ni be the number of 1 in the row number i. If
|{i ∈ [k] | ni 󰃍 i}| 󰃍 k/2, then the rows in M + I + (1)i,j with indices in {i ∈ [k] | ni 󰃍 i}
are linearly independent, and as (1)i,j has rank 1, M + I has rank at least k

2
− 1. Here,

(1)i,j denotes the k × k matrix constant to 1. Otherwise, |{i ∈ [k] | ni 󰃍 i}| < k/2 and
the rows with indices in {i ∈ [k] | ni < i} in M + I are linearly independent. In both
cases, rk(M + I) = rk(V ⊤W ) 󰃍 k/2− 1 and so inv(Dk) 󰃍 k/2− 1.
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5.2 Inversion number and dijoin

Corollary 11 shows that for any odd integer k 󰃍 3, there is a tournament Tk with inv(Tk) =
k such that inv(Tk ⇒ R) < k+ inv(R) for all R with inv(R) 󰃍 1. We conjecture that the
same statement also holds for even integers.

Conjecture 31. For any k 󰃍 3, there is a tournament Tk with inv(Tk) = k such that
inv(Tk ⇒ R) < k + inv(R) for all R with inv(R) 󰃍 1.

During the submission process of this paper, Conjecture 31 has been disproved by
Wang et al.[9] who showed the following.

Theorem 32 (Wang et al.[9]). Let k 󰃍 2 be an even integer. For all oriented graphs
L and R with inv(L) = k and inv(R) = 1, we have inv(L ⇒ R) = inv(R ⇒ L) =
inv(L) + inv(R) = k + 1.

The disproof of Conjecture 8 also raises the question to which extent approximate
versions of this conjecture could be true. For any two non-negative integers ℓ and r, let
minv(ℓ, r) = min{inv(L ⇒ R) | inv(L) = ℓ and inv(R) = r}.
Problem 33. Determine minv(ℓ, r) for all ℓ and r.

We clearly have max{ℓ, r} 󰃑 minv(ℓ, r) 󰃑 ℓ+r and Corollary 11 shows that the upper
bound is often not tight. Is the lower bound tight ?

A first problem is the following.

Problem 34. Does there exist a non-acyclic oriented graph D such that inv(D ⇒ D) =
inv(D) ?

During the submission process of this paper, Problem 34 has been answered in the
negative by Behague et al. [5] who proved the following.

Theorem 35 (Behague et al. [5]). Let D1 and D2 be oriented graphs such that inv(D1) =
inv(D2) 󰃍 1. Then inv(D1 ⇒ D2) > inv(D1).

A different direction for further research is motivated by the following observation.
Every non-acyclic tournament T contains a directed 3-cycle. Therefore TTn[T ] contains

TTn[ 󰂓C3], and so inv(TTn[T ]) 󰃍 inv(TTn[ 󰂓C3]) = n. This raises the question of the following
generalization of Theorem 7.

Problem 36. What is the maximum function h such that inv(TTn[T ]) 󰃍 h(inv(T ), n)
for every tournament T ?
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