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Abstract

The pure O-sequences of the form (1,a,a,...) are classified.
Mathematics Subject Classifications: 05E40, 13D40, 13H10

1 Introduction

Let x1,...,z, represent distinct indeterminates with degxz; = 1, for ¢ = 1,...,s. A
nonempty, finite set A of monomials in x1,...,z, is called an order ideal of monomials if
for any u € A and any monomial v that divides u, we have v € A. In particular, 1 € A
for any order ideal of monomials A. We say that A is pure if the maximal elements of
A, with respect to divisibility, all have the same degree. The h-vector of A is defined as
h(A) = (ho, b1, ..., hy,), where

n = max{degu : u € A} and h; = |{u € A: degu = i}|, for 0 <i < n.

Clearly, hy = 1.

A finite sequence of positive integers h = (hg, hy,...,h,) is called an O-sequence if
there exists an order ideal of monomials A with h = h(A). Finally, following Stanley [21],
an O-sequence h is pure if there exists a pure order ideal of monomials A with h = h(A).
Equivalently, in the language of commutative algebra, pure O-sequences coincide with
the Hilbert functions of (standard graded) artinian monomial level algebras. We refer to
[1, 18] for an introduction to the theory of pure O-sequences both combinatorially and
algebraically, and for some recent developments.

A classification of the possible O-sequences is essentially due to Macaulay (see [15] and
[22, Theorem 2.2]). On the other hand, an explicit characterization of pure O-sequences
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seems entirely out of reach, despite much effort by many researchers. A notably long-
standing problem in this field is a conjecture of Stanley’s, stating that the h-vector of any
matroid complex is a pure O-sequence [21, 23]. Partial results in this direction have been
obtained in, for instance, [2, 3, 4, 5, 8, 9, 13, 14, 16, 20].

The purpose of the present paper is to prove the following:

Theorem A. Let n > 4. Then a sequence h = (1,a,a,...,a,b) € Z%}' is a pure O-
sequence if and only if b < a < 2b.

The proof of Theorem A is given in Section 1. In addition, in Section 2, as a supplement
to Theorem A, the pure O-sequences (1, a,b) and (1, a, a, b) are classified (see Proposition
7).

Part of our motivation for considering pure O-sequences of the form (1,a,a,...,a,b)
arises from the theory of d-vectors of Castelnuovo polytopes [10, 12, 19], where it was
shown that a sequence (1,a,a,...,a,b) € Z’;gl, with n > 2, is the h-vector of a Cohen—
Macaulay graded domain if b < a < (b+1)(n+1). In particular, Theorem A together with
Proposition 7 (ii) guarantees that, when n > 3, any pure O-sequence (1,a,a,...,a,b) is
the h-vector of a Cohen—Macaulay graded domain.

Finally, a problem of current interest in commutative algebra is to determine classes of
artinian algebras that enjoy the so-called Weak (or Strong) Lefschetz Properties |1, 6]. The
results of this paper imply that, over a field of characteristic zero, any artinian monomial
level algebra with Hilbert function given by a pure O-sequence of the form (1,a,a, ..., a,b)
has the Strong Lefschetz Property.

2 Proof of Theorem A

Our proof of Theorem A is divided into several lemmata.

Lemma 1. Let h = (1,a,a,...,a,b) € Z"{' be a pure O-sequence, where n > 3. Then
b<a.

Proof. This result can easily be shown using [1, Proposition 3.6], but we present a self-
contained proof since it appears of independent interest. Consider an artinian monomial
level k-algebra A = @), A; with Hilbert function h, where k = A is a field of char-
acteristic zero. By Hibi-Hausel’s g-theorem on the differentiability of a pure O-sequence
through its first half (see [9, Theorem 1.1] and [7, Theorem 6.2]), we deduce that mul-
tiplication by a Zariski-general linear form L between consecutive graded pieces A; and
A, is injective, for all indices ¢ < [n/2].

Now note that, because A; and A;,; have the same k-vector space dimension in those
degrees (namely, a), multiplication by L is in fact bijective. Finally, since the grading
of A is standard, it is easy to see ([17, Proposition 2.1]) that if multiplication by L is
surjective from some degree i to i 4+ 1, then it is surjective from degree j to j + 1, for all

jJ = i. The case j =n — 1 yields b < a. O
Lemma 2. Let n > 2. Then (1,a,a,...,a,b) € Z%§" is a pure O-sequence for any
b=[a/2],....a.
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Proof. Partition a into exactly b parts of size < 2, say a = 2s1 + s with s; + s9 = b, and
consider the two sets of monomials z25 ', ... ,xgsl_lxggj and y7,...,ys . Then the pure
O-sequence they generate is

(1,0,0,...,0) 451 (0,2,2,...,2,1) +52-(0,1,1,...,1,1)
= (1,281 + 52,251 + S2,...,251 + 52,51 + 52)
= (1,a,a,...,a,b),

as desired. O

Lemma 3. Let n > 4. Then (1,a,a,...,a,b) € Z;“gl cannot be a pure O-sequence if
20 < a.

Proof. Let x1,..., 1, be variables. Suppose that h = (1,a,a,hs, ..., h, 1,b) € Z%5" is a

pure O-sequence, where 2b < a and n > 4. Let {uy,...,u,} denote a set of monomials in
x1,...,%q of degree n that generates h. Let p; be the number of variables x; for which
x; divides u;, but does not divide any of uy,...,u;_1. Since 20 < a, we can assume that

p1 = 3. Let g; be the number of quadratic monomials x;x; for which z;z; divides u;, but
does not divide any of u;,...,u;_;. Then

b b
d =Y ¢=a (1)
j=1 j=1

Note that g; > p;, for each j. Furthermore, since n > 4, it follows that ¢; > p;. This
contradicts (1), completing the proof. O

Combining Lemmata 1, 2, and 3 proves Theorem A.

Remark 4. Let n > 4, and h = (1,hy,...,h,) € Z"" be a pure O-sequence such that
hy = h; for some 2 <i < n — 2. It follows from [9, Theorem 1.1] that hy = hs.

Let hy = ho = a and h,, = b. Arguing as in the proof of Lemma 3, we have a < 2b and
each ¢; € {1,2}. Let gy =2for 1 <j <V, andg=1for ' +1<j<b 1<V,
then u; = lex;;;l with ji # jo. If 0"+ 1 < j < b, then either u; = 27, or u; = lex;.‘éfl,
where 1 < 7, < ¥'. Thus, each h; =20 + (b — V') = a. Hence h = (1,a,aq,...,a,b).
Remark 5. The proof of Lemma 3, together with Remark 4, shows that all pure O-
sequences of the form (1,a,a,...,a,b) can be constructed starting from the two pure
O-sequences (1,2,2,...,2,1) and (1,1,...,1,1).

Remark 6. Interestingly from an algebraic standpoint, it follows from the argument of
Lemma 1 that, over a field of characteristic zero, any artinian monomial level algebra
with Hilbert function given by the pure O-sequence (1,a,aq,...,a,b) enjoys the Strong
Lefschetz Property.
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3 The pure O-sequences (1,a,b) and (1, a, a,b)

As a supplement to Theorem A, we give the following result, which completes the char-
acterization of pure O-sequences of the form (1,a,...,a,b).

Proposition 7. Let a and b be positive integers.

aJrl)'

(i) The sequence (1,a,b) is a pure O-sequence if and only if [a/2] < b < (“]

(i) The sequence (1,a,a,b) is a pure O-sequence if and only if [a/3] < b < a.

Proof. (i) The proof is a simple exercise. See [1, Corollary 4.7] and [9, Example 1.2].

(ii) We want to determine when b monomials of degree 3 in a variables have a total
of a degree 2 divisors. First note that each of these b monomials can involve at most 3
variables. This implies [a/3] < b. The upper bound b < a was proven in Lemma 1. Thus,
it remains to show that (1, a,a,b) is a pure O-sequence for each integer b = [a/3], ..., a.

Any degree 3 monomial is of one of the following three kinds: xyz (which generates the
pure O-sequence (1,3,3,1)); zy? (generating (1,2,2,1)); and z* (generating (1,1,1,1)).
Further, any integer a in the range under consideration can be partitioned into ezactly
b parts of size < 3 (since, clearly, any integer a — b satisfying 0 < a — b < 2b can be
partitioned into at most b parts of size < 2). Hence write a = 3ty + 2ts + t3, where the
multiplicities ¢; are nonnegative and sum up to b.

Now consider t; squarefree monomials of degree 3 in disjoint sets of variables, say

T1T2X3; -y T3t —2L3t1—1T3ty;
t, monomials of the form
2 2 .
Y1Ys, -+, y2t2—1y2t27
and t3 monomials of the form
3 3
21y oeey Zy

The pure O-sequence generated by the above t; 4 t5 4+ t3 monomials is given by:

(1,0,0,0) + ¢, - (0,3,3,1) +t5-(0,2,2,1) +t5-(0,1,1,1)
(1,3ty + 2ty + t3, 3ty + 2to + t3,t1 + to + t3)
= (1,a,a,b).

This concludes the proof of (ii). O

Remark 8. We wrap up by noting that while any pure O-sequence is an artinian level
Hilbert function [1], the converse is far from being true, even for n = 2.

It is easy to see that the sequence (1,a,b) is level if and only if 1 < b < (“;1). Also,
(1,a,a,b) is level for any b in the range 1 < b < a. More generally, using the techniques
of [11], it can be shown that for any n > 3, (1,a,a,...,a,b) € Z"}" is level whenever
1 < b < a, over a field of any characteristic.
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However, larger values of b may also be attained when n > 3. For instance,
(1,13,13,14) is a level Hilbert function ([1, Chapter 3|). In fact, we remark here without
proof that, in stark contrast to the case of pure O-sequences, it is possible to construct
level sequences (1,a,a,b) where the difference b — a gets arbitrarily large and is asymp-
totic to a itself. This strongly suggests that an explicit characterization of level Hilbert
functions might hard to achieve, even in the special case (1, a,a,b).

Acknowledgements

The main ideas contained in this paper were discussed during a visit to New Orleans by the
second and third authors in spring 2024. They are sincerely grateful to the Tulane Math
Department for its support and hospitality. The first and third authors were partially
supported by a Simons Foundation grant (#850912 and #630401, respectively).

References

[1] M. Boij, J. Migliore, R. Miro-Roig, U. Nagel, and F. Zanello. On the shape of a pure
O-sequence. Mem. Amer. Math. Soc. 218 (1024): vii + 78 pp, 2012.

[2] P. Cranford, A. Dochtermann, E. Haithcock, J. Marsh, S. Oh, and A. Truman.
Biconed graphs, weighted forests, and h-vectors of matroid complexes. Electron. J.
Combin. 28(4): #P4.31, 2021.

[3] A. Dall. Internally perfect matroids. Electron. J. Combin. 24(2): #P2.35, 2017.

[4] J. De Loera, Y. Kemper, and S. Klee. h-vectors of small matroid complexes. Electron.
J. Combin. 19(1): Paper 14, 11 pp, 2012.

[5] H.T. Ha, E. Stokes, and F. Zanello. Pure O-sequences and matroid h-vectors. Ann.
Comb. 17: 495-508, 2013.

[6] T. Harima, T. Maeno, H. Morita, Y. Numata, A. Wachi, and J. Watanabe. The
Lefschetz Properties. Lecture Notes in Math. Volume 2080, Springer, Heidelberg,
2013.

[7] T. Hausel. Quaternionic geometry of matroids. Cent. Eur. J. Math. 3: 26-38, 2005.

[8] A. He, P. Lai, and S. Oh. The h-vector of a positroid is a pure O-sequence. European
J. Combin. 110: Paper No. 103684, 10 pp, 2023.

[9] T. Hibi. What can be said about pure O-sequences? J. Combin. Theory Ser. A 50:
319-322, 1989.

[10] T. Hibi. A lower bound theorem for Ehrhart polynomials of convex polytopes. Adv.
Math. 105: 162-165, 1994.

[11] A. Iarrobino. Compressed Algebras: Artin algebras having given socle degrees and
maximal length. Trans. Amer. Math. Soc. 285: 337-378, 1984.

[12] R. Kawaguchi. Sectional genus and the volume of a lattice polytope. J. Algebraic
Combin. 53: 1253-1264, 2021.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.48

o



[13] S. Klee and J.A. Samper. Lexicographic shellability, matroids, and pure order ideals.
Adv. in Appl. Math. 67: 1-19, 2015.

[14] W. Kook. The h-vector of coned graphs. Appl. Math. Lett. 24(4): 528-532, 2011.

[15] F.H.S. Macaulay. Some property of enumeration in the theory of modular systems.
Proc. Lond. Math. Soc. 26(1): 531-555, 1927.

[16] C. Merino. The chip firing game and matroid complexes. Discrete Math. Theor.
Comput. Sci. Proc., AA, Maison de I'Informatique et des Math. Discr. (MIMD),
Paris, 245255, 2001.

[17] J. Migliore, R. Miro-Roig, and U. Nagel. Monomial ideals, almost complete inter-
sections and the weak Lefschetz property. Trans. Amer. Math. Soc. 363: 229-257,
2011.

[18] J. Migliore, U. Nagel, and F. Zanello. Pure O-sequences: known results, applications,
and open problems. In Commutative Algebra. Ezxpository Papers Dedicated to David
FEisenbud on the Occasion of His 65th Birthday (1. Peeva, Ed.), Springer, New York,
527-550, 2013.

[19] I. Sainose, G. Hamano, T. Emura, and T. Hibi. The minimal volume of a lattice
polytope. Australas. J. Combin. 85: 159-163, 2023.

[20] J. Schweig. On the h-vector of a lattice path matroid. Electron. J. Combin. 17(1):
#N3, 2010.

[21] R.P. Stanley. Cohen—Macaulay complexes. In Higher Combinatorics (M. Aigner,
Ed.), NATO Advanced Study Institute Series, Reidel, Dordrecht/Boston, 51-62,
1977.

[22] R.P. Stanley. Hilbert functions of graded algebras. Adv. Math. 28: 57-83, 1978.

[23] R.P. Stanley. Combinatorics and Commutative Algebra. Birkhduser Boston, Inc.,
Boston, MA, 1996.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.48 6



	Introduction
	Proof of Theorem A
	The pure O-sequences (1,a,b) and (1,a,a,b)

