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Abstract

Let K,(Lk) be the complete k-graph on n vertices. A k-uniform tight cycle is a k-
graph with its vertices cyclically ordered so that every k consecutive vertices form an
edge and any two consecutive edges share exactly k — 1 vertices. A result of Busta-
mante, Corsten, Frankl, Pokrovskiy and Skokan shows that all r-edge coloured KT(Lk)
can be partitioned into ¢, vertex disjoint monochromatic tight cycles. However,
the constant ¢, is of tower-type. In this work, we show that ¢, is a polynomial
in 7.

Mathematics Subject Classifications: 05C65, 05C35, 05C70

1 Introduction

An r-edge-colouring of a graph or a k-uniform hypergraph is a colouring of its edges with r
colours. The set of colours is usually identified with the set {1,2,...,r}. A monochromatic
subgraph of an edge-coloured graph is a subgraph where all the edges are assigned the
same colour. On the other hand, a rainbow subgraph is a subgraph all of whose edges have
a different colour.

Lehel conjectured that for any 2-edge-colouring of a complete graph, there exist two
vertex-disjoint monochromatic cycles (one of each colour) covering all vertices. Isolated
vertices and single-edges are considered to be degenerate cycles. For large n, this conjec-
ture was proved by Luczak, Rodl and Szemerédi [19] using Szemerédi’s Regularity Lemma.
The bound on n was improved later by Allen [1]. In 2010, Bessy and Thomassé [3] finally
resolved this conjecture for all n € N.

When r > 3, Erdés, Gyarfas and Pyber [3] proved that any r-edge-coloured complete
graph can be partitioned into O(r?logr) monochromatic cycles and conjectured that r
monochromatic cycles would be enough. This was one of the first instances of using the
absorbing method. Gyarfas, Ruszinké, Sarkozy and Szemerédi [12] improved their result
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and proved that O(rlogr) monochromatic cycles suffice. However, Pokrovskiy [22] found
a counter-example disproving the conjecture. A weaker conjecture was proposed stating
that any r-edge-coloured K, contains r vertex-disjoint monochromatic cycles covering all
but ¢(r) of the vertices, where ¢(r) is a constant depending only on r. Pokrovskiy [21]
also proved that ¢(3) < 43000. Korandi, Lang, Letzter and Pokrovskiy [15] determined
a tight minimum degree threshold for monochromatic cycle partition of edge-coloured
graphs, namely they showed that there exists a constant ¢ > 0 such that any r-edge-
coloured graph G on n vertices with 6(G) > n/2 + crlogn has a partition into O(r?)
monochromatic cycles.

A local r-colouring of a graph is an edge-colouring such that every vertex is incident
with at most r edges of distinct colours. Sarkozy [24] showed that any large locally
r-coloured K, can be partitioned into O(rlogr) monochromatic cycles.

A E-uniform hypergraph (or k-graph) is a pair H = (V(H), E(H)) where E(H) C
(V(kH)). ! Let K® denote the complete graph on n vertices, where all (Z) edges are
present. For positive integers 1 < ¢ < k < n, a k-uniform (-cycle is a k-graph with its
vertices cyclically ordered so that every edge contains k£ consecutive vertices and any two
consecutive edges share exactly ¢ vertices. Note that 1-cycles are called loose cycles and
(k — 1)-cycles are called tight cycles.

Lehel’s problem has been generalised for hypergraphs and studied for both tight and
loose cycles. As in the case of graphs, any set of at most k vertices is considered as a
degenerate cycle. Gyarfas and Sarkozy [13] showed that for loose cycles, every r-edge-
coloured K¥) can be partitioned into C'(k, ) vertex-disjoint monochromatic loose cycles.
For sufficiently large n, Sarkozy [23] proved that 50krlog(kr) loose cycles suffice. For
an overview of results related to monochromatic partitions of (hyper)graphs we refer the
reader to the surveys [9] and [10].

In this paper, we focus on monochromatic tight cycle partition. For k = 3, Busta-
mante, Han and Stein [5] proved that any 2-edge-coloured K®) contains two vertex-disjoint
monochromatic cycles of distinct colours covering all but at most o(n) vertices. Lo and
Pfenninger [17] proved the corresponding result when & = 4. Recently, Pfenninger [20)]
generalised the result to all k& improving a previous result [16].

For any r, k > 3, Bustamante, Corsten, Frankl, Pokrovskiy and Skokan [1] proved
that every finite r-edge-coloured K¥) can be partitioned into at most C’(k,r) monochro-
matic tight cycles. In fact, they proved that the result still holds if K is replaced
by large k-graphs with bounded independence number. It is used to solve a problem of
Elekes, Soukup, Soukup and Szentmikléssy [7], that every r-edge-coloured infinite com-
plete graph Ky can be partitioned into a finite number of k-th powered paths®?. The
bound C’(k,r) of Bustamante, Corsten, Frankl, Pokrovskiy and Skokan [1] is achieved
using the regularity method for hypergraphs, as a result of which the constant C’(k,r) is
a tower bound.

In this paper we show that C’(k,r) is a polynomial of r (for fixed k).

'For a set V and k € N, () denotes the set of all subsets of V of size k.
2A k-th powered path is a sequence vy, va, . . ., vy of distinct vertices such that for every distinct i, j € [¢]
such that |i — j| <k, v;v; is an edge.
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Theorem 1. For all v € N and k > 3, there exists an integer ng = no(r, k) such that for
all r-edge-coloured K®) with n > ng, there exists a monochromatic tight cycle partition

of V (KT(L’“)) into at most (2r)2 + 2681 log(2r) tight cycles.

We make no attempt to improve the coefficients.

To prove Theorem 1, we use the absorption method motivated by the works of Erdés,
Gyérfas and Pyber [8] and Gyarfas, Ruszinké, Sarkozy and Szemerédi [12], as well as
the connected matching method that is often credited to Luczak [18]. We first reserve a
special vertex subset. Then we use a result by Allen, Bottcher, Cooley and Mycroft [2]
(Theorem 2) to greedily remove monochromatic tight cycles from the rest of the hyper-
graph, until there is a small leftover set of vertices. We then use properties of the reserved
structures to ‘absorb’ the leftover set with a few monochromatic tight cycles.

We now outline the layout of the paper. We prove Theorem 1 through a series of
reductions. In Section 2, we reduce Theorem 1 to the absorbing lemma, see Lemma 4.
Roughly speaking, Lemma 4 finds a vertex set R such that, given any small vertex sub-
set B, RU B can be partitioned into few monochromatic tight cycles. The rest of this
paper is focused on proving Lemma 4. In Sections 3 and 4, we introduce some basic
notations and the hypergraph regularity lemma. In Section 5, we reduce the size of the
small vertex subset B needed in Lemma 4. In Section 6, we translate the problem into
finding rainbow cycle partitions in edge-coloured multigraphs, see Lemma 31. We prove
this lemma in Sections 7 and 8. In Section 9, we end the paper with some concluding
remarks and further directions. There will be further motivation and discussion in each
section.

2 Proof of Theorem 1

We typically assume n to be a large integer. Let [n] = {1,...,n} and for integers a < b,
let [a,b] = {a,a+1,...,b}. We will use hierarchies in our statements. The phrase “a < b”
means “for every b > 0, there exists ag > 0, such that for all 0 < a < ag the following
statements hold”. We implicitly assume all constants in such hierarchies are positive and
if 1/m appears we assume m is an integer. For the rest of this paper, r and &k will denote
the number of colours and uniformity of the hypergraph, respectively.

We first show that one can cover most vertices of an r-edge-coloured K*) with few
vertex-disjoint monochromatic tight cycles. We need the following theorem on the Turan
density of tight cycles.

Theorem 2. (Allen, Béttcher, Cooley and Mycroft [2]) Let 1/n < 6,1/k < 1/3 and
a € [0,1]. Let G be a k-graph on n vertices with e(G) > (a + 5)(2) Then G contains a
tight cycle of length £ for every ¢ < an that is divisible by k.

We use this theorem in the following proposition to greedily remove monochromatic
tight cycles until we have a small leftover.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.50 3



Proposition 3. Let 1/n < ¢,1/k,1/r. Let K be r-edge-coloured. Then all but at
most en vertices of K*) can be covered by 2rlog(1/e) vertex-disjoint monochromatic tight
cycles.

Proof. Since K® is r-edge-coloured, there exists a monochromatic subgraph G of K*)
such that e(G) > (Z) /r edges. Theorem 2 with 1/3r,2/3r playing the roles of 9§, a,
respectively, implies that there is a monochromatic tight cycle of length at least 2n/3r —

k > n/2r. Remove this cycle and repeat the argument. After removing i tight cycles,

there are at most (1 — 2%)1 n < ne”? many vertices left. By setting i = 2rlog(1/e), we

have at most en vertices uncovered. O]
We need the following absorbing lemma which will be proved later.

Lemma 4. Letk > 3 and 1/N < 1/r,1/k. Let H be an r-edge-coloured K](\]f). Then there
exists a vertex set R C V(H) such that for any B C V(H)\ R with |B| < (27‘)_2k+7 E7IN,
H[R U B] can be partitioned into at most 2'9r(2r)>2""" + 3 monochromatic tight cycles.

We now prove Theorem 1 assuming Lemma 4.

Proof of Theorem 1. Let e* = (2r)"2"" "k~ and m = 2'9(2r)>*""" + 3. Choose constants
to, €k, ¥ such that 1/n < 1/tg < e < ¥ < 1/r,1/k. By Lemma 4 with n playing the
role of N, there exists a vertex set R C V(H) such that, for any B C V(H) \ R with
|B| < e*n, H[R U B] can be partitioned into at most m monochromatic tight cycles. Let
H' = H\ R and n’ = |V(H')|. By Proposition 3 with ¢*,n’ playing the roles of ¢,n,
respectively, all but at most e*n’ < *n vertices of H' can be covered by at most

2rlog(1/e*) = 288 log(2r) + 2r log(k)

vertex-disjoint monochromatic tight cycles. Let B be the set of uncovered vertices,
so |B|] < €*n. Thus H[R U B] can be partitioned into at most m monochromatic tight
cycles. This covers up H with at most
25481 og(2r) + 2rlog(k) +m < 22019252 HL | okt81 100 (9)
< (2r)* + 258 log(2r)

vertex-disjoint monochromatic tight cycles. This concludes the proof of the theorem. [J

3 Notation

We omit floors and ceilings if they do not affect the calculations. For two sets A
and B, AAB denotes their set difference. We often write vyvs - - - vy, for {vy, ..., v}

Let G be a graph. The neighbourhood of a vertex u, denoted Ng(u), is the set of
vertices {v € V(G) \ {u} : uwv € E(G)}. The closed neighbourhood of a vertex u is defined
as {u}UNg(u) and denoted as Ng[u]. For a path P = v - - - vy, the internal vertices of P,
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denoted by int(P), are vq, ..., v,—;. For a vertex set U C V(G), we denote the compliment
of U as U. When G is a digraph, its minimum out-degree is denoted as 6 (G).

Let H be a k-graph. We write e(H) = |E(H)|. For a set of vertices U C V(H), H[U]
denotes the subgraph induced on U. For k-graphs G and H, H \ G denotes the subgraph
obtained by deleting V' (G) from H and H — G denotes the subgraph after deleting F(G)
from E(H). For a vertex set U C V(H), H\U = H[V(H) \ U]. The link graph of a
vertex z, denoted by H(z), is the (k — 1)-graph on V(H) so that S € E(H(z)) if and
only if SUz € E(H). For S CV(H), Ny(S)={T CV(H)\S:SUT € E(H)} and
dy(S) = |Ny(S)|. Denote

0(H) = min d(S)and Ay(H)= max d(59).
()= iy, ) and Au(H) = s, d(9

We write § and A respectively for the above when ¢ = 1. For vertex sets V and W, we
define Ny (V, W) to be the set {e € (k_m‘/w) :eUV € E(H)}. In particular when V' = {v}
and W = V(H), we have |[Ng(V,W)| = d(v).

A set of edges € in a k-graph H is called tightly connected if for any pair of distinct
edges e, f € &, there exists a sequence of edges eq,...,e; € E(H) such that e = e, ¢, = f
and for i € [t — 1], |e; Neip1| = k — 1. A tight component of a k-graph is a set of edges
that is maximal with respect to this property. Note that we treat tight components as
k-graphs. A k-partite k-graph H has a partition of its vertex set into distinct and disjoint
vertex classes Vi, ...,V such that for any edge e € E(H), |[eNnV;| = 1 for each i € [k].
For vertex sets Xi,..., X, C V(H), an X;X;--- Xj-edge is an edge z; - - - x;, where for
each i € [k], we have z; € X,.

We work with edge-coloured multigraphs and use the following notation frequently.
We denote the edge-colouring by ¢. Let G be an edge-coloured (multi-)k-graph. The
colour set ¢(G) of G is the set of colours that appear in G. When G is a multi-k-graph,
for an edge e, ¢(e) is known from the context. For a colour subset C' C ¢(G), G¢ is the
induced subgraph of G with edges of colours in C after removing any isolated vertices. Let
c € ¢(G) and S C V(G). We write N.(S) for Ng.(S) and d.(S) = |[N.g(S5)|. We say S
sees a colour ¢ in a graph G, if d. ¢(S) > 0. The set of colours that are seen by S is denoted
by ¢c(S). We write dpmon(G) = mingesq) 0(Ge).* Let V¥(G) = {v € V(G) : |¢pa(v)| = 2}.
We also define

dron(G)= min  min d.(v).
vEV*(GQ) c€gpg(v)

An edge-coloured k-graph H is locally r-edge-coloured if any set of k — 1 vertices
see at most r colours in H. It is easy to check that an r-edge-coloured k-graph is also
locally r-edge-coloured. A monochromatic tight component is a tight component that
is monochromatic, i.e. between any two edges in the monochromatic tight component
there is a monochromatic tight path in a colour fixed for that component. Note that a
monochromatic tight component 7" has colour ¢y (7).

3Note that this is different from the monochromatic colour degree in literature, as G, has no isolated
vertices.

o
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We drop the subscript when the underlying k-graph is clear from context. Additional
notation will be introduced within a section if only needed there.
We use the following three standard concentration inequalities in this work.

Lemma 5 (Chernoff Bound c.f. [14, Remark 2.5]). Let 0 < 0 < 3/2 and X ~ Bin(n,p).
2
Then P(|X — E(X)| > 0E(X)) < 2~ 5

Let N,n,m be positive integers such that max{n,m} < N. The hypergeometric dis-
tribution Hyp(N,n, m) is the distribution of the random variable X obtained by choosing
a set o of m elements from a set 7 of N elements, with X = |0 N 7,| where 7, is a
random subset of 7 with n elements. We need the following concentration inequalities for
hypergeometric random variables and martingales.

Lemma 6 (Hoeffding’s inequality c.f. [I1, Theorem 2.10]). Let 0 < ¢ < 3/2 and X ~
2
Hyp(N,n,m). Then P[|X — E[X]| > eE[X]] < 2¢~FEX].

Lemma 7 (Azuma’s inequality c.f. [I41, Theorem 2.25)). Let Zy, ..., Z, be a martingale
with |Z; — Z;i—1| < ¢; for alli € [n]. Then for all a > 0,

a2

P(|Zy — Zo| > a] < 2¢ 22z

4 Hypergraph regularity

In this section, we formulate the notion of hypergraph regularity that we use, closely
following the formulation from Allen, Béttcher, Cooley and Mycroft [2]. Recall that a
hypergraph H is an ordered pair (V(H), E(H)), where E(H) C 2V, We identify the
hypergraph H with its edge set F(H). A subgraph H' of H is a hypergraph with V(H') C
V(H) and E(H') C E(H). It is spanning if V(H') = V(H). For U C V(H), we define
H[U] to be the subgraph of H with V(H[U]) = U and E(H[U]) ={e € E(H): e CU}.

A hypergraph H is called a complex if H is down-closed, that is if for an edge e € H
and f C e, then f € H. A k-compler is a complex having only edges of size at most k.
We denote by H® the spanning subgraph of A containing only the edges of size i. Let P
be a partition of V(H) into vertex classes Vi,...,V,. Then we say that a set S C V(H)
is P-partite if |SNV;| < 1 for all i € [s]. For P" = {V;,,...,V;.} C P, we define the
subgraph of H induced by P’, denoted by H[P'] or H[V;,,...,V; ], to be the subgraph
of H[UP’] containing only the edges that are P’-partite. The hypergraph H is said to
be P-partite if all of its edges are P-partite. We say that H is s-partite if it is P-partite
for some partition P of V(H) into s parts. Let H be a P-partite hypergraph. If X is
a k-set of vertex classes of #, then we write H x for the k-partite subgraph of H* induced
by U X, whose vertex classes are the elements of X. Moreover, we denote by H x< the k-
partite hypergraph with V(Hy<) = UX and E(Hx<) = Ux/cx Hx. In particular, if H
is a complex, then Hx< is a (k — 1)-complex because X is a set of size k.

Let ¢ > 2 and let P; be a partition of a vertex set V into ¢ parts. Let H; and H;_; be
a P;-partite i-graph and a P;-partite (i —1)-graph on a common vertex set V', respectively.
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We say that a P;-partite i-set in V' is supported on H;_; if it induces a copy of the complete
(¢ — 1)-graph KZ-(FU on i vertices in H;_;. We denote by K;(H;_1) the P;-partite i-graph
on V whose edges are all P;-partite i-sets contained in V' which are supported on H; ;.
Now we define the density of H; with respect to H;_1 to be

|K;(H;_1) N H;|

if |K;(H;—1)] > 0 and d(H; | H;i—1) = 0 if |K;(H;—1)] = 0. So d(H; | H;—1) is the
proportion of P;-partite copies of K/~' in H;_; which are also edges of H;. More generally,
if Q = (Q1,Q2,...,Q,) is a collection of r (not necessarily disjoint) subgraphs of H; 1,
we define K;(Q) = U}, K;(Q;) and

if |K;(Q)| > 0 and d(H; | Q) = 0if |K;(Q)| = 0. We say that H; is (d;, e, r)-reqular with
respect to H;_1, if we have d(H; | Q) = d; &+ ¢ for every r-set Q of subgraphs of H; ;
with |K;(Q)| > ¢ |K;(H;-1)|. We say that H; is (e, r)-reqular with respect to H;_; if there
exists some d; for which H; is (d;, e, 7)-regular with respect to H;_ ;. Finally, given an i-
graph G whose vertex set contains that of H;_ 1, we say that G is (d;, e, r)-reqular with
respect to H; , if the i-partite subgraph of G induced by the vertex classes of H; i is
(d;, e, r)-regular with respect to H; ;. We refer to the density of this i-partite subgraph
of G with respect to H;_; as the relative density of G with respect to H; .

Now let s > k£ > 3 and let H be an s-partite k-complex on vertex classes V7, ..., V.
For any set A C [s], we write V4 for U,c4 V;. Note that, if e € H® for some 2 < i < k,
then the vertices of e induce a copy of K;~' in H~Y. Therefore, for any set A € (E}),
the density d(H®[V4] | HE=D[V4]) is the proportion of ‘possible edges’ of H("[V,4], which
are indeed edges. We say that H is (dy, ..., ds, e, &, 7)-regular if

(a) forany 2 <i<k—1and any A € ([j]), the induced subgraph HW[V,] is (d;, e, 1)-
regular with respect to H~1[V,] and

(b) for any A € ([2]), the induced subgraph H®[Vy4] is (dy, ek, r)-regular with respect

to H*-D [VA]

For d = (dy, ..., ds), we write (d, g, €, 7)-regular to mean (d, . .., ds, &, €, 7)-regular. We
say that a (k — 1)-complex J is (to, t1,¢)-equitable if it has the following properties.

(a) J is P-partite for some P which partitions V() into ¢ parts, where ¢ty < t < 1, of
equal size. We refer to P as the ground partition of J and to the parts of P as the
clusters of J.

(b) There exists a density vector d = (dg_1,...,ds) such that, for each 2 <7 < k — 1,
we have d; > 1/t; and 1/d; € N and J is (d, ¢, ¢, 1)-regular.
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For any k-set X of clusters of 7, we denote by Jx the k-partite (k — 1)-graph (Jx<)®
and call Jx a polyad. Given a (to, t1,€)-equitable (k — 1)-complex J and a k-graph G
on V(J), we say that G is (e, r)-reqular with respect to a k-set X of clusters of J if there
exists some d such that G is (d, e, r)-regular with respect to the polyad Jx. Moreover,
we write dg; ;(X) for the relative density of G' with respect to Jx; we may drop either
subscript if it is clear from context.

We can now give the crucial definition of a regular slice.

Definition 8 (Regular slice). Given e,&, > 0,7,t9,t7 € N, a k-graph G, a (k — 1)-
complex J on V(G), is a (to,t1,¢, ek, r)-reqular slice for G if J is (to,t1,€)-equitable
and G is (eg, r)-regular with respect to all but at most e, (2) of the k-sets of clusters of 7,
where t is the number of clusters of 7.

If we specify the density vector d and the number of clusters ¢ of an equitable complex
or a regular slice, then it is not necessary to specify ¢ty and ¢; (since the only role of
these is to bound d and t). In this situation we write that J is (-, -, €)-equitable, or is a
(+,+, &, e, 7)-regular slice for G.

Given a regular slice J for a k-graph G, we define the d-reduced k-graph RJ (G) as
follows.

Definition 9 (The d-reduced k-graph). Let k > 3. Let G be a k-graph and let J be a
(to,t1,€,ex, 7)-regular slice for G. Then, for d > 0, we define the d-reduced k-graph R (G)
to be the k-graph whose vertices are the clusters of J and whose edges are all k-sets X
of clusters of J such that G is (e, r)-regular with respect to X and d*(X) > d.

We now state the statement of the Regular Slice Lemma that we need, that is a
straightforward consequence of [2, Lemma 10].

Lemma 10 (Regular Slice Lemma [2, Lemma 10]). Let k > 3. For allty,r,s € N, g, >0
and all functions ': N — N and ¢: N — (0, 1], there are integers t; and ng such that the
following holds for all n > ng which are divisible by t,!. Let H be an r-edge-coloured K*)
with colour set [r]. Fori € [r], let H; denote the monochromatic subgraph of H in colour i.
Then there ezists a (k — 1)-complex J on V(H) which is a (tg,t1,e(t1),ex, 7' (t1))-regular
slice for each H;.

The following lemma which is a direct generalisation of [17, Lemma 12] shows that
the union of the corresponding reduced graphs U;cp Rg(Hi) is almost complete.

Lemma 11. Letk > 3, ¢e,e, > 0,7 € Nandr' : N — N. Let H be an r-edge-coloured Kfl’“)
and for i € [r] let J be a (-, -, &,ex,1")-reqular slice for each H;. Let t be the number of
clusters of J. Then, provided that d < 1/r, we have |Uicp Ry (Hi)| = (1 — Tak)G).

Proof. Since J is a (-, -, &,e, 7)-regular slice for each H; there are at least (1 — rsk)(,i)
k-sets X of clusters of J such that each H; is (g, r)-regular with respect to X. Let X be
such a k-set. Since the H; are edge-disjoint and U;ep,) Hy = H, we have 3¢, dp, (X) = 1.
Hence for some ¢ € [r], dj; (X) > 1/r and thus, since d < 1/r, we have
X € Uep RY (Hy). [
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Let r € NJO<d<1/r,e >0and 0 < g, < 1/2r. Let H be an r-edge-coloured K
on colour set [r]. Let J be a (-,-,¢,¢ex,7’)-regular slice for each H; with partition P
of V(H). By Lemma 11, we have ‘”Rdj(H)‘ > (1-— 'r’gk)(li) > (2)/2 Given the following
natural edge-colouring, we will be working with an edge-coloured reduced graph. For an
edge X in RJ(H), let ey ;(X) denote the number of edges in colour 4 among the vertex
clusters in H that are induced by vertices in X. Assign each such k-set X the colour 7 if
emi(X) = ey(X)/r (if multiple colours satisfy this, then choose one of them arbitrarily).
Note that R (H) is an r-edge-coloured k-graph with at least (Z) /2 edges. We write R

for R (H). For each v € V(R), we denote V, to be the cluster of P corresponding to v.

Let H be a k-graph. A fractional matching in H is a function w : E(H) — [0, 1]
such that for all v € V(H), w(v) = Yecmpcew(€) < 1. The weight of the fractional
matching is defined to be > .cyw(e). A fractional matching is tightly connected if the
subgraph induced by the edges e with w(e) > 0 is tightly connected in H. For a fractional
matching w, we write the size of w as |w| = X cpe) wle).

We would use the following lemma to lift a tightly connected fractional matching in
the reduced graph to a monochromatic tight cycle covering almost all vertices in the
corresponding clusters.

Lemma 12 ([17, Lemma 18]). Let 1/n < 1/1',e < e, dj_1,...,d2 and g <€ £ <
WU, dy, 8,1/k < 1/3 and 1/n < 1/t such that t dividesn and 1/d; € N for all2 <i < k—1.
Let G be a k-graph on n wvertices and J be a (-,-,&,ex, v")-reqular slice for G. Further,
let J have t clusters Vi,..., Vi all of size n/t and density vector d = (dy_1,...,ds).
Suppose that the reduced graph ng(G) contains a tightly connected fractional matching
with weight p. Assume that all edges with non-zero weight have weight at least 3. For
each i € [t], let W; C V; be such that |W;| > ((1 — 3" )o(V;) +&')n/t. Then G [Uie[t] Wz]
contains a tight cycle of length € for each £ < (1 —)kun/t that is divisible by k.

Another tool we use in the next section is the notion of a hypergraph being (u, «)-
dense. For constants p, v > 0, we say that a k-graph H on n vertices is (u, a)-dense if,
for each i € [k — 1], we have dg(S) > /L(kiz) for all but at most oz(’;”) sets S € (V(.H)) and

di(S) =0 for all other S € (V(.H)). We use the following result from [17].

(2

Proposition 13 ([17, Proposition 5]). Let 1/n < o < 1/k < 1/2. Let H be a k-graph

on n vertices with |H| > (1 — a)(Z) Then there exists a subgraph H' of H such that

V(H')=V(H) and H is (1 — 2041/4’“2, 20 /4k) -dense.
5 The reduction of Lemma 4

We now generalise the triangle cycle from Erdds, Gyarfas and Pyber [3]. Let t, k,m be
positive integers such that m = (k — 1)t. The k-uniform triangle cycle T,Sf) consists of a
k-uniform tight cycle a; - - - a,, and a vertex set B = {by,...,b;} such that

A(k—1)i—(k—2)A(k—1)i—(k—3) - - - a(k—l)ibia(k—l)i+1 co Q(k—1)i4(k—1)
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is a k-uniform tight path for all 7 € [t| (when subscripts are taken modulo m). Moreover,
there is a tight cycle on V/ (Tgf’)) \ B’ for all B" C B. Note that A (T,sf)) = 2k.

For a k-graph H and r € N, the multicolour Ramsey number R,(H) is the minimum
positive integer N such that any r-edge-coloured K](\If) contains a monochromatic copy
of H. We use the following result of Conlon, Fox and Sudakov on the Ramsey num-
ber of hy)pergraphs with bounded maximum degree, to obtain a monochromatic triangle
cycle TP,

Theorem 14 (Conlon, Fox and Sudakov [0, Theorem 5]). Let A, k,r € N. There ezists
a constant c¢(A, k,r) such that if H is a k-graph on n vertices with mazimum degree A,
then R.(H) < ¢(A, k,r)n.

Note that c(A, k, ) is a tower-type function in 7 and k. Since T*) has bounded degree,
we get the following corollary.

Corollary 15. Let m,n,r,k € N and 1/n < o < 1/r,1/k be such that m = (k — 1)an.
Then a monochromatic triangle cycle T¥) exists in every r-edge-coloured K*.

The main aim of this section is to reduce Lemma 4 to the following lemma.

_2k+1

Lemma 16. Let k,r € N, §y = (2r) and o = 25rk(2r)>""". Let H be an r-edge-
coloured K\¥) and X, 7 be disjoint subsets of V(H) such that |X| > a|Z|. Then there
exists a set C of vertex-disjoint monochromatic tight cycles covering Z with |C| < 2'%ré,°

and [V(C)NX| = (k—1)|Z].

Suppose that Lemma 16 holds. A naive approach of proving Lemma 4 is to first reserve
a monochromatic T*) using Corollary 15. We then apply Lemma 16 with B (from 7/*))
playing the role of X to cover the remaining vertices. However, T\*) obtained is too short
(unless the number of cycles we remove using Proposition 3 in the proof of Theorem 1 is
a super polynomial of 7). In order to achieve this, we use the following lemma, which is
motivated by Gyarfas, Ruszinké, Sarkozy and Szemerédi [12].

Lemma 17. Let 1/n < ¢ < 1/r,1/k. Let §y = (27‘)_2k+1 and e* = (2r)~2""" k. Let H
be an r-edge-coloured K\¥). Then there exists a vertex set U* with |U*| < 3n/4 such that,
for any vertex subset B* of V(H) \ U* with |B*| = 4e*n, H[B* U U*] can be covered by
at most 2'878,° + 1 vertea-disjoint monochromatic tight cycles and at most 1n isolated
vertices.

This lemma will be proved in Section 5.2. Observe that this lemma significantly
reduces the size of the leftover vertex set. However, we would require precisely 4¢*n
leftover vertices, which may not be guaranteed by Proposition 3. We deal with it using
the following lemma.

Lemma 18. Let 1/n < ¢ < 1/r,1/k. Let H be an r-edge-coloured K\¥). Then there
exists a vertex subset W C V(H) such that n/5r < |W| < n/4r and H[W| contains a
monochromatic tight cycle of length £ for all € < (1 —¢)|W| with £ =0 (mod k).
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Proof. Let dy, = 1/r,
1/n < 1/t < 1/ty,

1/71 < 1/7”,5 < Ek,dkfl, e ,dz,
ep<e <, p<1/r1/k.
Let H' be an induced subgraph of H such that |[V(H')| = 0 (mod #;!) and [V (H\H')| < t;,!.
By Lemma 10 with H’ playing the role of H, there exists a (-, -, &, &g, r’')-regular slice J
with partition P of V(H'). Let m = |V| for V € P and ¢ = |P|. Note that mt > n —#;!.
Let R = Ry (H'). Recall that for each z € V(R), V, denotes the corresponding cluster
in P. By Lemma 11 (with d = di), R contains at least (1 —rey) (2) > (Z) /2 edges. There

exists a colour j € [r] such that |E(R;)| > (Z) /2r. By Theorem 2 with 6 = o« = 1/4r,
R, contains a monochromatic tight cycle C' = vyvg---v, with ¢/5r < ¢ < t/4r and
(=0 (mod k). Set W = U,ejq Vo;- Let o be a fractional matching on C' such that for any
edge e € E(C), we have p(e) = 1/k. Let u be the total weight of o, so u = 3¢ 0(e) =
(/k. For i € [{], note that p(v;) =1 and |V,,| = m = ((1 —3¢")p(v;) +€’)m. Therefore, by
Lemma 12 with H playing the role of G, we have that H[W] contains a tight cycle of each
length upto (1 —¢)kum = (1 —)fm = (1 —1)|W]| that is divisible by k, as required. [

5.1 Proof of Lemma 4 assuming Lemmas 16 and 17
We now prove Lemma 4 assuming Lemmas 16 and 17.

Proof of Lemma 4. Set

_2k+1 _2k+7 2k‘+1

do = (2r) , €5 =(2r) [k, a=2rk(2r)*" | ar = 2a¢ and m = (k — 1)aaN.

(5.1)
By Corollary 15 with aa, m playing the roles of a;, m, respectively, H contains a monochro-
matic k-uniform triangle cycle T,%k . Note that T,E,f ) contains a vertex-set B with

|B| =m/(k —1) = aaN (5.2)

such that for any B’ C B, there is a monochromatic tight cycle on V' (Tﬁf ) \ B’ ) Note
that [V (T.37)| = 1 + aaN = kaaN. Let Hy = H\ T, and
n=|V(Hy)| =N —kaaN > N/2. (5.3)

Lemma 17 with H; playing the role of H implies that there exists a vertex set U* C
V(Hy) with |U*| < 3n/4 such that, for any B* C V(H;)\U* with |B*| = 4e*n, H[B*UU*]
can be covered by at most 2876, ° + 1 vertex-disjoint monochromatic tight cycles and at
most 1n isolated vertices. Let Hy = H; \ U* and n' = |V(Hy)| =n — |U*| > n—3n/4 =
n/4.

By Lemma 18 with Hy,n' playing the role of H,n, respectively, there exists a vertex
subset W C V(H,) with

n/20r < n'/5r < W] < n'/4r < n/dr
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such that H[W] contains a monochromatic tight cycle of length ¢ for all £ < (1 — ¢)|W|
with ¢ = 0 (mod k).

Set R=V (Tff )> UW UU*. We now show that R has the desired properties. Let B
be a subset of V(H) \ R with

(5.3)
|B| < e*N < 2¢™n.

Let ¢ be the largest integer such that ¢ = 0 (mod k) and |B| 4+ |W| — ¢ > 2¢*n. Since
P < e, £ < (1 —)|W]| and therefore there exists a monochromatic tight cycle C; in
H[W] of length ¢. Let BT and L; be disjoint vertex sets such that

BY*UL, =BUW\V(C))), |B"|=4e"n and |L;| < k. (5.4)

Thus H[U* U B*| can be covered by a set C of monochromatic tight cycles such that
IC| < 2%réy° + 1 and
U\ V(C)| < ¥n < ¥N. (5.5)

Let L =L, U (U*\ V(C)). We deduce that

1 5.2)

. (5.4), (5.5) ) (5. ~
L] =L+ [US\V(C)] <  k+9¢N < aaN/a = |B|/a.

By Lemma 16 with B, L playing the roles of X, Z, respectively, H [B U L] contains a set C’
of vertex-disjoint monochromatic tight cycles such that L C V(C') and |C'| < 2'8rd;°.

By the property of T, 751"“ ), there exists a monochromatic tight cycle Cy with vertex set
V (T,sf )> \ (BN V(C)). Thus, we have partitioned R U B into monochromatic cycles,

namely C U C’' U {C},Cs}. The total number of cycles created is at most 2'9r§;° 4+ 3 =
2197(2r)52""" 4 3. This completes the proof of the lemma. O

5.2 Proof of Lemma 17

The proof of Lemma 17 is motivated by Gyérfas, Ruszinkd, Sarkozy and Szemerédi [12].
Let t € N. A t-half dense matching in a k-partite k-graph H with vertex classes Xy, ..., Xj
is a matching M = {x;12,2- -2,y : ¢ € [(]} where for all i € [{], z;; € X; and for any
vertex z; € V(M) N X1, we have

H] € [g] 1T Tk € E(H)}’ 2 t.
We say a matching M is t-semi-dense if for all ¢ € [¢], we have
’{j < [ﬁ] X120t Ui k—1T5 k € E(H)}’ 2 t.

Note that the order of X1, ..., X} matters, but it will be clear from context. When &k = 2,
they are both equivalent to every vertex x € X; having at least ¢ neighbours in X5, leading
to the following simple fact.

Fact 19. A matching in a 2-graph is t-semi-dense if and only if it is t-half-dense.
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We need the following result by Gyarfas, Ruszinkd, Sarkozy and Szemerédi [12].

Lemma 20 ([12, Lemma 4]). Fvery graph of average degree 8k has a connected k-half
dense matching.

Recall that a k-graph H is locally r-edge-coloured if any set of £ — 1 vertices sees at
most 7 colours in H. We use the following result by Gyarfas, Lehel, Nesetril, Rodl, Schelp
and Tuza [11].

Lemma 21 ([I 1, Corollary 3]). Let G be a graph with average degree d that is locally-r-
edge-coloured. Then there is a monochromatic subgraph G' such that |E(G')| = d?/2r?.

For a k-graph H, we denote by OH the (k—1)-graph on V(H) whose edges are all (k—
1)-tuples of vertices contained in some edge in H. Therefore, |E(0H)| < k|E(H)|. Recall
that a monochromatic tight component is a tight component that is monochromatic, i.e.
there is a sequence of edges of the same colour joining any two edges in the monochromatic
tight component, such that any two consecutive edges in the sequence share k—1 vertices.

The following lemma shows that one can find a linear-sized semi-dense matching in a
monochromatic tight component of a locally r-edge-coloured almost complete k-graph.

Lemma 22. Let 0 < 1/t € g < g1 K -+ K &0 K 1/r,1/k and let 6(r k) =

(22'“*3'“_57“216_2)71. Let R be a locally r-edge-coloured k-graph on t vertices with |E(R)| >

(1—eg) (Z) Then there exists a monochromatic tight component of R containing a 6(r, k)t-

semi-dense matching.
Proof. We prove the lemma by induction on k. Note that

5(r,2) = (2r?) " and 6(r, k + 1) = 5(2r%, k) /2. (5.6)
Suppose that k = 2. The average degree of R is

AB(@R)| 2 ==)()

t t

t
5
By Lemma 21, there is a monochromatic subgraph R’ such that |E(R')| > t?/8r?. The
average degree of R’ is

20E(R)| _ ¢
APV S T 85(r, 2t

t 4r? 8(r,2)

By Lemma 20, R’ contains a connected d(r, 2)t-half-dense matching. By Fact 19, we are
done.

Thus, we may assume k£ > 3. By Proposition 13 with ¢, playing the role of a,n,

2
respectively, there exists a spanning subgraph R’ of R that is (1 — 26,16/ o ,25,1/ 4k)—dense.
Let T be the set of monochromatic tight components of R'. For T' € T, let ¢r/(T') be the

colour of T'. Let ;

n=—.
&r

(5.7)
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Partition V(R') into V, W with |V| = n. Let G = (OR') [V], so G is a (k — 1)-graph. Note

that
n 1/4k2 t n
> — > — .
|E(G)| > (k B 1) 2, (k: B 1) > (1 —exq) (k: B 1)

For every edge e € E(G), we have
dr (e, W) > W] =26/t > /2

Define an edge-colouring ¢¢ of G with colour set T so that, for an edge e € E(G), we
have
dale) =T if drg(e, W) = |W|/2r.

If multiple T € T satisfy this, pick one such T arbitrarily.

We now show that G is locally 2r2-edge-coloured. Suppose for a contradiction, there
exists a set S of k — 2 vertices @1,..., 2 2 in G such that |¢g(S)| > 2r* + 1. Since
R’ is locally r-edge-coloured, there exist a colour ¢ € ¢(R'), vertices yi, ..., Y211 and
distinct tight components 11, ..., Ty in R’ for which ¢g(T;) = ¢ and ¢a(SUy;) = T;
for all i € [2r + 1]. Then there exist distinct ¢,j € [2r + 1] such that Nz, (S Uy, W) N
Nr,(SUy;, W) # 0. Let w € Np,(SUy;, W) N Ny, (SUy;, W). Note that y;z; - - - zp_swy;
is a tight path in R’ where both edges are coloured c implying 7; = T}, a contradiction.

By our induction hypothesis, G contains a monochromatic (k — 1)-uniform 6(2r%, k —
1)n-semi-dense matching M*~Y of size £. Note that

5(2r* k —1)n < €< n/2=t/16r.

Let Ty € T be the colour of M*~Y in G. Let M*~Y = {x,, ... 2, : i € [(]} be such
that for each i € [¢], we have

|{j c [6] X0 Tik—2T5 k-1 € E(T())H = 5(2T2, k — 1)n

We now extend M*~Y to a k-uniform &(r, k)t-semi-dense matching M*) in T C R C R
using vertices from W.

Let n = §(2r*,k — 1) and m = |W|. For each i € [{], let X' = {z;1,%;2,...,Tix 2}
and let X; ; = {751 : i € [{]}. Delete some edges in Ty[V (M*=D)] if necessary so
that for each i € [¢], we have dTo[V(M<k—1>)] (X?, X_1) = nn. We now choose vertices

wy, ... wy from W in turns such that dr, (X" Uw;, X;,_1) = 0(r, k)t. Fix ¢ € [¢]. For each
&' € Ngp -0y (X, Xp—1), we have dg, (X* U, W) = m/2r. Therefore, Ty contains at
least nmm/2r many x;; ... x; g2 Xp_1W-edges. At most ¢nn < 77n2/2 such edges contain
a vertex in wy, ..., w;—1. Thus there exists a vertex w; € W\ {w, : j € [i — 1]} such that

)
X U Xoy) 3 LR w2y (o)
m 2r m

m 6(2r2 k — 1)n (6:6), (57

— = > §(r k).

4r 4r (r: k)

Let M%) — {wiz;q ... T p—2xik—1 : i € [{]}. Note that M® is the desired k-uniform
semi-dense matching. O

WV
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We now convert the semi-dense matching into a half-dense matching. The following
lemma finds a half-dense matching in a bipartite graph where we control the vertex set
with a large minimum degree. Its proof is based on [12, Lemma 3]. For a matching M in
a graph G, an M -augmented path is a path in G where every alternate edge is in M.

Lemma 23. Let 1/n < § < 1 and G be a bipartite graph with vertex classes X and 'Y
such that | X|,|Y| < n and |E(G)| = én®. Then G contains a matching M such that for
all z € X NV(M), we have dgpyry(z) = 6°n/8.

Proof. Let X’ C X and Y’ C Y be such that 6(G[X' UY']) > dn/2. Let m =
min{| X[, |Y’|}, so m = én/2.

Claim 24. There exist subsets X* C X' and Y* C Y’ such that | X*| = |Y*| = m and
§ (G[X*UY™) > 6%n/8.

Proof of claim. Suppose that |X'| = m (and the case |Y'| = m is proved similarly). Let
X* = X'. Pick a subset Y* of Y’ of size m uniformly at random. Note that for any
yeY* dly,X*) > dn/2. Let x € X*. Note that d(z,Y*) ~ Hyp(|Y'], m,d(z,Y’)) and

o [YHld(z, YY) m(on/2) _ 6°n
Rd(z,Y*) = > >
d(@, Y") i n 1

Applying Lemma 6, we deduce that for x € X*
52 2,
P (d(:c,Y*) < 8”) < 2e7

Taking a union bound over all z € X*, we have that with high probability, 6(G[X*UY™*]) >
§?n/8. Fix such X* and Y*. [

Let G* = G[X*UY"]. Pick a largest matching M* in G*. If M* is spanning on V(G*),
then we are done by setting M = M*. Hence we may assume Y*\ V(M*) # (. Let X;
be the set of vertices in V/(M*) N X* that can be reached by an M*-augmented path from
X*\V(M*). Observe that E(G*[X;U(Y*\V(M*))]) = 0. Otherwise for a vertex z € X7,
let zy be an edge in E(G*[X{ U (Y*\ V(M?*))]). There exists an M*-augmented path P
between x and X*\ V(M*). But (M*AFE(P))U{zy} is a larger matching, contradicting
that M* is the largest matching.

Let Y = Ne-(X7) C V(M*)NY*, so E(G[X:U(Y*NV(M*))\Y;]) = 0. Since M* is
maximal, F(G*\ V(M*)) = (). On the other hand, E(G[X*\ V(M*),Y*]) > §(G*) > 0.
Hence E(G[X*\ V(M*),Y* NV (M*)]) # 0 implying that X} # 0.

Let M = M*[ X7 UYy]. We have dy/(x) > 6*n/8 for all z € X7. O

This now lets us find a large half-dense matching in the reduced k-graph.

Proposition 25. Let 1/t < § < 1/r,1/k and R be a k-graph on t vertices with a 0t-
semi-dense matching. Then R contains a §3t/2-half-dense matching.
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Proof. Let M = {v;1v;2...v;i 1 i € [(]} be a dt-semi-dense matching and let Vj, = {v;
i € [(]}. Note that
5t <0< L2, (5.8)

Let H be the auxiliary bipartite graph with vertex classes [¢] and Vj such that, for
each i € [{] and v;), € Vj, we have iv;, € E(H) if and only if v;1v;2 ... v; p—1vj% € E(R).

We deduce that
5.8

(5-8)
e(H) > 0tl > 26(%
By Lemma 23 with H, /¢, (6/2), Vi, [¢] playing the roles of G,n,d, X,Y, respectively, H
contains a matching M’ such that, for all v € V, NV (M'), we have

(5:8)
Ay (v) = 6°0/2 > §°t)2. (5.9)

Without loss of generality, M’ = {ivig}icg. Let M" = {v;pVip—1...v1 : 1 € [{]}.
By (5.9), M"” is the required half-dense matching. ]

Corollary 26. Let 1/t < ¢ < 1/r,1/k. Let R be an r-edge-coloured k-graph on t

vertices with |E(R)| = (1 — &) (,i) Then there exists a monochromatic tight component

—1
of R containing a (29k(2r)3'2k) t-half-dense matching.

-1
Proof. Let 1/t € g, € g1 K -+ K g9 < 1/r,1/k and let § = (22k+3’“—5r2k_2> . By
Lemma 22 there exists a monochromatic tight component of R containing a dt-semi-dense
matching. By Proposition 25, there is a §3¢/2-half-dense matching in R. Note that

ot t t
9 932F40k—14,.32F—6 7 29k(2r)3-2k'
This completes the proof of the corollary. n

We need the following lemma on bipartite graphs (Lemma 28) for the main result in
this subsection. The lemma will enable us to find a suitable fractional matching. To prove
it we need the following result by Gyarfas, Ruszinko, Sarkézy and Szemerédi [12].

Lemma 27 ([12, Lemma 5]). Let 1/n < ¢ < 0.001 and G be a directed graph on n vertices
with minimum out-degree §*(G) = en. Then there are subsets Y C X C V(G) such that
Y| > cn/2 and for all x € X and y € Y, there are at least cSn internally vertex-disjoint
paths from x to y of length at most ¢=3.

The following lemma lets us balance weights in an appropriate fractional matching,
which will be required to prove Lemma 17.

Lemma 28. Let 1/n < ¢,u < 1 with ¢+ < 1/8. Let G be a bipartite graph with vertex
classes X = {x;:i € [n]}, Y = {y; : i € [n]} and a perfect matching M = {z;y; : i € [n]}.
Suppose that for all x € X, d(x,Y) > én. Then there exist disjoint subsets It and I~
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of [n] with |IT| = |I~| = dn/4 such that the following hold. Let w be a vertex weighting
of G such that we have

w(y;) =1/2 for alli € [n],

w(z;) € [1/2 —¢,1/2] foralli e n]\ I,

w(z;) € [1/2,1/2 + forallien|\ I and (5.10)
3 () ) = X (wlyy) — wla)) < O (5.11)

Then G has a fractional matching w* of weight at least Y ;e w(ws) — pn such that, for
each v € V(G), we have 1/2 — ¢ < w*(v) < w(v) and each non-zero weighted edge has
weight at least 1/8.

Proof. We start with the following claim identifying I™ and I~.

Claim 29. There ezists a subset I of [n] with |I| = én/2 such that for all distincti,i’ € I,
there are at least °n internally vertez-disjoint M -augmented paths from z; to xy of the

form x;y;, i, ... Yyp Ty

Proof of claim. Define an auxiliary digraph H on X such that x;2; € E(H) is directed
from z; to z; if z;y; € E(G). Note that 67(H) > dén. By Lemma 27, there exists
X5 € X; C X such that |X5| > dn/2 and every x; € X has at least 6°n internally
vertex-disjoint paths of length at most § 72 to every zo € X5. Let I C [n] with |I| = dn/2
be such that {z; : i € I} C X,. Note that a path z;, ...2;, in H corresponds to an
M-augmented path in G from z;, to z;,, namely z; vi, i, . .. i, Ti,. |

Let I be given by Claim 29. Partition I into I™ and I~ so that |[IT]| = |[7| = dn/4.
We write X = {z; :i € I} and write X, YT, Y~ M* and M~ similarly. Let w be a
vertex weighting satisfying the assumptions of the lemma.

Define a fractional matching wj on G such that, for all zy € E(G) with x € X
andy €Y,

min{w(z),w(y)} =1/2 ifaye M\ M,
wo(ry) = ¢ min{w(z),w(y)} =w(x) ifaye M,
0 otherwise.

For a fractional matching w* on G, let

lw* —will = > |w(e) — wile)l,

e€E(G)

which denotes the sum of the edge-weight differences between w* and wj. Let w* be a
fractional matching on G such that

(a) 1/2 — e < w*(v) < w(v) for all v € V(G);
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(b) w*(z;y;) > 1/8 for all i € [¢];

() [lw* = will < 207 (|w*| = |w§]);
(d) w*(v) =w(v) forallv e V(G)\ (XTUY").

Such an w* exists by taking w* = wg. We further assume that |w*| is maximal. We may
also assume that [w*| < ;¢ w(w;) — pn or else we are done. By (d), there exist 7 € X
and y~ € Y~ such that

w(x™) —w* (@), wly ) —w*(y") = u. (5.12)
We aim to add weight to 2t and y~. Let 2= = Ny(y~). Let Ey = {e € E(G) :
|w*(e) —wi(e)] = 1/4}. Note that

—wil| © (d) 5.11
I 0 o) - o) < 50 (Z wl) - w<yz->) e,

ielt

|Eo| <

Thus, by the definitions of X* and X, there exists an M-augmented path P in G
from z* to = of length at most 63 with E(P) N Ey = (). Without loss of generality,
let P = 21ya%oys - - - Ty_1yexe Where 2y = 2%, 2y = 27, y, = y~ and ¢ < §73. Define the
fractional matching wj : E(G) — [0, 1] such that, for any edge e € E(G), we have

w*(e) —p if e =y with i € [0 — 1]\ {1},
wi(e) = Sw*(e) + if e = x;y;41 with ¢ € [¢ — 1], (5.13)
w*(e) otherwise.
Note that
jwil = |w*| + p (5.14)

and for v € V(G),
. W) +p ifve{zt,y},
i) = { ) )
w*(v) otherwise.
Therefore by (5.12), we have that w] satisfies (a) and (d).
To see wi satisfies (b), if e € E(G) \ (E(P) \ {zwe}), then wi(e) = w*(e). If e €
BE(P)\ {wege} C E(G)\ Eo, then |s(e) — w3 (€)] = jo and 0

“(e) >wile) —1/4—pn>1/8 ifee E(M)

wi (e

SN wile) +1/4+ < 1/2  ife ¢ E(M).
Thus, w] indeed satisfies (b) and moreover is a fractional matching on G.

To verify that wj satisfies (c), recall that P has 2¢ — 1 < 262 edges. Therefore, we
deduce that

(3.13), (0 e

|t = wpll < flwr = W™l + [lw” — wl < (20 = 1) + 2073 (Jw"] — |wg])
_ 5.14) oo gt |

<207+ 207 (| — [wl) "= 207 (| — [

Thus, w; satisfies (a) to (d) and has larger weight than w*, a contradiction. O
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We now prove Lemma 17 assuming Lemma 16. First, we find a monochromatic tightly
connected half-dense matching in the reduced k-graph and reserve some unbalanced vertex
clusters corresponding to the vertices of the matching, as the vertex set U*. We then use
Lemma 16 to cover B* with a set C of few monochromatic tight cycles using some vertices
from U*. Finally, we use the half-dense property of the matching and Lemma 28 to find
one long tight cycle covering almost all the vertices in U* \ V(C).

Proof of Lemma 17. Let dp = 1/r, § = (29k’(271)3,2k)*17
In<l/h <ty <, p<<y<<1/r1/k,

1/77, < 1/7”/,5 < 5k,d2, . ,dkfl.
Step 1: Defining U*.
Let H' be an induced subgraph of H such that [V (H')| = 0 (mod #;!) and |V (H\H')| <
t1!. By Lemma 10 with H’ playing the role of H, there exists a (-, -, £, g, r’)-regular slice J
with partition P of V(H'). Let m = |V| for V € P, t = |P| and ty < t < t;. Note that

n=zmt>=n—t!>n/2 (5.15)

Let R = Ri(H’). Note that |[E(R)| > (1 — Tek)(]i) by Lemma 11. By Corollary 26
with R, re, playing the roles of R, e, respectively, there exists a monochromatic tight
component 7" of R and a dt-half dense matching M of size ¢, where

5t <<tk < t)2. (5.16)

Let M =A{zyi2...yix 21 € [{]} and X = {z; : i € [{]} be such that, for all z € X, we
have [{i € [{] : zyia...yix € E(T)}| = dt.

Define an auxiliary bipartite graph G on X and Y = {y1,...,y,} such that z;y; € E(G)
if and only if z;y;2...y;x € E(T). Note that M corresponds to a perfect half-dense
matching M’ = {z;y; : i € [{]} in G and for each x € X,

(5.16)
da(z,Y) >0t > 20L.

By Lemma 28 with £, 20 playing the roles of n, §, respectively, there exist disjoint I, 1~ C
[¢] such that

(5.16) (5.15)
[T =|I"]=60/2 > §*t/2 = 6*(n/2m) — 6*1!/(2m) > §°n/4m.

Define Xt = {z; € X : 7 € I} and define X, Y, Y~ similarly. Let

de*an (k—1)y 4e*(k—1)n
—_= aln o« = —=
m|+] 7 a m|I|

a=2rk(2r)?" (5.17)

Note that Lemma 28 also implies that if w is a vertex-weighting satisfying (5.10) and (5.11)
with v — 7,, ¢ playing the roles of ¢, n, respectively, then G has a fractional matching w*
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with [w*[ > ¥,ciq w(zi) — puf, where each vertex v has weight between 1/2 — v + v, and
w(v) and furthermore each non-zero weighted edge has weight at least 1/8.

For each v € V(R), recall that V,, is the cluster of P corresponding to v. We pick
disjoint U,, A, C V, such that

A, = ym ifve Xt
Yo otherwise,
(%—’y—l—’ya)m ifve X7,
\U,| = e ifveV(M)\ X,
g'm otherwise.

Let A = Uyev(r) Av, U = Upev(r) Uy and U* = UUA. Therefore, we have [A| = [I*|ym =
4dae*n by (5.17) and

\U*| = |U| + |A] = kml/2 — (v — vo)m| X | + e'm(t — k) + ym|XT|
=kml/2 + v,m|X |+ 'm(t — kl) = kml/2 + 4(k — 1)e*n + 'm(t — kL)

(5.16) (5.15)
<mt/2+4(k —1)e*n+em(t —kl) < 3n/4.
Step 2: Verifying properties of U*.
Let B* C V(H) \ U* be such that |B*| = 4¢*n.
Step 2A: Covering B*.
By Lemma 16 with A, B* playing the roles of X, Z, respectively, there exists a set C of
vertex-disjoint monochromatic tight cycles covering B* with

IC] < 2%r5,° and |V(C) N A| = 4(k — 1)e*n = y,m|IT].

Step 2B: Covering U* \ V(C).
Let A = A\ V(C), so |A'| = (v —va)[IT|m. For each z € V(R), let AL = A'NV,, so
Uzex+ A2, = A’. Note that

kmtl/2 <|UUA'| < kml/2 + &'mt. (5.18)
We define a vertex-weighting w : V(M') — [0, 1] to be such that for v € V(M’),

€ 11 if eX-i—

Von(UuA)| _ [U]+ A [12’2+’7] ifve X,

W) = m - m =5—7+7% ifveX,
=3 ifve V(M)\ (XTUX).

Firstly, note that
1AL ) 1) 4|
W(T;) — W Y; = —plml) D) =
3 (ole) —lw) z(<2 LIy _1)_ 14
= (,y - ,7(1)|[+| = Z (W(yl) — w(:)jl))
icel—
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Also

> (@) —w(y) = (v = v) [T < A7
ielt
(5.15) (5.16)
(5é7)45*04n/m < 8fat < 8tal/d < (26)°1/8.

Therefore, all the conditions for Lemma 28 (with 2§ playing the role of §) are satisfied.
Furthermore, ;ciq w(w;) = Yeiq w(yi). We deduce that G has a fractional matching w*
with

] 2 X wler) —pt = X wly) —nt = (5 - 1) ¢ (5.19)

€[l €[] 2

where each vertex v has weight at least 1/2 — v+, and at most w(v) and each non-zero
weighted edge has weight at least 1/8. Define a corresponding fractional matching w},
on H such that for an edge e € E(H), wi;(e) = w*(z;y;) if e = 2;y;2 ... yj, and wi(e) =0
otherwise. Note that |w};| = |w*|. For any vertex u ¢ V(M) we have wj;(u) = 0, so
VuN(UUA)| =¢e'm=((1-3)wj;(u)+¢€")m. For each u € V(M), we have wi;(u) > 1/3
and so

VuN (UUA) =|U,UA| =w(u)m > wi(u)ym > (1 — 3wy (u) + ")m.
By Lemma 12, H[A" U U] contains a tight cycle C' of length ¢y with

lo> (1= )kl [m — k3 (1 — 0)(1/2 — Wktm — k > (1 — §)kmt/2 — pkmd.

Recall that p,e’,1/t < ¢ and 1/m < 1/k. Hence,

, (5.18) / (5.16) (5.15)
(AU \ V(O < vkml/2 + pkml +e'mt < Yvkml < Yymt < Yn

as required. O

6 Edge-coloured Multigraphs

Let H be a k-partite k-graph with vertex classes X, ..., Xj with X; = {z;; : j € [n]}. We

denote the 2-blowup of a k-edge by K ,i’“)(z). Note that K ,gk)(2) is the complete k-partite
k-graph with each vertex class of order 2. We say that an edge-coloured multigraph G
respects H if the following hold:

o the colour set of GG is a subset of Xj;
« V(G) C{uvizien]}h

o if ¢(vivy) = xp, for some t € [n], then {z; xy; : j € [k — 1]} forms a K,gli_ll)(Q)
in H(xpy).
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There is a natural correspondence between a tight cycle in H and a rainbow cycle in G.

Fact 30. Let H be a k-partite k-graph with vertex sets X, ..., Xy such that fori € [k—1],
X; ={wx;j:j € [n]}. Let G be an edge-coloured multigraph respecting H. Suppose that G
contains a rainbow cycle vivs - - - vy with G(V;vi41) = Tk, fori € [€ —1] and ¢p(vvy) = x1 .
Then H contains a tight cycle with vertex set {x;; :i € [k],j € [{]}.

Let G be an edge-coloured multigraph. Recall that ¢(G) is the set of colours in G and
for a colour ¢ € ¢(G), G, is the subgraph with edges only of the colour ¢ and no isolated
vertices. The monochromatic colour degree of G to be dmen(G) = mingey) 6(Ge). A path
system is a collection of vertex-disjoint paths. A rainbow path system is a path system
such that its union (viewed as a graph) is rainbow. A (rainbow) cycle system is defined
similarly. The main goal of this section is to reduce Lemma 16 into the following lemma,
which will be proved in the next section.

Lemma 31. Let 1/n < §y < 1/8. Suppose G is an edge-coloured multigraph on n vertices
With 0men(G) = don and |p(G)| < don/16. Then there exists a rainbow cycle system C
with ¢(C) = ¢(G) and |C| < 2855°.

To reduce Lemma 16 to Lemma 31, we need the help of the following lemma, which
will be proved in the next subsection.

Lemma 32. Let H be an r-edge-coloured Kfl’“) with disjoint vertex sets X and Z with
| X| > (k—1)|Z|. Then for each i € [r], there exist an edge-coloured multigraph G* and a
subgraph H' of H such that

(A1) H' is a monochromatic k-partite k-graph on vertex classes X3,..., X}, of colour i;
. . . ok .
(A3) if H' is not empty, then |V(G')| = (1= 5z) 75, dmon(GY) > (20)7* [V(G)/3
and G* respects H';
(A4) for distinct 1,7 € [r], we have V(H") NV (H?) = ().
We now prove Lemma 16 assuming Lemmas 31 and 32.

Proof of Lemma 16. By Lemma 32, for each i € [r], there exist an edge-coloured multi-
graph G* and a k-partite k-graph H' such that G and H® satisfy (A1) — (A4) and hence
G" respects H'. Fix i € [r]. Observe that if H' is not empty, then d,0n(G) = 0|V (GY)|
by (A3). Moreover

(A2)
< 12l <

6(G)

B I YA (\X\ (a3 GV(G)]
r

o S 32r(k—1) S16 " 4krk) r(k—1) 16

By Lemma 31 with G? playing the role of G, we deduce that G* contains a rainbow
cycle system C* with ¢(C") = ¢(G*) = X! and |C?| < 2'86;°. By Fact 30 and (A1), C°
corresponds to a set C! of vertex-disjoint monochromatic tight cycles in H' covering X i
Therefore by (A4), Ui Ciis a set of vertex-disjoint monochromatic tight cycles covering

Ui Xi = Z. Note that ‘Uie[r] Ci| < 2'8r65°. This completes the proof of the lemma. [
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6.1 Proof of Lemma 32

We start with the following result, which allows us to partition X U Z into the vertex-
disjoint k-partite k-graphs H® for i € [r]. Let H be an r-edge-coloured k-graph. For
vertex sets Xi,..., Xy, let ;(Xq,..., X)) be the number of X --- Xj-edges of colour j
in H.

Lemma 33. Let 1/N < 1/k,1/r < 1/2. Let H be an r-edge-coloured complete k-
partite k-graph with vertex classes X1, Xa, ..., Xy where for all i € [k —1], | X;| = N and
|X| < N. Then there exists a partition of X1,..., Xy into {XJ : j € [r]U{0}}, ...,
{(X]_,:je[r]u{0}}, {X]:j€[r]} such that, for eachi € [k —1], j € [r] and x € X},
we have

. 1\ /N : , x| x|
| X7 = (1_4krk> (7’) and e; (Xf,---,X,i,l,x) > N '
Proof. Partition X into X}, ..., X} such that for all j € [r] and x, € X7,
Xu| | X
ej(Xl’---,Xk_l,xk) > M

r
Let e = (4kr®)=1.

Claim 34. There exists a partition of X; for each i € [k — 1] into X},..., X! such that
for all j € [r], || X]| — %‘ < 5% and

1

e (X{,...,Xg_l,Xi,...,Xk)

r

. . h1
€ (Xf,...,Xi],XHl,...,Xk,l,xk)— <eN .

Proof of claim. We proceed by induction on i. We only prove the base case i = 1 as the
rest can be proved analogously.

Let X; = X{U---UX7 be a random partition of X, where for all z; € X; and i € [r], z;
is assigned to X7 independently with probability 1/r. Consider z; € X; for i € [2, k] and
j € [r]. Note that E (ej(Xf,a:g, o ,xk)> = «Xrazemi) g e;(X1,xa,...,x5) < €N, then

T

clearly e;( X}, xq,...,a) <eN. If ej(Xf,xz, ...,Zg) = &N, then by Lemma 5, we have
P( 6j(X1,l’2,...,$k)> <26_E3N

_ ej(Xl,LCQ,...,.ZL'k) -
. .
Note that E|X{| = N/r. By Lemma 5, we have

> €

6]'(X{7x2a s ,l’k)

r

22N

N N
]P)(‘|X{| —‘ >5> < 2e .
T r

Hence by the union bound, with positive probability for all j € [r], i € [2,k] and z; € X,
we have )|Xf| — 8l <X and ‘ej(X{,xz, ) — e

< eN. Fix such a parti-
T
tion. We have

Xl,XQ, Ce ;Xk—lyxk)

. e.
ej(Xfaxza--kaA,SUk)— j( .
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, ej (X1, mo, ..., Tp_1,Tx)
¥ ) ) ) ) k—1
|y (ej(Xf,xg,...,xk)— < T N <N
zi€Xy, " z;€Xy,
1€[2,k—1] 1€[2,k—1]

Fix a partition of Xi,..., X}, given by Claim 34. For each i € [k — 1] and j € [r],
remove additional vertices from X if necessary so that, for all ¢ € [k — 1] and j € [r],

‘Xij = (1—e) & Let X? = X; \ Ujepy X/ for each i € [k — 1]. Each X/ has at most
2¢N/r vertices removed. Thus for all j € [r] and z; € X, we have
e;(X{, ..., X{_q,2%) = e (X1, k7_1k 15 Tk) _ eNEL k-2 (5)
" r
- kel i X
> N — 2keNF1 > N > XA ‘Xk71|. 0
rk 27”“ or

We need a lower bound on the number of K| ,Eﬁ)(z) in a dense k-partite k-graph H.

Lemma 35. Let 1/n < 1/k,d < 1. Let H be a k-partite k-graph with n vertices in each
vertex class and e(H) > dnF. Then there are at least d* n* /2 many K,gk)(Z) in H.

Proof. Let the vertex classes of H be Xi,..., X;. For vertices z1,...,z, € V(H), we
write 1(z - - - xy) for the indicator function 1(x; - -z € E(H)). For j € [k] U {0}, let

f(.]) = Z Z H Il(xl---xk_jvk_j+1...vk).

T, €X;, s,Ys€Xs, vtE{xt,yzL
i€[k—j] s€[k—j+1,k] te[k—j+1,k]

Note that
dn* <|E(H)|= > L(x:--ax) = f(0). (6.1)
$iEXi,i6[k:]
Claim 36. Fort € [k], we have n> * %=t f(t) > f(0)%.

Proof of claim. For any j € [k — 1] U {0}, we apply the Cauchy-Schwarz inequality to
obtain
2

f(j)2 = Z Z Z H Il(x1~--xk_jvk_j+1 Uk)

2, €Xi,  TsYs€Xs, | Tk j€Xk_j vie{ws,yi},
i€[k—j—1] s€[k—j+1,k] te€lk—j+1,k]

<oty > > I (-2 jor—jir - vk)

2 €Xiy  @s,Ys€Xsy, | Tk EXp—j ve€{zt,yt},
i€lk—j—1] s€[k—j+1,k] telk—j+1,k]

= phti—l Z Z H Ly -+ Tpj1Vp—j - - - Vk)

z;€X5, Z'SuyseXs,Ute{l'tyyt}y
i€lk—j—1] s€lk—j,k] tc[k—j,k|

), (62
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We now prove the claim by induction on t. Note that f(0)2 < n*~1f(1) by (6.2). Suppose
that ¢ > 1. Thus

t (6.2) t = '
7’L2 k_k_tf(t) > n2 k:—k—tn—(k—f—t—Q)f(t . 1)2 _ <n2 1k—k—(t+1)f(t . 1))2 > f(O)Q ’ (63)

where the last inequality is due to our induction hypotheses. [ ]

The number of K,gk)(2) in H is

Claim 36
Z H ]1(2}1 . 'Uk) > f(k) _ 2kt > n2k—k2’“f(0)2k _ fp2k-1
T3, €Xi, vi€{me,yt },
T ~Yi, te(k]
1€[k]
O1 oh—kak, 5 ok 2k—1 2k, 2k
> T (dn”)* — kEnT > d7 nt /2. O

We now show that there exists a (non-empty) subgraph Hy of H such that each edge
is in many K,gk)(2).

Lemma 37. Let I/n < d <1, k>2andy = dzk/Z. Let H be a k-partite k-graph with
n wvertices in each vertex class and e(H) > dn*. Then there exists a subgraph Hy of H
such that |E(Hy)| = 2¥'yn* and every edge of Hy is contained in at least yn* /2 many
K®™(2) in H,.

Proof. Define the auxillary 2k-graph A to be such that V(A) = V(H) and each K ,S,k)(Q)
of H is an edge of A. By Lemma 35, |E(A)| = yn?:. If there exists S € (V(,CA)) such that

1SN V;| =1 fori € [k] and d4(S) < (7/2)n*, then we delete all edges in A containing S.
Repeat this process and call the resulting 2k-graph A’. Note that S can be chosen in at

most n* ways, SO
k 2k

Let Hy be the subgraph of H induced by e € E(H) with da/(e) > 1. For each e € E(H,),
we have da/(€) > yn*/2 and therefore e is contained in at least yn* /2 many K ,gk)(Q) in H,.

Since each edge can be contained in at most n* many K, ,gk)(2) in Hy,

2 E(A)|

nk

|E(Ho)| > = 2"t

as required. O

Let S,, denote the set of permutations on [n]. The following lemma shows that if the
vertices within each class of a k-partite k-graph are permuted randomly, then the number
of ‘horizontal’ edges is concentrated around its expectation.
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Lemma 38. Let 1/n < 1/k < 1/2 and H be a k-partite k-graph with vertex classes
Xq,..., Xy each of size n. Suppose o1,...,0,_1 € S, are chosen independently and uni-
formly at random. Let Hy, .., = {351,01() Th—1,0p () Tki 1 € 0]} N E(H). Then

|E(H)
P <’E|Ho'1,.u,a'k1| - nk—l

527L

> en) <207,

Proof. We consider the martingale obtained by exposing each position of oy, ...,05_1 in
turns as follows. For i € [k — 1] and j € [n], let Z; ; be the j™ exposed position of o;. Let

- Z P(iy = 01(7), ... ik—1 = 0,-1(7))

T1,iy - Th—1,ip,_ Th,i EE(H)

Bo=E|H, o,

_ > T PG = oy = UL

T1,iy - Th—1,4),_ Tk, EE(H) j€[k—1]

Define

B(ifl)nJrj =EK (’Hal,...,ak_l
Note that By, ..., Bg-1), forms a martingale.
Claim 39. Fort € [(k — 1)n — 1], we have |By — Byy1| < 4

|Zl,17 . '7ZI,n722717 . '722,717 <. '7Zi,17 .. -aZi,j) .

Proof of claim. For simplicity, we only consider the case when ¢ < n — 1 (and the other
cases are proved similarly). Thus

By =E(|Hy,, o,

|Z11, ., Z14) and By = E(‘Ha

Z11,. - Ziggn).

If t =n—1, then B, = Byy1. Thus we may assume ¢t < n — 2. For 1,1y € [n], define
Tty ity - Sn — Sy to be such that for all o’ € S,, and s € [n],

15--50k—1

O'I(tg) ifS:tl,
ﬂ—tl,tz (OJ)<S) - Ul(tl) lf S = tQ,
o'(s) otherwise.
Equivalently 7, 4, (0') swaps the t{t and i position of o’. For all o/,... 0, _; € Sy,

\Ha/ ,

100 71't1 19 (07)0%;550%

< '{xl,o’l(i)---xkfl,a;%l(i)l’k,ia T1my 1y (@04 (0)) -+ ThmLimey g (o, (1) Thi 1 1 € {hig}}’ 4.
(6.4)

Let A={o € S, :0(j) = %y for j € [t]}. Given Zi,...,Z14, the probability space is
now reduced to Ax (S,)" . Pick jo € [n)\{Z11... Z1s}. Let A’ = {o € A: o(t+1) = jo}.
Note that A can be partitioned into {m; ;(A’) : j € [t+1,n]}. Hence the probability space
can be partitioned into {m;j(A’) x (S,)*? : j € [t + 1,n]}. Hence the claim follows
by (6.4). |
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By Azuma’s inequality (Lemma 7), we have

£2n

G -
>en| < 2e 32

k-1

as required. O

We are now ready to prove Lemma 32.

= (- 59) (=)

Partition X into equally sized subsets X7i,..., X, so that for j € [k — 1], we have
| X;| = |X|/(k—1) > |Z]. By Lemma 33, there exists a partition of Xi,..., X;_1,Z into
{X{:j€e[r]u{0}},....{X]_,:7€[r]u{0}},{Z7 : j € [r]} such that for each i € [k—1],
Jj €[r] and z € Z7, we have

Proof of Lemma 32. Let

‘Xf’---‘Xj_ ’ k1
- -1

‘Xij =n and ¢; (Xf,...,X,g_l,z) > o =5

For each j € [r], let H? be the k-partite k-graph with vertex classes Xf, e ,X,Z_l, Z9 and
E(HY) = E (H; |X{,...,X]_,,Z7]).

Let d = (2r)~" and v = d®*/2. Fix j € [r]. Consider » € Z7 and let H7(2) be
the link graph of z on vertex set X7,...,X] ,. Note that |F(H’(z))| > dn*~'. By
Lemma 37 with H7(z) playing the role of H, there exists a (k — 1)-partite (k — 1)-
uniform subhypergraph J* of H’(z) such that |E(J?)| > v2¥2n*~1 and every edge in J*
is contained in at least yn*~1/2 many K,ﬁ’i}”@) in J*. For each edge e in J*, let J*¢ be
the (k — 1)-partite (k — 1)-graph on vertex classes X7 ..., X{ | such that f is an edge
in J#¢ if and only if eU f forms a K,ﬁ’:”@) in J*. For all z € Z7 and e € E(J?), we have

|E(J?)| = 2" 2ynf~t and |E(J79)| > yn"1/2.

Let ij = {®i1,...,2in}. Choose 01,...,0¢_» € S, independently and uniformly at
random. For a (k — 1)-partite (k — 1)-graph J with vertex classes X7,... X{_, let

Jorron s = AT1,01(6) - - Th—2,0p_»0)Th-1,i : 1 € [n]} N E(J).

By Lemma 38 we have

2

By the union bound, there exist some oy,...,0,_2 € S, such that for all z € Z7 and

all e € E(J?),

J? 2 < 7;) < 2t

01;--,0k—2

< 72k_3n) < 27 and P <

""" Ok—2

2k _2k
>ﬂ:d n:(27") n (6.5)

> ~2k 3 = d?" 2" 4 and Z 3 S
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Without loss of generality (by relabelling vertices of X {, o X 12—2) we may assume o; =
- = 039 = id. For z € Z7, define the edge-coloured graph G, on V = {v; : i € [n]}
with colour z to be such that v;v; € E(G) if and only if z1,; ... 251,21, ... 2,1, forms
K,gk 7(2) in J7. Hence after removing isolated vertices from G., §(G.) > (2r)"2"'n/8
by (6.5). Let G = U,z G.. We now show that (A1) — (A4) are satisfied.
Note that by the construction of H? for each j € [r], (A1) holds, Z = Uje 2
and U;epe—1) X7 C X. We also have

—qs(uGZ): U #(G) -

2€73 2€Z3

Thus (A2) holds.
Let H’ be non-empty for some j € [r]. Note that

U V(G| =n= (1 - 4/~clrk> ('r’(l’c)i| 1))'

2€Z3

Since 6(G.) > (2r)~2'n/8, we have dmon(G7) > (2r)~2"|V(GY)|/8 and G respects H7 by
construction. So (A3) holds.

To see (A4), recall that Lemma 33 partitions X7,..., X, 1,Z. Hence, for distinct
i,j € [r], H and H’ are vertex-disjoint. This completes the proof of the lemma. O

V(e =

7 Rainbow Path Systems

From now on, we will work With edge-coloured multigraph G. Note that the colours of G
are different to those in K¥). We often assume that 6,0, (G) is linear in [V(G)]. Recall
that a rainbow path system is a path system (collection of vertex-disjoint paths) such that
its union (viewed as a graph) is rainbow. Our first goal is to prove the following result,
which shows that there is a rainbow path system in G with few paths.

Lemma 40. Let n,d € N and G be an edge-coloured multigraph on n wvertices with
Omon(G) = d = 4|¢(G)|. Then there exists a rainbow path system P such that p(P) = ¢(G)
and |P| < 2n/d.

To show this, we need the help of the following proposition which lets us start build-
ing P with a rainbow matching.

Proposition 41. Let G be an edge-coloured multigraph with 0,,on(G) = 2|¢(G)|—1. Then
there exists a rainbow matching M such that ¢(M) = ¢(G).

Proof. Without loss of generality let ¢(G) = [d]. Suppose for some i € [d], we have already
found a rainbow matching M;_; such that ¢(M;_;) = [i — 1]. We now construct M; as
follows. Since

Omon(G) 2 2|0(G)| =1 > 2[¢(M;1)| = [V(Mi-1)l,
there exists a vertex v € V(G) \ V(M,_;) such that N;(v, V(M,;_1)) # 0. Pick a vertex
v' € Ni(v,V(M;_y)) and let M; = M;_, U {vv'}. Let M = M,. O
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We now present the proof of Lemma 40.

Proof of Lemma /0. Let P be a rainbow path system of G with ¢(P) = ¢(G), which
exists by Proposition 41. Suppose that |P| is minimal. If |P| < 2n/d, then we are done.
So we may assume |P| > 2n/d. Let P = {Py, P», ..., P;} be such that P; = v} --- v}, and
without loss of generality ¢(viv) = i. Note that

di(vy, V(P)) 2 d — [V(P)| > d - 2|¢(G)| > d/2.

Hence there exist distinct 4,7 € [¢] such that (N;(vd) N N;(v3)) \ V(P) # 0. Let w €
(Ni(vé) N Nj(vg)) \V(P). Let P' = (P\ {P, P;}) U{v?- - vvjwvivi---vi}. Note that
P’ is also a rainbow path system with ¢(P’) = ¢(G) and |P’| < |P|. This contradicts the
minimality of |P|. O

The following lemma is our absorption result, the proof of which will be presented in
the next section.

Lemma 42. Let 1/n < 0 and G be an edge-coloured multigraph satisfying |V (G)| = n
and 6,,.(G) = on. Then there exists a subgraph G* of G such that

VIG)\ V(G 16(G) \ 6(G7)] < 20000~

Moreover, for all rainbow paths P* in G* with |V (P*)| > 3 and vertezx sets S C V(G*) \
V(P*) such that |V(P*) US| < dn/4, G\ S contains a rainbow cycle C* with ¢(P*) C
P(C7) € o(P7) U ($(G) \ $(G7)).

We now prove Lemma 31 using Lemma 42. We iteratively reserve a set of vertices and

colours, which shall be used to close the rainbow path system constructed at the end, one
path at a time.

Proof of Lemma 51. 1f |¢(G)| < 2'335° then we have don(G) > 2|¢(G)|. By Proposi-
tion 41, G contains a rainbow matching M such that ¢(M) = ¢(G). Since each edge is a
degenerate cycle, we are done setting C = M. Therefore, we may assume |¢(G)| > 2185;°.

Let G! = G. For each j € [450_1} in turns, we apply Lemma 42 with G7,§y/2 playing
the roles of G, J, respectively, to obtain a subgraph G7*! of G such that

[V(GD)\ V(G 16(G7) \ ¢(G7H)] < 2000(d0/2) ™ < 27705

Moreover, for all rainbow paths P in G'*! with [V (P)| > 3 and a vertex set S C V(G7*1)\
V(P) such that |V (P)U S| < don/8, G\ S contains a rainbow cycle C with

¢(P) C ¢(C) C (P) U (3(G7) \ o(G")).
Note that

5m0n(Gj+1) mon(Gj> - |V(Gj) \ V(Gjﬂ)’ > 5mon(Gj) - 215664

)
> Omon(G) — 217655 > don /2. (7.1)
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Let G* = G4551. Note that
5m0n(G*) - 5m0n<G450_ ) > 50”/2 (G*)

and

[6(G)\ (G|, V(G) \ V(G7)] < 21765 (405 ) = 21797, (7.2)

By Lemma 40 with G*, dyn/2 playing the roles of G, d, respectively, there exists a rainbow
path system P such that ¢(P) = ¢(G*) and

21V (G* _
Pl I <y (7.3)
Note that 5 5
* n _ n
V(P = 19(G7)| + PI < 35 +40;" < 7.0
Moreover - 5 5
Fuen(GA\V(P)) 5 a2 > 0 5p(0)

and ¢(G\V(P)) 2 ¢(G)\o(G*). By Proposition 41, we deduce that there exists a rainbow
matching M in (G \ V(P))enec) With ¢(M) = ¢(G) \ ¢(G*). Let Qo = M UP, so
$(Qo) = ¢(G) and

o T T2 1 175 01855
[Qol <[P[+|0(G)\ ¢(GY)] < 465 +2776,7 <276,

Let Py,..., P, be paths in @ such that for j € [¢], [V(P;)] > 3. Suppose for some
J € [¢ — 1] U {0}, we have constructed (); such that

(i) @; is a union of vertex-disjoint paths and cycles with |Q;| < |Qol;
(ii) Q; is rainbow with ¢(Q;) = ¢(G);

(iii) the paths in @); of order at least 3 are precisely Pji1,..., P;

(iv)

We now construct ;41 as follows. Note that Pj;; C G* C Gt Let S = V(Q; \ Pit1) N
V(G7*1). Note that

[SUV(Pi) < [V(Q)] < [0(Q)] + Q5] < [o(G)] + Qo

M 2185 5071 (7<1) 5m0n(Gj+1)
16 8 = 4 '

all edges in Q; of colours in ¢(G/*1) \ #(G*) form a rainbow matching.

<
By the property of G/, there is a rainbow cycle C7*! in G/*1\ S such that

$(Pii1) € G(C7) C o(Py) U (6(G9) \ o(G7H)).
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Since P C G*, the subgraph Gyci+1) N Q; of Q; induced by the colours in ¢(C7*') is
precisely the path Pjy; and single edges of colour in ¢(C7T1)\ ¢(Pj11) C ¢(G7)\ p(GTH).
Let Q41 = (Q] — G¢(Cj+l)> U C9*. Thus Q;4+;1 consists of the cycles C*, ... C/*t! a
rainbow matching with colours in ¢(G7*2)\ ¢(G*) and all paths of length at least 3 from Q)
except Pjy1. Therefore |Q;41] < |Q;| < |Qo|- Furthermore ¢(Q;41) = ¢(Q;) U p(CIT) =
¢(G) and by construction, @11 is rainbow. Therefore, (;1; satisfies (i)—(iv).

Finally, note that @), consists of cycles and single edges. The proof of the lemma is
complete. O

8 Closing rainbow paths

The aim of this section is to prove Lemma 42. To prove Lemma 42, we would need to
reserve some vertices and colours so that we can close any rainbow path. Ideally our aim
is to find a vertex v, small disjoint vertex sets W7, W5 and small disjoint colour sets C, Cy
such that for every z € V(G) and i € [2], there exists a rainbow path P, , from x to v such
that V(P ,) C {x,v} UW; and ¢(P;,) C C;. We now reserve the vertex set v U Wy U Wy
and colour set C1UC5,. Given any rainbow path P with end vertices  and y, PUP; ,UP, ,
forms a rainbow cycle. This will motivate our definition of a bowtie (see later). First, we
need the following definition which describes how to reach a vertex v through a vertex
set W using a colour set C.

Recall that V*(G) = {v € V(G) : |¢a(v)| = 2} and for a path P = vy --- vy, we
denote int(P) = {v; : 2 < i < ¢ —1}. Let G be an edge-coloured multigraph with vertex
set V. Forv eV, C C ¢(G) and W C V, define Ug(v,C’,W) to be the subset U C V
such that for all vertices u € U, there is a rainbow path P from v to u with ¢(P) C C
and int(P) C W. We will always assume that {v} UW C V*(G) N Ug(v,C,W). Let
U="Ug(v,C,W)and g € N. We say that U is g-mazimal in G if for all u € U, wy,ws € V
and distinct ¢, ¢1, co ¢ C with ¢(uw;) = ¢; and ¢(wiwsy) = e,

de(u,U),de, (w1, U), de,(ws, U) < g.

If U is not g-maximal, then by adding at most two vertices to W and three colours to C,
we can enlarge U by at least g. This leads to the following proposition.

Proposition 43. Let G be an edge-coloured multigraph. Let v € V*(G) and ¢ € ¢g(v).
Then there exists a colour set C C ¢(G) containing ¢ and a vertex-set W C V*(G)\v such
that Ug(v, C, W) is g-maximal, |Ug(v, C,W)| = d.(v) and |C|,|W| < 3|Ug(v,C,W)|/g.

Proof. Initially, we set W = § and C' = {c}. Note that Ug(v,C, W) = N.(v), so
|Ug(v, C,W)| = d.(v) and |W|,|C| < 3|Ug(v,C,W)|/g.

If Ug(v, C, W) is g-maximal, then we are done. Suppose Ug (v, C, W) is not g-maximal.
If there exists u € Ug(v, C, W) and a colour ¢ ¢ C' such that d(u, Ug(v,C,W)) > g then
add ¢ to C' and u to W. If there exists u € Ug(v,C, W), w € V*(G) and a colour ¢ ¢ C
such that do(w,Ug(v,C;W)) = g and ¢(uw) ¢ {¢} U C, then add ¢, ¢p(uw) to C' and
u,w to W. If there exists u € Ug(v,C,W), w,w’ € V*(G) and a colour ¢’ such that
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de (W', Ug(v,C,W)) = g and ¢(uw), p(ww'), ¢ are distinct colours not in C, then add
d, p(uw), p(ww’) to C and u, w,w’ to W.

Note that we still have |W|,|C| < 3|Ug(v,C,W)|/g and |Ug(v,C,W)| > d.(v). Note
that W C V*(G). We repeat this process until Ug (v, C, W) is g-maximal. O

Recall that ¢, (G) = mingey«g) Mileegqw) de(v). In other words, 6}, (G) is the
(non-zero) minimum number of edges seen by a vertex v in a particular colour, minimised
over all the vertices in G that see at least two colours. We are mainly concerned about
vertices in V*(G) because if a vertex v ¢ V*(G), then it cannot be contained in a non-
degenerate rainbow cycle. Also recall that the closed neighborhood of a vertex w in a
graph G is defined as {w} U Ng(w) and denoted by Ng[w].

Let U = U(v,C,W) be g-maximal in G. The following crucial lemma says that if a

rainbow path P satisfies int(P) N Ng_¢.[U] # ¢, then int(P) C Ng_q.[U].

Lemma 44. Let g € N and let G be an edge-coloured multigraph on n wvertices with
S on(G) >g. Let v e V(G), W CV(G) and C C ¢(G). Suppose that U = Ug(v,C, W)

mon

is g-mazimal. Furthermore let G' = G — G¢ and U* = Ng/[U]. Then the following hold:
(i) for allz € U*NV*(G') and c € ¢(G'), we have d.(z,U) < g;
(i) f P is a rainbow path in G' such that int(P) N U* # 0, then int(P) C U*.

Proof. Consider z € U*NV*(G’) and ¢ € ¢(G’). If v € U, then since ¢ ¢ C, by the
g-maximality of U, we have d.(x,U) < g. If x € U*\ U, then there exists a vertex
u € U and a colour ¢ ¢ C such that ¢(uzr) = ¢. If ¢ # ¢, then d.(z,U) < g by the
g-maximality of U. If ¢ = ¢, then there exists a colour ¢’ € ¢ (v) \ {c} as v € V*(G').
By the argument above, we have du/(z,U) < g. Since 6% . (G) > g, we deduce that
Ner(z,U) # 0. Pick v/ € Ny (x,U). Now, ¢(u'z) = ¢ # ¢. Again by the previous
argument we have d.(z,U) < g. Hence (i) holds.

We now prove (ii). Let P = 27 ---x, be a rainbow path in G" with int(P) N U* # 0.
Suppose that ¢(z;_12;) = j for j € [¢(]\{1}. Furthermore assume that x5 € U* and ¢ > 4.
(Indeed, if z; € U* with ¢ € [3,¢ — 2], then consider the two rainbow paths x;_jz;---x,
and x;41x; - - - x1 separately.) Thus it is enough to show that z3 € U*, as we can then
consider the rainbow path zox3-- -z, If x5 € U, then x3 € U*. If x5 € U* \ U, then (i)
implies dy(z2,U) < g and so No(wo,U) # (. Then by g-maximality of U, dy(x3,U) < g
and so Ny(x3,U) # (). Thus x3 € U* as required. O

Let G be an edge-coloured multigraph. We say that B = (v,Cy, Wy, Cq, Wh) is a
bowtie in G if v € V(G), Wi,Wy C V(G) \ {v} are disjoint, C; and C are disjoint
nonempty colour sets. Denote ¢(B) = Cy U Cy, W(B) = {v} UW; U W, and for ¢ € [2],
Ui(B|G) = Ua\w,_i—Ge, (v, Ci;, W;). A bowtie B is g-mazimal in G if for i € [2], U;(B|G)
is g-maximal in G\ Ws_; — G¢,_,.

The following corollary shows that a g-maximal bowtie exists, which follows from
Proposition 43.
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Corollary 45. Let g € N and G be an edge-coloured multigraph on n vertices. Let v be
a verter such that d., (v),d.,(v) = g+ 3n/g for distinct colours cy,co. Then there exists
a g-mazimal bowtie B(v, Cy, Wy, Cy, Wa) such that for i € 2], ¢; € C;, W(B) C V*(Q),
Ui(B|G)| 2 de,(v) = 3n/g and |¢(B)],|W(B)| < 6n/g.

Proof. Apply Proposition 43 with v, ¢, G — G, playing the roles of v, ¢, G, respectively
and obtain a colour set C; and a vertex set W, such that ¢; € C; and UG,Gc2 (v, Cy, W)
is g-maximal in G — G, and |Ug_g,, (v, C1, W1)| > d, (v). Note that

|C1], (W] < 3|Uc—q., (v, C1, Wh)|/g < 3n/g.

Let G' = G\ W1 — G¢,. Apply Proposition 43 again with v, ¢y, G', playing the roles of
v, ¢, G, respectively and obtain a colour set Cy and a vertex set W5 such that ¢y € Cy and
Ug (v, Cy, W3) is g-maximal in G" and

Ui (0, Ca, Wa)| 2 dey,ar(v) 2 dey (v) = [Wh| 2 dey c(v) = 3n/g.

Set B = (v,Cy, Wy, Cy, Ws). Note that B is g-maximal and for i € [2], |U;(B|G)| >
d.,(v) —3n/g. Furthermore,

6(B),|W(B)| < 3 (z |U,~<B|G>|> < 6; D

1€[2]

We now continue our motivation for the proof of Lemma 42. Recall that our aim is
to use a bowtie to close a rainbow path. First, we show that there exist a small set of
bowties By, ..., B; such that {Us(B;|G) : i € [t]} partitions V*(G). This will ensure that
any rainbow path can be extended via one of these bowties (but we may not be able to
close it).

Let d,g € N and G be an edge-coloured multigraph. Let B be a family of bowties
By,...,B;in G. Let ¢(B) = Uiy ¢(Bi) and W(B) = Uiy W(B;). We write G — B for
G\W(B)—Ggp). For a bowtie B € B and ¢ € [2], we denote U;(B|G, B) = U;(B|G — (B
B)) and U} (B|G,B) = Ng-,; [Ui(B|G, B)| N V*(G — B). We say B is a (d, g)-partition
of G if the following hold

P1) for all ¢ € [2] and j € [t], we have |U;(B;|G, B)| > d;

P2) W(By),...,W(By) are all disjoint and W (B) C V*(G);

)
)
P3) ¢(By),...,¢(B;) are all disjoint;
)
P5) for all distinct j, 5" € [t], Us(B;|G, B) N Us(By|G, B) = 0;
)

(
(
(
(P4) for all j € [1], B, is g-maximal in G — (B\ By);
(
(

P6) U;(B|G,B), U (Bs|G, B),...,Us(B|G, B) partition V*(G — B).
We say that B is a weak (d, g)-partition of G if only (P1) to (P5) hold.
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Fact 46. Let d,g,n € N and G be a graph on n vertices. Let B be a weak (d, g)-partition
of G. Then |B| < n/d.

Proof. Consider B € B. By (P1), |U;(B|G,B) UW(B)| > |Ux(B|G,B)| > d. Note that
Us(B|G,B) CV*(G—-B) CV(G)\W(B). By (P2) and (P3), for any distinct B, B’ € B,

(U3 (B|G, B) UW(B)) N (U3 (B'|G, B) UW (B')) = 0.
Therefore, |B| < n/d. O

The next lemma shows that one can extend a weak (d,g)-partition into a (d,g)-
partition.

Lemma 47. Let d,g,n € N with d > 4g and g > max{3n/g,12n?/gd}. Let G be an
edge-coloured multigraph on n vertices such that 6%, (G) = d. Suppose By is a weak

(d/2, g)-partition of G with |o(Bo)|,|W (Bo)| < 6n|By|/g. Then there ezists a (d/2,g)-
partition B* so that By C B* and |¢(B*)|, |W (B*)| < 6n|B*|/g < 12n?/gd.

Proof. Suppose we have already constructed a weak (d/2, g)-partition B = {B,..., B;}
with By C B and |¢(B)|, W (B)| < t(6n/g). By Fact 46,

t < 2n/d. (8.1)

Hence

o8, W B < (2) (6;) _ 133 |

We further assume that t is maximal. If B satisfies (P6) then we are done by setting
B* = B.

Thus we may assume that (P6) does not hold. We now construct a bowtie By, as
follows. Let G' = G — B. Pick v"*' € V*(G’) \ Ujeig Us (Bi|G, B) and ¢y, ¢; € der(v'1),
which exist as (P6) does not hold for B. Note that

mon mon

(G) = W(B)|=d— (12n*/gd) >d —g > d/2 > 29> g+ 3n/g.

By Corollary 45, G’ contains a g-maximal bowtie B;;; such that |¢(Bit1)|, [W (Biy1)| <
6n/g and W(Bi11) C VH(G).
Let B' = BU Byyy. Clearly, |o(B)],|[W(B')] < (t+ 1)(6n/g). We now show that B’ is
a weak (d/2, g)-partition, contradicting the maximality of t. Fix i € [2] and j € [t + 1].
Note that
SoonlG — (B'\ By)) > d— [W(B'\ By)| > d— (120%/gd) > /2

mon

Thus, |U;(B;|G,B')| = §5..(G — (B'\ B;)) > d/2 and so (P1) holds. Note that (P2)
and (P3) hold by our construction. For j € [t], B; is g-maximal in G — (B \ B;) so it is
g-maximal in G — (B’ \ B;). Recall B;;; is g-maximal in G' =G — B =G — (B'\ Bi11).

Thus (P4) holds for B'.
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It remains to show (P5) holds for B'. For i € [t], Us(B;|G,B') C Us(B;|G, B). Since
B is a weak (d/2, g)-partition of G, (P5) of B implies that U;(B:|G,B’), ..., Us(B|G,B’)
are disjoint. Suppose that Uj(Bi1|G,B') N Us(B;|G,B') # 0 for some j € [t]. Let
uwe Uy (B|G,B)NUS(B;|G,B') C V*(G — B) and ¢ € ¢g_p (u). Note that

de,a—p(u) = 0y

mon

(G —B)>d— (12n*/gd) > g.
Lemma 44(i) and (P4) imply that d.c_g (u, U2(B;|G, B')) < g. Therefore,

de,c:(u, Uy(B;]G, B')) = dea(u) — |W(B)| = de,a—p (u, Us(Bj|G, B'))
2
> dog(u) — 12n < dag(u).

Similarly, we have d.q(u, Uz(Bi11|G, B')) > d.(u)/2. Hence,

Ua(B;|G, B') N Us(Buy1|G, B)| = |Us(B;|G, B') N Us(Biy1 |G, B') N Neo(u)]
>d..q(u, Ux(B,|G, B)) + dec(u, Us(Bia |G, B)) — dec(u) > 0.

Let w € Us(B;|G, B') N Uy(Bi11|G, B'). Let Byyy = (v!*h, i Wit CEFH Wit Since
w € Uy(Byiy1|G, B'), there exists a rainbow path P = wuv; - - vo't! with ¢(P) C CH
and int(P) C W5t By (P3), ¢(P) N ¢(B;) = 0. We deduce that v, € Us(B;|G,B'). Let
c1 € O N g (v!™). Note that
d017G/<Ut+1) 2 S5*

mon

(G') = d/2> |G = [V(P)].

Pick v € N, ¢/(v'™)\ V(P). Then the path P’ = wv; - - - vpv'*!0’ is a rainbow path with
d(P") N ¢(B;) = 0. By Lemma 44(ii), '™ € int(P’) C U;(B,|G, B), contradicting the
fact that v"*! was chosen from V*(G") \ U;eiy Us (Bi|G, B). O

8.1 Proof of Lemma 42

We now present the ideas in the proof of Lemma 42. Let d = dn.

We apply Lemma 47 to obtain a (d/2, g)-partition B of G. Let P be a rainbow path
in G — B. Since int(P) C V*(G — B), we deduce (by (P4), (P6) and Lemma 44(ii)) that
there exists B € B such that int(P) C U3(B|G, B). We now discuss how to augment P
into a rainbow cycle using B.

Let P = x1x9 -+ - 2y with ¢(z129) = 2 and ¢(x,_124) = ¢.

Case 1: |Uy(B|G,B)| < 3d/4. By Lemma 44(i), we can find z € Us(B|G, B) to replace
both z; and x, in P. This transforms P into a rainbow cycle.

Case 2: U;(B|G,B) = U{(B|G,B). By Lemma 44(i), we may assume that z; €
Uy(B|G,B) and z, € Ux(B|G,B). Let B = (v,Cy,W;,Cy, Ws). There exists a rain-
bow path P’ from x; to z, through v such that ¢(P’) C ¢(B) and int(P’) C W(B). Hence
PP’ is a rainbow cycle.

Therefore we would like to ensure Case 1 or 2 hold. Our aim is to refine B by replacing
bowties with smaller ones so that Case 1 will hold eventually. In particular, we will
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increase the number of bowties in each step. For simplicity, suppose V*(G — B) = V(G).
Note that B € B is g-maximal in G—(B\ B). Lemma 44(i) implies that “the subgraph Hp
induced by Uj (B|G, B) satisfies ¢ (Hg) > d—g > d/2". Hence we can apply Lemma 47
to obtain a (d/4, g)-partition B’ of Hg. Thus, we refine B by replacing B with B'.

Suppose that we are unable to refine B further and for simplicity B consists of only
one bowtie B = (v,Cy, Wy, Cy, W3). If Case 2 fails, then U (B|G, B) is smaller than
U;(B|G,B). We consider the ‘swapped’ bowtie B' = (v,Cy, Wy, C1, W) instead. We
extend this weak partition {B’} into a (d/4, g)-partition of G (using Lemma 47). Note
that we increase the number of bowties in the partition.

Proof of Lemma 42. Set d = dén, v = §?/16 and g = yn. Note that
d > 4g+2 and g > max{6n/g,12n*/gd}.

Let G = G, J° = G and H° = G. By Lemma 47 with H°,d, g, playing the roles of
G,d, g, By, respectively, we obtain a (d/2, g)-partition B! of HY and |¢p(BY)], |W (BY)| <
2n|B'|/g and W(B') C V*(H").

Suppose for some i € N we have already constructed families B!, B2, ..., B’ of bowties,
edge-coloured multigraphs J° G°, H°, ..., J"=!, G~ H'~! whose properties will be spec-
ified later. Let

Ji — Gifl o Bi,
G'=J - U JUBIHTB)U;(BH™,B).
B,B'eB?
B#B’

In other words, G* is obtained from G*~! — B¢ by removing all the edges that are between
U;(B|H*™', B") and U;(B'|H'™', B) for distinct B, B’ € B'.
Let B = {B € B" : |[Uy(B|H"',B")| < 3d/4}. (These will consist of bowties that
satisfy Case 1.) Consider i € N and B € B’. For a bowtie family B’ in H*, define
Op(B) ={B' € B :W(B') CU;(B|H" ', B")}.

We say B is covered by B' if 0g(B) = {B'} and U;(B'|H",B') = Uy (B'|H*, B"). We write
0B for aBi-H B. Let
B — {U{@B: B € B! is covered by B'} if i > 2,
2 - . .
0 ifi=1.

(These bowties in B will satisfy Case 2.) Let B, = B\ (B} U B%) and

BeBi

=G |(V(G)\ VG U | Us(BIH", B

BeBj,
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In other words, H' is induced by U;(B|H'™!, B?) for all B € B} and the vertices in G that
see at most one colour. From now on, for B € B, we write U(B) for U (B|H’~!,B%).
We now list the desired properties of G* and H*. Suppose that for all j € [i],

(i) B is a (d/4, g)-partition of HI=! with |¢(B7)|,|W (B7)| < 38463 and W (B?) C
VA (HT);

(ii) if B € B! and |0B’| = 1, then B’ is covered by B;

(iii) if j > 2, then B’ = Upen)- 10B;
(iv) for all B € B}, |U;(B)| < n — j(d/4);
(V) Omon(G7) = d = j(g +12n*/gd) > d — 2gj;
(vi) if V*(H7) is not empty, then 6%  (H?) > d — j(g + 12n?/gd) > d — 2g7;
(vii) V*(H7) € Upeg; Us (B);
(viil) ¢(G7) = o(G'~1) \ $(B7);
(ix) G’ has no edge between U;(B) and V*(GY) \ U;(B) for all B € B7;
(x) for each B € B?, B is g-maximal in G’ — (B’ \ B).

It should be noted that (i) and (ii) imply (iii) to (x). Hence we technically only require
B!, ... B’ to satisfy (i) and (ii). Note that (iv) implies that

i <4n/d=4/0. (8.2)
Case A: V*(H?) # 0. We now construct B! as follows. We have

(8.2 1

), (
HY >d—2g(407") > d/2.

mon (

By Lemma 47 with H*,d/2, g, playing the roles of G, d, g, By, respectively, there exists
a (d/4, g)-partition B of H* with |¢(B)|,|W(B)| < 6n|B|/g = 1926 3.

Claim 48. Let B be a (d/4, g)-partition of H* with |¢(B)|, |W (B)| < 12n*/gd. Let BT €
B and B € 9gB™. Then fort € [2], U} (B|H*,B) C U;(B*). Moreover, if 0BT = { B},
then Uz (B|H', B) = U (BY) N V*(H' — B).

Proof of claim. We prove the case for ¢ = 2 (and the case for t = 1 is proven analogously).
Let B = (v,Cy, W1, Co, Ws), so v € Uj(B™). Suppose there exists a vertex

u € Uy (B|H',B)\ U;(B™). (8.3)
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Then there exists a rainbow path P = vw - - - weu such that wq,...,w,1 € Ws, ¢(P) C
Cy U ¢(weu) C ¢(H') and C; N @(P) = 0. Note that

|P| < |[W(B)|+2<1926%+2<d/2 (8.4)
and v € V*(H' — B). Thus, there exists a colour ¢ € ¢yi_g(u) \ ¢p(wew). By (vi),

Ao gri(u) > d — 2ig > d — ig .
Pick v’ € Ny gi(u) \ V(P). Recall that ¢(H") 2 ¢(B) 2 Cy # 0. Pick ¢; € C1Nyi(v) C
¢(H"). By (vi),
8g (8

4
deyins(0) 2 d = 2g(i = 1) > d = )Y

Pick v € N, gi-1(u) \ (V(P) U {t'}). Then the path P’ = v'Pu’ = v'vw; - - - weun is

rainbow in H*~! with
P(P") N @(B") C ¢(H') Np(B') C (G ) Np(B) =0

by (viii). Recall that Uj(B") is g-maximal in H~! — (B*\ BT). Lemma 44(ii) implies
that u € int(P") C U%(B™) contradicting (8.3). The moreover statement follows. |

For each BT € B! with 93B" = {B} that is not covered by B, we replace the bowtie
B = (v,Cy, W1, Co, Ws) with B' = (v,Cy, Wy, C1,W;). We call the resulting family B'.
We now show that B’ is a weak (d/4, g)-partition of H'. Note that (P1) to (P4) hold.
To show (P5), note that if B’ € B'\ B, then there exist unique B € B\ B’ and BT € B
with
B = ('U, Cl, Wl, CQ, Wg), B = (U,CQ, WQ,Cl, Wl) and (9BB+ = {B}

By Claim 48 and the fact dsB™ = { B}, we deduce that
U;(B'|H',B) = Uy (B|H',B) C U;(BY) nV*(G""") = U; (B|H", B).

Recall that B is a (d/4, g)-partition of H* in particular this implies that {U;(B|H', B) :
B € B} are pairwise disjoint. Thus, B’ satisfies (P5) and is a weak (d/4, g)-partition.
Apply Lemma 47 with H*, d/2, g, B’ playing the roles of G, d, g, By, respectively and obtain
(d/4, g)-partition B! containing B’ and satisfying W (B*!) C V*(H") and

OB, [W(B*)] < 2(6n]B|/g) < 24n*/gd < 38407,
Claim 49. B, G H™! satisfy (i) to (x).

Proof of claim. Note that (i) holds by construction.

Consider BT € B'. 1If |0gB"| = 1 and B* is not covered by B, then we have
|0gi+1BT| > 1. Otherwise 0BT = 0gi+1BT. Suppose that 0BT = {B}. By (P6)
and Claim 48, Us(B|H',B"™™') = U3(BT|H™,B") N V*(H' — B"™'). Note that B* is
covered by B, therefore covered by B*™'. Thus (ii) holds.
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Consider B = (v,Cy, Wy, Cy, Wy) € B For each w € W(B) \ {v}, there is a
path from v to w in H*. Thus W(B) is contained in a component of H'[V*(H")]. Since
H' C G, (ix) for G' implies that W(B) C U;(B™) for some BT € Bi. Therefore (iii)
holds for G***.

We now show that (iv) holds. Let B € B5'. Then there exists BT € B and B’ € B!
such that B, B' € 0B*. By (P1), (P5) and Claim 48, we deduce that U;(B)UW (B) and
Us(B")U W(B’) each has size at least d/4, are disjoint and contained in U;(B™). Hence,

U3 (B)| < |U3(BY) = |U3 (B') UuW/(B')]

<
i i(d/4) = (d/4) = n— i+ 1)(d/4)

To show (v), consider a vertex u € V(G"™) and a colour ¢ € ¢gi+1(u). It is enough
to show that d.gi+1(u) = d — (i + 1)(g + 12n*/gd). By (v) for G*, we have d,gi(u) >
d —i(g + 12n*/gd). Then

dor (0) > o () — [W(B)| 3 d— ig — (i + 1)(126%/ ).
If u e V(G \ V¥(G'), then d.gi+i(u) = dg jiri(u). If uw € V*(G™1), then by (P6),

u € U;(B) for some B € B!, Then by g-maximality of B in H'—(B""'\ B), Lemma 44(i)
implies that d.gi+1(u, Us(B)) < g. We deduce that

de it (u) > de, ji+1 (u) — de it (w,U3(B))) =2d—(i+1)(g+ 12n2/gd).

This argument also implies (vi), (vii) and ¢(J!) = ¢(G™™). Since dpnon(G?) > d/4 >
|W(B*1)|, we have ¢(JH) = ¢(G") \ ¢(B"!) implying (viii).

To show (ix), consider B € B!, Let BT € B' with B € dB*. By Claim 48, UQ( ) C
U;(BT). Hence G**! contains no edge between U;(B) and Uj(B*) \ U;(B). By (ix)
for G?, there are no edges in G (and so in G*™') between Uj(BT) and V*(G?) \ U*(B )
in G' and so in G*™'. Thus (ix) holds for G**'.

Suppose for contradiction (x) does not hold. That is, some bowtie B € B! is not
g-maximal in G* — (B*!' \ B). Note that B is g-maximal in H* — (B"*' \ B). Let
BT € B with B € 9B*. By (ix), G* has no edge between U; (BT|H"!, B") and V*(G") \
Uy (BT|H™,B%). Thus for any v € V*(H?), the neighbourhoods of v are the same in H*
and in G*. Hence any vertices u,w,w’ that could prevent g-maximality must also be
contained in V*(H'). Therefore B is g-maximal in G* — (B \ B). |

Case B: V*(H') = 0. Set C* = U ¢(B7) and W* = U W(B/). Let G* = G".
Clearly,

[ed]

(i), (8.2)
W< S WB)| < (38467%)(4671) < 20006, (8.5)

J€ld]
There is a similar upper bound on |C*|. Note that ¢(G*) = ¢(G)\ C* by (viii). Moreover,
by (v),

8.5

(8:5)
Smon(G*) = d — [W*| = d —20005*.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.50 39



Consider a rainbow path P in G* with |V(P)| > 3 and S C V*(G) \ V(P) such that
[V(P) US| < d/4. We shall find a rainbow cycle C* in G\ S, which closes P with

P(P) € o(C7) € o(P)U(G) \ ¢(G7).
Claim 50. There ezists j € [i] and B € B} U B} such that int(P) C U5(B).

Proof of claim. Let v € int(P) C V*(G*) C V*(G). Note that V*(G) = V*(H°) 2 --- D
V*(H") = 0. Let j € [i] be such that v € V*(H7) but v ¢ V*(HJ“) By (vii), there exists
B € B} UB} such that v € U$(B). By (x), B is g-maximal in G~ ( B’ \ B). Therefore
Lemma 44(ii) implies that int(P) C U3(B). |

Let B and j be as given by the claim. Let P = z;---z, with ¢(z122) = 2 and
qb([)?g_ll’g) =/(. Let H = H=! — (B] \ B)
Case B(i): B € BJ. Note that int(P) C Uj(B) C V*(H7~'). Moreover, |int(P) U S| <
d/4. Let Uy = Uy(B), so |Uy| < 3d/4 as B € B]. By Lemma 44(i), do g (9, 03) < g.
Then by (vi),

A (8.5)
o,/ (12,Us) > o (H7') = g = [W"| > d —29(j — 1) — g — 20000~ > d/2.

Similarly, we have dy g/ (x¢—1,Us) > d/2. We deduce that

‘NZH/(.Z'Q, U2) N N&H/(.’L"g,h UQ) \ (S U V(P))’
>do (22, Us) + dy (201, Uz) — |Us| — [SUV(P)]
~d/2 + /2 — 3d/4 — dj4 0.

Pick © € (Nopg(z2,Uz) N Nogr(ze—1,Uz2)) \ (SUV(P)). Then C* = zx9--- 2412 is a
rainbow cycle with ¢(C*) = ¢(P).

Case B(ii): B € Bj. There exists a bowtie B’ € B/~' with 9B’ = {B}. Let B =
(v,Cy, Wy, Co, Wa) and furthermore, V*(GY) N U;(B') = U;(B) = U;(B). Since P is
in G*, we have int(P) C V*(G*). Note that B is g-maximal in H'. We deduce that

(vi), Lemma 44(1) ] .
d—29]—g>d—(22+1)g
(8.2),(3.5) .
> |SUV(P)|+ |[V(G)\ V(G)].

dz,H/(ﬂcz,Ul(B’Hj*laBj)) Ormon (H )—d2,H/(9527U1(B))

Pick y; € Uy(B) N (V(G*)\ (SUV(P))) such that ¢(y;xe) = 2. Similarly, we can find

a distinct vertex yo € Us(B) N (V(G*) \ (SUV(P))) such that ¢(yoxs—1) = (. Let Py, ,

be the rainbow path from y; to v with int(P,, ,) € W; and ¢(P,,,) € Ci; and P,,,

be a rainbow path from y, to v with int(P,,,) € Wy and ¢(P,,,) € Cy. Then C* =
Y1 Py, v Py Y2i—120—o - - - T2yy is a rainbow cycle in G\ S. Note that

¢(P) C o(C") C (P)US(G) \ (G7).
This concludes the proof of the lemma. n
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9 Concluding Remarks

In this work, we showed that there exists a monochromatic tight cycle partition of any
large r-edge-coloured K*) with a number of cycles that is a polynomial of r. For k > 3,
it is easy to construct an r-edge-coloured hypergraph which needs at least r monochro-
matic tight cycles to partition all the vertices. We show such a construction below for
completeness.

Proposition 51. Let k,r € N such that k > 2. There exists an r-edge-coloured com-
plete k-graph such that at least r monochromatic cycles are required for a monochromatic
tight cycle partition of its vertex set.

Proof. Let H be a complete k-graph with vertex set partitioned as V' = U,y Vi, where
Vi # 0, for distinct ¢, j € [r], ViN'V; = 0 and for each ¢ € [r] \ {1},

Vil> (k—=1) > V. (9.1)

jei—1]

We colour each e € E(G) with colour ¢(e) = min{i € [r] : V;Ne # 0}. Let C be a set
of vertex-disjoint monochromatic tight cycles that partition V(H). It is enough to show
that for each i € [r], there is a tight cycle in C coloured i. Clearly, a monochromatic tight
cycle C' that contains at least one vertex from V; satisfies ¢(C') < i. Let

Ci={CeC:V(C)NV,#0 and ¢(C) < i}.

It suffices to show that V; € V(C<"). Note that each C' € C<* satisfies ‘V(C) NUj< V]‘ >
|V (C)|/k and therefore [V(C)NV;| < (k—1) ’V(C) NUj< V]’ We deduce that

; (9.1)
Ve nvili< X VO nVI< k-1 Y Vi < [Vl

Ccec<i jE[i—1]
This completes the proof of the proposition. n

When k = 2 and r > 3, Pokrovskiy [22] showed that there exist infinitely many r-edge-
coloured K,, which require at least r + 1 monochromatic cycles. Lo and Pfenninger [17]
showed that for any k > 3, there are 2-edge-coloured K*) that cannot be partitioned into
two monochromatic tight cycles of distinct colours. It is interesting to consider whether
the same holds for r-edge-coloured complete k-graphs when r, k > 3.

We believe that an 7-edge-coloured K¥) can be partitioned into a linear number of
monochromatic tight cycles.

Conjecture 52. Let r,k € N with 7,k > 2. Then there exists a constant C' = C'(k) such
that every r-edge-coloured K,(Lk) can be partitioned into at most C'r monochromatic tight
cycles.
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If one can strengthen Lemma 16 to show that f(r, k) monochromatic tight cycles
suffice, then our proof method would imply O(rlogr) + 2f(r, k) + 3 cycles partition any
r-edge-coloured K(*). The O(rlogr) term corresponds to the number of monochromatic
cycles required to cover almost all the vertices.

Conjecture 53. For all r, k > 2, there exists C' = C(k) such that any r-edge-coloured
K®) contains at most Cr cycles covering (1 — o(1))n vertices.

Note that the case kK = 2 and general r is still open.
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