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Abstract

We build on the methods introduced by Friedmann, Hanlon, Stanley, and Wachs,
and further developed by Brauner and Friedmann, to construct additional classes
of presentations of Specht modules. We obtain these presentations by defining a
linear operator which is a symmetrized sum of dual Garnir relations on the space of
column tabloids. Our presentations apply to the vast majority of shapes of Specht
modules.

Mathematics Subject Classifications: 05E10, 20C30

1 Introduction

The Specht modules S*, where \ is a partition of n, give a complete set of irreducible
representations of the symmetric group &,, over a field of characteristic 0, say C. They
can be constructed as subspaces of the regular representation C&,, or as presentations
given in terms of generators and relations, known as Garnir relations. This paper deals
primarily with the latter type of construction.

Let A = (A = --- > X\;) be a partition of n. A Young tableauz of shape X is a filling
of the Young diagram of shape A with distinct entries from the set [n] := {1,2,...,n}.
Let T\ be the set of Young tableaux of shape A. The symmetric group &,, acts on 7, by
replacing each entry of a tableau by its image under the permutation in &,,.

To construct the Specht module as a submodule of the regular representation, one can
use Young symmetrizers. For t € T,, the Young symmetrizer is defined by

e = Z a Z sgn(B)5, (1)

acRy peCy

where C; is the column stabilizer of t and R; is the row stabilizer of t. The Specht module
S is the submodule of the regular representation CS,, spanned by {re; : 7 € &,,}.
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To construct the Specht module as a presentation, one can use column tabloids and
Garnir relations. Let M?* be the vector space (over C) generated by 7, subject only to
column relations, which are of the form ¢ + s, where s € 7, is obtained from ¢ € T, by
switching two entries in the same column. Given t € 7, let [t] denote the coset of ¢ in
M?. These cosets, which are called column tabloids, generate M. A Young tableau is
column strict if the entries of each of its columns increase from top to bottom. Clearly,
{[t] : t is a column strict Young tableau of shape A} is a basis for M*.

In [9], Fulton introduces dual Garnir relations on the column tabloids and shows that
S* is isomorphic to the quotient space of M* by these relations. There is a dual Garnir
relation for each t € 7T,, each choice of adjacent columns, and each ¢ up to the length
of the next column. In particular, each Garnir relation is a weighted sum of a column
tabloid [t] and column tabloids obtained from ¢ by exchanging ¢ entries of a column with
the top ¢ entries of the next column. Fulton then obtains a simplification: it is enough to
use only the dual Garnir relations that exchange exactly one entry of a column with the
top entry of the next column, i.e. we can just fix £ = 1.

An analogous simplification is obtained in [7], which improves upon a result in [8]. In
the presentation of [7], £ is also restricted to a single value, but this time it is the maximum
possible value: ¢ equals the length of the next column, so as many entries are exchanged as
the shape of X\ allows. This presentation holds for partitions whose conjugate has distinct
parts.

A different simplification is obtained in [2], where a symmetrized sum of dual Garnir
relations with ¢ = 1 is introduced. The number of relations needed is dramatically
reduced: the construction uses a single relation for every pair of adjacent columns and [¢]
varies in M?*, a significantly smaller space than T,. The presentation of [2] holds for all
partitions.

In the present paper we consider intermediate values of /. For what shapes A would
dual Garnir relations that exchange exactly ¢ entries between the columns provide a
presentation for S*? This is a question posed in [7]. Our results answer that question
and generalize both [7], where ¢ is maximal, and [2], where ¢ = 1. Our methods are those
envisioned in [7]. The question posed there also inspired [14] to address it using a different
approach, via representations of the general linear group. See Remark on p. 18 following
Theorem 8 for a discussion relating the results of [14] to the results in the current paper.

Our main result is contained in Theorems 7 and 8. In Theorem 7, we provide conditions
on the shape of a 2-column partition p = (n,m)" for any ¢, using eigenvalues of an
operator, 7, on M*. Given a value of ¢, for any p for which the conditions are satisfied,
we have obtained a presentation of S*. In Theorem 8, we use the results for 2-column
shapes to state conditions on partitions A with any number of columns. In Table 4.1, we
provide some computer-generated data that tells us which 2-column shapes satisfy these
conditions. The data indicates that the conditions are satisfied for the vast majority of
shapes p and values of /.

The work in [8] was presented in the language of the generalized Jacobi relations that
define the LAnKe or Filippov algebra [1, 3, 4, 5, 6, 10, 11, 13, 15]. An observation in [8],
that the restricted class of Garnir relations that fix ¢ to be the maximum possible value
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(for staircase partitions A) corresponds to the generalized Jacobi relations, motivated the
work in the papers [8, 7, 2, 14] and the current paper.

This paper is organized as follows. In Section 2, we introduce notation and review
the relevant prior results. In Section 3, we introduce the relevant relation and compute
its eigenvalues wy;, which appear in Theorem 5. A combinatorial identity emerges, given
in Corollary 6. Section 4 contains our main results, along with a statement about the
equivalence of two sets of combinatorial conditions (Corollary 10).

2 Notation and prior results

The symmetric group &,, acts on T, by replacing each entry of a tableau by its image
under the permutation in &,. This induces a representation of &, on M*. In [9, Ch.
7.4], Fulton introduces a map

o: M — S*
given by

a:[t] — e

The map « is &,-equivariant and surjective. Moreover, ker(«) is generated by a set of
relations which Fulton calls the dual Garnir relations.
The dual Garnir relation g.,(t) is

Geu(t) = [t] = me,(t), (2)

where 7. (t) is the sum of column tabloids obtained from all possible ways of exchanging
the top ¢ elements of the (¢+ 1) column of ¢ with any subset of size £ of the elements of
column ¢, preserving the vertical order of each set of ¢ elements. Note that ¢t can be any
tableau, not necessarily with increasing columns.

If we let G* be the subspace of M* generated by the Garnir relations in

{gee(t) s c€ M = 1], 0 € [Nl t € Thl, (3)

where )\ is the conjugate partition of ), then G* is invariant under the action of &,,. In
[9, Ch. 7.4], Fulton shows that G* = ker(«), thereby obtaining the following presentation
of S
MG = S (4)

As mentioned in the introduction, G* contains a dual Garnir relation for each ¢t € 7y,
each choice of adjacent columns, and each ¢ up to the length of the next column.

On page 102 (after Ex. 15) of [9], a presentation of S* with a smaller set of relations
is given. In this presentation, the index ¢ in g.,(t) of (3) is restricted to a single value:
¢ = min[A, ] = 1. More precisely, the presentation is

M)\/G)\,min an S)\, (5>
where GM™" ig the subspace of G* generated by the subset of Garnir relations with ¢ = 1:

{gea(t) :ce [\ —1],t € T}
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This is Fulton’s simplification mentioned in the introduction.
In the analogous simplification of [7], the index ¢ in g.,(t) of (3) is restricted to the
maximum value £ = X\, ;:

Theorem 1. [7, Theorem 1.1] Let X be a partition whose conjugate has distinct parts.
Then
M/\/G)\,max an S)\, (6)

where GM™X s the subspace of G* generated by
{gen.,, (1) 1€ M — 1]t € Th}.

Moreover, this set of relations can be further reduced by restricting t to the set of column
strict tableau.

The approach in [7], which improves on an earlier result [8] that applied only to stair-
case partitions, is to define a certain linear operator on the space of column tabloids and
study its eigenspaces. This approach has also been used in [2] to obtain a different presen-
tation of S* with a reduced number of relations, which works for all shapes. Rather than
using a subset of the Garnir relations, [2] introduce a relation consisting of symmetrized
sums of the dual Garnir relations that generate G

Nea ([t]) = mlt] =D [s] . (7)

where the sum ranges over all possible tableaux s obtained from ¢ by swapping one entry
in column ¢+ 1 of ¢ with one entry in column c.

The relation 7.3 can be thought of as a sum of g.; relations which has the advantage
of symmetrizing over all positions of elements in the (¢ + 1) column. For t € Ty, let
he1([t]) be the image of 7.1 on the ¢ and (¢ + 1) columns of [¢] that leaves the other
columns of [¢| fixed. The result obtained in [2] is:

Theorem 2. [2, Theorem 3.5] For any partition \ of n, let H* be the space generated by
he1([t]) for every [t] € M* and 1 < ¢ < Ay — 1. Then the kernel of a is H*. Thus,

M H* =25 S*.

We can see that only the single relation 7. is needed for each pair of adjacent columns.

In the next section, we address the case of an intermediate value of £ that was proposed
in [7], generalizing the methods of [7, 2]. As mentioned in the introduction, [14] was
motivated by [7] to address this same question in a different way, using representations
of the general linear group. See Remark on p. 18 following Theorem 8 for a statement of
their theorem and a discussion relating their results to ours.
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3 A linear operator and its eigenvalues

We now define a linear operator on the space of column tabloids, and study its eigenspaces.
We use a symmetrized sum of g.,(t) relations, where we symmetrize over all ways of
exchanging any ¢ elements of the (c+ 1)% column with any ¢ elements of column ¢, where
¢ € [\.,,]. This is a generalization of [2], where £ = 1, and of [7], where £ = . ;.

In this section we focus on 2-column partitions g of n + m with shape 2™1"™™ so u
has a column of size n and a column of size m for 1 < m < n, and ' = (n,m). We shall
address the implications of these results to partitions with more than two columns in the

next section.

Definition 3. Let g = 21", and let ¢ € [m]. We define the map 7, : M* — M*" to be

where the sum ranges over all possible tableaux s obtained from ¢ by swapping ¢ entries
in the second column of ¢ with ¢ entries in the first column, preserving the vertical order
of each set of ¢ entries.

Example: Let

115
216
4
Then
115 511 511 511 112 12 113
(1) = 3 216 B 6|2 n 213 n 24 " 5|3 n 514 n 214
2 o 317 317 617 317 617 317 517
4 4 4 6 4 6 6
51 51 51 112 112 113
B 716 n 216 " 216 " 516 n 516 n 216
312 73 314 713 314 514
4 4 7 4 7 7
6|5 6|5 6|5 115 115 115
B 71 n 211 n 21 n 6|2 n 6|2 n 213
312 713 314 713 314 6|4
4 4 7 4 7 7

In determining the coefficient of [t] in Definition 3, we used the fact that (7}) is the
number of ways to pick ¢ entries from the second column, making 7,([t]) a sum of dual
Garnir relations.

Since 7, is defined via its action on positions of [t], it is a right action on M?*. Mean-
while, &,,,,, acts on the letters of ¢, so its action on 7, and its induced action on M* are
left actions. Therefore, the actions of n, and &,,,,, commute and 7, is &,,,,-equivariant.
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Furthermore, it follows from equation (4) that Im(n,) C ker(«), as n,([t]) is a sum of dual
Garnir relations. Using techniques employed in [8, 7, 2], we will show that for the vast
majority of partitions u, the relations generated by n, for any single value of ¢ are all that
is needed to generate G*. To do so, we study the eigenvalues of 7,; the rest of this section
is devoted to this study.

Note that because

Mlu‘ g S2i1n+m—2i
@
is multiplicity-free, by Schur’s Lemma 7, acts as a scalar on each irreducible submodule
of M*. Thus, finding the kernel of 7, is equivalent to finding the irreducible submodules
of M*" on which 7, acts like the 0 scalar.

We proceed by computing the action of 7, on each irreducible submodule of M*#. For
each T € (["Tlm]), let vr € M* be the column tabloid with first column 7" (both columns
assumed to be in increasing order). For any v € M*, let (v, vr) be the coefficient of vy in
the expansion of v in the basis of all vp.

oty

Lemma 4. For every S,T € (

(7) ifS=T,
(ne(vs), vr) = v if S#T and [SNT|#n—{,
’ (—1)Zi:1(0k+dk)+€+1 Zf ’S N T| — o — { with

S\T = {c1,....ci}, T\S = {d,....do}.

Proof. The first two cases easily follow from the definition of n,. We consider the third
case.

Let S ={ai,aq,...,a,} and [n+m]\ S = {b1,ba,...,b,}. Then the columns of vg,
arranged from left to right instead of top to bottom, are

ai,az,...,0an
and

bi,ba, ..., b,
where the entries of each column are in increasing order. Let iy,4s,...,3, € [n] and
J1sJ2, -, jo € [m]. We will exchange the entries a;,, a;,, . . ., a;, with the entries b;,, bj,, ..., b;,

to obtain a term that appears in 7y(vg). The two columns of such a term look like

A1y @iy 15055 Qiyg1y oo Qig 1,05y Qigns oo @1, 045 Gyt -5 A
and
b17 s 7bj1—17 ai17bj1+17 s 7bj2—17(1’i27bj2+1a s 7bjg—17a/i/a bje-‘rla s 7bm-

In order to get an element in the basis of M*, we need to reorder the entries of each
column so they are increasing. Every exchange within a column results in a sign. What
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sign will we end up with? We consider each column individually first. Each column will
require two stages. Then we will put the resulting signs together.

Column 1, Stage 1I: We move all the b’s to the end of the column. Moving b;, to
the end gives n — i, transpositions. Moving b;, , to just before b;, gives n —ip_; — 1
transpositions, and so on. The total number of transpositions for this stage is:

)

-1 l

(n—ig_k—k):nﬁ—@—zm. (8)
0 k=

il

After these transpositions, the first column is

A1y e ey Q=15 Q415 -+ oy Qig—15 Qjo 1y -+ -5 Ajp—1,5 Ajpp 1y - - - Ay, b]ubjp ) b]/j .

Column 1, Stage 2: We move the b’s to their correct positions. We begin with b;,. We
have that b;, is larger than j; —1 b’s and therefore it is larger than (b;, —1)—(j1—1) = b;, —j1
a’s. Some of those a’s, say 71 of them, are not in the first column (because they were
exchanged into the second column). So in the first column, there are b;, — j; — 7 a’s
smaller than b;, .

We need to move b;, from after all the n — ¢ a’s to after b;, — j; —~; a’s. That requires
(n—4¢) — (bj, — j1 — 71) transpositions.

Define 7, to be the number of a’s in {a;,, ..., a;} that are smaller than b;,. So in the
first column, there are b;, — jr — & a’s smaller than bj, -

We have dealt with bj1 already. Now we move b;, from after all the n — ¢ a’s to after
bj, — j2 — 72 a’s. Since b;; < bj;,, we do not need to transpose through b;,. So we have
(n—{) — (bj, — j2 — 72) transpositions. Continuing this way gives

L

Z — (bj, = Jk — W) = (n —0) Z — Jk =) 9)

k=1 k=1

transpositions. This completes the reordering of the first column.
Column 2, Stage 1: We move all the a’s to the end of the column. By the same
reasoning as in stage 1 of the first column, the number of transpositions required is

/-1

0(e—1) )
S m— e — k) =me LD S (10
k=0 k=1
Now the second column is
bl, Ce 7bj1—17 bj1+1, e 7bj2—17 bj2+1, e 7bjg—17 bj["'l? ey bm, Ajyy e v vy Ay -

Column 2, Stage 2: We move the a’s to their correct positions. We have that a;, is
larger than i, — 1 of the a’s and (a;, — 1) — (ix — 1) = (a;, — ix) of the b’s.
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Define 05, to be the number of b’s in {b;,,...,b;,} that are smaller than a;,. Then we
need to move a;, left to just after (a;, —i; —d1) b’s, which requires (m —¢) — (a;, — i — %)
transpositions. Continuing with a;, and so on, we have

> ((m—0) = (@, —ix — ) = bm =€) = > (a5, —ix — 6) (11)

k=1 k=1

transpositions.

Total from both columns: The total number of transpositions for both columns com-
bined is given by the sum of equations (8), (9), (10), and (11). We are only concerned
with the parity of the total number of transpositions. Adding the four equations and
omitting any obviously even terms gives

> (o) =Y (ai +b;)

l
k=1 k=1

transpositions.

We now show that Zi:l ('yk + 5k) has the same parity as ¢.

For any pair (c,d) € [¢] x [¢], we have either a;, < b;, or a;, > b;,. Therefore, we can
think of the pair (¢, d) as contributing 1 to 74 in the first case, or as contributing 1 to J,.
in the second case. So each pair (c,d) contributes exactly 1 to the sum Sf_, (e + 6k)-
Hence, the sum equals the number of pairs (c, d), which is ¢2, which has the same parity
as £.

Since S\ T = {ai,,...,a;,} and T\ S = {b;,,...,b;,}, and there is a sign in the
definition of 7, the lemma follows. m

We are now ready to compute the scalar action of 1, on each irreducible submodule
of M*.

Theorem 5. On the irreducible submodule of M* isomorphic to 52”("%)_%, the operator
ne acts like multiplication by the scalar wy;, where

= (1) 5 () o)
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Proof. Let T = [n] so that

1 n+1
ur = ’
2 n+2

m n+m

m—+1

n

and let ¢ be the standard Young tableau of shape 2¢1"+t™~2¢ given by

1 n+1
t =
2 n+2
i n4+1
i+1
n
m+i+1
n+m

Recall that the Specht module S22 "™ i spanned by {re; : 7 € S}, where ¢ is the
symmetrizer of Equation (1). In order to study the action of 1, on this Specht module, we
begin by simplifying the action of e; on vy by factorizing e; as follows. Let 1, = > p .
Let d; be the signed sum of column permutations stabilizing {1,2,...,n}, {n+1,... ,n+i},
and {n+i+1,...,n+m}, i.e. the signed sum of permutations in the subgroup

S{l,...,n} X S{n+1,.,.,n+i} X S{n+i+1,...,n+m} - Ct-

Now let f; be the signed sum of left coset representatives of the above subgroup of Cy,
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that is, permutations o in C; that satisfy!
o)< ---<on), on+i+1l)<---<on+m), on+1)<---<o(n+i).

Then e;vr = ry fidyvr. The antisymmetry of column tabloids ensures that d,vr is a scalar
multiple of vr, because it simply permutes within columns. Therefore we can conclude
that r;f;or is a scalar multiple of e;vr, and in particular that e;vp is nonzero, as the
coefficient of vr in ry fyup is 1.

Consider n,(r, fur). In the subspace restricted to S| the fact that 7, acts on
e;ur as a scalar implies the same is true of 7, fyvr. In fact, because the coefficient of vy in
rifror is 1, we can determine precisely what this scalar is by computing (n,(r; fyvr), vr).

We have

refivr = Z <thtUT7US>US-

se("™1m)
Applying the linear operator n, thus gives

ne(refeor) =Y (refeor, vs)me(vs).

se(")

Note that when T = S, by Lemma 4 we have (n,(vr),vr) = (7). With this, we can
compute the coefficient of vy in general by

Wei = (Ne(re fror), vr) = Z (re frvr, vs)(ne(vs), vr) (12)

se(mtmy

n

~()+ X sl o).

se("MT)

The contributions to the sum arise only when S and 7' differ by ¢ elements. In the
sum 7y fyor, there are four different ways to obtain a vg that fulfills this criterion:

1. wvg is obtained by doing row permutations only (possible iff £ < 7).
2. wvg is obtained by doing column permutations only (possible iff £ < m — 7).

3. vg is obtained by a subset of the column permutations of case (2) above, followed
by row permutations.

4. vg is obtained via a combination of column permutations and row permutations: ¢,
entries are exchanged via column permutations and /5 entries via row permutations,
where ¢ = {1 + {5 (possible iff {1 < m —i and ¢, < 7).

'In [8] and [2], the representatives used were mistakenly right coset representatives. The results in [8]
are unaffected by the error. The main results in [2] are also unaffected, but see footnote on page 19.
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In case (4), if we let ¢; = 0 we get case (1), and if we let ¢, = 0 we get cases (2) and (3).
We find it helpful to compute cases (1), (2), and (3) before case (4).

Case (1): row exchanges only.
Pick uy,ug, ..., up € [i] and let

a = (up,n 4+ uy)(ug,n + us) - -+ (g, n + up) .
Then the columns of avy, written left to right instead of top to bottom, are

L2,...,0uy —1Ln+u,us +1,...;up—Ln4+upue+1,...0n

and

n+1,....n4+u —Lu,n+u +1,....n+u+Lu,n+u~+1,...,n+m.
For avy to have ordered entries, we need to move the n 4wy, n+us,...,n+ uy to the end
of the first column, and to move the uy, us, ..., u, in the second column to the beginning

of the column.
For the first column, we first move n + u, to the end, then n + u,_1, and so on. The
number of transpositions for the first column is:

~

-1 ¢
o0 —1)
(n—u(gk—k):nﬁ—;uk—T.

0 =

i

The number of transpositions for the second column is:

L

¢
0(0+1
>k = 3w = g
k=1 k=1
Together, the number of transpositions for ordering the columns of avr is

nt — (%

To compute (ny(vs), vr), note that T\S = {uy,...,us} and S\T = {n+uq,...,n+ue}
in Lemma 4, giving

¢
<77€(US),UT> = (_1)Zk:1(Uk+n+uk)+£+1 _ (_1)n€+€+1 ]

Hence, ,
(refeor, ve) (ne(vs), vp) = (=1)PHFDFHEEE) — (1),

which is independent of the choice of u;’s. There are (2) ways to pick the u;’s. So case
(1) gives an overall contribution of
7
— ) 13
;) (13)

This expression appropriately gives 0 when ¢ > 1.
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Case (2): column exchanges only.
The permutations o in f; satisfy

cl)<---<aon), cn+i+l)<---<on+m), on+1)<---<o(n+i.

Since o € C}, it follows that o fixes {n + 1,...,n +i}. Since we need |[SNT| =n — ¢,
and since T' = [n| and S = {o(1),...,0(n)}, we need to exchange ¢ of the elements in

[n] with £ of the elements n +i 4+ 1,...,n+m. Let Qy :={q1 < ... < @} € ([Z]), and

Pri={p < ...<p} € ({"Hﬂ’tg“’"m}) be the sets of elements exchanged. In one-line

notation, o restricted to the first column of ¢ is the concatenation of the sequences
1,....0— L +1,....00—1,00+1,....00— 1,q0+1,...,1n

P1,P2,---, D¢
qi1,492,---,q
n+i+1,....;pp—1pi+1,...pp—1,po+1,... ;00— 1,pe+1,....0n+m.

The number of inversions in o restricted to the first column of ¢ is then

~

-1 4 l
(n—qeix—k)+ > (pe—k—n+i)+C2=il+> (px — q)-

0 k=1 k=1

i

Now we consider ocvp. Its first column is the same as the first n entries of the first
column of ot, and does not need further reordering. Its second column is the concatenation
of the sequences

n+1l,...,n+1

qi1,92,---,4
n+i+1,....;y—1.p+1,....0—1Lpo+1,....00—1,ps+1,....,n+m.

To reorder this column, we need to move the ¢.’s all the way to the left. That takes ¢
transpositions for each gy, giving the sign (—1)%. So

<thtUT, Ug) = (—1)Zi:1(pquk)_

It remains to compute (1,(vs), vr). Since S\T = {p1,...,pe} and T\ S = {q1,..., @},
in Lemma 4 we have

£
(ne(vs), vr) = (—1) Skt Prta) 41,

The total sign of this contribution is then

(_1)Zi:1(17k—%) (_1)2i:1(ﬁk+Qk)+f+l _ (_1)44—1'

There are (Z’) choices for the ¢;’s and (mg_ l) choices for the py’s, giving the total contri-
bution from this case of _
n\ [(m-—1

1) 14

() (", e (1)
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Case (3): column permutations from case (2) followed by row permutations.

If in case (2), ¢; < ¢ and ¢;41 > i for some 1 < j < ¢, then after o from case (2),
we can apply row swaps (¢,,n + ¢,) for any v < j and still have |SNT| = n — ¢, with
S\NT =A{p1,...,pe} and T\ S = {q1,...,q}. The row group is not signed, so all that
remains is to reorder the columns of aovr to be increasing and compute the corresponding
sign.

Suppose we do the row swaps for ¢,,,...,¢y, forsomer <jand 1 <y <y <---<
Y- < J, so that

a=(¢y,n+aqy) (¢, n+q,).

The first column of acvr is as in Case (2) and needs no further reordering. The sign
for the reordering of second column of acvy can be obtained from the sign of reordering
of the second column of ovr as follows. Suppose p achieves the reordering of the second
column of ovy. Then pa~! achieves the reordering of the second column of acvy. The
contribution from case (2) is therefore modified only by sgna™ = (—1)", so we have in

this case:
(_ 1)E+1+7"

How many ways are there to have r row swaps? In picking the ¢;’s, let us pick j of them
to be in [¢] and ¢ — j of them to be in [n] \ [i]. Then we can pick r of the first j ¢;’s for

the row swaps. There are
i\ (n—1i\ /(]
)\l —7)\r

ways to do this. There are still (m l) ways to pick the pi’s. So we have the contribution

(m ] ) b i i ( ) (n _j> (‘7) (=1 (1)

Note that if we set » = 0 in the above equation, we get the contribution of case (2).

Case (4): column permutations to exchange ¢; elements and row permutations
to exchange ¢, = £ — ¢, elements.
We begin similarly to case (2), replacing ¢ with ¢;, where 1 < ¢; < . We use a

column permutation o to exchange the elements of Qy, = {(1 < -+ < qy,} € ( Z ) with

the elements of Py, = {p1 < -+ < py} € ({””HZ ”+m}). Then we pick ¢y = ¢ — {4
elements of [i], say 1 < uy < --+ < ug, < i such that {ul, ot N g, ., q0} =0 and
carry out a row exchange on them,

a = (up,n+uy)(ug,n + ug) -+ (g, 1 + uyg,).

The permutation o exchanges a total of ¢ entries between the first and second columns
of vr, as desired.
The sign of the column permutation is the same as in case (2), except that ¢ is replaced
by ¢4:
sgn(a) _ (_1)41#2?:1(?1@*%)'
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We now consider the sign of the transposition that orders the two columns of acvy in
increasing order. We begin by applying only o, so the first row of cvy is

17"'7q1_17q1+17"'7q€1 _17QE1+17"'7n?p17p27"'7p17

and the second row of ovr is
n+1,...,n+%q¢,q0,...,q0,n+i+1,...o;p—1pr+1,...,0 —Lpe, +1,....n+m.

Once we apply «, the entries n + uy, are in the first column mixed in between 1 and ¢
where the u; used to be, and the entries uy are in the second column mixed in between
n + 1 and n + ¢ where the n 4+ u; used to be. To count the number of transpositions
required for reordering, we define vy, to be the number of elements in (), larger than .

In the first column, we need to move the n + u;’s to just after n. This requires

Lo

d (= —up— (k—1))

k=1

transpositions. In the second column, we need to move the u;’s and the ¢’s to the left
and keep them in order. This requires

01

i+ Y (uk =k + %)
h=1

transpositions. So turning aovy into vg gives the sign
(_1)”424—%1—%2'
Finally, since S\T = {p1,...,pe,,n+u1,...,n+up} and T\S = {p1,...,pe,, U1, ..., U},

Lemma 4 gives
(o), v7) = (—1) TR Prtae)+ T2 (tuctu)+04+1

The overall sign simplifies to
(1),

How many of these cases are there? If we choose j of the ¢; ¢’s to come from [i], there
will be i — j elements in [i] to choose the u;’s from. Summing these and remembering
that there are still (”Z’) ways to choose the p,’s gives

(e G0

As in case (3), we can also have row swaps using the subset of the g;’s that are in [i], and
if there are r such row swaps, this merely introduces a factor of (—1)", giving

P S » o1 (T Gl AT
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We start the sum from r = 0 to include the case we just computed where no additional
row swaps are done.

Note that setting ¢; = 0 in the above formula gives us the contribution from case (1)
and setting ¢; = £ in the above formula gives us the contributions from cases (2) and (3)
combined. Therefore, the total eigenvalue from all four cases is given by summing the
above formula from ¢; = 0 to ¢; = /£.

Now, reordering the sum to carry out the sum over r first reveals that we have a term

j . .
> (7)1 = {1 e (7)
—\r 0 >0
So the only contribution to the sum above is the 7 = r = 0 term, and the theorem is
proved.

Note that the cancellation that appears in equation (17) means in essence that we
can limit the @)y, to only (M\[’]) and not consider the contributions from the type of row

¢
swaps discussed in case (3) (Where the r originates), since those cancel the contributions
from the @)y, in (71) ([" \[Z) O

Example. Let n =8 m =7, { = 3. We will demonstrate case (4) with ¢; = 2, {5 = 1,
1= 4.

Pick ¢1 =2, g2 =5, p1 = 14, po = 15, u; = 3. In this case, j = 1 (because ¢; < 4 and
g2 > 4). We have:

1|9 1109 1|09 1|9 1| 2
vp = , = , ot = , OV = , Vg =

2 |10 2 | 10 3 |10 11 | 10 4 | 3
3 |11 3 | 11 4 |11 4|3 6 | 5
4 | 12 4 |12 6 | 12 6 | 12 7109
5 | 13 5 7 7| 2 8 | 10
6 | 14 6 8 8 | 5 11 | 12
7 | 15 7 14 14 | 13 14 | 13
8 8 15 15 15

13 2

14 5

15 13

Following the counting in the proof for sgn(o), we have

sgn(a) _ (_1)—2.4+(14—2)+(15—5) = +1.
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Alternatively, we see that in cycle notation, ¢ = (2,3,4,6,8,15,13)(5,7,14), which is
even.
Now following the counting in the proof for ordering the columns of aovr, we have

(_1>8-1+4-2+1 — (_1).

Alternatively, to order the first column we can use the permutation (11,4,6,7,8), which
is even, and to order the second column we can use the permutation (9,2,10,3,5,12),
which is odd, giving the overall sign (—1).
Finally, since T\ S = {2,3,5} and S\ T = {11, 14, 15}, the sign we get from Lemma
4 for (na(vs), vr) is
(—1)@HB3H8HAIHIAHIE43+1 4

So the contribution of this case to the eigenvalue is
(+F1)(-1)(+1)) = —1 = (-=1)"*,
where ¢ = 2.

The trace: The operator 7 for the shape (8,7)" is a (185) X (185) matrix. Its diagonal entries
all equal (;), so its trace is (;) (185). A computation of the sum of thelseng_envalues of ny with
multiplicity, where the multiplicity of wy; is the dimension of S*' ™ for i = 0,1,...,7,
confirms this trace. The computation of the trace in these two different ways for any

n = m = { gives the following result.
Corollary 6 (A combinatorial identity). For n > m > ¢, the following identity holds:

EZ: m—1\[(n—1 { n+m n+m—2i+1(_1)41_0
51 81 f—fl 1 n+m—z+1 -

£1=0

m
=0

m

z)’ and its size is

Proof. Given n, m, and ¢, the diagonal entries of 7, are equal (
dim M ™™ x dim M™™’ Since dim M = ("’;m), we have

vw-((17)

The trace also equals the sum of the eigenvalues of 7, with multiplicity, i.e.
Ty (W) _ Zw&i dim(SQiln-ﬁ—m—Zi).
i=0

Hooke’s Law formula gives

dlm 52i1n+m—2i . <n + m) n-+m— 21 + 1

i n+m—i+1"
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So we have

(- (05

m—1i\[n—1 ? (—1)8 n+m\n+m-—2i+1
2 2 {— 1 ) n+m—i+1°

m
n,m / 27,'1n+m72i
N (m)' o @ S :

=0

Since

we have the identity

n+m T i{n4m—2i o n+m\n+m—2i+1
=) dim(S*! =
(") = ame e = () T

=0

which results in the corollary. O]

4 A class of presentations of Specht modules

It is straightforward to check that for all 2-column partitions pu = 2™1""™  we have
Wy = 0. It follows that
kern, O S*.

The Specht modules for which w,; # 0 for 0 < ¢ < m are those for which we have
obtained a new presentation. That is, in those cases, ker(n,) = S* and Im(n,) = ker(«)
for a : M* — S*. This is the content of our central theorem.

Theorem 7. Let = 2™1"™ and let H** be the subspace of M* generated by n,([t]) for
[t] € M*. Then
Mu/Huaé >~ GH

(-2 )0 e s

1=

as S, m-modules iff

fori=0,1,...,m—1.
Proof. The theorem is a direct consequence of Theorem 5. [

We now state the conditions for presentations of partitions with two or more columns.
Let A be a partition, let ¢, € [A.,,], and let h.4 ([t]) be the image of 7, on the ¢ and
(¢ + 1) columns of [t] that leaves the other columns of [¢] fixed.

Theorem 8. Let A\ be a partition of n and let X' be its conjugate partition. Let { =
(€1, 0o, ..., 0y 1) and let HM be the space generated by hey ([t]) for every [t] € M?,
1 <c< A —1, and one choice of L. € [X.,] for each c. Then

M,\/HA,E ~ gA
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iff X satisfies the conditions

(A/Z?) —é < ’c+}€— z> (A;k— z) (Ec Z_ k) (—1)% #0

foralll<c< A —1landi=0,1,..., X, — 1.
Proof. This theorem follows from Theorem 7 and the definition of A, ([t]). O

Remark Motivated by the same question proposed in [7] that led to the present paper,
[14] addressed the case of intermediate values of ¢, approaching it via representations of
the general linear group. In that different context, but using the same generalization of the
symmetrized sum of [2] (Equation (7)) as we do in Definition 3, they state the following
sufficient (but not necessary, except in the 2-column case) condition for the corresponding
quotient space to be a Specht module. We modify their notation to match ours.

Theorem 9. [14, Theorem 6.2]* Let X be a partition of n-and {y, ..., £y, -1 positive integers
satisfying (. < Aey1, c=1,..., 0 — 1. Let £ = (0q,...,0x,—1). Then as &,-modules, we
have M*/HM* = S* if

J . .
Y S AN A O D e
_1t 1 c+1 c c+1
S (s )0 T 2

t=1
foralle=1,..., \y —landj=1,..., ).

For the two-column case of Theorem 9, i.e. for \; = 2, [14] state that this condition
is also necessary ([14, Corollary 6.1]). Putting their result together with Theorem 7 gives

Corollary 10 (Equivalence of two sets of combinatorial conditions). Let n > m > /.

Then
(7)- ;E: (" (0 ) (L e o

fori=0,1,....,m—1 iff

o ()0 )

forj=1,...,m.

As in [2], Theorem 8 dramatically reduces the number of generators needed to obtain
G?. The original construction leading to Equation (4) required enumerating over every
1 < k < A\, for every pair of columns ¢ and ¢ + 1 of every ¢t € 7,. Even Fulton’s

2Due to a typo, the statement of this theorem in the published version of [14] erroneously limits the
values of j to j = 1,...,£.; the values should be j = 1,..., .|, as stated here.
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simplification using only g.; relations requires enumerating over ¢ € 7T for every pair of
columns ¢ and ¢+ 1. By contrast, our construction uses a single relation for every pair of
adjacent columns, and [t] varies in M?, a significantly smaller space than 7y.

We now discuss the shapes pu and values ¢ for which the conditions of Theorem 7 hold.

When ¢ = 1, the condition w;; # 0 in Theorem 7 simplifies to (m —i)(n —i+ 1) # 0,
which is achieved in all cases, i.e. whenever 0 < i < m < n. This is the case of [2],® cited
earlier as Theorem 2.

When ¢ = m, the condition w,; 7# 0 in Theorem 7 simplifies to

R [C e

m—1

which holds for 0 < i < m whenever n # m or n = 1. This is the case of [7], cited earlier
as Theorem 1. In fact, when ¢ = m, no symmetrization occurs and 7,, is equal to the
Garnir relation gy, used in [7].

Generally speaking, the conditions in Theorem 7 seem to hold for the vast majority
of cases. Considering n > m > ¢ for 1 < n < 50, only 391 of the possible 22,100
combinations of n, m, and ¢ have values of i < m for which S22 g i the kernel of
7¢. In those cases, there is only one such value of 7 in all but 12 of the cases, in which the
number of such values is 2. Data for 1 < n < 28 is recorded in Table 4.1.
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Table 4.1: Values of (n,m,¢,i) for which w,; = 0 for n < 2

[nlmlelij[n]lm[ ] i][n[m[ €] i][n[m][ €] i]
) 4121 13 6 4 3 18 | 12 7 9 24 | 16 2|11
6 41312 13 9 5 7 18 | 13 2 8 24 | 16 6| 14
6 61413 13 | 10 4 7 18 | 14 5| 11 24 | 19 9|17
6 6 5|3 13 | 10 7 7 18 | 15 9113 24 | 22 2| 14
7 312 |1 13 | 12 7 9 18 | 16 | 11 | 13 24 | 22 3112
7 51311 14 7 2 4 18 | 16 | 11 | 14 24 | 22 | 11 | 19
7 61513 14 | 11 2 6 18 | 16 | 14 | 12 24 | 22 | 15| 20
7 6|54 14 | 12 3 5 18 | 17| 11 | 10 24 | 22 120 | 12
7 71514 14 | 12 6 8 18|17 | 11 | 14 24 | 24 4115
8 512 |2 15 7 3 5 19 9 6 3 25 | 13 4|11
8 51412 15 | 10 ) 8 19 | 12 ) 3 25 | 15 5| 11
8 81213 15 | 11 6 9 19 | 12 5| 10 25 | 15 5| 13
9 51313 15 | 13 9|11 19 | 15 8 | 13 2521|1119
9 71213 15|14 |10 | 11 20 9 2 6 25122 |13 | 20
9 71312 15 | 14 | 11 8 20 | 14 2 9 25 | 23 919
9 71515 15115 | 13 | 10 20 | 16 2|10 26 | 11 2 8
9 91414 15|15 | 14 | 10 20 | 17 7| 14 26 | 17 2|12
9 91415 16 9 3 4 20 | 17 | 11 | 14 26 | 17 3|10
9 91515 16 | 10 2 6 21 9 3 7 26 | 22 8|19
10 912 |4 16 | 12 2 7 21 | 13 5 | 11 26 | 22 | 13| 19
10 915 |5 16 | 14 3 9 21 | 15 3|11 26 | 24 3|17
10 91516 16 | 15 7111 21 | 17 9115 26 | 25 2|16
10 91716 16 | 15 | 14 | 10 21 | 19 | 13 | 17 27 7 2 5
1010|516 16 | 15 | 14 | 11 22 6 2 4 27 | 11 3 9
11 61213 16 | 16 4 5 22 | 15 2110 27 | 16 5| 14
11 71415 16 | 16 | 14 | 11 22 115 4112 27 | 19 7|17
11 715 |4 17 5 2 3 22 115 8| 12 27 | 21 9119
11 81516 17 8 2 5 22 | 16 7| 14 27 | 22 2115
1111|215 17 | 11 5 9 22 | 19 2|12 27 | 23 | 12 | 21
1111|1915 17 | 13 7111 22 21 | 17 | 19 27 | 25 | 17 | 23
12 41212 17 | 15 3 7 23 | 10 2 7 27 | 26 | 21 | 24
12 6 3|2 17 | 15 | 13 7 23 | 12 9 7 28 | 18 213
12 6|34 17 | 16 2 9 23 | 13 2 9 28 | 26 3|15
12 110|215 17 | 16 | 10 | 13 23 | 14 5| 12 28 | 28 2|18
12 110|316 17 | 16 | 11 | 13 23 | 16 | 11 | 12 28 | 28 | 26 | 18
12 110 | 7] 8 17 | 16 | 13 | 14 23 119 | 10 | 17 28 | 28 | 26 | 21
12 110|916 18 8 3 6 23 | 21 9 |17 28 | 28 | 27 | 21
12 1111919 18 9 ) 6 23 | 23 2| 14
12 112|146 18 | 10 4 6 24 | 10 3 8
12 112 | 8|6 18 | 10 4 8 24 | 15 4 |10
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