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Abstract

Let I' denote a @-polynomial distance-regular graph, with vertex set X and di-
ameter D > 3. The standard module V has a basis {#|z € X}, where & denotes
column z of the identity matrix I € Matx(C). Let E denote a Q-polynomial prim-
itive idempotent of I'. The eigenspace EV is spanned by the vectors { EZ|z € X}.
It was previously known that these vectors satisfy a condition called the balanced
set condition. In this paper, we introduce a variation on the balanced set condi-
tion called the Norton-balanced condition. The Norton-balanced condition involves
the Norton algebra product on EV. We define I' to be Norton-balanced whenever
I’ has a @-polynomial primitive idempotent E such that the set {EZ|z € X} is
Norton-balanced. We show that I' is Norton-balanced in the following cases: (i)
I is bipartite; (i) T' is almost bipartite; (iii) I" is dual-bipartite; (iv) I' is almost
dual-bipartite; (v) I is tight; (vi) I' is a Hamming graph; (vii) I is a Johnson graph;
(viii) ' is the Grassmann graph J,(2D, D); (ix) I' is a halved bipartite dual-polar
graph; (x) I' is a halved Hemmeter graph; (xi) I' is a halved hypercube; (xii) I" is
a folded-half hypercube; (xiii) I" has g-Racah type and affords a spin model. Some
theoretical results about the Norton-balanced condition are obtained, and some
open problems are given.

Mathematics Subject Classifications: 05E30

1 Introduction

This paper is about a family of finite undirected graphs, said to be distance-regular [7].
We will investigate a type of distance-regular graph, called Q-polynomial [7, Chapter §].
The @Q-polynomial property was introduced in 1973 by Delsarte [18] in his work on coding
theory and design theory. Since that beginning, the property has been linked to many
topics, such as orthogonal polynomials [3, p. 260], [27, 42]; spin models [9, 13, 14, 33, 34];
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g-deformed enveloping algebras [22, 24, 47]; partially ordered sets [1, 4, 16, 17, 20, 32, 36];
tridiagonal pairs [10, 21, 23]; free fermions [5, 6, 11]; and the double affine Hecke algebra
28, 29, 30]. Comprehensive treatments of the @-polynomial property can be found in
2, 3, 7, 15, 46].

For a -polynomial distance-regular graph, the adjacency matrix has a distinguished
primitive idempotent called a ()-polynomial idempotent. There is a characterization of
the @-polynomial primitive idempotents, called the balanced set characterization [38,
Theorem 1.1]. Over the next few paragraphs, we will describe this characterization in
order to motivate our main topic.

Throughout this section, I' = (X, R) denotes a distance-regular graph with vertex set
X, adjacency relation R, and diameter D > 3 (formal definitions start in Section 2).

Let V denote the R-vector space consisting of the column vectors with coordinates
indexed by X and all entries in R. The vector space V' becomes a Euclidean space with
bilinear form (u,v) = u'v for u,v € V. For z € X define a vector & € V that has
x-coordinate 1 and all other coordinates 0. The vectors {Z|z € X} form an orthonormal
basis for V. The adjacency matrix A of I' acts on V' by left multiplication.

Let E denote a primitive idempotent of I'. The matrix F is the orthogonal projection
onto the eigenspace EV of A. By construction, the subspace EV is spanned by the vectors
{Ez|r € X}.

Let 0 denote the path-length distance function for I'. For x € X and 0 < ¢ < D, define
the set I';(z) = {y € X|0(z,y) = i}. According to the balanced set characterization [38,
Theorem 1.1], E is @Q-polynomial if and only if the following (i), (ii) hold:

(i) the vectors {EZ|r € X'} are mutually distinct;

(i) for z,y € X and 0 < 7,5 < D,

> Ei- > EzeSpan{Ei- Ej}.

z€l(z)NL; (y) 2€T;(z)NTy (y)

For the rest of this section, assume that E is ()-polynomial. We mention a special
case of the balanced set dependency. Pick =,y € X and write i = d(x,y). Define

S SRR
z€l(x)NTi-1(y) z€l'(@)Nli11(y)
where I'(z) = T'1(z) and T'_1(z) = 0 = T'py1(x). Then
FEx, — By, € Span{E# — Ey}, Ex) — Byl € Span{Ei — Ey}.

Y T

The vectors {Ez|r € X} satisfy another type of linear dependency, known as the sym-
metric balanced set dependency [41, Theorem 2.6]. Let x,y € X and 0 < 4,5 < D.
According to the symmetric balanced set dependency,

>, Bi+ ) E:eSpan{Br, +Ey, Ex) + Eyf B¢ + Ej).

z€li(z)Nl (y) 2€T;(x)NTs (y)
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Comparing the balanced set dependency with its symmetric version, we find that for
r,y€ Xand 0<1,5 <D,

> EzeSpan{Ex,, Ex), Ei, Ej}.

z€li(z)NTy (y)

It could happen that for all z,y € X the vectors Ez,, Ex; , Bz, Ey are linearly dependent.
We now consider some situations where this occurs.

The set of vectors {Ez|x € X} is called strongly balanced [39, Section 2] whenever
forall z,y € X and 0 < 4,5 < D,

Y E%eSpan{Ei Ej}.
z€li ()N (y)
According to [39, Theorems 1, 3| the following are equivalent:
(i) the set {EZ|z € X} is strongly balanced;

(ii) E is dual-bipartite or almost dual-bipartite (see Section 3 below).

We now recall the Norton algebra structure on EV [8, Proposition 5.2]. For u € V
and z € X let u, denote the z-coordinate of u. So u = Y _y u,2. For u,v € V define
a vector uov = Y . u,v,&. The Norton algebra consists of the R-vector space EV/,
together with the product

uxv = FE(uowv) (u,v € EV).

The Norton product x is commutative, and nonassociative in general.
We now introduce the Norton-balanced condition. The set of vectors {EZ|x € X} is
called Norton-balanced whenever for all z,y € X and 0 <1i,5 < D,

> EzeSpan{Ei, Ej, Ei « Ej}.
z€li(z)NT (y)

Let us clarify the Norton-balanced condition. By our above comments, the following
are equivalent:

(i) the set {EZ|z € X} is Norton-balanced,;
(ii) for all z,y € X we have Ex,, Ex,} € Span{E%, By, EZ x Ey}.

We say that I" is Norton-balanced whenever I' has a ()-polynomial primitive idempotent
E such that the set {Ez|z € X} is Norton-balanced.

Next, we describe our results. We have two kinds of results; some are about examples,
and some are more theoretical. We first describe the results about examples. This will
be done over the next four paragraphs.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.49 3



Assume that I' is @-polynomial. Using some elementary arguments, we show that I’
is Norton-balanced in the following cases: (i) I' is bipartite; (ii) I" is almost bipartite; (iii)
[ is dual-bipartite; (iv) I' is almost dual-bipartite; (v) I" is tight.

The combinatorial structure of I' is described by some well-known parameters called
the intersection numbers. We show that in general, I' being Norton-balanced is not a
condition on the intersection numbers alone. To do this, we consider the Hamming graph
H(D,4) and a Doob graph with diameter D. These graphs have the same intersection
numbers. We show that H(D,4) is Norton-balanced and the Doob graph is not.

The book [2, Chapter 6.4] gives a list of the known infinite families of Q-polynomial
distance-regular graphs with unbounded diameter. For each listed graph, every
@-polynomial structure is described. We examine these @)-polynomial structures. For
each listed graph I' = (X, R) and each @-polynomial primitive idempotent E of I', we
determine if the set { EZ|z € X} is Norton-balanced or not. In summary form, our conclu-
sion is that I" is Norton-balanced in the following cases: (vi) I' is a Hamming graph; (vii) I’
is a Johnson graph; (viii) I' is the Grassmann graph J,(2D, D); (ix) I is a halved bipartite
dual-polar graph; (x) I' is a halved Hemmeter graph; (xi) I' is a halved hypercube; (xii)
I' is a folded-half hypercube.

The Norton-balanced condition was inspired by our recent work with Nomura on spin
models [34]. We show that I' is Norton-balanced in the following case: (xiii) I" has ¢-Racah
type and affords a spin model.

We will describe our theoretical results after a definition and some comments.

We define I" to be reinforced whenever the following (i), (ii) hold for 2 < i < D:

(i) for z,y € X at distance d(z,y) = i, the average valency of the induced subgraph
['(x) NT;_1(y) is independent of = and y;

(ii) for z,y € X at distance 0(x,y) = i — 1, the average valency of the induced subgraph
['(x) NTy(y) is independent of x and y.

If I' is distance-transitive then I' is reinforced. Assume for the moment that I is reinforced.
For 2 < i < D let z; denote the average valency mentioned in (i), and note that a; — z; is
the average valency mentioned in (ii). In Lemma 41 we give a formula z; = 204 + a13;,
where «;, §; are determined by the intersection numbers.

We now describe our theoretical results. This will be done over the next three para-
graphs. Let E denote a (Q-polynomial primitive idempotent of I'.

Consider the following two conditions on E':

(i) the set {EZ|z € X} is Norton balanced;
(ii) for ,y € X the vectors Ex,, Ex;}, E&, Ey are linearly dependent.

By our earlier comments, (i) implies (ii). We display an example for which (ii) holds but
not (i). We show that (i) is implied by (ii) together with a certain restriction on the
coefficients in the linear dependence.

Let A denote an indeterminate. For 2 < i < D — 1 we define a quadratic polynomial
®;(A\) whose coefficients are determined by the intersection numbers of I'. Pick z,y € X
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at distance d(z,y) = i. Assuming that [' is reinforced, we compute the inner products
between Ez,, Ex;j, Ez, Ey in terms of the intersection numbers and z;, z;11. Using these
inner products and a Cauchy-Schwarz inequality, we show that ®;(z) > 0, with equality
if and only if Ex,, Bz, E%, Ey are linearly dependent. We show that if I" is reinforced
and the set { Fz|x € X} is Norton-balanced, then ®;(z3) =0 for 2 <i < D — 1.

We say that FE is a dependency candidate (or DC) whenever there exists £ € C such
that ®;(£) = 0 for 2 <i < D—1. Note that £ being DC is a condition on the intersection
numbers of I'. If ' is reinforced and the set {Ez|x € X} is Norton-balanced, then E' is
DC. In our main theoretical result Theorem 128, we display a necessary and sufficient
condition on the intersection numbers of I', for £ to be DC. Using Theorem 128 we show
that for certain examples I is not Norton-balanced.

In the previous paragraphs, we often assumed that I' is reinforced; this was done for
clarity and simplicity. In the main body of the paper, we sometimes use a more general
argument that involves weaker hypotheses.

This paper is organized as follows. Section 2 contains some preliminaries. Sections
3, 4 contain basic information about a distance-regular graph I' and its ()-polynomial
primitive idempotents F. In Section 5 we recall the Norton algebra. In Section 6 we
introduce the Norton-balanced condition. In Section 7 we give some examples that satisfy
the Norton-balanced condition. In Section 8 we give some linear algebraic consequences of
the Norton-balanced condition. In Section 9 we recall some parameters related to the Q-
polynomial property. In Section 10 we discuss a 4-vertex configuration called a kite, and
we introduce the reinforced condition. In Sections 11-14 we consider a pair of vertices z,y
of I', and investigate the potential linear dependence of Ex, EZB;, Ez, Ey. In Section 15
we introduce the polynomials ®;(\). In Section 16 we discuss the DC condition. Sections
17-29 are about examples. Section 30 is about the case in which I' affords a spin model.
Section 31 contains some directions for future research.

2 Preliminaries

We now begin our formal argument. The following concepts and notation will be used
throughout the paper. Let R denote the field of real numbers. Let X denote a nonempty
finite set. The elements of X are called vertices. Let Matyx(R) denote the R-algebra
consisting of the matrices with rows and columns indexed by X and all entries in R.
Let I € Matyx(R) denote the identity matrix. Let ¥V = RX denote the R-vector space
consisting of the column vectors with coordinates indexed by X and all entries in R. The
algebra Mat x (R) acts on V' by left multiplication. We endow V' with a bilinear form (, )
such that (u,v) = u'v for all u,v € V', where ¢ denotes transpose. Note that (u,v) = (v, u)
for u,v € V. For u € V we abbreviate ||u|* = (u,u). We have ||u/* > 0, with equality if
and only if v = 0. The bilinear form turns V' into a Euclidean space. For B € Matx(R)
we have (Bu,v) = (u, B'v) for all u,v € V. For € X define a vector & € V that has
x-coordinate 1 and all other coordinates 0. The vectors {#|z € X} form an orthonormal
basis for V. The vector 1 = »°__. 2 has all coordinates 1. Let J € Matx(R) have all
entries 1. Note that Jz =1 for all z € X. For B,C € Matx(R) their entrywise product

ot
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B o C € Matx(R) has (z,y)-entry B, ,C,, for all z,y € X. For a positive ¢ € R let q%
denote the positive square root of q.

3 Distance-Regular Graphs

In this section, we review some definitions and basic concepts concerning distance-regular
graphs. See [2, 3, 7, 15, 46] for more information. Let I' = (X, R) denote a finite,
undirected, connected graph, without loops or multiple edges, with vertex set X and
adjacency relation R. For an integer n > 0, a path of length n in I' is a sequence of vertices
{z;}"_, such that z;_q,z; are adjacent for 1 < i < n. This path is said to connect g, z,.
For z,y € X let O(x,y) denote the length of a shortest path that connects z,y. We call
O(z,y) the distance between x and y. The integer D = max{d(x,y)|x,y € X} is called the
diameter of I". For an integer i > 0 and x € X define the set I';(z) = {y € X|0(z,y) = i}.
We abbreviate I'(z) = I'y(z). For x € X we call [['(x)| the valency of x. For an integer
k > 0, we say that I' is reqular with valency k whenever each vertex in X has valency
k. We say that ' is distance-reqular whenever for all integers h,i,7 (0 < h,i,5 < D)
and all vertices z,y € X at distance d(z,y) = h, the cardinality p}; = |Ti(z) N T;(y)| is
independent of x and y. The integers pﬁfj are called the intersection numbers of I'. For
the rest of this paper, we assume that I' is distance-regular with D > 3. Note that I’
is regular with valency k = p(1],1~ By construction ij = p?l for 0 < h,7,7 < D. By the
triangle inequality the following holds for 0 < h,4,j < D:

(i) pﬁfj = 0 if one of h, 1, j is greater than the sum of the other two;
(i) pﬁfj = 0 if one of h, 1, j is equal to the sum of the other two.
We abbreviate
¢ =pl (1<i<D), a;=py; (0<i<D), bi=prip (0<i<D—1).
We have by = k. Note that ag = 0 and ¢; = 1. By [7, Lemma 4.1.6] we have
¢ <c (2<i<D), b,=b (1<i<D-1), b>cp (0<i<D-1).

Observe that k = ¢; +a; +b; (0 < i < D), where ¢g = 0 and bp = 0. For 0 < i < D
define k; = p),; and note that k; = |I;(x)| for all z € X. We have kg = 1 and k; = k. By
3, p. 195] we have

_ boby by

C1C2 - G

k; (0<i< D).

The graph I' is called bipartite whenever a; = 0 for 0 < ¢ < D. The graph I' is called
almost bipartite whenever a; = 0 for 0 <7 < D — 1 and ap # 0. The graph I is called an
antipodal 2-cover whenever kp = 1. This occurs if and only if k; = kp_; (0 < i < D) if
and only if b, = cp_; (0 <@ < D); see [7, Proposition 4.2.2].

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.49 6



We recall the Bose-Mesner algebra of I'. For 0 < 7 < D define A; € Matx(R) that has
(2, y)-entry

)1, it O, y) =4
(Ao = {0, if O(x,y) #1i (z,y € X).

For x € X we have
A=Y 4 (1)
y€ely(z)

We call A; the ith distance matriz of I'. We abbreviate A = A; and call this the adjacency
matriz of T. Observe that (1) Ay = I; (i) J = Y2, A;; (iii) AL = A; (0 <4 < D); (iv)
AA; = Zfzopﬁj/lh (0 < 4,7 < D). Therefore the matrices {A4;}2, form a basis for
a commutative subalgebra M of Matx(R), called the Bose-Mesner algebra of T'. The
matrix A generates M [46, Corollary 3.4]. The matrices {A;}2, are symmetric and
mutually commute, so they can be simultaneously diagonalized over R. Consequently M
has a second basis { E;} 2, such that (i) Ey = | X|~1J; (i) I = 3.7, B;; (i) B = E; (0 <
i < D); (iv) BiE; = 6,;F; (0 < 4,5 < D). We call {E;}2, the primitive idempotents of
I'. The primitive idempotent Fj is called trivial.

For 0 < i < D let 6; denote the eigenvalue of A for F;. We have AF; = 6,E; = E;A.
We have A = 327 6,E;. The scalars {6;}2,, are mutually distinct because A generates
M. We have

V = Z E,V (orthogonal direct sum).

For 0 < @ < D the subspace E;V is the eigenspace of A for the eigenvalue 6;. By [7,
p. 128] we have 6y = k.

We recall the Krein parameters of I'. For 0 < ¢,7 < D we have A; 0 A; = 9, jA;.
Therefore M is closed under o. Consequently, there exist scalars qzh’j eR (0 h,i,j <D)
such that

D
E;oE; =|X[™") q/;En (0 <i,j < D).
h=0
The scalars qffj are called the Krein parameters of I'. By construction qgfj = q;ll for

0 < h,i,j < D. By [3, p. 69] we have qffj >0 for 0 < h,i,5 < D. By [46, Lemma 5.15]
we have ¢f; = dim(E;V) for 0 <4 < D.

Next, we describe a feature of the Krein parameters that will play a role in our main
results. In this description, we will use the following notation. For u € V and =z € X let
u, denote the x-coordinate of u. So u = erx u,T. For u,v € V define a vector uov € V
that has z-coordinate u,v, for all x € X. Souov = erx u,U:Z. We have

ToY=10,,T (x,y € X). (2)
For v € V we have 1 ov = v.
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Lemma 1. (See [8, Proposition 5.1].) The following hold for 0 < h,i,j < D.
(i) Assume that qffj #0. Then Ej (E,V o EjV) spans ERV .

(i) Assume that q; = 0. Then E,(E;V o E;V) = 0.

We recall the Q-polynomial property. The ordering {E;}2, of the primitive idempo-
tents is called Q-polynomial whenever the following hold for 0 < h, 4,5 < D:

(i) qffj = 0 if one of h, i, j is greater than the sum of the other two;

(ii) qffj = 0 if one of h, 1, is equal to the sum of the other two.
Assume that the ordering {E;}2 , is Q-polynomial. We abbreviate
C;‘k:qli,z‘—l (1<i< D), a;:qli,z‘ (0<i< D), b::qli7i+1 O<i<D-1).

We emphasize that ¢f #0 (1 <i< D) and b #0 (0 <i< D —1). By [46, Lemma 5.15]
we have afj = 0 and ¢f = 1. The Q-polynomial ordering {E;}2, is called dual-bipartite
(resp. almost dual-bipartite) whenever af = 0for 0 < ¢ < D (resp. af =0for0 <i < D—1
and a}, # 0).

A primitive idempotent E of I' is called Q-polynomial whenever there exists a Q-
polynomial ordering {E;}2, of the primitive idempotents of " such that £ = E;. For the
rest of this paragraph, assume that E is @)-polynomial. By construction, F is nontrivial.
We say that E is dual-bipartite (resp. almost dual-bipartite) whenever the corresponding
Q-polynomial ordering {E;}2, is dual-bipartite (resp. almost dual-bipartite). By [7,
p. 241] and [19, Theorems 1.1, 1.2], E is dual-bipartite if and only if " is an antipodal
2-cover.

We say that T is Q-polynomial whenever there exists a Q-polynomial ordering { E;}2
of the primitive idempotents of I'. We say that I' is dual-bipartite (vesp. almost dual-
bipartite) whenever there exists a Q-polynomial ordering {E;}2, of the primitive idem-
potents of I" that is dual-bipartite (resp. almost dual-bipartite).

For the rest of this paper, we assume that I' is ()-polynomial. To avoid trivialities, we
always assume that the valency k& > 3.

4 Some eigenspace geometry

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a @Q-polynomial primitive idempotent of I'. By construction, the
eigenspace E'V is spanned by the vectors {Ez|r € X}. In this section, we discuss the
geometry of these vectors. We will describe the inner product (Ez, Ey) for z,y € X. We
will also display some linear dependencies among { EZ|z € X }.

The matrix F is contained in the Bose-Mesner algebra M. Therefore, there exist
g7 € R (0 <i < D) such that

D
E=|X["") 0rA; (3)
=0
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By [3, p. 260] the scalars {0;}2, are mutually distinct. By [46, Lemma 3.9] we have
0; = dim(EV). The scalars {0;}2, are called the dual eigenvalues of T' associated with
E. For notational convenience, let §*, and 7, ; denote indeterminates. By [7, p. 128],

The following result is well known; see for example [7, Proposition 4.4.1].

Lemma 2. (See [7, Proposition 4.4.1].) Pick x,y € X and write i = O(x,y). Then the
following (i)—(iii) hold:

(i) (B2, Bg) = [X[710;;

(i) B2 = Eg)* = |X]7'65;

(iii) 0r/6; is the cosine of the angle between Ex and EY.
Corollary 3. For distinct x,y € X we have Ex # 7.

Proof. Write i = d(x,y) and note that ¢ # 0. The dual eigenvalues {67}1., are mutually
distinct, so 6 # 6. The result follows in view of Lemma 2(iii). ]

As we consider additional consequences of Lemma 2, we will treat separately the case
in which I' is an antipodal 2-cover.

Lemma 4. Assume that I" is not an antipodal 2-cover. Then the following hold:
(i) 65 >0 > -0 (1<i<D);
(ii) for distinct x,y € X the vectors Ex, EYy are linearly independent.

Proof. (i) Pick x,y € X at distance 0(x,y) = ¢. Using Lemma 2 and trigonometry we
obtain 05 > 07 > —0;, with equality on the right if and only if £z + Ey = 0. Suppose
this equality occurs. The vertices xz, y uniquely determine each other by £z + Ey = 0 and
Corollary 3, so k; = 1. Now kp = 1 in view of [7, Proposition 5.1.1(i)]. Consequently T'
is an antipodal 2-cover, for a contradiction. We have shown that 65 > 67 > —6;.

(ii) By (i) and Lemma 2. O

Lemma 5. Assume that I' is an antipodal 2-cover. Then the following hold.
(i) 65> 0F>—-0; (1<i<D-—1) and 0}, =—0;;

(i) for distinct z,y € X the vectors EZ, Ey are linearly independent if 0(x,y) # D,
and Ex + Ey =0 if O(x,y) = D.

Proof. Similar to the proof of Lemma 4, except that 63, = —6} by [7, Theorem 8.2.4]. [

Next, we display some linear dependencies among the vectors { EZ|z € X }.
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Lemma 6. Let x € X. Then

> Ej=0Fq. (5)

y€el(z)

Moreover for 0 <i < D,

Y Ej € Span{Ei}. (6)

y€eli(v)

Proof. The equation (5) holds, because each side is equal to EAz. To verify (6), note
that A; = fi(A), where f; is a polynomial with real coefficients and degree . Using (1)
we obtain

" Ej=EAj# = Efi(A)i = fi(6:)E% € Span{Ez}.

yEFi(x)

5 The Norton algebra

We continue to discuss the @-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a Q-polynomial primitive idempotent of I". In this section, we recall
the Norton algebra product x on the vector space EV. For x,y € X we compute Ez* E7.

Definition 7. (See [8, Proposition 5.2].) The Norton algebra EV consists of the R-vector
space EV, together with the product

uxv=FE(uowv) (u,v € EV). (7)
We call x the Norton product.

The Norton product x is commutative, and nonassociative in general.
As we investigate * it is natural to consider £z x Ey for all z,y € X. In the next two
lemmas we discuss some extremal cases.

Lemma 8. (See [44, Lemma 3.2].) Forxz € X,
Eix Ei =|X| a}Ex.
Lemma 9. The following (1)-(iv) are equivalent:
(i) uxv =0 for allu,v € EV;
(ii) Exx Eg=0 for allz,y € X;
(i) Fzx Ex =0 for allz € X;
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(iv) a7 =0.

Proof. The implications (i) = (ii) = (iii) are clear. The implication (iii) = (iv) is from
Lemma 8, and the implication (iv) = (i) is from Lemma 1. O

Corollary 10. Assume that E is dual-bipartite or almost dual-bipartite. Then the equiv-
alent conditions (i)—(iv) in Lemma 9 all hold.

Proof. We assume that af =0 for 0 <¢< D —1, so aj =0. O]

Let z,y € X. Shortly, we will review a formula for FZ x Ey that appeared in [44,
Theorem 3.7].

Lemma 11. Forz,y € X and 0 <i,5 < D,
AgoAg= > & (8)
z€li(z)NTy (y)
Proof. By (1) and (2). O
Lemma 12. Pick 0 < h,i,7 < D and x,y € X at distance O(x,y) = h. Then:
(i) Az o A9l = plys
(ii) A;z o0 Ay =0 if and only ifpgfj =0.

Proof. (i) By (8) and since |T;(z) N T;(y)| = pf;.
(ii) By (i) above. O

Definition 13. (See [44, Definition 3.5].) Pick z,y € X and write i = 0(z,y). Define

v, =AkoA = > %

z€l(x)Nl—1(y)

B =Ako A= > %

z€l(z)NTy (y)

ZE;_ = Az o Az‘+1f& = E ZA’,

2€l(z)NT41(y)
where we understand
A =0, I'y(x) =0, Ap1 =0, Cpyi(x) = 0.

We clarify the meaning of Definition 13. Pick x,y € X. If d(x,y) = D then z;/ = 0.
If O(z,y) = 1 then z, = g. If x = y then ) = 0 and z,; = 0.

Lemma 14. For x,y € X we have
x, + xg +x) = Az, (9)
Ex, + Ex,) + Ex} = 0, E1. (10)
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Proof. Assertion (9) follows from (1) (with ¢ = 1). Assertion (10) follows from (5). O
Proposition 15. (See [44, Theorem 3.7].) For x,y € X we have

(9:_1 — Qf)EQ?; + (92(_,'_1 — QJ)EIE; + (91 — QQ)H:EQA: + (92 — QQ)E:&
[ X[(61 — 02)

Eix Ej= (11)

where i = O(x,y). We recall that 6* | and 07, are indeterminates.
We mention some special cases of Proposition 15.
Corollary 16. (See [44, Corollary 3.8].) The following (i)—(iil) hold.
(i) Forx e X,

0,07 — 0207 + 0 — Oy

Ei*Ef = Ei.
[ X1(01 — 62)

(ii) For xz,y € X at distance 0(z,y) =1,

(035 — 03)Ex) + (61 — 02)01 B + (62 — 0 + 65 — 0;) EY

Erx Eq =
ey [X](01 — 62)

(iii) For xz,y € X at distance O(x,y) = D,

Oy — Op) Exy + (61 — 0,)05Ed + (62 — 60) Ej

Erx Ej=
sy [X](01 — 62)

Comparing Lemma 8 and Corollary 16(i), we obtain

*
a,

067 — 0,0 + 65 — 6,
a 01— 0, '

6 The Norton-balanced condition

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a (-polynomial primitive idempotent of I'. In Section 4, we
considered some linear dependencies among the vectors {FEz|xr € X}. In the present
section, we return to this topic. We will review the balanced set condition [38] and some
variations [39, 41]. Then we will introduce the Norton-balanced condition.

Lemma 17. (Balanced set condition [38, Theorem 1.1].) For z,y € X and 0 < i,j < D,

> Ez— ) EieSpan{Ei-Ej}.

z€l(z)NL; (y) 2€T;(z)NTy (y)
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We emphasize some special cases of Lemma 17. For z,y € X,

Ezx; — Byl € Span{Ei — Ey}, Ex, — Ey, € Span{E% — Ey}.
Next, we describe the symmetric balanced set condition.

Lemma 18. (Symmetric balanced set condition [41, Theorem 2.6].) For z,y € X and
0<4j<D,

Y, Ei+ ) EzeSpan{Ex, + By, Ex} + Ey;, B¢+ Ej}.
z€l ()N (y) 2€T;(x)NTy (y)

Combining Lemmas 17 and 18, we obtain the following result.

Lemma 19. Forz,y € X and 0 <i,5 < D,

> EieSpan{Ex,, Ex}, Ei Ej}.

z€li(z)NT;(y)

It could happen that for all z,y € X the vectors Ex,, Ex;, Ez, Ey are linearly
dependent. We now consider some situations where this occurs.

Definition 20. (See [39, Section 2].) The set of vectors {Ez|z € X} is called strongly
balanced whenever for all z,y € X and 0 <i,j < D,

Y EzeSpan{Ei, Ej}.

26T ()N (1)
Lemma 21. (See [39, Theorems 1, 3].) The following are equivalent:
(i) the set {Ez|x € X} is strongly balanced;
(ii) E is dual-bipartite or almost dual-bipartite.
We now introduce the Norton-balanced condition.

Definition 22. The set of vectors {Ez|z € X} is called Norton-balanced whenever for
all z,y e X and 0 < 7,5 < D,

> EzeSpan{Ei Ej, Eix Ej}.

zel;(z)NT; (y)
Let us clarify the above definition.
Lemma 23. The following are equivalent:
(i) the set {Ez|x € X} is Norton-balanced;

(ii) for all v,y € X we have Ex,, Ex} € Span{Ex, By, B3 x Ej}.
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Proof. By Lemma 19. [
Lemma 24. Let x,y € X and write i = 0(x,y).
(i) Assume that i € {0,1,D}. Then Ex,, Ex} € Span{E%, £y, EZ x Ey}.

(ii) Assume that 2 < i < D — 1. Then Ex,; € Span{EZ, By, B3 x Eg} if and only if
Ext € Span{Ei, By, Bi « Bj}.

Proof. (i) By (5) and Corollary 16.
(ii) By Proposition 15. O

Remark 25. The Norton-balanced condition is not a condition on the intersection numbers
alone. We show this with an example. The example involves the Hamming graph H (D, 4)
2, p. 355] and a Doob graph of diameter D [2, p. 387]. These graphs have the same
intersection numbers, but are not isomorphic. They both have a ()-polynomial structure
with eigenvalue sequence §; = 3D — 4i (0 < ¢ < D). For either graph, let E = E;
denote the primitive idempotent associated with 6;. As we will see, the set {EZ|z € X}
is Norton-balanced for H(D,4) but not for the Doob graph.

7 The Norton-balanced condition; first examples

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a @-polynomial primitive idempotent of I". In this section, we show
that the set {Fz|r € X} is Norton-balanced in the following cases: I' is bipartite; I' is
almost bipartite; F is dual-bipartite; £ is almost dual-bipartite; I' is tight.

Lemma 26. Assume that I' is bipartite or almost bipartite. Let 1 < i < D — 1 and
z,y € X at distance O(x,y) =i. Then

Ex) =6,Et — Ex;. (12)
Moreover,

((9:_1 — 9:(+1)E.CE; + (919;:_1 — 929:)EIIA§' + (92 — HQ)E@)

Erx E{j =
St X](6, — 0)

(13)
Proof. By Lemma 12 and a; = 0 we have :cg = (0. This and Lemma 14 imply (12). To get
(13), evaluate Proposition 15 using (12). O

Proposition 27. Assume that T is bipartite or almost bipartite. Then the set { Ez|x € X}
15 Norton-balanced.

Proof. We invoke Lemma 23. For z,y € X we show that
Ex,, Ea:; € Span{Ez, Ey, Ex * Ey}. (14)

First assume that d(z,y) € {0,1, D}. Then (14) holds by Lemma 24(i). Next assume that
2 < 0(z,y) < D —1. Then (14) holds by Lemma 24(ii) and (13). The result follows. [
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Proposition 28. Assume that E is dual-bipartite or almost dual-bipartite. Then the set
{Ez|x € X} is Norton-balanced.

Proof. By Lemma 21 and Definitions 20, 22. O]

Next, we recall what it means for I" to be tight. The tight concept was introduced in
[26], and discussed further in [35]. Assume for the moment that I" is not bipartite. By
[35, Theorem 1.3], ap = 0 if and only if aj, = 0.

Definition 29. (See [35, Theorem 1.3].) We say that I is tight whenever I is not bipartite
and ap = aj, = 0.

We bring in some notation. Write
D
Ep=|X|"" Z 0iAi, o; € R.
i=0

For notational convenience, let p_; and pp.; denote indeterminates.

Lemma 30. Assume that T is tight. Pick distinct x,y € X and write i = 0(x,y). Then
(0i-1 — 0i)Exy + (011 — 01)Bx) = (6p-1 — 1) 0iEi. (15)
Proof. We first show that

E(EDg o(A— HD_ll):fc> —0. (16)
We have Epy € EpV. Moreover,
D
A—Opal =) (0;—0p_1)E;= Y (0;—0p_1)E;.
3=0 0<y<D

Jj#D-1

Therefore,

(A—bpD)ie >  E;V.
0<y<D
J#D-1

For 0 < j < D such that 7 # D — 1, we have qll)’j = 0 and therefore E(EDV o EjV) =0
in view of Lemma 1. By these comments we get (16). By (16) and the construction,

0= yX|E<EDg o (A— eD,ll);f:)
= |IX|B(Epjo (v, + a5+ ) — 0p17))
= E(Qi—1I; + 0Ty + 0T, — 9D—1Qi5€>
= 0i-1Bx, + 0Bl + 011 Ex) — 0p_10,E%.

In the previous line, we eliminate Ex)) using (10), and routinely obtain (15). O
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Lemma 31. Assume that T is tight. Then the set {EZ|x € X} is Norton-balanced.

Proof. We invoke Lemma 23. For z,y € X we show that
Ez,, Ea:;F € Span{Ez, Ey, Ex * Ey}. (17)

First assume that 0(z,y) € {0,1,D}. Then (17) holds by Lemma 24(i). Next assume
that 2 < d(z,y) < D — 1. The equations (11), (15) give a linear system in the unknowns
Ex,, Ex; For this linear system the coefficient matrix is invertible; indeed

det (ei—l - 91 9@'-{-1 - 91) 7& 0
Oi—1 — 0i Qi+1 — i

by [26, p. 183]. By linear algebra, the linear system has a unique solution for Ex, E:c;
Examining the solution, we routinely obtain (17).

8 The vectors Ex,, Ex, E%, Ej

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let F denote a Q)-polynomial primitive idempotent of I'. In the previous section,
we displayed some examples for which the set {EZ|r € X} is Norton-balanced. Later
in the paper we will discuss some more examples. In this section, we will develop some
methods that will facilitate the discussion.

Lemma 32. Assume that the set {Ez|x € X} is Norton-balanced. Then for x,y € X the
vectors Ex,/, Ex;, Ezx, Ey are linearly dependent.

Proof. By Lemma 23 and linear algebra. O]

Consider the converse to Lemma 32. For the moment, assume that for all z,y € X
the vectors Ex,, E:z:;, Ezx, Fy are linearly dependent. It is not necessarily the case that
the set {Fz|x € X} is Norton-balanced; the next result gives a counterexample.

Lemma 33. Assume that a} =0 and a5 # 0. Then:
(i) the set {Ez|x € X} is not Norton-balanced;
(ii) for x,y € X we have
0= (67, —0;)Ex, + (07, — 6;))Ex;] + (01 — 62)0; E% + (62 — 0p) E
where i = 0(z,y).

Proof. (i) We assume that { EZ|z € X} is Norton-balanced, and get a contradiction. By
Lemma 9 and Definitions 20, 22 the set {EZ|z € X} is strongly balanced. By this and
Lemma 21, E' is dual-bipartite or almost dual-bipartite. This contradicts a3 # 0.

(ii) By Lemma 9, the left-hand side of (11) is equal to zero. O
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Pick distinct z,y € X. Our next general goal is to investigate the potential linear
dependence among the vectors Fz,, E:v;, FEz, Ey. We will consider the following situa-
tions:

(i) Ex,, E%, Ey are linearly dependent;
(ii) B, Bz, By are linearly dependent;
(iii) Ew,, Ex;, B, By are linearly dependent, but not (i), (ii).

As we discuss these situations, we will need some parameters 3, ~,~* associated with
E. We will also need some facts about a certain 4-vertex configuration called a kite. We
review these topics in the next two sections.

9 The parameters 3, ~v, v*

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a ()-polynomial primitive idempotent of I". In this section, we discuss
some parameters 3, v, v* associated with FE.

By [2, p. 283] the scalars

* *
Oi—o — 0ita 07 5 — 071

Zic2 Tl 1
01— 0; 0, — 0; (18)

are equal and independent of ¢ for 2 < i < D —1. We denote this common value by £+ 1.
By [2, p. 283] there exist real numbers 7, v* such that both

v =01 — B0; + 041, V=07 — B0 + 07, (19)

for 1 <i < D — 1. The recurrences (19) can be solved in closed form. We will focus on
the sequence {07 }2 : the sequence {6;}2, is similar. Let C denote the field of complex
numbers. There exists 0 # ¢ € C such that 3 = ¢ + ¢~!. Note that ¢ = 1 iff 8 = 2, and
qg=—1iff 5 = —2. By [2, p. 286] we have

case ‘ 0 closed form v*
BF%2| O—atbdteg (22— A
g =2 0r = a+ bi + ci® 2c

B=-2|60=a+0b(—1)"+ci(—1)° 4a

In the above table, the a, b, c are appropriate complex numbers. The case v* = 0 becomes
important later in the paper. We now examine this case.

Lemma 34. We refer to the above table.
(i) Assume that B # 2. Then v* =0 if and only if a = 0.
(ii) Assume that B = 2. Then v* =0 if and only if ¢ = 0.
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Proof. Immediate from the above table. O]

A theorem of Leonard [3, p. 260] gives detailed formulas for the intersection numbers
and Krein parameters of I'. In [45, Section 20] these formulas are derived using the theory
of Leonard pairs. Later in the paper we will invoke the formulas, using the notation of
[45, Section 20]. The details of the formulas depend on the case of 8 shown in the table
above Lemma 34. For each case, there are some subcases as shown in the table below.

case subcases
B # £2 | ¢-Racah, ¢-Hahn, dual ¢-Hahn, ¢-Krawtchouk,
affine ¢g-Krawtchouk, dual ¢-Krawtchouk

£ =2 Racah, Hahn, dual Hahn, Krawtchouk
g=-2 Bannai/Ito

Remark 35. In the theory of Leonard pairs, for the case § # +2 there is a subcase
called type IA in [3, p. 260] and quantum g¢-Krawtchouk in [45, Example 20.4]. We
did not include this subcase in the above table, because the subcase does not occur for
@-polynomial distance-regular graphs [15, Proposition 5.8].

10 Kites

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a (-polynomial primitive idempotent of I'. In this section we discuss
a certain 4-vertex configuration in I, called a kite. We also explain what it means for I"
to be reinforced.

Definition 36. (See [41, Section 1].) For 2 < i < D, an i-kite in I is a 4-tuple of vertices
(x,y, z,w) such that

O(z,y) =1, O(z,2) =1, Ny, z)=1—1,

O(z,w) =1, Ny, w) =1i—1, d(z,w) = 1.
Definition 37. For 2 < i < D define

number of i-kites in I

Z; =

We call z; the ith kite number of T'.
Shortly we will give a combinatorial interpretation of z;.

Definition 38. Pick 2 < i< D and z,y, 2z € X such that
o(z,y) =1, 0z, z) =1, dy,z)=1—1.
Define
Gilz,y,2) = [T'(x) NTiza(y) NT(2)].

Note that (;(z,y, z) is the number of vertices w € X such that (z,y, z, w) is an i-kite. We
call (; the ith kite function.
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Lemma 39. Referring to Definition 38, the scalar (;(z,y,z) is an integer and 0 <
Ci(x7ya Z) < aj.

Proof. By construction and since a; = |['(x) N T'(2)]. O

Note 40. For 2 < i < D the scalar z; has the following combinatorial interpretation. Let
2; denote the set of 3-tuples of vertices (z,y, z) such that

Az, y) =i, Iz, 2) =1, Ny,z)=i—1
Note that |Q;| = | X|kic;. We have

= Z(l‘,y@)eﬁi Ci@ay, Z)
Z [oX

In other words, z; is the average value of (;(z,y,z) over all (z,y,2) € ;. We have
0 < z; € a; in view of Lemma 39.

Lemma 41. (See [41, Theorem 2.11].) For 2 < i < D we have z; = zoa; + a13;, where

(61 — 03)(0 + 67 — 671 — 07)

(65 — 65)(07 1 — 0)
_ (05— 07)(05 — 67) — (67 — 65) (67 — 67 1)
(05 — 03)(0;_, — 07)
We mention some handy facts about the scalars {a;}2,, {8i}2,.
Lemma 42. We have
07 — 07 :
R RS B 2 <i< D).
a; + B; T 2<i<D)
Proof. Use (20), (21). O
Lemma 43. For 2 <1< D — 1 we have
(B0 6505 06— )
1S+l — * *\2 [ N* * * * :
(65 — 65)*(0; 1 — 07)(67 — 67,1)
Proof. Use (20) and the table above Lemma 34. O

In Note 40 we discussed some averages. Next, we refine these averages.

Definition 44. Let 2 < i < D and z,y € X at distance d(z,y) = i. Note that ¢; =
IT'(x) N T_1(y)|. Define

Ci(xv%*) :Ci_l Z Q(ZL’,y,Z).

zEF(x)ﬂFi,l(y)
In other words, (;(z,y, %) is the average value of (;(z,y,2) over all z € I'(z) N T;_1(y).
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In the next result, we clarify the meaning of (;(x,y, *).

Lemma 45. Referring to Definition 44, the scalar (;(z,y, %) is the average valency of the
induced subgraph I'(z) NT;-1(y).

Proof. By the last sentence in Definition 44. O]
Let us emphasize a few points.

Lemma 46. Let 2 < i < D and z,y € X at distance O(zx,y) = i. The following are
equivalent:

(i) for z € I'(x) NTi_1(y) the integer (;(z,y, z) is independent of z;
(i) G(x,y,2) = G(x,y,*) for all z € T'(x) NT;_1(y),
(iii) the induced subgraph I'(x) N T;_1(y) is regular.
Proof. By Definitions 38, 44 and Lemma 45. [

Lemma 47. For2 <: < D,

T yeX
3(9& y)=i
Proof. By Note 40 and Definition 44. m
Pick an 1nteger i(2< D). It could happen that (;(x,y,*) is independent of z,y

(x y € X,0(z,y) = Z)
Lemma 48. For 2 <1 < D the following are equivalent:
(i) Gi(x,y,*) is independent of x,y (x, y € X,0(zx,y) = z) ;
(i) G(x,y,%) =z for all z,y € X at distance O(x,y) = i.
Proof. By Lemma 47. [
Recall the notion of distance-transitivity from [7, p. 136].

Lemma 49. Assume that I' is distance-transitive. Then for 2 < i < D the equivalent
conditions (i), (ii) hold in Lemma 48.

Proof. Routine. O

We have a comment.
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Lemma 50. Pick 2 <7< D and z,y,2 € X such that
d(z,y) =1, Oz, 2) =1, ANy, z)=1—1.
Then
ar — Gi(z,y,2) = [D(z) N Ti(y) NT(z)].
Proof. Routine using Definition 38. m

Definition 51. Let 2 < ¢ < D and y,z € X at distance d(y,z) = ¢ — 1. Note that
bi—1 = |I'i(y) NT'(2)]. Define

1
gi(*?fyaz) = b'—l Z Q(I,y,z)

zel; (y)NI'(2)
In other words, (;(*,y, z) is the average value of (;(x,y, z) over all x € T';(y) N T'(2).
In the next result, we clarify the meaning of (;(x,y, 2).

Lemma 52. Referring to Definition 51, the scalar a; — (;(*,y, z) is equal to the average
valency of the induced subgraph T';(y) N T'(z).

Proof. By Lemma 50 and the last sentence in Definition 51. [
Let us emphasize a few points.

Lemma 53. Let 2 < i < D and y,z € X at distance d(y,z) =i — 1. The following are
equivalent:

(i) forx € T'i(y) NT'(2) the integer (;(z,y, z) is independent of x;
(i) G(x,y,2) = G(*,y,2) for all z € T;(y) NT(2);
(iii) the induced subgraph I';(y) NT'(2) is regular.
Proof. By Definition 51 and Lemma 52. O
Lemma 54. For2 <:< D,

1
Zz':‘X‘T Z G(* Y, 2).

y,2€X
8(yzz)2171

Proof. By Note 40 and Definition 51, along with the fact that k;c; = k;_1b;_1. O

Pick an integer i (2 < i < D). It could happen that (;(*,y, z) is independent of y, z
(y,z € X,0(y,z) =1i— 1).

Lemma 55. For 2 <11 < D the following are equivalent:
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(i) Gi(*,y,2) is independent of y, z (y, ze€ X,0(y,z) =1— 1);
(ii) Gi(xy,2) =2z forally,z € X at distance d(y,z) =1 — 1.
Proof. By Lemma 54. O]

Lemma 56. Assume that T is distance-transitive. Then for 2 < i < D the equivalent
conditions (i), (i) hold in Lemma 55.

Proof. Routine. O]

Definition 57. The graph I is said to be reinforced whenever the following (i), (ii) holds
for2 <1< D:

(i) ¢i(x,y,*) is independent of z,y (:c, y € X,0(zx,y) = z');
(ii) G(*,y,2) is independent of y, z (y, z€ X,0(y,z) =1i— 1).
Lemma 58. Assume that I" is distance-transitive. Then I is reinforced.
Proof. By Lemmas 49 and 56. m

Lemma 59. Assume that the kite function (; is constant for 2 < i < D. Then I is
reinforced.

Proof. For 2 < i< D we have (;(z,y,2) = z for all z,y,z € X such that

o(z,y) =1, Oz, 2) =1, ANy, z)=1—1. O

11 When are E'a:;, Ezx, Ey linearly dependent

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a @Q-polynomial primitive idempotent of I'. Pick 2 < i < D and
x,y € X at distance O(x,y) = i. In this section, our goal is to obtain a necessary and
sufficient condition for the vectors Fz,, Ex, Ey to be linearly dependent. In view of
Lemma 5, we assume that ¢ # D if I' is an antipodal 2-cover. By Lemmas 4, 5 the vectors
Ez, Ey are linearly independent.

Lemma 60. We have

| X[|(Ez, , ET) = c;07, | X[(Ez,, Ey) = cit;_,.
Proof. By Lemma 2(i) and the construction. O
Lemma 61. For z € I'(x) NT';_1(y) we have

|X|<Ex;, Ez) =605+ (i(x,y,2)07 + (ci — Gz, y,2) — 1)9;. (22)
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Proof. By construction, |I'(x) NT;_1(y)| = ¢. Also by construction, any two distinct
vertices in I'(z) N T';_;(y) are at distance 1 or 2 in I'. By Definition 38, the vertex z is
adjacent to exactly (;(z,vy,z) vertices in I'(z) N T;_1(y). The result follows in view of
Lemma 2(i). O

Lemma 62. We have

Proof. Compute the average of (22) over all z € I'(x) NT";_1(y). Evaluate the result using
Definitions 13, 44. O

For notational convenience, define

0507 — 07,07 050;_, — 010;

ry = Ciwa Si = G 982 — 9;2
Lemma 63. Forr,s € R the following are equivalent:

(i) Ex, —rE% — sEy is orthogonal to each of E%, Ey;

(ii) both

ci0] = roy + sb;, c07_, =r0; + s6;.

(iii) r =1; and s = s;.

Proof. (i) < (ii) Use Lemma 2(i),(ii) and Lemma 60.
(ii) < (iii) By linear algebra and 3% # 632 O

Definition 64. Define the real number

T’ZQT + 81»9:_1 — 98 — (Ci — 1)9;
z. = .
Z 01— 0;

Lemma 65. We have
|Bay — 1B — s,B3l12 = X[ (6 — 03) G,y — 27): (24)
Proof. By Lemmas 60, 62, 63 each side of (24) is equal to
(Br, —riE% — s;By, Ex,).

Y

Lemma 66. We have

Ci($ay> *) B Zz_
07 — 03

> 0. (25)
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Proof. By Lemma 65. [
Lemma 67. The following hold.

(i) Assume that 07 > 05. Then (;(x,y, %) = 2

i

(ii) Assume that 07 < 65. Then (;(z,y,*) < z; .

7

Proof. By Lemma 66. [

Proposition 68. The following are equivalent:
(i

(ii

) equality holds in (25);
) E

(iii) the vectors Ex,, E%, Ey are linearly dependent;
)
)

= T’ZEZi' + SZ'E@,'

(iv) Glz,y,2) =z forall z € () NT;_1(y);

(V) G(z,y,*) =

Assume that (1)—(v) hold. Then z; is an integer and 0 < z; < a;.

(2

Proof. (i) < (ii) By Lemma 65.

(ii) = (iii) Clear.

(iii) = (ii) The vectors Ez, Ey are linearly independent, so there exist r, s € R such
that Fz, = rEz+sky. The vector Ex, —rEZ — sEY is equal to zero, so it is orthogonal
to Kz and Ey. We have r = r; and s = s; by Lemma 63.

(ii) = (iv) For z € I'(x) N T";_1(y) we take the inner product of EZ with each side of
Ex, =rEx + s;Ey; this yields

eg + Cl(xa Y, Z)GT + (Ci - Cz(x7 Y, Z) - 1)‘9; = 7010; + 51'9;11

Solve this equation for (;(z,y, z) to find (;(z,y,2) =

(iv) = (v) By Definition 44.

(v) = (i) Clear.

We have shown that (i)—(v) are equivalent. We now assume that (i)—(v) hold. By (iv)
and Lemma 39, the scalar z; is an integer and 0 < 2z; < a;. ]

Lemma 69. Referring to Proposition 68, assume that the equivalent conditions (i)—(v)
hold. Then for all integers j (i < j < D) we have

0001 — 07,0; 000;_1 — 010

9;-;1 = 6]- 082 — 92*2 + ejfzw, (26)
. L 0007 — 07,07 L0007 — 0767
j—i+l — 9 —1 082 _ (9;;2 + gj QSQ _ 0;2 : (27>
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Proof. To obtain (26), pick w € X such that (x,w) = j and d(y, w) = j—i. Take the in-
ner product of Ew with each term in Fz, = r; Bt +s;Ey. Evaluate the resulting equation
using Lemma 2(i) and (23). To obtain (27), repeat the calculation using d(x,w) = j — i
and J(y,w) = j. O

Lemma 70. Assume that 2 <i < D — 1. Then the following are equivalent:
(i) the equations (26), (27) hold for all integers j (i < j < D);
(if) v* = 0.
Proof. Use the forms in the table above Lemma 34. O

Corollary 71. Assume that 2 <i < D —1 and v* # 0. Then Ex,;, Ex, £y are linearly
independent. Moreover,

G, y,*%) — z > 0.
o7 —0;
Proof. By Proposition 68 and Lemmas 69, 70. [

12 When are Ex;, EZ, Ej linearly dependent

We continue to discuss the @-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a @Q-polynomial primitive idempotent of I'. Pick 1 << D —1 and
x,y € X at distance O(x,y) = i. In this section, our goal is to obtain a necessary and
sufficient condition for the vectors E:z:;, Ez, Ey to be linearly dependent.

By Lemmas 4, 5 the vectors Ez, Fy are linearly independent.

Lemma 72. We have
| X|(Ex;, Ex) = by, | X|(Exy, Eg) = bib;,,.
Proof. By Lemma 2(i) and the construction. O
Lemma 73. For z € I'(x) N1 (y) we have
(X|(Ex) E2) = 05+ (a1 — Cisa (2,5, 2)) 05 + (b — 1 — a1 + Gy (2, y, ) 63. (28)

Proof. By construction, |I'(x) N T;11(y)| = b;. Also by construction, any two distinct
vertices in I'(z) N T';11(y) are at distance 1 or 2 in I By Lemma 50, the vertex z is
adjacent to exactly a; — (;41(2,y, x) vertices in I'(z) N[44 (y). The result follows in view
of Lemma 2(i). O

Lemma 74. We have
| X[o7 | By 12 = 605 + (a1 = Ga(x,9,2)) 07 + (b — 1 — an + G (%, , 2)) 05
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Proof. Compute the average of (28) over all z € I'(x) N [';11(y). Evaluate the

equation using Definitions 13, 51.

For notational convenience, define

0307 — 0510
02 — 02

050i1 — 010;

Ri=b, Rk ML
052 — 02

Lemma 75. For R, S € R the following are equivalent:
(i) Ex) — REZ — SEY is orthogonal to each of EZ, Ey;
(ii) both
b7 = RO + S0, b7, = RO; + S0,.

Proof. Similar to the proof of Lemma 63.

Definition 76. Define the real number

+ o 96 + alﬁf + (bl —1- a1)9§ - RZGT - Sﬂ;ﬁrl
i+1 0; o 0; .

z

Lemma 77. We have
| Baf = R — S,B9|12 = X7 0065 = 03) (51 — G (5, 3,)).
Proof. By Lemmas 72, 74, 75 each side of (30) is equal to
(Ex, — RiE: — S;Ey, Ex)).
Lemma 78. We have

Zi—:l - Ci—i—l(*: Y, ZL‘)

> 0.
o 6, 0

Proof. By Lemma 77.
Lemma 79. The following hold.
(i) Assume that 07 > 05. Then (i (x,y,x) < 27,
(ii) Assume that 0 < 05. Then (i (*,y,x) > 2z 4.
Proof. By Lemma 78.
Proposition 80. The following are equivalent:

(i) equality holds in (31);
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(ii) Br) = RET + S;Ey;
(iii) the vectors Ex}f, Ex, Ey are linearly dependent;
(iv) Gora(229.2) = 2 for all 2 € T(@) N Tps(9);
(V) Giri(x,y, ) = 21
Assume that (1)—(v) hold. Then z, is an integer and 0 < z}; < ay.
Proof. Similar to the proof of Proposition 68. m

Lemma 81. Referring to Proposition 80, assume that the equivalent conditions (i)—(v)
hold. Then for all integers j (0 < j < i) we have

. L0007 — 07,07 0507, — 6076
0j+1 = ej 932 — 9;2 + Qi—j 952 — 9?2 :

(32)

Proof. Pick w € X such that d(z,w) = j and J(y,w) = ¢ — j. Take the inner product
of Ew with each term in Ex;r = R;Fx + S;Fy. Evaluate the resulting equation using
Lemma 2(i) and (29). O

Recall the parameter v* from (19).
Lemma 82. Assume that 2 <i < D — 1. Then the following are equivalent:
(i) the equation (32) holds for all integers j (0 < j < 1);
(ii) v* = 0.
Proof. Use the forms in the table above Lemma 34. [

Corollary 83. Assume that 2 <i< D —1 and v* # 0. Then Ex, Ex, EY are linearly
independent. Moreover,

ZZ'J-FI-I - C’i+1(*7 Y, 'T)
07 — 05

Proof. By Proposition 80 and Lemmas 81, 82. O

> 0.

13 When are Ex, Ea:;, Ez, Ef linearly dependent

We continue to discuss the @-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a )-polynomial primitive idempotent of I'. Pick 2 < i< D —1 and
x,y € X at distance O(x,y) = i. In this section, our goal is to obtain a necessary and
sufficient condition for the vectors Ex,, Ex;j, Ez, Ey to be linearly dependent.

By Lemmas 4, 5 the vectors Ex, E'y are linearly independent. Recall the scalars r;, s;
from (23). By Lemma 63 the vector Bz, —r;EZ — s; £ is orthogonal to each of EZ, EYg.
Recall the scalars R;, S; from (29). By Lemma 75 the vector Ex} — R;ET — S;Ey is
orthogonal to each of Fz, Ey.
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Lemma 84. The following are equivalent:

(i) the vectors Ex,, Ex}, E%, Ey are linearly dependent;

(i) the vectors E:z;; —r;BEx — s;Ey and E:c; — R,Ex — S;Ey are linearly dependent.

Proof. By the comments above the lemma statement.

]

Next we compute the matrix of inner products for Ex, — r;Ex — s; £y and Ex;r —
R;Ei — S;Ej. We computed ||Ex, —r;E: — s;Ey||* in Lemma 65. We computed || Bz, —

R;EZ — S;Ej||* in Lemma 77.
Lemma 85. We have
= clbﬁ;‘ — mbﬂf — s,-bﬁ;rl = czbﬂ; — RlClHT — S,-cﬂ;"_l

. 0507 — 0767 \6; + 05607 167, — 010707,
= Cibi 92 — 082 — 6’}‘2 .

Proof. Use (23) and Lemma 63, or else (29) and Lemma 75.

Lemma 86. We have

0507 — 070,07 + 050,05, — 070705, .67 —6;
07 — 072 ~ oo

0;

Proof. Use the forms in the table above Lemma 34.
By the Cauchy-Schwarz inequality,
|Ex, —riEi — s Ej||*| Bz} — RE: — S;Ejl®
> (Bx, —r;Ei — s;Ey, Ex} — R,E& — S;Ej)*.
Equality holds in (34) if and only if the following vectors are linearly dependent:

Y

Lemma 87. We have

B Ve =6
(Ci(x7y, *) -z )(Z;fu - Cz‘—i—l(*uy?x)) 2 Cibi(&f — 0; 0;( + 9%) ‘

Proof. Evaluate the terms in (34) using Lemmas 65, 77, 85, 86.
Proposition 88. The following (1)—(iii) are equivalent:

(i) equality holds in (35);

(ii) the vectors Ex,, Ex}, Ex, By are linearly dependent;
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(iii) the vectors Ex, —riE& — s;Ej and Eaz:;r — R;Ex — S;Ey are linearly dependent.
Proof. By Lemma 84 and the comments above Lemma 87. O]

Assume for the moment that the equivalent conditions (i)—(iii) hold in Proposition 88.
Our next goal is to find the dependency between the vectors in part (iii).

Until further notice, assume that v* = 0. By Lemmas 85, 86 the following vectors are
orthogonal:

The inequality (35) becomes
(Cl(x7 Y, *) - Zz—) (Z:-_s—l - Ci—l—l(*a Y, l‘)) = 0.

Lemma 89. Assume that v* = 0, and the equivalent conditions (1)—(iii) hold in Proposi-
tion 88. Then at least one of the vectors (36) is equal to zero.

Proof. The vectors (36) are orthogonal and linearly dependent. O]

Lemma 90. Assume that v* = 0, and the equivalent conditions (1)—(iii) hold in Proposi-
tion 88. Then

Bz, E:v;f € Span{Ez, Fy, Ft x Ey}.
Proof. By (11) and Lemma 89. O

For the rest of this section, assume that v* # 0. By Corollary 71 the vectors
Exz,,E%, Ey are linearly independent. By Corollary 83 the vectors Ex;j,Eﬁ,Eg) are
linearly independent.

Lemma 91. Assume that v* # 0, and the equivalent conditions (i)—(iil) hold in Proposi-
tion 88. Then

Bx, —riEi — s;E) = \(Bx} — RiEi — SiEj), (37)
where
AN Gy k) — 2 0465 A s = Gy ) 05 + 6
0 —6; 0 —0; b 0; —0; 0 — 0; e

Proof. By Proposition 88(ii) there exists A; € R such that (37) holds. To obtain \;, take
the inner product of each side of (37) with Ex, —r;E% —s;Ey or Ex; —R;Ei—S;Ey. O

Lemma 92. Assume that v* # 0, and the equivalent conditions (1)—(iii) hold in Proposi-
tion 88. Assume that the scalar \; from Lemma 91 satisfies

* *
9i - 9i+1

Ai )
T

Then
Ex,, Ex) € Span{E%, Ejj, ET « Ey}.
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Proof. By (11) and (37). O

Lemma 93. Assume that v* # 0, and the equivalent conditions (1)—(iil) hold in Proposi-
tion 88.

(i) For all z € T(z) NTi_1(y),

Gi(@,y,2) = G, y, ).
(i) For all z € T(x) N Ty (y),

CGir1(2, 9, 7) = G (%, 9, 7).

Proof. (i) Take the inner product of EZ with each side of (37). Evaluate the result using
Lemmas 2, 61 and Definition 64.

(ii) Take the inner product of EZ with each side of (37). Evaluate the result using
Lemmas 2, 73 and Definition 76. O]

By a p-graph for I' we mean the subgraph induced on I'(u) NT'(v), where u,v € X are
at distance d(u,v) = 2.

Corollary 94. Assume that v* # 0 and the set {Ez|x € X} is Norton-balanced. Then
every p-graph of ' is reqular.

Proof. Set i = 2 in Lemma 93(i), and interpret the result using Lemma 46. O]

14 When T is reinforced

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a @-polynomial primitive idempotent of I'. Throughout this section,
we assume that I' is reinforced in the sense of Definition 57. Under this assumption, we
will describe the main results of the previous three sections. We will treat separately the
cases v* = 0 and v* # 0.

Throughout this section, fix 2 < i < D — 1 and x,y € X at distance d(x,y) = i.
Recall the scalars ry,s; from (23). By Lemma 63 the vector Fx, — r;EZ — s;Ey is
orthogonal to each of EZ, Fy. Recall the scalars R;,S; from (29). By Lemma 75 the
vector Ex; — R;Ez — S;E'y is orthogonal to each of Ez, Ey.

First assume that v* = 0. The following vectors are orthogonal:

Ez, —r;Ex — s;Fy, Ex; — R;Ex — S;EYy.

Y

We have

Zi— %z
%—@>Q
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with equality it Bz, = r;Ex + s;Fy iff Fz,, EZ, Ey are linearly dependent. We also
have

Z;:_i — Z:H 2 07
o1 — 05
with equality iff Ex; = R;Ex + S;Ey iff Ex;, Ez, Ey are linearly dependent. We have
(5= =) (e — 201) 3 0, (39)

with equality iff Fz,, Fx), Et, By are linearly dependent iff the following are linearly
dependent:

— A A + A A
Ex, —rEt — 5By, Bz, — R;Ex — S;Ey. (39)
In this case, at least one of (39) is zero and
Eay, Bzt € Span{E#, Ejj, Ed « Ej}.
For the rest of this section, assume that v* # 0. We have

- +
2 — 2 -0 Zitl — Ritl
)

0.
o; — 03 o — 05

The vectors Ex,, Ex, Ey are linearly independent and the vectors E.:z:;/F , EFx, Ey are
linearly independent. We have

_ 0=\’
(2 — 27) (5 — 2in1) 2@6"(9;—9; 0;‘+9§) ’ (40)

with equality iff Fz,, Fx), Et, By are linearly dependent iff the following are linearly
dependent:

Ex; —rEr — s; By, Ex; — R:E% — S;Fy.
In this case
Pry = Ed = ) = (B~ RUE? ~ Si59), iy
where
A _ sz A bit b A _ 2 = Zin 0] +93_ (42)
0y —05 O =07 b 0y — 0; 0r — 07 Ve

Also in this case, we have
Ex,, Ex) € Span{E%, By, EZ x Ey},
provided that

* *
ei B 6i+1

A #F——m—.
7 071 —0;
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15 The polynomials ®;(\)

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a (Q-polynomial primitive idempotent of I". In this section, we
introduce some polynomials ®;(\) and use them to determine when the set {EZ|z € X}
is Norton-balanced. Recall the scalars «;, §; from Lemma 41.

Definition 95. Let A denote an indeterminate. For 2 < ¢ < D — 1 define a polynomial
(I)Z<)\) = U,’>\2 + UiA + ws,
where

U; = — OG04,

vi = o2y — aBi1) — i (a1 B — 7)),

_ V6 -6
w; = (mﬁz‘ — z; )(z:;l - a1ﬁz‘+1) - cibi(eiﬁ — 05 07 + 0%) .

The next result indicates why the polynomials ®;(\) are of interest.

Lemma 96. For2 <i< D —1,

2
q)i(z2) = (Zi - % )(Z;A - Zi+1) — ¢ib; (9’1‘ — 9; 9;‘ T 9%> . (43)
Proof. By Lemma 41 we have

2 = 2oy + a1 3;, Ziy1 = 221 + a1 By

Using these equations we eliminate z;, z;11 from the right-hand side of (43), and evaluate
the result using Definition 95. O]

Proposition 97. Assume that I' is reinforced. Then for 2 <i< D —1,
®;(29) = 0. (44)
Moreover, the following are equivalent:
(1) equality holds in (44);

(ii) for all z,y € X at distance d(z,y) = i, the vectors Ex,, Ex;, B, By are linearly
dependent;

iii) there ewists x,y € X at distance O(x,y) = i such that Ex;, Ex}, Ez, Ey are
(iii) Y ) y y Yy
linearly dependent.
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Proof. First assume that v* = 0. The inequality (44) follows from (38) and Lemma 96.
The equivalence of (i)—(iii) follows from the discussion below (38). Next assume that
v* # 0. The inequality (44) follows from (40) and Lemma 96. The equivalence of (i)—(iii)
follows from the discussion below (40). O

Corollary 98. Assume that I" is reinforced. Then the following are equivalent:
(i) for all z,y € X the vectors Ex,, Ex;r, Ezx, Ey are linearly dependent;
(i) Pi(z2) =0 for2<i<D—1.

Proof. By Proposition 97(i),(ii) and since Ex,, Ex;, EZ, Ey are linearly dependent for
all z,y € X with 0(z,y) € {0,1, D}. O

Next, we describe the Norton-balanced condition in terms of the polynomials ®;(\),
under the assumption that I' is reinforced. We will treat separately the cases v* = 0 and

7" #0.

Proposition 99. Assume that v* =0 and I is reinforced. Then the following are equiv-
alent:

(i) the set {Ez|x € X} is Norton-balanced;
(i) ®i(z2) =0 for2<i<D—1.

Proof. (i) = (ii) By Lemma 32 and Corollary 98.
(ii) = (i) By Corollary 98 and the comment below (39). O

Proposition 100. Assume that v* # 0 and T is reinforced. Then the following are
equivalent:

(i) the set {Ez|x € X} is Norton-balanced;
(ii) for2 <i< D —1 both

* *
02' _ ei-‘y—l

(I)i = U, )\z v ox0
(22) =0 # or  — 07

(45)

where A; is from (41).

Proof. (i) = (ii) We have ®;(22) = 0 by Lemma 32 and Corollary 98. To verify the
inequality on the right in (45), we assume that \; = (6] — 6;,,)/(6;_, — 0;) and get a
contradiction. Pick z,y € X at distance d(z,y) = i. Combining (11), (41) we find
Ez x Ey € Span{Fz, Ey}. By Lemma 23,

Ezx,, Ex} € Span{E#, Ej, B « Ej} = Span{E#, Bj}.

This contradicts Corollary 71 and Corollary 83. Therefore \; # (07 — 67.,)/(0;_, — 0;).
(ii) = (i) By Lemma 23, Corollary 98, and the comment below (42). O
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Motivated by Propositions 99 and 100, we next consider how the polynomial ®;()\)
dependson ¢ for 2 <t < D — 1.

Lemma 101. If 8 # —2 then u; # 0 for2 <+ < D —1. If B = =2 then u; = 0 for
2<1<D—-1.

Proof. By Lemma 43 and Definition 95, along with the fact that {¢7 ?:0 are mutually
distinct. [

Lemma 102. The rank of the following matrix is at most 2:

Uz U3 Ug -+ Up-1
Vg U3 Vg -+ Up-1
Wy W3 Wg -+ Wp-1

Proof. Tt suffices to show that for 2 < h<i<j <D —1,

Up  U; Uy
det | v, v, v; | =0. (46)
Wp W; Wj

First assume that 5 = —2. Then (46) holds since the top row is zero by Lemma 101.
Next assume that § # —2. To verify (46) in this case, we refer to the table above Remark
35. We verify (46) for each subcase such that 5 # —2. For each of these subcases, the
verification of (46) is done by evaluating the matrix entries using Definition 95 and the
data in [45, Section 20]. O

For 2 < i < D —1, by a root of ®;(\) we mean a scalar £ € C such that ®;(§) = 0. As
we investigate these roots, we will treat separately the cases § # —2 and g = —2.

Lemma 103. Assume that B # —2. Then for 2 <1i,j < D — 1 the following hold.

(i) Assume that ®;(N), ®;(\) have no roots in common. Then

(inj — iji)2 7& (inj — iji)(uz"l}j — Ujvi)-

(i) Assume that ®;(X), ®;(A) have a root in common, and ®;(X\), ®;(\) are linearly
independent. Then

(in]’ — ujwi)z = (’in]' — iji)(ui’Uj — Uj’Ui)
and w;v; — u;v; # 0. The common root is

’LUZ"U/]' — wjui
U[Uj — U]”Ui )

(iii) Assume that ®;(X), ;(N) are linearly dependent. Then both
UVj — Ujv; = O, U;Wy; — Ujw; = 0.
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Proof. Write
D;(N) = ui(A—r)(A—s), Q;(N) =u;(A—R)(A—5).
We have
v; = —u;(r+s), w; = w;Ts, v; = —uj(R+59), w; = u; RS.
We obtain
(wiw; — wjw;)* — (vaw; — vjwi) (uv; — wyv;) = wus(r — R)(r — S)(s — R)(s — 5)
and
wv; — uv; = uu(r+s—R—29), wiu; — wiu; = wu;(rs — RS).
Using these comments we routinely obtain the result. O

Lemma 104. Assume that 3 # —2. Then for 2 < h <i < j < D —1 the following are
equivalent:

(i) any two of (), ®;(N), ®,;(N) have a root in common;
(ii) there exists & € C such that ®p,(&) = ©;(§) = ;(§) = 0.

Proof. (i) = (ii) We assume that (ii) is false, and get a contradiction. There exist mutually
distinct r, s,t € C such that

Op(A) =up(A—=1)(A = 3), D, (N) = u;(A—s)(A—1), Q;(N) =u;(A—t)(A—r).
Using these forms we obtain

Up  U; Uy
det [ v, v; wv; | = uhuiuj(r —s)(s—t)(t—r)#0.
Wp W; Wj

This contradicts Lemma 102.
(ii) = (i) Clear. O

Proposition 105. Assume that 5 # —2. Then the following are equivalent:
(i) there ezists & € C such that ®;(§) =0 for2<i< D —1;
(i) for2<i,j <D -1,

(uiwj — iji)Z = (inj — ’iji)<ui?}j — Uj?)i).

Proof. (i) = (ii) By Lemma 103.
(ii) = (i) By Lemmas 103, 104. ]
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Next, we examine condition (ii) of Proposition 105. Under the assumption that § #
—2, we compute the scalars

(uiw; — wjw;)? — (vaw; — vjw;) (wv; — uv;) (2<i,j<D-1).

Recall the subcases listed in the table above Remark 35. For each subcase such that
B # —2, we will do the above computation using the data in [45, Section 20].

Proposition 106. Assume the given Q-polynomial structure has q-Racah type. Then for
2<1,7<D—1 the scalar

(in]' — ujwi)Q — (UZ"UJJ‘ — ’Uj’UJJ(Ui’U]' — UjUZ')

18 equal to
ai(r} — s)(ry — s)(r3 — s)

times

s+ 8 —ql'ry —q g 4+ g+ riry — qrors — qrar
times

S+ 8" —q 'y — ¢ iy 4+ 1y 4 rors — qrary — qrirs
times

s+ 8 —q l'rs —q i 4 1y + ey — qrire — qrors
times

wiui (07 — 05)°h*h* 1 —g's  (1—¢*s*)* ¢'%(q—1)7
(07 4 05)%(0; +605)2 (1 — ¢?s)® (1 — q's*)® s

where r3 = ¢~ P71,

Proof. Use the data in [45, Example 20.1]. O

Remark 107. Referring to Proposition 106,

ap(0o — 01)(0p-1 —0p)
hiv(q —1)*(6o — 0p)

-1 -1
s+8 —q ri—q ro+r3+riryg — qrory — qrary =

Proposition 108. Assume the given Q-polynomial structure has q-Hahn type. Then for
2<1,7<D—1 the scalar

(UZ‘U)j — iji)Q — (inj — iji)(ui’l)j — ujvi)
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15 equal to

—air*r3(s* —q tr s —qrrs) (st — g trs o — qrrs) (s — ¢ s — ¢ 4 1r3)

times

2ug (67 — 07)°hh" (1 —¢°s")*q"(q — 1)
(07 + 65)%(0; + 05)? (1 —qg*s*)® ’

where r3 = g P71,

Proof. Use the data in [45, Example 20.2]. O

Remark 109. With reference to Proposition 108,

ap(0o — 01)(0p-1 —0p)
hh(q —1)*(60 — 0p)

s* — q_lr +r3—qrry =

Proposition 110. Assume the given QQ-polynomial structure has dual g-Hahn type. Then
for2 <i,7 <D —1 the scalar

(in]' — ujwi)Q — (UZ"LUJ‘ — 'Uj’UJJ(U{Uj — UjUZ')
15 equal to
—a’{(rz - s)(r% —3s)(s — g 41y — qrrs)(s — g s+ — qrrs)(s — g trs— g r+ rr3)

times
Fui (07 — ;)2 h (1 — g's)q" ( )7
(0F +05)2(0; + 65)* (1—g%s)?

where r5 = g~ P71,

Proof. Use the data in [45, Example 20.3]. O

Remark 111. With reference to Proposition 110,

ap (0o —01)(0p-1 — 0p)
hh*(q —1)2(6p — 0p)

s=q 'r+rs—qrry =

Proposition 112. Assume the given @Q-polynomial structure has q-Krawtchouk type.
Then for 2 <1,j7 < D —1 the scalar

(wiw; — ujw;)® — (vw; — vjwy) (wv; — u;v;)
18 equal to 0.

Proof. Use the data in [45, Example 20.5]. ]
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Proposition 113. Assume the given Q-polynomial structure has affine q-Krawtchouk
type. Then for 2 < 1,7 < D — 1 the scalar

(wiw; — ujw;)® = (viw; — vyws) (uv; — uo;)

15 equal to

—a*{rzrg(—q_lr + 73 — qrrg)(—q_lrg +r— qrrg)(—q_1r3 —q'r+ T7T3)

times
wiui(0F — 0%)*h*h* 2% 1)
(07 + 05)%(6; + 65)> ’

where r3 = ¢~ P71,

Proof. Use the data in [45, Example 20.6]. O

Remark 114. Referring to Proposition 113,

_ (00 — 61)(0p—1 — Op)
— lr—f—r —qrry = aD( 0 ! .
LT T T e (g = 1)%(0 — 6p)

Proposition 115. Assume the given Q-polynomial structure has dual q-Krawtchouk type.
Then for 2 <1i,5 < D — 1 the scalar

(wiw; — ijz‘)g — (viw; — vjw;) (uv; — ujv;)
18 equal to

ais?(r: —s)(s +r3)(s —q 'r3)(s —q 'r3)
times

wui (0 — 05)°h*h* 1 —q's ¢'%>q—1)7
(07 +605)2(0; + 605)% (1 — ¢%s)® s

where r3 = ¢~ P71,

Proof. Use the data in [45, Example 20.7]. O

Remark 116. Referring to Proposition 115,

ap (0o — 61)(0p-1 — 0p)
hh*(q —1)*(6y — 0p)

S+ ry3 =
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Proposition 117. Assume the given Q-polynomial structure has Racah type. Then for
2<i4,5 <D —1 the scalar

(uiw; — wjw;)?* — (viw; — vjw;) (wv; — ;)
18 equal to
ai(2ry — s)(2ry — s)(2r3 — $)
times

(2r1rg — 2rg — 2 — 88")(2r9ry — 2r; — 2 — 887)(2r3r; — 2ry — 2 — $5%)

times
wud (0 — 05)°hh* s+ 4 (s*+3)!
(07 +05)2(0% +05)% (s +2)% (s* +4)8
where r3 = —D — 1.
Proof. Use the data in [45, Example 20.8]. O

Remark 118. Referring to Proposition 117,

ap(o — 61)(0p-1 — 0p)
I (6 — 0p)

2riry — 2rg — 2 — 88" =

Proposition 119. Assume the given Q-polynomial structure has Hahn type. Then for
2< 4,5 <D —1 the scalar

(inj — iji)2 — (inj — vjwi)(uivj — ’LLjUZ‘)

18 equal to
—ai(2r — s%)(2r3 — s)
times
B = O (54 2)(s +3)'
(6F +00)2(0; + 65> (s*+4)®
where r3 = —D — 1.
Proof. Use the data in [45, Example 20.9]. O

Remark 120. Referring to Proposition 119,

o _ g — 900 —01)(0p-1 — Op)
shi (B —0p)
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Proposition 121. Assume the given Q-polynomial structure has dual Hahn type. Then
for2 <i,7 <D —1 the scalar

(wiw; — wjw;)?* — (vsw; — vywi) (uv; — ujv;)
18 equal to zero.
Proof. Use the data in [45, Example 20.10]. O

Proposition 122. Assume the given Q-polynomial structure has Krawtchouk type. Then
for2<i,7 < D —1 the scalar

(inj — iji)Z — (inj — ’iji)(uil)j — Uj’UZ'>
1s equal to zero.

Proof. Use the data in [45, Example 20.11]. O

We have been discussing the case § # —2. Next, we discuss the case f = —2. This
case is called Bannai/Ito type.

Assume that f§ = —2. Pick 2 < i < D — 1 and consider the polynomial ®;()\). We
have u; = 0 by Lemma 101, so ®;(\) = v;A + w;. We will show that w; = 0.

Proposition 123. Assume that f = —2. Then w; =0 and ®;(0) =0 for2<i< D —1.

Proof. We invoke the classification [37, Theorem 2|. There are three solutions for I':
the Odd graph Op.; the Hamming graph H(D,2) with D even; and the folded cube
H(2D +1,2). The graphs Op,y and H(2D + 1,2) are almost bipartite, and H(D,2) is
bipartite. For each solution I' the set {EZ|r € X} is Norton-balanced by Proposition
27. Each solution I' is distance-transitive, and hence reinforced by Lemma 58. By these
comments and Propositions 99, 100 we have ®;(z5) = 0 for 2 < ¢ < D — 1. Each solution
[ has a; = 0, so I is kite-free. Consequently z, = 0, so ®;(0) = 0 for 2 < i < D — 1.
Observe that w; = ®;(0) =0 for 2 <i< D — 1. O

A detailed discussion of Op,1, H(D,2), H(2D +1,2) can be found in Sections 18, 23,
25 respectively.

16 The DC condition

We continue to discuss the Q-polynomial distance-regular graph I' = (X, R) with diameter
D > 3. Let E denote a Q-polynomial primitive idempotent of I'.

Definition 124. We say that E is a dependency candidate (or DC') whenever there exists
¢ € C such that ¢,(¢§) =0for2<i< D — 1.

Remark 125. Referring to Definition 124, E being DC is a condition on the intersection
numbers of I'.
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Lemma 126. Assume that ' is reinforced. Assume that for all z,y € X the vectors Ex,,
E(L’;, Ez, Ey are linearly dependent. Then E is DC.

Proof. By Corollary 98 and Definition 124. O]

Lemma 127. Assume that T' is reinforced. Assume that the set {Ex|z € X} is Norton-
balanced. Then E is DC.

Proof. By Propositions 99, 100 and Definition 124. m

We now give our main result about DC. In this result we refer to the data in [45,
Section 20].

Theorem 128. For D > 4 the following (i), (ii) hold.

(i) Assume that the type of E is included in the table below. Then E is DC iff at least
one of the listed scalars is zero.

type of £ E is DC iff at least one of these scalars is zero
g-Racah a;, ri—s, r5—s, 7ri—s,
s+ s —qlry — g lro s+ riry — qrars — qrary,

s+ s —qlrg—qtrs+r +rars — qrary — qrira,
s+s*—qtrg —q7iry + 1o+ r3ry — qrire — qrars

g-Hahn ai, s*—q'r4+ry—qrrs,
s —qlrs+r—qrrs, s —q 'rs—q 'r+rrg
dual g-Hahn a;, r*—s, r3—5  s—q 'r+r3—qrrs,
S—q ity —qrrs, s—q 'ty —q v+
affine g-Krawtchouk ai, —q 'r—+r3—qrrs,
—q Yrsdr—qrrs, —qlrs—qlr4rrg
dual g-Krawtchouk ai;, ri—s, s+r3, s—q 'r
Racah ay, 2ri—s, 2ro—s, 2rs—s,

2rirg — 2rg — 2 — ss*,  2rors — 2ry — 2 — ss*,
2’/‘37“1 —27“2—2—88*
Hahn ay, 2r—s*, 2r3—s"

(ii) Assume that the type of E is q-Krawtchouk or dual Hahn or Krawtchouk or Ban-
nai/Ito. Then E is DC.

Proof. (i) For Propositions 106, 108, 110, 113, 115, 117, 119, examine the factorization
in the proposition statement. For each factorization, consider which factors could be
zero. Some of the factors are nonzero because of the inequalities in [43, Section 5]. The
remaining factors are listed in the above table.

(ii) By Propositions 112, 121, 122, 123. O
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The book [2, Chapter 6.4] gives a list of the known infinite families of Q-polynomial
distance-regular graphs with unbounded diameter. For each listed graph, every ()-polynomial
structure is described. In Sections 17-29, we will examine these ()-polynomial structures.
For each listed graph I' = (X, R) and each @-polynomial primitive idempotent F of I", we
will determine if the set {EZ|z € X} is Norton-balanced or not. We will also determine
if £ is DC or not. Considerable supporting data will be given, using the notation of [45,
Section 20]. We obtained this supporting data using Sections 11-16; the computations
are routine and omitted. For the rest of the paper, the integer D is assumed to be at
least 3.

17 Example: the Johnson graph

Example 129. (See [2, Chapter 6.4], [40, Example 6.1(1)].) The Johnson graph J(N, D)
(N > 2D) has vertex set X consisting of the subsets of {1,2,..., N} that have cardinality
D. Vertices xz,y € X are adjacent whenever |zt Ny| = D — 1. The graph J(N, D) is
distance-regular with diameter D and intersection numbers

¢ =i, bi= (D —1i)(N — D —i) (0<i< D).
The graph J(2D, D) is an antipodal 2-cover.
Example 130. The graph J(N, D) has a @-polynomial structure such that

0;=(D—10)(N—D—1i)—i (0<i< D),
iN(N —1) _
f=N—-1————= <i< D).
o; DIN=D) (0 < )
This @-polynomial structure has dual Hahn type with

N(1—N)

=D-N-1 =—N—-2 h=1 =
T Y S ) ) S D(N—D)

This structure is DC with v* = 0.
For 2 <1< D,

ai:i_la ﬁzzoa
ri =1i(i — 1), s; =1, zi =2(1—1).

For1<i<D-—1,

(D —4)(N — D —i)(2D* — 2DN +iN + N)

i = iN —2DN + 2D? ’
g N(D —i)(N — D — 1)

‘" N —2DN +2D2 ’

N N(N — 2i)i

%1 T 9DN —2D2 — N’
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For2<t<D-1,

i(i —1)(2N(2i — N) + (N — 2D)?)
iN —2DN + 2D?2 ’

2i(i — 1)N(N — 2i)
w; =
"IN —2DN +2D?’

Di(N) = us(A =) (N = &), §=2, &

_ N(2i—N)
4N —2DN +2D?’

If N =2D then & = 2.

Lemma 131. For J(N, D) the kite function (; is constant for 2 < i < D. Moreover
zi=2(—1) for2<i<D.

Proof. By combinatorial counting. O

Lemma 132. We refer to Example 130 and write E = FEy. Pick distinct v,y € X and
write i = d(x,y). For2 <i< D,

Ex; = i(i — 1)Ed + iEj. (47)
For1<i:<D—1and N =2D,
Ex[ =(D—1i)(D—i—1)EZ+ (i — D)Ej. (48)
In any case, the set {Ez|x € X} is Norton-balanced.

Proof. First assume that N > 2D. Then I" is not an antipodal 2-cover. To get (47), use
Proposition 68 and z; = z;. Next assume that N = 2D. Then I' is an antipodal 2-cover.
To get (47) for 1 < i < D — 1, use Proposition 68 and z; = z;. To get (47) for i = D,
use B& + By =0 and 7, = A% and 0, = D(D — 2). To get (48), use Proposition 80 and
z11 = Zip1. Next assume that N > 2D. It follows from Lemma 24 and (47) that the set
{Ez|r € X} is Norton-balanced. O

18 Example: the Odd graph

Example 133. (See [2, Chapter 6.4], [40, Example 6.1(2)].) The Odd graph Op.; has
vertex set X consisting of the D-element subsets of the set {1,2,...,2D + 1}. Vertices
x,y € X are adjacent whenever they are disjoint. The graph Op,; is distance-regular
with diameter D and intersection numbers

2% +1— (—1)
— 2+ (1)
b= D> ZZ( ) 0<i<D-1)

The graph Op,; is almost bipartite.
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Example 134. The graph Op.; has a @)-polynomial structure such that

0;=(-1)"(D—-i+1) (0<i< D),
(—1)'(4D?* — 4D +4D —2i+1) —1 ,
0 = 0<i<D
1 2D+ 1) O<is<D)
This @-polynomial structure has Bannai/Ito type with
r=-D—1, ro = —2D — 3, s =2D + 3,
2D +1
*=2D+42 h=-1/2 hW=——e—.
This structure is DC with
2
x_ 2 0
Y=Toy17
For2<t< D,
D—-1(-1)0+1 5 3—2i+(—1)
o; = - ) i = - ;
2 D—i+1 4D —i+1)
1 20 +1—(=1)°
ri=3 - ;
2 (-1 (2D —-2i+1)—2D—1
8D? — 41>°D — 8D? +12iD — 2i* — 8D + 4i — 1 + (—1)°
(—1)¥(4D? —4iD +4D — 2i+ 1) +4D?>+4D —1
21 — (=1)
6 =D | 1—1—1. (—1)
(=1)(2D —2i+1)—2D —1
" (=1)4D —2i +3)+1
(=1)"(4D? —4iD+4D — 2i+ 1)+ 4D?+4D — 1’
_ 1 1
=

t T D—-1(-1)Y2D—-2i+1)—2D—1
(-1)H((2D —i)*+4D = 3i+ 1) + (2D — i)(4iD — 2> —=2D + 5i — 2) + i — 1

X : , :
(—1)¥(4D? —4iD+4D — 2i+ 1) +4D?+ 4D — 1

For1<:<D-1,

1 4D —2i+3+ (—1)

R, =2 - :
2 (—1)/(2D —2i+1) —2D — 1
y 8iD? — 42D + 4iD — 22 + 1 — (—1)!
(—1)(4D2 —4iD + 4D — 2i+ 1)+ 4D?> + 4D — 1’
1— (=1)(2i+1
S—D (=1)'(20 +1)

(—1)i(2D —2i+1)—2D — 1
AD — 2i + 3+ (—1)!

X - ; X )
(—1)"(4D? —4iD+4D — 2i+ 1) +4D?>+ 4D — 1
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s 1 1
T D 1 (12D —2i+1)—2D 1
(—1)i(2D — i — i+ 1)+ 42D — 2% + 2 — 2D +i — 1
(—1)i(4D? —4iD 1 4D —2i + 1) + 4D? + 4D — 1

20D—i)(D—i+1)
L (ZD'(2D* —6iD + 3% +-3D = 3i+1) + (2D —* = D + i~ 1)(2D = 2i + 1)
(—1)1(4D2 = 4iD + 4D — 2i+ 1)+ 4D? + 4D — 1 ’

Lemma 135. For Op., the kite function (; is constant for 2 <1 < D. Moreover z; = 0
for2 <i<D.

Proof. The graph Op.; is almost bipartite, and hence kite-free. O

Lemma 136. We refer to Example 134 and write E = Ey. The set {EZ|z € X} is
Norton-balanced. For 0 <i< D —1 and z,y € X at distance 0(x,y) = 1,

O=£MJ+EEJ+DE&

Proof. The graph Op, is almost bipartite and 8, = —D. O

19 Example: the Grassmann graph

Example 137. (See [2, Chapter 6.4], [40, Example 6.1(5)].) Let GF(q) denote a finite
field with cardinality ¢. Fix an integer N > 2D, and let U denote a vector space over
GF(q) that has dimension N. The Grassmann graph J, (N, D) has vertex set X consisting
of the subspaces of U that have dimension D. Vertices z,y € X are adjacent whenever
x Ny has dimension D — 1. The graph J, (N, D) is distance-regular with diameter D and
intersection numbers

i1 2 D _ i, ,N-D _ _i
q—1 g—1 q—1

Example 138. The graph J,(N, D) has a )-polynomial structure such that

D _ i N-D _ _i i
g—1 qg—1 q—1
N AN _ N—l 1_1
9§=—q_q—q*ZqD_q§_D_ q_ (0<i< D).
qg—1 q lq lg—1
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This @-polynomial structure has dual ¢g-Hahn type with
N+1

_N— _N-— q
T:qDva S:qN27 h:(q_l)Qa

e @ —1)(@" " - 1)
(¢— (" —D(g"P-1)

@-polynomial structure is DC if and only if N = 2D (provided that D > 4). Assume that
N =2D. We have

. 20q-D(*P =)

— 0.
For 2 <1< D,
ifl_]_
az:q ) ﬁzzoa
qg—1
' =1q7 14" =29 1) + "+ g
Yog—1 ¢q-1 ¢(g? =3)+¢?+1
o qz—l(qz_l) qD+1+qD_'_1_q_2qz
' q—1 ¢(¢” =3)+¢”+1 ~
- qi—l_l q2z_qz(q+3)+qD+l+qD+1
% =2q i(gD D
q—1 q'(q7 —3)+4¢” +1
For1<i:<D-—1,
i\ 2 i
Rq:<qD—q) ¢'(¢" —2¢—1)+4¢° +1
' q—1 ¢(q” =3)+q¢”+1
o 2 (¢” — ¢')?
Coa-1¢(@P -3+ P+ 1
Z+__%¢—11+2¢MD—U—@”
-1 gi(@P -3) +gP +1
For2<:<D—1,
qi_lqifl_l
Uy = — )
g—1 ¢—1
qz_lqul_lqz<2qD_q_5)+qD+l+qD+2
v; = 2q — 5 ,
g—1 ¢q—1 ¢'(¢” =3) +¢” +1
w = gpl T e 1 d (7 g =2+ g7 4

qg—1 ¢—-1  ¢(¢"—-3)+¢"+1
(" —q—2)+¢"" +1
N =u(A=A=&) =20  &=2 FP -3 P11
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Lemma 139. For J,(N, D) the kite function (; is constant for 2 < i < D. Moreover
qi—l -1

q—1
Proof. By combinatorial counting. ]

Lemma 140. We refer to Fxample 138 with N = 2D. Write E = FE,. Then the set
{Ez|x € X} is Norton-balanced. Pick distinct z,y € X and write i = 0(x,y). For
2<i<D—1,

2 = 2q (2<i<D).

i1 i—1 D
0= FEz; + ‘;D __qz.l Ex - qq — ! qq —EBi— By, (49)
Fori=D,
_ qD_l —1 2 . D—1 11~
0=FEr, — q(q_—l) Ei —q " Ey. (50)

Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer ¢ (2 < i <
D —1). We verify the conditions in (45). We have z = &, so ®;(z9) = 0. We have

A.:_qiil_l m: -1
P =g Or ., —0; '
Therefore
0r —0* D=1 _1
0y, —0; - —q

We have verified the conditions in (45), so the set {Ez|x € X} is Norton-balanced. The
linear dependence (49) is obtained using (41), (42). To obtain (50), use Proposition 68
and z, = zp. O

20 Example: the dual polar graphs

Example 141. (See [2, Chapter 6.4], [40, Example 6.1(6)].) Let U denote a finite vector
space with one of the following nondegenerate forms:

name dim(U) field form e
Bp(p") 2D+1 GF(p") quadratic 0
Cp(p") 2D GF(p") symplectic 0
Dp(p™) 2D GF(p") quadratic -1

(Witt index D)
2Dp(p") 2D+2 GF(p") quadratic 1

(Witt index D)
2Aop(p") 2D +1 GF(p™) Hermitean 1/2
2Asp 1 (p") 2D GF(p*) Hermitean —1/2
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A subspace of U is called isotropic whenever the form vanishes completely on that sub-
space. In each of the above cases, the dimension of any maximal isotropic subspace is
D. The corresponding dual polar graph I' has vertex set X consisting of the maximal
isotropic subspaces of U. Vertices x,y € X are adjacent whenever x Ny has dimension
D — 1. The graph T is distance-regular with diameter D and intersection numbers

i _q D _ i
ci:q ) bi:qe+1u (0<Z<D)a
q—1 q—1
where g = p", p", p", p", p**, p**. The dual polar graph Dp(q) is bipartite.
Example 142. The dual polar graph I' has a (Q-polynomial structure such that

e1q? =1 (g8 =1)(gPrert 4 1)

0, = — 0<i< D),
] p— 0<i<D)
D+-e —i( D+e 1) =g —1
gr = 4 taq'(¢?+1)—q (0<i<D).
¢c+1 qg—1
This @-polynomial structure has dual ¢g-Krawtchouk type with
D—+e+1 D+-e 1 D+e
s = _q—D—e—Q’ h = q 7 h* = (q + )(q + q)
q—1 (¢—1)(¢°+1)

This @Q-polynomial structure is DC if and only if I' = Dp(q) (provided that D > 4). For
I' = Dp(q) we have the following.

v =(¢—1(¢"*+1) #£0.
For2<+<D

Y

i—l_l
ai:q—a 61207
qg—1
T -1d@P - g - +¢" T+ ¢
Ty = i( D D
g—1 ¢(¢° —q—2)+q¢° +q
_ (g+ 1) " — ')
¢(q° —q—2)+q¢° +q’
__ @+ )@ - 9" —d)
' q'(¢° —q—2)+q° +¢q
For1<i<D-—1,
R’ -q¢@—q-q-1)+q"+q
g g-1  ¢(P—q—-2)+¢P+q
¢ (a+1q ' (¢” —q)

(" —q=2)+¢" +q
o+ - e+ D@ —1)(¢" —q)
TP —a=2) + 4P +g

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.49 48



For2<t<D-1,

B qi_lqi—l_l
ui__q—l qg—1"~

_ g+ D)@ =D -1 d@+1)—¢""—q

Z q—1 ¢(¢° —q—2)+q" +¢
w,-:(),

q'(q+1)—¢Pt —¢q

Q;(N) =u(A =N -&)  £=0, fz’z(q2_1>qi(qD_q—2)—|—qD+q'

Lemma 143. For a dual polar graph I' the kite function (; is constant for 2 <1 < D.
Moreover

zi =10 (2<i< D).
Proof. The graph I is a regular near polygon [7, Section 6.4] and hence kite-free. O

Lemma 144. We refer to Example 142 with T' = Dp(q). Write E = Ey. Then the set
{Ez|x € X} is Norton-balanced. For z,y € X we have

¢" ' —gq

T + X

0= E{Ey + El'y - q——lEx

Proof. The graph Dp(q) is bipartite and 6; = (¢! —¢q)/(qg — 1). O

The dual polar graph 24;p_1(p™) has a second Q-polynomial structure, which we now
describe.

Example 145. (See [2, Chapter 6.4], [40, Example 6.1(7)].) The intersection numbers of
2Asp_1(p™) can be expressed as

qgi -1 2D—2i __ 1

_¢ =+ bi:—%“q
q2_1’ q q2_1

where ¢ = —p™. The graph 2A,p_(p") has a Q-polynomial structure such that
(@ D@ )
¢ —1 !
I 2P — ¢
7 q _ 1

91-:

This Q-polynomial structure is almost dual-bipartite. It has dual ¢-Hahn type with

2D+1 2D _
—— §=q 202 h:—q2 - h*:—q 19'
q — q—
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This @Q-polynomial structure is DC with v* = 0. For 2 <i < D,

i—l_l
&i:q s ﬁlzoa
qg—1
2i—2
_ 4 —1 _ i1 -
Ti_qqg_la S; = (g 5 Z; =0
For1<i:<D—1,
2D 2
a7 —q
=—p1 S; =0, s, =0.
For2<i:<D—1,
2_1 ifl_l
Uiz—q 1 ) v; =0, w; =0,
g—1 qg—1
Pi(N) = wi(A = (A — &), §=0, & =0.

Lemma 146. We refer to Example 145 and write E = E,. The set {Ez|lz € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2 <i< D,

q2i72 -1 -
Bz, = qﬁEx + ¢ Ey. (51)
For1<i<D-—1,
2D 2i
qa —q .

Proof. To get (51), use Proposition 68 and z; = z;. To get (52), use Proposition 80 and

24 = ziy1. It follows from (51), (52) that the set {EZ|x € X} is Norton-balanced. [

21 Example: the halved bipartite dual polar graph

Recall that the dual polar graph Dp(p™) is bipartite.

Example 147. (See [2, Chapter 6.4], [40, Example 6.1(8)].) The halved graph 5Dop(p")
is distance-regular, with diameter D and intersection numbers

i 173 -1 D _ i D __ i+l
_goldEol Gl 0<i<D),
qg—1 gz — 1 qg—1 gz — 1
where ¢ = p*".
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Example 148. The graph %DQD(p") has a ()-polynomial structure such that

qu_qu—%_]_ qi_1q2D71l_1

0- — 2 O < Z < D 9
(7 e S O<i<D)
D _ 1 ,2D-1 _ D-1 1 gt —1 2P-1 —
gr — g4 9 Vel B i it i | 0<i<
qg—1 q¢°—q ¢ q—1 ¢”—q¢q
This Q-polynomial structure has dual g-Hahn type with
-D-1 —2D—1 h i
/r - q ) S - q Y - Y
(¢—1)(¢2 = 1)
1
e @2 D@ — %)
(¢—1)(¢” —q)
This @-polynomial structure is DC and
1
. (a—=D(2+1)(¢*" — %) 0
rY - 3 D ?é :
q2(q” —q)
For 2 <1< D,
i—1 1
0 =1 Bi =0,
qg—1

— i—L i 1 3 1 3
¢ —1¢2—1¢¢""2 - —q? —¢?) +¢""2 + ¢
¢=1 gi—1  ¢(¢"" —q—2¢2) + ¢ +¢
; i1 3 1 3 i 1
¢ g2 -1) " +¢"" 7 —q2 +q—¢'(q+ ¢?)
¢z -1 ¢(¢"*: —q—2¢2) +¢"*2 +¢g
_ L g =1 ¢PgE — (g2 +q+2¢3) + ¢PE 4 ¢PTE 4 g
zi = (g +q?)— Dl I Dil :
gz — 1 q(q" 7 —q—2¢2) +¢""7 +¢

Ty =

S; =

For1<i<D-—1,

_%qD — g qD—% — ¢ qi(qD+% —? - qg _ q%) _'_qD+% 1q
¢=1 qi-1  ¢(g"" —q—2¢2) +¢ T +¢
®—q  (¢F+1)g ("3 —q)
gt —1 ¢i(¢"" s —q—2¢7) +¢PTi +q
Z:H _ (q% ?L 11)(qi —1) ¢ + qi(qflmrg + qD+1 _ 2q%) 1_ q2iq%'
g2(q> = 1) ¢(¢"": —q—2¢2) +q""z +¢q

R;=q

Si:—
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For2<t<D-1,

¢ —1q¢'—1
s g—1 ¢—1"
v; = ¢ —1 (¢ = 1)(q2 +1) ¢'(qP*2 + ¢"' — g3 — > —4g2) + q"+3 + ¢P*2 + 2¢2
B e ¢ (qPTs —q—2¢2) +¢PF3 + ¢q :
(@D =D 1) ¢ — g3 —207) + 7 4
| (3 — 1) ¢(¢"2 —q—2g2) +¢"*r +q
&) =u ~ 0~ &), E=ai(e} +17,
£ = (g2 + 1) ¢ (¢PT — ¢ — 2¢2) + ¢P+3 + ¢

q: ¢(q""2 —q—2¢7) +¢°2 + ¢

Lemma 149. For the graph %DQD(p”) the kite function (; is constant for 2 < 1 < D.

Moreover
1 — (gt =1
(g2 —1)?
Proof. By combinatorial counting using [31, Section 5]. O

Lemma 150. We refer to Example 148 and write E = Ey. The set {EZ|z € X} is
Norton-balanced. Pick distinct x,y € X and write t = 0(x,y). For2<i< D —1,

i—1 i—1 D-1%
¢ -1 ¢ —1lqvr—q g
0=Fr, + ——FEz] — Ezx — Ey. 53
y qD—%_qi y q—1 q%—l q Y (53)
Fori=D,
D-1_ 4 D-%
0=Ea; -1 T " 9p;— "By (54)
q—1 q2 —1

Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer ¢ (2 < i <
D —1). We verify the conditions in (45). We have 2o = &, so ®;(z2) = 0. We have

\ — ¢t -1 0 — N
T 1 * ® :
ql — qD_E Gi_l — (9Z
Therefore
* * — 1
Hi_0i+1 _QD 1—(12
e SR W S Y
0, — o~ gt

We have verified the conditions in (45), so the set { EZ|x € X} is Norton-balanced. The
linear dependence (53) is obtained using (41), (42). To obtain (54), use Proposition 68
and z, = zp. O
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Example 151. (See[2, Chapter 6.4], [40, Example 6.1(9)].) The halved graph
%Dg p+1(p") is distance-regular, with diameter D and intersection numbers

i i—1 D _ i  D+i
R =gl — L o (0<i<D),
where ¢ = p*".

Example 152. The graph %Dg p+1(p™) has a @-polynomial structure such that
qu_]_qD-‘r%_l qi_lqwﬂ'ﬂ_l

82' = q2 0 < 7 < D s
N R T R ( )

Dty _ 1 42D _ Diqg_1 ¢2P_

gr— 1 (i O ¢’ —q (0<i<D)

q—1 ¢P—q2 ¢ q—14P2—-1

This @-polynomial structure has dual ¢-Hahn type with
2D+1
- qufg7 5 — q72D727 h— 4q

e @2+ D@ —q)
(¢—1(¢"2 - 1)
This @-polynomial structure is DC and

o lao 1)(g7 + D@ =1

—1
qii]1 —1g -1 (" - —g—1)+¢"* 2+ ¢
(=1 -1 ¢(¢P"s—q2 —2)+¢P"3 + ¢
¢ g7 — 1) 4P+ Pt — g+ g7 — (g7 + 1)
q% —1 qi(qDJF% _q% —2)+qD+%+q%
¢ 1 gt +2) +¢7 P g

1
T s N S

Y

S; =

Y

For1<:<D-1,
¢® — ¢ ¢° —q¢72 ¢ ("7 —qz —q—1)+¢""3 + ¢
¢—1 -1  ¢(""2—q>—2)+ "z + ¢
I e R CC Vi C i )
¢z —1 ¢i(qP*2 — g2 —2) + P2 + ¢2
(@2 +1)(¢" = 1) ¢ +q(¢P*2 + ¢ —2) — ¢*

1
Zin1=q2 :
e gz —1 ¢(q"" =g = 2)+ g7+ g2

R =

Y

9
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For2<t<D-1,

¢ —1lg'-1
U; = — 7
g—1 q—1
=1 (g = 1)(g+ %) ¢(qPTE+qP —q—qF —4) +¢PTE 4¢P 4 2
1 ; . i : |
v — @ FDd =D —1) ¢ —g=2)+¢"" + ¢
| (42 = 1) ¢i(qP*7 — g7 —2) +¢PFE 4 g5
1,1
D;(\) = u; (A=) (N —=&), € =qi (g2 + 1),
T D D+§ 1
3 (g3 (¢ —q—2)+q¢" "2 +¢q=
& =qt(gh+ 12 —LL ) )

Lemma 153. For the graph %D2D+1<pn) the kite function (; is constant for 2 < i < D.
Moreover

(-1 "' -1
(g2 —1)2
Proof. By combinatorial counting using [31, Section 5]. ]

Lemma 154. We refer to Example 152 and write E = Ey. The set {EZ|x € X} is
Norton-balanced. For2 <i< D —1 and x,y € X at distance d(x,y) =1,

i—1 1 i—1 1 D _ )
T~ " pp+ 4 T s 4-1py. (55)
@ —-q¢ 7 q-1 ¢g2-1
Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer ¢ (2 < i <
D —1). We verify the conditions in (45). We have 2o = &, so ®;(z2) = 0. We have

1
Zi:q2

O:Emy_+

| 0r — 0
Ai = qi—D’ e I
¢ —4q ;-0
Therefore
0 — 0 p=1 1
G e N W .
01— 0; ¢ —q
We have verified the conditions in (45), so the set { EZ|x € X} is Norton-balanced. The
linear dependence (55) is obtained using (41), (42). O

22 Example: the Hemmeter graph

Example 155. (See [2, Chapter 6.4], [40, Example 6.1(10)—(12)].) Let GF(p™) denote a
finite field with p odd. The Hemmeter graph Hemp(p™) is described in [2, p. 383]; it is
distance-regular with diameter D and intersection numbers

¢ — ¢

qg—1

g -1
-

9 bz:

G
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where ¢ = p”. Note that Hemp(p") has the same intersection numbers as Dp(p").
The graphs Hemp(p") and Dp(p™) are not isomorphic. The assertions about Dp(p™) in
Example 142 and Lemmas 143, 144 hold for Hemp(p™) as well. Note that Hemp(p™)
is bipartite. The assertions about $Dsp(p™) in Section 21 hold for Hemap(p™) as well.
The assertions about %DQDH(p”) in Section 21 hold for %Hemwﬂ(p”) as well.

23 Example: the Hamming graph

Example 156. (See [2, Chapter 6.4], [40, Example 6.1(13)].) For an integer N > 2, the
Hamming graph H(D, N) has vertex set X consisting of the D-tuples of elements taken
from the set {1,2,..., N}. Vertices z,y € X are adjacent whenever z,y differ in exactly
one coordinate. The graph H(D, N) is distance-regular with diameter D and intersection
numbers

¢ =1, bi = (N —1)(D — i) (0<i< D).

The graph H(D,2) is often called a D-cube or hypercube. It is bipartite and an antipodal
2-cover.

Example 157. The graph H(D, N) has a Q-polynomial structure such that
0;=0"=D(N —1)—iN 0<i< D).
This @-polynomial structure has Krawtchouk type, with
s=—N, s*=—N, r=N(N—-1).

This @-polynomial structure is DC with v* = 0.
Until further notice, assume that N > 3. For 2 <17 < D,

Oéi:i_la 51:07

ri=1—1, s =1, z; = 0.

For1<:<D-1,

(N —1)(D —4)(2DN —iN — N — 2D)
2DN —iN — 2D ’

N(N —1)(D —1i)

" 2DN —iN — 2D’

4 N(N —2)i |

41 9DN —iN — 2D

R; =

S =

For2<:<D-1,

(i~ YN(N —2)
Y"T39DN —iN —2D’

u; = —i(i — 1), w; = 0,

_ N(N-2)
~ 2DN —iN — 2D’

Di(A) = ui(A =) (A= &), §=0, &

ot
o
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We have been assuming that N > 3. From now until the beginning of Lemma 158, we
assume that N =2. For 2 <i < D,

o =1—1, B; = 0.
For2<i< D -1,
ri=1—1, s; =1, z; = 0.
For1<i:< D -1,
Ri=D—-1—-1, S; = —1, zih, = 0.
For2<:<D-1,
w; = —i(i — 1), v; =0, w; =0,

Di(N) = ui( A = §)(A = &), §=0, & =0.

Lemma 158. For H(D, N) the kite function (; is constant for 2 < i < D. Moreover
zz=0for2<i1<D.

Proof. The graph H(D, N) is a regular near polygon, and hence kite-free. O

Lemma 159. We refer to Example 157 and write E = E;. Pick distinct z,y € X and
write i = d(x,y). For2 <i< D,

Ex; = (i —1)Ei + By, (56)
For1<i:<D—1and N =2,

Exf = (D—i—1)Ei - Ey. (57)
In any case, the set {Ez|x € X} is Norton-balanced.

Proof. To get (56), use Proposition 68 and z; = z;. To get (57), use Proposition 80 and
zh1 = 241 It follows from Lemma 24 and (56) that the set {EZ|z € X} is Norton-
balanced. O

For D even, the hypercube H (D, 2) has a second @Q-polynomial structure that we now
describe.

Example 160. (See [2, Chapter 6.4, [40, Example 6.1(14)].) Assume that D is even.
The hypercube H(D,2) has a @-polynomial structure such that

0; =07 = (—1)"(D — 2i) (0<i< D).

This @-polynomial structure has Bannai/Ito type, with

rn=ry=—(D+1)/2, s=s"=D+1, h=h"=—1.
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This @-polynomial structure is DC with v* = 0.
For 2 <1< D,

1— (—1)i(2i — 3)

YT C)iD—2i 1) b= S D=2t 1)
For2<:<D-1,
ri=1—1, s; = (—=1)"1 zi =0
For1<:<D-1,
Ri=i+1-D, S; = (—1)", zh, =0
For2<:<D-1,
u; = 0, v; =0, w; =0, d;(N) = 0.

Lemma 161. We refer to Example 160 and write E = E,. The set {Ez|z € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2 <i< D,

Ex, = (1—i)Ei — (-1)'Ej. (58)
For1<i<D—-1,
Ex) = (i+1—D)E& + (-1)'Ej. (59)

Proof. To get (58), use Proposition 68 and z; = z;. To get (59), use Proposition 80 and

zh 1 = zin1. It follows from (58), (59) that the set { E#|z € X} is Norton-balanced. [

i+

24 Example: the halved hypercube

Recall that the hypercube H(D,2) is bipartite.

Example 162. (See [2, Chapter 6.4], [40, Example 6.1(15)].) The halved graph $ H (2D, 2)
is distance-regular, with diameter D and intersection numbers

¢ =1(2i — 1), by = (D —14)(2D — 1 — 2i) (0<i<D).
The graph $H(2D,2) is an antipodal 2-cover.
Example 163. The graph %H (2D, 2) has a @-polynomial structure such that
0; = D(2D —1) —2i(2D — 1), 07 =2D — 4i (0<i< D).
This @-polynomial structure has dual Hahn type with

r=-D-—1/2 s=-2D —1, s* = —4, h =2.
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This @Q-polynomial structure is DC with v* = 0. For 2 <i < D,

a=i—1, B = 0.
For 2<i<D—1,
ri=(20—1)(i—1), s =2i—1, zi =4(i—1).
For1<i<D—1,
Ry = (2D —2i—1)(D—i—1), S, =2i+1-2D, o =4
For2<:<D-1,
wi = —i(i — 1), v = 8i(i — 1), w; = —16i(i — 1),
Pi(A) = wi(A = A - &), £=4, & =4

Lemma 164. For the graph $H(2D,2) the kite function (; is constant for 2 < i < D.
Moreover

zi=4(i—1) (2<i<D).
Proof. By combinatorial counting. m

Lemma 165. We refer to Example 163 and write E = Ey. The set {EZ|lz € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2 <i< D,

Ezx, = (2t —1)(i — 1)Ez 4 (20 — 1)Ey. (60)
For1<i<D-—1,
E:c;r =2D—-2i—1)(D—i—1)Ez+ (2i+1—-2D)EYy. (61)

Proof. To get (60), use Proposition 68 and z; = z;. To get (61), use Proposition 80 and
zh1 = zip1. It follows from (60), (61) that the set {EZ|z € X} is Norton-balanced. [

Example 166. (Sce [2, Chapter 6.4], [40, Example 6.1(16)].) The halved graph $ H(2D+
1,2) is distance-regular, with diameter D and intersection numbers

¢ =1i(21 — 1), b; = (D —1i)(2D + 1 — 2i) (0<i< D).
Example 167. The graph %H (2D + 1,2) has a Q-polynomial structure such that
0; = D(2D + 1) — 2i(2D — i + 1), 0 =2D +1— 4i (0<i< D).
This @-polynomial structure has dual Hahn type with

r=-D—3/2, s=—-2D—2, §* = —4, h=2.
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This @Q-polynomial structure is DC with v* = 0. For 2 <i < D,

@i:i—l, ﬂZ:()?
ri=(2i —1)(i - 1), s =2i—1, 2 =43 —1).

For1<i<D—-1,
For2<i:< D -1,

Lemma 168. For the graph $H (2D +1,2) the kite function ¢; is constant for 2 < i < D.
Moreover

zi=4(i—1) (2<i<D).
Proof. By combinatorial counting. O

Lemma 169. We refer to Example 167 and write E = E,. The set {Ez|zr € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2 <i< D,

Fx, = (20 —1)(i —1)Ez 4 (20 — 1) Ey. (62)
For1<i<D-—1,
E’yc;r = (2D —2i—1)(D—1i)Ez+2(i — D)Eqy. (63)

Proof. To get (62), use Proposition 68 and z; = z;. To get (63), use Proposition 80 and
zh1 = zip1. It follows from (62), (63) that the set {EZ|z € X} is Norton-balanced. [

We now give a second )-polynomial structure for %H (2D +1,2).

Example 170. (See [2, Chapter 6.4], [40, Example 6.1(18)].) The graph $H (2D + 1,2)
has a ()-polynomial structure such that

0;=0"=D((2D+ 1) —4i(2D —2i+ 1) 0<i< D).
This @Q-polynomial structure has Racah type with

r=—D/2 - 3/4, ry = —D/2 —5/4,
s=s"=-D-3/2, h=h"=38.
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This @Q-polynomial structure is DC with v* = 16. For 2 < < D,

L _(i=1(ED-5)(2D—2i+1)
" (2D —3)(2D —4i +3)
B 41 —1)(i — 2)
Bi__(QD—S)(2D—4i+3)’
(i — 1)(2i — 1)(4i* — 2i(2D + 3) + 2D* + D)
e 4 —2i(2D + 1)+ 2D*> + D
(20 — 1)(2D* + D — 2i(2D — 1))
432 —2i(2D + 1) + 2D+ D
- _AG-1) 4D* — D —i(16D? + 4D — 6) + 8i*(3D — 1) — &
" 2D-5 42 — 2i(2D + 1) + 2D? + D '

Y

Y

S; — )

For1<:<D-1,
R (D —4)(2D — 2i — 1)(44* — 2i(2D — 1) + 2D* — 3D — 2)
L 412 — 2¢(2D + 1) + 2D% + D
2(D —i)(2D* — D —1—2i(2D — 1))

Y

Si - — 5
4i2 —2i(2D +1)+2D?+ D
N 4i 8% — 82D +2)+8i(2D +1)+4D* —12D* - D — 1
Z: = .
* 9D -5 442 —2i(2D + 1) +2D? + D

For2<:<D-1,
i(i—1)(2D — 5)(2D — 2i+ 1)(2D — 2i — 1)
YT T (2D —3)2(2D — 4i + 3)(2D — 4i — 1)

4i(i — 1)(2D — 2i + 1)(2D — 2i — 1)
(2D — 3)2(2D — 4i + 3)(2D — 4i — 1)

 16D" — 64D + 80D* 43 — 4i(8D° — 20D* + 14D + 13) + 8i%(4D* — 12D +13)

42 —2i2D + 1)+ 2D*+ D

16i(i — 1)(2D — 1)(2D — 2i + 1)(2D — 2i — 1)

YT T 2D — 3)2(2D — 4i — 1)(2D — 4i + 3)
AD? —12D% + 19D — 3 — 2i(4D? — 1) + 4i(2D — 1)

Y

[

Y

X . ; )
49?2 — 2i(2D + 1)+ 2D? + D
Di(A) = ui(A = (A = &), § =4,
= 42D — 1) 4D® — 12D + 19D — 3 — 2i(4D? — 1) + 43%(2D — 1)
" (2D - 5)2 442 — 2i(2D + 1) +2D?+ D ‘

Lemma 171. We refer to Example 170 and write E = Ey. The set {EZ|lz € X} is
Norton-balanced. Pick distinct x,y € X and write t = 0(x,y). For2<i< D —1,

2(i — 1) . 29D — 3
0=Ez 4+ —"2) pot_(i—1)(2D -5)Ei+ ——= " _Ej. 64
Ry e R Gl B+ oy B (64)

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.49 60



Fori=D,
0=~FEzx, — (D —1)(2D —5)Ez + (2D — 3)Eqy. (65)

Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer i (2 < i <
D —1). We verify the conditions in (45). We have zy = &, so ®;(z2) = 0. We have

20— 1) 0r — 07, 2D—4i—1

T2 —2D+ 1 0r , — 60 2D —4i+3
Therefore

6 =0, _ _(2D-5)(2D—4i+1) L0

0r ,—60r " (2D —2i—1)2D—4i+3) "

We have verified the conditions in (45), so the set { EZ|x € X} is Norton-balanced. The
linear dependence (64) is obtained using (41), (42). To obtain (65), use Proposition 68
and 2z, = zp. O

25 Example: the folded hypercube

Recall that the hypercube H (D, 2) is an antipodal 2-cover. Its antipodal quotient is called
a folded cube.

Example 172. (See [2, Chapter 6.4], [40, Example 6.1(20)].) The folded cube H (2D, 2)
is distance-regular, with diameter D and intersection numbers
ci =1 (1<i<D-1), cp = 2D,
b =2D —i 0<i<D-1).
Example 173. The graph H (2D, 2) has a @-polynomial structure such that
0; =2D — 4 (0<i< D),
07 = D(2D — 1) — 2i(2D — i) (0<i< D).
This @-polynomial structure has Hahn type with
r=-D-—1/2 s = —4, s*=-2D —1, W =2.
This @-polynomial structure is DC with v* = 4. We have
(2D —3)(i — 1)(2D — 1)

YT D —-1)2D -2 +1) 2<i<D)

(t—1)(1—2) .

b= b —DeD =2+ 1) 2<is<D)

(i —1)(i2 —i(2D + 1) + 2D — D) ,
" 2 —2D+2D?— D @< ) rp=2D-2)
(2D —1)(D—i)
~i2-2D+2D?—D
. 2(i — 1)(2D — i)(2D — i — 1) , .
- 2<i<D-1), = 0.
Y = ap-3)@_zDi2pi-D) 2SI )b
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For1<t<D-1,

(2D —i — 1)(i —i(2D — 1) + 2D? — 3D)

R = 2_92D+2D2—D :
o ___(D-HD-i)

! i2—2D+2D2— D’

. 2i(i —1)(2D —i — 1)
ya

17 (2D —3)(i2 — 2iD + 2D2 — D)’
For2<:t<D-1,

(i —1)(2D - 3)*(2D —i)(2D —i — 1)
YT YD 122D -2+ 1)(2D —2i - 1)

_ 2i(i—1)2D —i)(2D —i—1)(2i* = 4D +2D*+ D — 1)
YT T (D -1)2D—2i+ )(2D — 2 — 1)(2— 2D + 2D* — D)’
w; = 0,

Pi(A) = ui(A = (A= &), §=0,

_ 8(D—-1)(2¢* —4D+2D*+ D —1)

=" (2D — 3)2(i2 — 2iD + 2D% — D)

Lemma 174. For the graph H(2D,2) the kite function (; is constant for 2 < i < D.
Moreover

Proof. The graph H (2D, 2) is bipartite, and hence kite-free. O

Lemma 175. We refer to Example 173 and write E = E,. The set {Ez|zr € X} is
Norton-balanced. For x,y € X we have

0= FEz, + FEx; —2(D - 2)E#.
Proof. The graph H (2D, 2) is bipartite and 0; = 2(D — 2). ]

Example 176. (See [2, Chapter 6.4], [40, Example 6.1(19)].) The folded cube H (2D +
1,2) is distance-regular, with diameter D and intersection numbers

¢ =i (1<i< D),
b;=2D+1—i (0<i<D-1).

Example 177. The graph H(2D + 1,2) has a Q-polynomial structure such that

0; = 2D + 1 — 4 (0<i< D),
0 = D(2D +1) — 2i(2D — i + 1) (0<i< D).

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.49 62



This @-polynomial structure has Hahn type with

r=-D—3/2, s = —4, s*=-2D — 2, h

|
o

This Q-polynomial structure is DC with v* = 4. For 2 <i < D,

(D=1)(i—1)2D—i+1)

YT T eD-nD—i+r1)

g - (i=1(-2)

‘ 202D —1)(D —i+1)’

(i — 1)(i = 2i(D + 1) + 2D + D)
2—i2D+1)+2D*+D '
D(2D — 2i +1)

i?—i(2D+1)+2D?+ D’

B (i — 1)(2D — i)(2D — i + 1)

T T D10 —i2D+1) +2D2+ D)’

i

S; —

For1<:<D-1,

(2D —i)(i2 — 2iD + 2D* — D — 1)

B = 2 —i(2D+1)+2D2+D
o _ D(2D —2i +1)

’ i2 —i(2D +1)+2D?+ D’

L i(i —1)(2D — 1)

T (D -D)(@—i(2D+1)+2D* 1 D)’
For 2 <i< D1,

(i~ (D - 1)*2D — (2D — i+ 1)

4= 2D 12D —)(D—i+1)

(i —1)(2D — )(2D — i+ 1)(2i> — 2i(2D + 1) + 2D* + 3D)
T T D —)@D-D)(D—i+ 1)(2—i2D+1)+2D+ D)
Ww; = 0,

Di(A) = wi(A = (A= &), §=0,
(_ (2D 1)(2i2 — 2i(2D + 1) + 2D? + 3D)

(D—1)%(i®—i(2D +1)+2D? + D)

Lemma 178. For the graph H(2D +1,2) the kite function (; is constant for 2 < i < D.
Moreover

% =0 2<i< D).
Proof. The graph H(2D + 1,2) is almost bipartite, and hence kite-free. ]
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Lemma 179. We refer to Example 177 and write E = Ey. The set {EZ|lz € X} is
Norton-balanced. For 0 <i< D —1 and z,y € X at distance 0(x,y) =1,

0= Ez, + Ex; + (3—2D)FEi.
Proof. The graph H(2D + 1,2) is almost bipartite and 6; = 2D — 3. ]

Example 180. (See [2, Chapter 6.4], [40, Example 6.1(17)].) The graph H (2D + 1,2)
has a second )-polynomial structure such that

0; =07 = (=1)"(2D — 2i + 1) (0<i< D).
This @Q-polynomial structure has Bannai/Ito type, with
T'lz—l)—l7 7’2:—2D—2, SZS*:2D+2, h=h"=-1.

This Q-polynomial structure is DC with v* = 0.
For 2 <1< D,

(D —1)(1+ (1)) 1= (-1)"(2i - 3)

YT OC)iD—itr 1) fi = A(—1)(D—i+1)
ri=1-—1, s; = (—=1)"1 2 =
For1<:<D-1,
Ry =1i—2D, S; = (—1), 2, =0.
For2<:<D-1,
u; =0, v; =0, w; =0, d;(N) =0.

Lemma 181. We refer to Example 180 and write E = E,. The set {Ez|zr € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2 <i< D,

Ex, = (1—1i)Ei — (-1)'Ej. (66)
For1<i<D-—1,
Ex) = (i —2D)E& + (—1)'Ej. (67)

Proof. To get (66), use Proposition 68 and z; = 0 = z;. To get (67), use Proposition
80 and 2z, = 0 = z;4y. It follows from (66), (67) that the set {EZ|z € X} is Norton-
balanced. O
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26 Example: the folded-half hypercube

Example 182. (See [2, Chapter 6.4], [40, Example 6.1(21)].) The folded-half graph
$H(4D,2) is distance-regular, with diameter D and intersection numbers

¢ =i2i—1) (1<i<D-1), cp =2D(2D — 1),
b; = (2D — i)(4D — 2i — 1) (0<i<D-1).

Example 183. The graph %PN[ (4D, 2) has a Q-polynomial structure such that
0; = 07 = 2D(4D — 1) — 8i(2D — i) (0<i< D).
This @Q-polynomial structure has Racah type with
r=-D-—1/2, ro =—2D —1/2, s=8"=-2D—1, h=h"=8.
This Q-polynomial structure is DC with v* = 16. We have

(i —1)(2D — 3)(2D — i)
2(D—1)(2D — 2i + 1)
i—1)(i—2 .
ﬁi=—2<p(_1><2)f>_2§+1> @2<i<D),

(i — 1)(2i — 1)(2i* — 2i(2D + 1) + 4D* — D)
e 2i2 — 4iD + 4D* — D
rp=2(D—1)(2D — 3),
(2i — 1)(2i — 4iD + 4D* — D)

oy =

2<i<D-1),

(2<i<D-1), sp =2,

T T2 4D+ 4D — D
_ 4(i—1)(8D* = 6D? + D —i(16D* — 6D — 1) +i*(12D — 5) — 2i®)
%= (2D — 3)(2i2 — 4iD + 4D% — D)

2<i<D-1), 25 =4(D - 1).
For 1<i<D—1,

(2D — i —1)(4D — 2i — 1)(2i* — 2i(2D — 1) + 4D* — 5D)

= 2i2 — 4iD +4D? — D ’
g _ (4D —2i —1)(2i — 4iD + 4D* - 3D)

f 2i2 — 4iD +4D* — D ’

. 4i(2® —*(4D 4 3) + 8D +8D* — 18D* + 7D — 1)
Fit = (2D — 3)(2i2 — 4iD + 4D% — D)

For2<:<D-1,

__ili=)@D—3?2D-)2D—i-1)
Uy = — 4D —-1)22D—-2i+1)2D —2i—1) "’
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2i(i — 1)(2D — i)(2D — i — 1)

YT D—1202D-2i+1)(2D—2i - 1)
 i*(8D* = 16D + 10) — i(16D* — 32D + 20D) + 16D" — 48D° + 50D* — 17D + 2
2i2 — 4iD + 4D> — D ’
 4i(i—1)(2D —1)(2D —i)(2D — i — 1)
YT T DS 122D — 20 — 1)(2D —2i + 1)
 %(4D = 2) = i(8D* — 4D) + 8D* — 18D* + 17D — 4
2i2 — 4iD + 4D2 — D ’
Di(A) = ui(A = (A = &), § =4,
4(2D — 1)(i(4D — 2) — i(8D? — 4D) + 8D? — 18D? + 17D — 4)
e (2D — 3)2(2i2 — 4D + 4D? — D) ’

Lemma 184. For the graph %]:I(4D,2) the kite function (; is constant for 2 < i < D.
Moreover

zi=4(i—1) (2<i<D).
Proof. By combinatorial counting. O

Lemma 185. We refer to Example 183 and write E = E,. The set {Ez|zr € X} is
Norton-balanced. Pick distinct x,y € X and write i = 0(x,y). For2<i< D —1,

- i—1 . 2(D —1)

0= Bo 4 "0 Bt 9t 1)(3—2DVEi+ L= pa 68
Tyt op P 201 JBE+ o ptY (68)

Fori=D,

0= Ex; +2(D — 1)(3 — 2D)Ei — 2Ej. (69)

Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer i (2 < i <
D —1). We verify the conditions in (45). We have zo = &, so ®;(z2) = 0. We have

-1 0; — 07, 2D—2i—1

i+ 1-2D’ 0, —0F 2D —2i+1°
Therefore

00, 2D-3(D-)

0r , —0; (2D —i —1)(2D — 2i + 1)

We have verified the conditions in (45), so the set { EZ|x € X} is Norton-balanced. The
linear dependence (68) is obtained using (41), (42). To obtain (69), use Proposition 68
and z, = zp. [

Example 186. (See [2, Chapter 6.4], [40, Example 6.1(22)].) The folded-half graph
%H (4D + 2,2) is distance-regular, with diameter D and intersection numbers

c=i2i—1) (1<i<D),
b= (2D —i+1)(4D — 2i + 1) (0<i<D-1).
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Example 187. The graph %ﬁ (4D + 2,2) has a Q-polynomial structure such that
0;=0"=02D+1)4D+1)—-8i(2D —i+1) (0<i< D).
This @Q-polynomial structure has Racah type with
r=—-D—3/2, ro = —2D —3/2, s=8"=-2D—2, h=h"=8.

This @Q-polynomial structure is DC with v* = 16.
For2<t< D,

a'_(i—l)(D (2D —i+1)
‘" @2Db-1)(D—-i+1)
PR et V()
T 22D —1)(D—i+1)
(1 —1)(2i — 1)(4é* = 8i(D + 1) + 8D* + 6D + 1)
e 42 —4i(2D + 1) + 8D* + 6D + 1
(20 —1)(8D*+ 6D + 1 — 8iD)
T 42— 4i(2D + 1)+ 8SD2+ 6D + 1’
_ 4(i—1)(8D*+6D? + D —i(16D* 4+ 10D) + i*(12D + 1) — 2i%)
G (D —1)(44® — 4i(2D + 1) + 8D? + 6D + 1) '

I

For1<i<D-—1,
(2D —i)(4D — 2i + 1)(44*> — 8D + 8D* — 2D — 3)

= 42 —4i(2D + 1) + 8D? + 6D + 1 ’

s (4D -2i+1)(8D*+2D —1-8iD)

‘ 442 —4i(2D + 1) +8D?+ 6D +1 ’

. _ 4 2P —P(AD+5) +4i(2D +1) +8D° —6D> ~5D — 1
T D 42 — 4i(2D + 1) + 8D% + 6D + 1

For2<t:<D-1,

(= 1)(D=1)2(2D—#)(2D —i+1)
YT oD 12D —)(D—itrl)
 4i(i—1)2D =) (2D —i+1)
YT 2D 12D —)(D—i+1)
y 16D* — 16D% + 2D? + 5D + 1 — 4i(4D% — 2D? + 1) + 4i*(2D* — 2D + 1)
42 —4i(2D + 1) + 8D? + 6D + 1
_ 16Di(i — 1)(2D —i)(2D —i + 1)
YT T oD 12D —)(D—i+1)
42D — 4iD(2D + 1) + 8D3 — 6D* + 5D + 1
42 — 4i(2D + 1) + 8D% + 6D + 1

)

Y
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Di(A) = ui(A = (A = &), §=4,
¢ 4D 44?D —4iD(2D + 1) +8D* —6D? + 5D + 1
(D —1)2 442 — 4i(2D + 1) + 8D? + 6D + 1 ‘

Lemma 188. For the graph %I:I(4D+2, 2) the kite function (; is constant for 2 < i < D.
Moreover

zi=4(i —1) (2<i< D).
Proof. By combinatorial counting. O]

Lemma 189. We refer to Example 187 and write E = Ey. The set {EZ|lz € X} is
Norton-balanced. For2 <i< D —1 and z,y € X at distance i = 0(z,y),

1—1 2D -1
Exl —4(D —1)(i —1)Ez Eqy.

O:Exy_+

Proof. To get the first assertion, we use Proposition 100(ii). Pick an integer i (2 < i <
D —1). We verify the conditions in (45). We have zo = &, so ®;(z2) = 0. We have

' i—2D’ 0, —0r D—i+1
Therefore

0r — 074 = (D—l)(2D—2j+1) 40,

0r | — 0% (2D —4) (D —i+1)

We have verified the conditions in (45), so the set { EZ|x € X} is Norton-balanced. The
linear dependence (70) is obtained using (41), (42). O

27 Example: the Hermitean forms graph

Example 190. (See [2, Chapter 6.4], [40, Note 6.2].) let GF'(p™) denote a finite field. The
Hermitean forms graph Herp(p™) is distance-regular with diameter D and intersection
numbers

-1 b.—_qu_qzi
z ; =

1 -1 0<i<D),

Ci =¢(q

Y2

where g = —p".

Example 191. The graph Herp(p") has a @Q-polynomial structure such that

I (0<i< D).
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This @-polynomial structure has affine ¢-Krawtchouk type, with

2D 2D
—D-1 h — q h* q

I g—1

This @-polynomial structure is DC iff a7 = 0 iff a; = 0 iff p" = 2 iff ¢ = —2 (provided
that D > 4). Assume that ¢ = —2. We have

Yi=q¢ ' =1+#0.

For 2 <1< D,

i—1
g —1
& = q_—la B =0,
- qi_l qi71 1 q2D+i + q2D+1 + qi
t q—l q2D+i+q2D_2qi’
5 — g%i2? QZDH + qu —q¢' —q
i =4 q2D+i + q2D _ 2qi ’
- (qiq B 1) q2D+1 + q2D + qu
i q2D+i + q2D _ qu“
For1<i:<D—1,
n_ _1 q2D . qm q2D+i + qu + qi
g q q—l q2D+i+q2D_2qi’
o _ i qu . q2z
i =4 q2D+i + q2D _ qu”
PR C i i€ At}

i+1 — _q2D+i + 2D — 2qi'

For2<i:< D -1,

qi_lqi—l_l
U; = — )
¢g—1 q-1
o (qi_ 1)((1@'—1 _ 1) q2D+1+q2D_2qi .
Ve = 1 2D+i 4 2D _ 9gi Wi =Y,
q q q q

)q2D+1 + 2P — 24

(I)z(/\) :uz(/\_gx/\_&)v £=0, & = (q_l q2D+i—|—q2D—2qi'

Lemma 192. For Herp(p™) the kite function (; is constant for 2 < i < D. Moreover
2, =0 (2<i< D).

Proof. The graph Herp(p™) is kite-free by [41, Theorem 2.12]. O
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Lemma 193. We refer to Example 191 with g = —2. Write E = Ey. The set {Ez|r € X}
1s not Norton-balanced. However the following linear dependencies hold. Pick distinct
x,y € X and write 1 = 0(x,y). For1 <i< D —1,

1 qz _ q2D

_ - —1p .+ 5 =2 gy
0=Fz, —q Ea:y—i—? — Ez +q¢ "Ey. (71)

Fori=D,

D

1
0= Ex; — qD_Qq—lEa? +qP 2Ry (72)

Proof. The first assertion follows from Lemma 33(i). To obtain (71), use (41), (42) and
Ni=q" (2<i<D-1).

To obtain (72), use Proposition 68 and z;, = 0 = zp. Alternatively, (71) and (72) follow
from Lemma 33(ii). O

28 Example: the Doob graphs

In this section, we will discuss the Doob graphs and their relationship to the Hamming
graphs. In this discussion the Shrikhande graph makes an appearance. The Shrikhande
graph is distance-regular with diameter 2; it has the same intersection numbers as the
Hamming graph H(2,4). The Shrikhande graph is not isomorphic to H(2,4), because
the Shrikhande graph has a 2-kite and H(2,4) does not. See [2, Example 2.10] for more
information about the Shrikhande graph.

Example 194. (See [2, Chapter 6.4], [7, p. 262].) By a Doob graph, we mean a Cartesian
product of graphs, with each factor isomorphic to the Shrikhande graph or the complete
graph K4. We require that in the Cartesian product, at least one factor is isomorphic to
the Shrikhande graph. Let I" denote a Doob graph with diameter D. We have D = 2n+m,
where n (resp. m) is the number of factors isomorphic to the Shrikhande graph (resp.
K,). The graph I is distance-regular and has the same intersection numbers as H(D,4).
However I' is not isomorphic to H(D,4). Both H(D,4) and I' have a Q-polynomial
structure such that

0; = 0" = 3D — 4 (0<i< D).

Every assertion about H (D, 4) in Example 157 holds for I". In particular, the Q-polynomial
structure for I' is DC and v* = 0. Moreover

' 3D — 9

(2<i<D-1). (73)

Lemma 195. Assume that I' = (X, R) is a Doob graph, and write E = Ey. Then the set
{Ez|x € X} is not Norton-balanced.
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Proof. We assume that the set { FZ|x € X} is Norton-balanced, and get a contradiction.
There exists a subset S C X such that (i) the subgraph of I" induced on S is isomorphic to
the Shrikhande graph; (ii) for all x,y € S and all z € X\ S, 9(x, 2) +9(y, z) = O(z,y) + 2.
Since the Shrikhande graph has a 2-kite, there exist z,y € S at distance 0(x,y) = 2 such
that I'(z) N '(y) contains an edge. By Definition 44, (s(z,y,*) = 1. By Definition 51
and the construction, (3(x,y,z) = 0. We have (3(7,y,*) # 25, s0 Ex, # rpEi + 5,59
by Proposition 68. We have (3(*,y, ) # 23 , s0 Ea:; # RoET + SoEy by Proposition 80.
The vectors Fux, ,Ea:;,Ea%,Eg) are linearly dependent by Lemma 32. This contradicts
Lemma 89, and the result follows. O]

29 Further examples

Below we list some @-polynomial distance-regular graphs I' = (X, R) with diameter
D > 4. We describe the Q-polynomial structure of I', using the data in [2, Chapter 6.4] and
the notation of [45, Section 20]. In each case (i)—(vi) below, the Q-polynomial structure is
not DC because the condition in Theorem 128(i) is violated. In each case, v* # 0. In each
case the set { EZ|x € X} is not Norton-balanced, where F is the Q-polynomial primitive
idempotent of I' attached to the given )-polynomial structure. For the cases (i)—(iv) this
Norton-balanced assertion follows from Lemma 127, because I' is distance-transitive and
therefore reinforced. For case (vi) the assertion follows from Corollary 94 and the fact
that T has a non-regular p-graph [16, 1]. For case (v) the assertion is proved in Lemma
201 below. Let GF(q) denote a finite field.

(i) The folded graph J(4D,2D) has Racah type with

rn=-D—-1/2, ro =—2D — 1, s=—2D—3/2, s*=-2D—1.

(ii) The folded graph j(4D +2,2D + 1) has Racah type with

r=-D-3/2, r9 = —2D — 2, s=—2D—5/2 s*=-2D — 2.
(iii) The bilinear forms graph H (D, N) (N > D) has affine ¢-Krawtchouk type with
—N-1

r=gq

(iv) The alternating forms graph Alt,(N) (D = |N/2|) has affine ¢-Krawtchouk type
with

r=q P72 (if N is even), r=q P72 (if N is odd).

(v) The quadratic forms graph Quad,(N) (D = |(N + 1)/2]) has affine ¢-Krawtchouk
type with

r=q P72 (if N is even), r=q P72 (if N is odd).
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(vi) The twisted Grassmann graph 2.J,(2D + 1, D) has dual ¢-Hahn type with

_ —D-2 __ —2D-3
r=4q s S =(q .

This graph has the same intersection numbers as J,(2D + 1, D).

For the rest of this section, our goal is to show that the graph from item (v) is not
Norton-balanced. To reach the goal, we will derive some preliminary results that apply
to more general )-polynomial distance-regular graphs. We will be discussing Lemma 91,
which involves two vertices x,y and a scalar ;. Going forward, the scalar \; will be
denoted by A;(z,y) in order to emphasize that it might depend on x,y as well as 7.

Assumption 1. Let I' = (X, R) denote a Q-polynomial distance-regular graph with di-
ameter D > 4. Let F denote a ()-polynomial primitive idempotent of I' with v* # 0.
Assume that the set {EZ|x € X} is Norton-balanced.

Lemma 196. With reference to Assumption 1, pick an integer i (3 < ¢ < D — 1) and
x,y,z € X such that

O(z,y) =1, O(z,2) =1, Ay, z)=1—1.

Then

—_ ")/*bl 0F — QT
: = . = . A L
CZ(.T,y7Z) gz(xay7 *) zz + l(x7y) 9: + 98 91( _ (9;

1 vei 0, — 0]
)\ifl(Z,y) 0;(_1 -+ 08 HT — 9; ’

= gz(*??/az) - Z:_ -

Proof. To get the first two equalities, apply Lemmas 32, 91, 93(i) to z,y. To get the last
two equalities, apply Lemmas 32, 91 and 93(ii) to z,y. O]

Definition 197. With reference to Assumption 1, pick y € X and an integer n > 0. A
path {x;}, in ' is called raising/lowering with respect to y whenever the following (i),

(ii) hold:
(i) 2<0(zs,y) K D—1for0<i<ny
(i) O(xi—1,y) # O(x;,y) for 1 < i < n.

Lemma 198. With reference to Assumption 1, pick y € X. Pick an integer i (2 < i <
D—1) and x,2" € T';(y). Assume that x,x" are connected by a path that is raising/lowering
with respect to y. Then \i(x,y) = \i(2',y).

Proof. Routine using Lemma 196 and Definition 197. m
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Lemma 199. With reference to Assumption 1, pick y € X. Pick an integer i (2 < i <
D —1) and adjacent x,2" € T';(y). Then

018; — T’ZQT — sﬂ;‘

o7 — 05

= \i(z,y) (‘P(x) NT(") NTia(y)| +

IT(z) NT(2)NTi 1 (y)| +

bi0% — Ri0; — sieg*)

i — 03
, , bﬂ* — Rle* - 519:
= e ) (@) ) D] + 22 =50
1 2

Proof. To get the first equality, take the inner product of Fz’ with each side of (37), and
evaluate the result using Lemma 2(i). To get the second equality, apply the first equality
with z, 2" interchanged. O

Lemma 200. With reference to Assumption 1, pick y € X. Pick an integer i (2 < i <
D —1) and adjacent x,x’ € T';(y) such that \j(x,y) # N\i(2',y). Then the following (i)—(iv)
hold:

0193 — T‘ZHT — SZQ::

(i) ID(x)NT(z")NTi_1(y)| + TR 0;
1~ Y2
bitls — RibF — S0
(i) |D(z) NT(z) N T (y)| + —2 7 19* =0;
1~ Y2

(iii) T(z) NT(2)NTi1(y) =0 if 3<i< D —1;
(iv) T(x)NT(2)NTiq(y) =0 if2<i< D —2.

Proof. (i), (ii) By Lemma 199.

(iii) Assume that 3 < i < D — 1 and I'(x) NT(2') N Ty_1(y) # 0. There exists
z € '(x)NT(z') NT_1(y). The sequence x, z, 2’ is a path in I' that is lowering/raising
with respect to y, forcing \;(z,y) = \i(2',y) by Lemma 198. This is a contradiction.

(iv) Assume that 2 < ¢ < D — 2 and I'(x) N T'(2') N Ti4q(y) # 0. There exists
z € I'(x) NT(2") NTi41(y). The sequence x, z, 2’ is a path in I' that is lowering/raising
with respect to y, forcing \;(z,y) = \;j(2',y) by Lemma 198. This is a contradiction. [

We return our attention to the graph I' from item (v) above.

Lemma 201. Assume that I" is from item (v), with D > 4. Then the set {Ez|z € X} is
not Norton-balanced.

Proof. We assume that the set { EZ|z € X} is Norton-balanced, and get a contradiction.
To obtain the contradiction, we show that the kite function (; is constant for 2 <7 < D.
Until further notice, fix y € X. Our first step is to show that A\y(z,y) is independent of x
for all z € T'y(y). To this end, we define a set of vertices A = A(y) by A = U2_,T;(y). We
consider the subgraph of I" induced on A. In the subgraph A, each vertex is connected to
y by a path of length at most 2. Therefore the subgraph A is connected. One checks that
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the subgraph A has diameter 4. Let da denote the distance function for the subgraph A.
Suppose that there exists a pair of vertices x, x" € I's(y) such that As(x,y) # Ao(2,y). Of
all such pairs of vertices, choose a pair z, 2’ such that da(z, ') is minimal. By construction
1 < 0a(z,2") < 4. We now examine the cases.

Case 9a(x, ') = 1. We have O(z,2’) = 1. Setting ¢ = 2 in Lemma 200(ii),(iv) we
obtain I'(z) NT'(2') NT3(y) = 0 and

Using the data in [45, Example 20.6], we obtain for N even:

1 1 1
(qD+2 + qD _ 1)<qD _ q2)(qD+2 _ (12)(]2D+2
q2D+2+% + q2D+% _ 2qD+2+% — 2gD+2 4 242

by0 — Rol; — Sy0; = — £ 0,

and for N odd:

1 _1 _1
(P72 +q” = 1)(¢° — ¢*)(¢P 2 — ¢*)g*P2

62(9* - Rge* - 826* = —
2 1 2 q2D+2_% + qu—% _ QqD—i-?—% — 2¢P+2 4 242

£ 0.

This is a contradiction.
Case Oa(x, ') = 2. We have 0(z,2’') = 2. By the triangle inequality,

D(z)ND(z') = U2, (F(m) AT() N Fi(y)>.

The set I'(z) N T'(z") N T'3(y) must be empty, because if it contains a vertex z then the
sequence x,z,z’ is a path in I' that is raising/lowering with respect to y, contradicting
Lemma 198. The set I'(x) N T'(z") N I'y(y) must be empty, because if it contains a vertex
z then z, z, 2" is a path in the subgraph A, forcing \o(x,y) = Aa(2,y) = Aa(2',y) by the
minimality of Oa(x,z’). By the above comments,

L(z)NT(z) =T(z)NT(z")NT(y).
Note that
T(z) NT (") NT(y)| = [D(z) NT(2")] = co.
We have
I'(z)NT(y) =T (") NT(y) =T(x)NT(")NT(y),

because the first two sets have cardinality ¢ and contain the third set. By Lemma 45, the
scalar (o(z,y,*) is the average valency of the induced subgraph I'(xz) N T'(y). Similarly,
(o(2',y, *) is the average valency of the induced subgraph I'(z’) N T'(y). These subgraphs
coincide, so (o(z,y,*) = ((2',y,*). By this and Lemma 91 (with ¢ = 2), we obtain
Xa(z,y) = Ao(2’,y). This is a contradiction.
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Case 9a(x,x’) = 3. In the subgraph A, the vertices z, 2" are connected by a path of
length 3. Denote such a path by x, z, 2/, 2. The vertices x, 2’ are not adjacent; otherwise
x,Z 2" is a path in A, contradicting Oa(x,2’) = 3. Similarly, the vertices 2/, z are not
adjacent. The vertex z is contained in A and adjacent to x, so z € I'(y) U I'y(y). If
z € T'y(y) then Xa(z,y) = Aa(z,y) = Aa(2’,y) by the minimality of Oa(z,2"). This is
a contradiction, so z € I'(y). We have z € I'(z) N T'(y). Similarly, 2’ € I'(z') N T'(y).
These comments apply to every choice of z,z’. For each choice of z there are ¢y choices
for 2/, and these are all contained in I'(z’) N I'(y). For each choice of z’ there are ¢y
choices for z, and these are all contained in I'(x) N T'(y). We have |I'(z) N T'(y)| = co
and |[['(2) NT'(y)] = c2. By these comments, every vertex in I'(z) N ['(y) is adjacent
to every vertex in I'(z') N I'(y). Pick z € I'(z) N T'(y) and v’ € T'(z') N T'3(y). By
construction d(z,w’) € {2,3}. Suppose for the moment that d(z,w’) = 2. Then there
exists v € ['(z) NT'(w'). By construction v € I'y(y). We have Oa(z,v) < 2 since z, z,v
is a path in A. Therefore, \o(x,y) = Aa(v,y) by the minimality of da(z,2"). We have
Aa(v,y) = Ao(2,y) by Lemma 198 and since v, w’, 2’ is a path in I" that is lowering /raising
with respect to y. By these comments, As(z,y) = A2(v,y) = Aa(2/,y) for a contradiction.
We have shown that 0(z,w') # 2, so 0(z,w') = 3. It follows that in the graph I', every
vertex in ['(x) NT'(y) is at distance 3 from every vertex in I'(2’) N '3(y). Similarly, in the
graph I' every vertex in I'(z") N T'(y) is at distance 3 from every vertex in I'(x) N T'3(y).
Pick 2/ € I'(z") NI'(y). Take the inner product of EZ’ with each side of (37), and evaluate
the result using Lemma 2(i); this yields

o0} — 1oy — 5907 = Xo(,y) (bab; — Robs — So07).
Interchanging the roles of x, 2’ we obtain
ol — 1ol — s90] = /\g(x',y)(629§ — Ry05 — SQQT).
By these comments and A\y(z,y) # Aao(2',y), we obtain
o0 — 1ol — s907 =0, bol; — Roly — S20] = 0.
Using the data in [45, Example 20.6], we obtain
bal; — Roly — Soly = bolly — Rof] — Sa05 # 0.

This is a contradiction.

Case Oa(x,x’) = 4. Pick z € I'(z) NI'(y) and 2’ € I'(2’) N I'(y). Note that Oa(z,2") =
2 = 0(z,2'). Since ¢3 > 1, there exists u € I'(z) N T'(2') with u # y. By construction
u € I'(y) UTy(y), so u € A. The sequence z,z,u is a path in A. The vertices x,u
are not adjacent; otherwise z,u, z’, 2’ is a path in A of length 3. By these comments,
Oa(z,u) = 2. Similarly, Oa(z’,u) = 2. Suppose for the moment that u € I'y(y). Then
Aa(z,y) = Aa(u,y) = Ao(2’,y) by the minimality of Oa(z,2’). This is a contradiction, so
u € T'(y). Note that |T'(u) N Ta(y)| = by, so T'(u) NTa(y) # 0. Pick v € T(u) NTa(y). In
the graph A, the sequence x, z,u, v is path, so da(x,v) < 3. Also in the graph A, the
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sequence &', 2, u, v is path, so da(z’',v) < 3. Now \ao(z,y) = X2(v,y) = Xo(2’,y) by the
minimality of Oa(x,z’). This is a contradiction.

Conclusion. We have shown that there does not exist a pair of vertices =,z € I'y(y)
such that \y(z,y) # Aa(2',y). Consequently A\y(x,y) is independent of x for all x € T'y(y);
we call this common value the \s-value of y. Until now, the vertex y has been fixed. Next,
we let y vary. Pick any z,y € X at distance d(z,y) = 2. We have (o(z,y, *) = ((y, 7, )
because each side is equal to the average valency of the subgraph induced on I'(x) N T'(y).
By this and Lemma 91 (with ¢ = 2) we obtain As(z,y) = A2(y, z). Therefore z,y have the
same Ag-value. By this and since I' is not bipartite, we find that every vertex in X has
the same Ag-value. This means that As(z,y) is independent of z,y for all z,y € X with
J(z,y) = 2. By this and Lemma 196, for 2 < i < D — 1 the scalar \;(x,y) is independent
of z,y for all x,y € X with d(z,y) = i. By this and Lemmas 91, 93, the kite function (;
is constant for 2 < i < D. On one hand, I' is reinforced by Lemma 59, so E is DC by
Lemma 127. On the other hand, £ is not DC because the condition in Theorem 128(i) is
violated. This is a contradiction, so the set { EZ|z € X'} is not Norton-balanced. O

30 When I' affords a spin model

We are done discussing the known infinite families of @-polynomial distance-regular
graphs with unbounded diameter. There is one more family of Q)-polynomial distance-
regular graphs that we would like to discuss; members of this family afford a spin model
9, 12, 13, 14, 25, 33, 34]. Very few examples are known; see [13, Section 9] or [33,
Section 15].

Throughout this section, the following assumptions and notation are in effect. Let
I' = (X, R) denote a distance-regular graph with diameter D > 3. Assume that I" affords
a spin model in the sense of [33, Definition 11.1]. By [33, Lemma 11.4] there exists an
ordering {E;}22,, of the primitive idempotents of I" that is formally self-dual in the sense
of [33, Definition 10.1]. By [33, Lemma 10.2] the ordering {E;}2, is Q-polynomial; to
avoid trivialities we assume that this ordering has g-Racah type [45, Example 20.1]. Write
E=EFE;.

We discuss some cases. Throughout this paragraph, assume that I' is bipartite or
almost bipartite. The given Q-polynomial structure is formally self-dual, so F is dual-
bipartite or almost dual-bipartite. The set {EZ|x € X} is strongly balanced by Lemma
21. The set {EZ|z € X} is Norton-balanced by Definitions 20, 22. The kite function (;
is constant for 2 < ¢ < D, because I' has no kites. The graph I' is reinforced by Lemma
59, so E is DC in view of Lemma 127.

For the rest of this section, assume that I' is not bipartite and not almost bipartite.
By [9, Remark 6.10] or [34, Remark 7.4], [34, Appendix 18] the parameters ¢, 1,72, s, s*
from [45, Example 20.1] satisfy

-1 2
rn=-—q 1, r2=-N4q ) §=8 ="
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for an appropriate n € C. By [33, Lemma 12.2] and [34, Remark 7.4], we have

¢#1 (1<i<D), ¢’ #1  (0<i<2D-2),
¢ # -1  (D—-1<i<2D-2).

The intersection numbers of I" are given in [9, Theorems 6.6, 6.8] and [9, Corollary 6.9].
By [9, Corollary 6.9] and since I is not bipartite, ¢”~'n* # —1. By [9, Corollary 6.9] and
since T is not almost bipartite, ¢”n # 1. The primitive idempotent E is DC' by Theorem
128(i) and s = r%. By (19) and [45, Example 20.1],
I D(gn® — 1)(¢”'n* + 1)(¢”n — 1) 40
qn(g”n* = 1)(¢"~'n+1)

By [34, Remark 15.6] the kite function (; is constant for 2 < ¢ < D. Therefore T is
reinforced. By [34, Remark 7.4] and [34, Lemma 15.7],

L — = gler — D)@+ 1)(¢%n — 1) (2<i<D) (74)

(¢'n — @) (¢"n* = 1)(¢"'n+1)(gn = 1)
Lemma 202. With the above notation, the set {Ez|x € X} is Norton-balanced. Pick
distinct z,y € X and write i = O(x,y). There is a linear dependence with the following
terms and coefficients:

0= term coefficient
E:z:; 1
+ n(q*—q)(¢'n—1)
Exy s (¢'n—q)(g'n*-1) _
Er | — a2 =@+ an*~1)(a'=q)
(q—1)(qln—iEJ)(qlD)(*ngrll))(anz—l)
- g (=) (qn*—
2 (@n>—1)(g"n—q)

Proof. We first verify the linear dependence in the above table. For 2 < i < D — 1 we
compute the polynomial ®;(\) using Definition 95 along with Lemma 41, Definitions 64,
76 and the data in [45, Example 20.1]. We check using (74) that ®;(z2) = 0. By this and
Corollary 98, the vectors Fx,, Ex,;r , Ez, Ey are linearly dependent. The coefficients in
this linear dependence are found using (41), (42). This yields the linear dependence in the
above table, for 2 < i < D — 1. Next, assume that ¢ = D. Using Definition 64 and (74),
we obtain z;, = zp. This and Proposition 68 yield the linear dependence in the above
table for ¢ = D. For ¢ = 1 the linear dependence in the above table holds vacuously. We
have shown that the linear dependence in the above table holds in every case. Next, we
verify that the set {EZ|x € X} is Norton-balanced. We will use Proposition 100(ii). We
mentioned earlier that v* # 0 and I is reinforced. Pick an integer ¢ (2 <i< D —1). We
verify the conditions in (45). The condition ®;(z2) = 0 is already verified. Referring to
the above table, in our calculation of the E:cz,L coefficient we found that the scalar \; from
(41), (42) is given by

n(q" —q)(g'n — 1)

= (¢n—q)(gn*—1)
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By the data in [45, Example 20.1],

0; =07, "' -1
0, — 0 q(¢® 2> —1)
We have
0r =0 _ lan+ Dlg'n = 1@ " —1) 40
0, —0;r q(gin? — 1)(¢%2n% — 1)

We have verified the conditions in (45), so the set { EZ|r € X} is Norton-balanced. [

31 Directions for future research

In this section, we give some suggestions for future research.

Problem 203. Classify up to isomorphism the @-polynomial distance-regular graphs
with diameter D > 3 that are Norton-balanced.

Problem 204. Classify up to isomorphism the distance-regular graphs with diameter
D > 4 that have a Q-polynomial primitive idempotent that is DC.

Problem 205. Classify up to isomorphism the distance-regular graphs with diameter
D > 3 that have a @-polynomial structure such that v* = 0.

Conjecture 206. Let ' = (X, R) denote a Q-polynomial distance-regular graph with
diameter D > 3. Let E denote a )-polynomial primitive idempotent of I". Assume
that the set {Ez|z € X} is Norton-balanced. Then the kite function (; is constant for
2<1<D.
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