Saturation of k-Chains in the Boolean Lattice

Ryan R. Martin Nick Veldt

Submitted: Mar 25, 2024; Accepted: Feb 18, 2025; Published: Mar 28, 2025
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

Given a set X, a collection F C P(X) is said to be k-Sperner if it does not
contain a chain of length k£ 4+ 1 under set inclusion and it is saturated if it is
maximal with respect to this property. Gerbner et al. conjectured that, if |X]| is
sufficiently large compared to k, then the minimum size of a saturated k-Sperner
system is 2°~1. Noel, Morrison, and Scott disproved this conjecture later by proving
that there exists € such that for every k and |X| > no(k), there exists a saturated
k-Sperner system of cardinality at most 2019k

In particular, Noel, Morrison, and Scott proved this for ¢ = 1 — ilogz 15 =~
0.023277. We find an improvement to e = 1 — %1053;2 28 = 0.038529. We also prove
that, for k sufficiently large, the minimum size of a saturated k-Sperner family is at
least vk 2¥/2, improving on the previous Gerbner, et al. bound of 2k/2-0.5

Mathematics Subject Classifications: 06A07,05D05

1 Introduction

Given a set X, we define a Sperner system as a collection F C P(X) such that there does
not exist A, B € F such that A C B. A k-chain (or a chain, where k is understood) is a
subcollection {Ay, ..., Ay} such that A} C -+ C Ag.

More generally, a k-Sperner system is a collection F C P(X) with no (k + 1)-chain.
The size of the largest Sperner system (i.e., 1-Sperner system or antichain) was determined
by Sperner [19] and the size of the largest k-Sperner system was determined by Erdds [4].
Extremal poset theory is an increasingly well-researched subject in which one asks for the
largest family in an n-dimensional Boolean lattice that has no copy of some given poset
P. For a survey of some relatively recent results on this subject, see [12] and [11, Chapter
7].

The above consists of so-called Turén [20, 6, 7] problems in the Boolean lattice and
so it is natural to consider saturation problems as well, in the style of Erdés, Hajnal, and
Moon [5].
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We say that a k-Sperner system is saturated if, for every set S € P(X) \ F, the
collection F U {S} contains a (k + 1)-chain.

For a set X of cardinality n, we are interested in finding the size of the smallest sat-
urated k-Sperner system. This problem was first studied by Gerbner, Keszegh, Lemons,
Palmer, Palvolgyi, and Patkds [10], and later improved by Morrison, Noel, and Scott [18].
Saturation was studied for other posets, in particular a version known as induced satura-
tion [8, 15, 17, 9, 2, 1, 13, 14, 16]. It should be noted that, in the case of chains, induced
saturation is the same as ordinary (also called weak) saturation.

Given integers n and k, let sat(n, k) denote the minimum size of a saturated k-Sperner
system in P(X) where | X| = n. It was shown by Gerbner, et al. [10], that for sufficiently
large n, the saturation number will not change as the cardinality increases. So, we define

sat(k) := lim sat(n, k).

n—o0
For the rest of this paper, we study sat(k).

Theorem 1 (Gerbner et al. [10]). For k € {1,2,3}, sat(k) = 271, and sat(k) < 2! for
all k > 4.

The upper bound is accomplished via construction: Fix k, and consider the power
set of [k — 2], which we denote 2*=2. Let F consist of the sets A and [n] — A for every
A € 2F-2 The family F, of 25=1 members of 2"}, is a saturated k-Sperner system, giving
the upper bound.

For example, for k = 4, F = {@, {1}, {2}, {1,2},{1,2}, {1}, {2},@}, which is a satu-

rated 4-Sperner system.

Theorem 2 (Morrison, Noel, Scott [18]). If k > 6, then sat(k) < 2079% where ¢ =
1 — 1log, 15~ 0.023277. If k < 5, then sat(k) = 281,

This improvement on the upper bound is due to a more efficient saturated set for
k = 6 which appeared in [10], and they showed that it that can be extended for larger
values of k.

In this paper, we provide a tightening of the bounds as follows:

Theorem 3. If k > 7, then sat(k) < 2079% where e =1 — %log2 28 ~ 0.038529.

Similar to [18], we obtain a more efficient saturated set for k& = 7, which by the same
method can be extended for larger values of k.
As to the lower bounds for sat(k), these also first appeared in [10].

Theorem 4 (Gerbner et al. [10]). For k > 1, sat(k) > 28/2705,

This lower bound comes from a counting argument. Let F be a saturated k-Sperner
set and consider some element S € 2" \ F. By definition, there exists a sequence of sets
Fy,... Fysuch that Fy C --- C F;, C S C F;;; C --- C F} is a k + 1-chain. Because
of the existence of the k-chain in F, the size difference |Fj;; \ Fj| is at most n — k + 2,
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meaning that each pair of elements in F can account for at most elements of 2"

including F; and Fj,; themselves. Thus,

(|‘§‘)2n—k+2 2 on.

Rearranging gives the lower bound.
In this paper, we use probabilistic methods to slightly improve this bound for large k.

Theorem 5. If k > 497, then sat(k) > vk 25/2,

2 Preliminaries

Given a collection F C P(X), we say that a set A C X is an atom for F if A is maximal
with respect to the property that for every set S € F, SN A € {0, A}. In other words,
each set in our collection must contain all of A, or none of it.

We say that an atom A is homogeneous if |A| > 2, and we say that an element S € F
is a singleton if |S| = 1.

Lemma 6 (Gerbner et al. [10]). Given a set X and a collection F C P(X), if | X| > 21,
then there is at least one homogeneous atom in F. Furthermore, if F is a saturated
k-Sperner system and Hy, and Hy are homogeneous for F, then Hy = Hs.

For our purposes, this means that if n is large enough compared to k, there will be
exactly one homogeneous atom in our saturated k-Sperner system. Since we are improving
the upper bound from 2*~! Lemma 6 gives that it is more than sufficient to assume n
is of size 227", We will distinguish elements in such a system by whether or not they
contain the homogeneous atom.

Definition 7. Let F be a saturated k-Sperner system and let H be homogeneous in F.
We say that a set S € F is large if H C S or small if SN H = (). We write the collection
of such sets as F'¥'8¢ and F*™ respectively.

Lemma 8 establishes a stronger condition on saturated antichains as long as there is
a homogeneous set.

Lemma 8 (Morrison, Noel, Scott [18]). Let A C P(X) be a saturated antichain with
homogeneous atom H. Then every set S € P(X)\ A either contains a set in A or is
contained in a set of A&,

There is a natural way to partition a k-Sperner system F into a sequence of k pairwise
disjoint antichains by iteratively pulling off antichains of minimal elements.

Definition 9. For 0 < i < k — 1, let A; be the collection of all minimal elements of
F\ (U;.; Aj) under inclusion. We say that (A;)j=; is the canonical decomposition of F
into antichains.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(1) (2025), #P1.55 3



Definition 10. A collection (D;)!_, of subsets is layered if, for 1 < i < t, every D € D;
strictly contains some D’ € D;_; as a subset.

Note that the canonical decomposition of any set system is automatically layered.
Lemma 11 establishes that if one has a layered collection of disjoint saturated antichains,
then it is a k-Sperner system.

Lemma 11 (Morrison, Noel, Scott [18]). If (Ai)z:_ol is a layered collection of pairwise
disjoint saturated antichains in P(X), then F = U;()l A; is a saturated k-Sperner system.

7

So, then, to find a good saturated k-Sperner system, it suffices to find a collection of
layered pairwise disjoint saturated antichains.

Lemma 12 (Morrison, Noel, Scott [18]). A collection of pairwise disjoint saturated

antichains (Ai)f:_ol, which have the same homogeneous atom, is layered if and only if
(Asmalh i b s layered.

Notably, if we combine this condition with the layered collection condition and guar-
antee the family has a homogeneous set, then two conditions are sufficient to verify the
upper bound construction in Section 5:

1. A; must be a saturated antichain.

2. Each small set in A; must contain a small element in A;_1, 1 <7<k — 2.

By Lemma 11, it sufficies to have a collection of layered antichains and by Lemma 12,
the layered condition is verified if each element in A strictly contains an element in
small 1 i<k — 2.
As to the lower bound, Lemma 13 gives that any saturated k-Sperner system with
a homogeneous set has a canonical decomposition into saturated antichains and so any
such system with fewer than 2¥~! elements has such a decomposition, provided n is large
enough.

Lemma 13 (Morrison, Noel, Scott [18]). Let F € P(X) be a saturated k-Sperner system
with homogeneous atom H and canonical decomposition (A;)%=}. Then A; is saturated
for all z.

3 Further Characteristics of Layered Saturated Antichain

First, we observe that the empty set and the complete set [n] will always be contained in
a minimal k-Sperner system for k£ > 2. Each forms a saturated antichain of size 1, which
is as small as possible for Aq and Ay_1, respectively.

Proposition 14. Let F € P(X) be a minimal saturated k-Sperner system with canonical
decomposition (A)¥=y. Then Ay = {0}, A1 = {[n]}, and fori € {1,... k —2}, each
small element A € A will have size at least i, and each large element A € AP will
have size at most i +n — (k — 1).
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Proof. Because of the layered condition, every set in A$™#! must have at least one more

element than some set in A and every set in A must have at least one fewer
element than some set in A%, So the result follows by induction. O

Lemma 15. Let F € P(X) be a minimal saturated k-Sperner system with canonical

decomposition (A;)¥=) and homogeneous atom H. Then A; will consist of at least k — 2

singleton atoms in A5, and one element in AY°. By symmetry, Aj_o will consist of

. ) 1 .
at least k — 2 elements of size n — 1 in A and one element in A3

Proof. We first prove that A5™! will contain only singletons. Suppose that JF is a minimal
saturated k-Sperner system, and A; contains small elements of size > 1. Consider the
following reduction operation on antichains:

Reduction operation:

Set Asmall — gsmall g Alarge — flaree

Choose an atom, z, in some non-singleton element, {z} US € A%mal.
Replace {z} U S with {z} in A.

If € Afor Ae A— {{x}}, then replace A with A — {z} in A.
Resolve any pairs of elements that contain each other, A C B:

o If A, B € A then remove B from A.
o If A, B € A™%° then remove A from A.

o If A c Al and B € A% then reassign = to be an arbitrary atom
of A and go to (3).

6. If Asmall consists of singletons, stop and return A. Otherwise, go to (2).

AN I

Note that if A consists only of atoms, then the reduction operation does nothing.
We must verify that:

e The reduction operation terminates.

The resulting set A obeys ‘A| < |A1|.

The resulting set A is an antichain.

The resulting set A is saturated

The resulting set A2 consists of singletons.
o Ay, A, (A=) is layered.
As to the verification,

e The algorithm terminates because step (4) ensures that no other member of A will
contain the atom x so each iteration of the inner loop will use a different one of
the finite set of atoms. The outer loop terminates because we reduce the number of
non-singleton elements of A by at least 1 for each iteration.
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e The set A obeys ‘A} < ‘Al} because throughout the algorithm, no elements are
added to A and some may be removed.

e The set A is an antichain because step (5) ensures that containments will be elimi-
nated either directly or by step (4).

e After each step of the algorithm, the set A is always saturated. To see this, consider
any element 7' ¢ A\ ({x} U S) at the start of any step.

— For step (3), if T D {z} U S, then T D {z}. If T C A for some A € Alaree,
then this will continue to hold. If 7= {z} U S, then T is no longer in A, but
contains {z}.

— For step (4), if T D A, then T D A—{z}. If T C A, then either T C A — {z}
or T'D {z}. If T = A, then T is no longer in A, but contains {z}.

— For step (5), if T D B D A, thenT D A IfT CAC B, then T C B. If
A B e A and T = B, then T D A. If A,B € A% and T = A, then
T C B.

So after each step, A still saturates all elements not in A.

e The set A consists of singletons because if 452! ever contains a non-singleton,
then (3) will ensure it is replaced by one.

e It remains to show the family is layered. By Lemma 12 it suffices to check JF=mall,
Every element A € A™a! will contain the empty set, which is Ay. As to A5™al et
A e Al and B € Al such that B € A. Then since B is either replaced by
a subset (steps (3) or (4)) or is deleted in favor of a subset already in the family
(step (5)), it must be the case that every member of A5™! is above some member
of A%l Since the other sets in ™! are unchanged, the family is layered.

So A is a layered, saturated antichain and 4™2!! consists of singletons. It remains to
prove that |.Al‘rnge =1 and ‘Asmau‘ >k —2.

Suppose that Alarge| > 2. Consider the element S consisting of all those atoms which
are not in A By definition of antichain, every member of A'%"° is a subset of S. By
Lemma 8 and the fact that S is above no member of A*™#! it must be either in A" or
a subset of a member of that set. But every member of A8° must be a subset of S by
definition. Thus S is the unique member of A12&°.

Finally, by the definition of layered, there exists a chain from S to [n], each of
which are members of F. Specifically, the chain starts with S and contains members

of Almee ,A}ffg;, concluding with [n]. This results from adding at least one new ele-
ment of [n]\ S to S each time, k — 2 times. Thus, there must be at least k — 2 singletons
in Asmall. ]
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4 Composition of Saturated Systems

Once we have a saturated k-Sperner system of size less than 2¥~1, there exists a method
that gives an upper bound for larger values of k.

Lemma 16 (Morrison, Noel, Scott [18]). Let Xy and Xs be disjoint sets, and let Fy and
Fo be saturated ki- and ko-Sperner systems, respectively, and let Hy C Xy and Hy C Xo
be homogeneous. Then

G:={AUB:Ae ;™" Be F™U{SUT: S e " T e F"*}

is a saturated (ky+ ko —2)-Sperner system on P(X;UXs) with homogeneous atom Hy U Hy
and cardinality |G| = | Fymal || Fsmell| + }Fiarge} ‘]—“éarge’.

Gerbner, et al. introduce a size 30 family which is used to prove a bound for sat(k, k).
With some adjustment, Morrison, Noel, and Scott extend this construction to be a satu-
rated 6-Sperner set for all n.

Repeatedly applying Lemma 15 on this set yields a saturated k-Sperner system on an
arbitrarily large ground set X such that

|fsmall| + }Flarge‘ _ 15] + 15] = 2% 15]

for k =45 + 2.

For k of the form 45 +2 + s, 0 < s < 3, we then apply Lemma 16 with the saturated
3-Sperner set {,1,T, 0} to yield sat(k) < 2571 % 157,

A very interesting property of this size 30 family is that while the structure of the
large and small sets bears a strong symmetric resemblance, they are not complements of
each other.

5 New Upper Bound

Bootstrapping the above 6-saturated Sperner example, for £ = 7, gives a 7-saturated
Sperner system of size 60. We have managed to find a 7-saturated Sperner system of size
56.

Let F = U?:o A; be a family composed of the following antichains (see Figure 1 and
Figure 2):

o Ay = {0}

e A, =1{2,3,5,6,7} U{14H}

o Asmall = 12 23 34,45,56,67,17}

o AV — (357H 146H,257H, 136 H,247H, 135H, 246 H}

o Ay = Agral Al
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12460 02357 01346 02450 1356246701357

023567

Figure 1: Saturated 7-Sperner system, F'*'8°. Note: 1246 = 357H, 2357 = 146H, 1346 =
257TH, 2457 = 136 H, 1356 = 247H, and 2467 = 135H, 1357 = 2

o Asmall = 126,237,134, 245, 356, 467, 157}
o AME _ (5.5 e Aggmal

o Ay = Agmal | gl

e A, =1{S:5¢€ A}

e A;={S:S5¢€ A}

o As = {@}

In order to verify that this construction is a 7-saturated Sperner system, we first need
to verify the layering condition for which we refer the reader to Figure 1 and Figure 2.

Finally, we must verify that each A; is a saturated antichain. For Ay and Ajg this
is trivial. For A; it is easy to see that every set is either a superset of a singleton in
Asmall — 93 5 6.7} or a subset of the member of A8 = {14H}. By symmetry, the
saturation of As follows.

For Aj, any set of size at least 3 must either contain some pair in A5 (observe that
the pairs in AJ™!! are consecutive atoms modulo 7) or is a set of size exactly 3 with no

pair of consecutive atoms modulo 7, which is what forms Aéarge. Each pair or singleton is
a subset of a member of A;arge except those pairs of consecutive atoms, which is exactly

Asmall Thus A, is a saturated antichain. By symmetry, Ay is a saturated antichain also.
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Figure 2: Saturated 7-Sperner system, Fsmall,

Finally, the middle antichain A3 is the union of the Fano plane and the family consist-
ing of the complements of those sets. Because the chromatic number of the Fano plane is
3, every subset of the seven vertices either contains a hyperedge of the Fano plane or is
contained in the complement of a hyperedge. Thus, As is a saturated antichain.

It is worth mentioning that there exist smaller saturated antichains with small and
large elements of the same cardinality as those in Ay; however, these cannot be layered
underneath the Fano plane as A, is. It should also be noted that antichains that are
layered underneath the Fano plane of size 14 are plentiful, and may have a different

distribution of elements between A3™! and AR,

oo

Figure 3: The Fano plane (Agma“) and A;mall

As this is a layered sequence of pairwise disjoint saturated antichains, Lemma 11 gives
that F is a saturated 7-Sperner system of size 56. Using Lemma 16, we can construct a
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saturated k-Sperner system of cardinality 2 % 287 * 25 for k =57 +2+5,0< s <4 on a
sufficiently large ground set.
Theorem 3 is obtained by observing sat(k) < 257! - 28 and solving 25+ . 287 < 20—k

for e. A value of € = <1 — %) ~ 0.038529 is sufficient to make this true for all & > 7.

6 New lower bound

As for the lower bound, we will assume, via Proposition 14, that F consists of saturated
antichains A;, i = 0,...,k—1 where Ay = {0}, Ax_1 = {[n]} and for all ¢ € {1,..., k—2},
A; has the property that every S € A has cardinality at least i and every L € A&
has cardinality at most n — (k —i — 1).

First, Lemma 17 establishes a lower bound for each of the A;s. Recall by Lemma 15
that |As] = | Ac 1| = L. JAT]JARE] > = 2, and [ A5 Ao = 1

Lemma 17. Let k > 7 and i be integers, where 2 < i < |[(k—1)/2], and let Ay A&
be a saturated antichain such that |S| =i for all S € A™W and |L| <n — (k—i—1) for
all L € A

small large i(k—i—1)
Then | A + | A5 > exp {21n2 — }

Proof. Choose a set R at random by choosing each member of {1,...,n} independently
with probability 1/2 — ¢, where ¢ = B2 (1 — 25).

Let X be the number of S € A% such that S C R plus the number of L € A
such that R C L.

The expected value of X will be

E[X] = Z (%—6)S+ Z <%+s)nm

small 1
SGA?ma LeAiarge

mall 1 ' large 1 hot
E[X] < | A5 3¢ + | A7 5+e
< | A exp {—iln2 — 2ie} + [A | exp{—(k —i—1)In2 +2(k —i — 1)}

< (‘Alsmall‘ X |Aiarge|> exp{_an%}'

Since the antichain is saturated, E[X] > 1 and the result follows. ]
The more specific version of Theorem 5 is as follows:

Theorem 18. Letk > 7. If F is a saturated k-Sperner system, then |F| > 2k/2+(1/2)log k=166
and |F| > 2k/2A/Dloesk yf | > 497
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Proof. We know that |A0{ = — 1. The remaining layers have
sizes bounded by Lemma 17, and the bounds for |A;| will be the same as for |A;_1_;|.
Using the notation 1, ,qq to mean 1 if k is odd and 0 if & is even, then
—1
1% 0dd-

We will lower-bound by zero the terms outside of the main summation, as this does
z(k—z—1)
k—1

x € (2,(k —1)/2), it may be estimated by an integral. As such,

(k=3)/2 —1—
]]'“\22/ exp{21n2 W} dr.
=1 -

[(k—1)/2]-1

(ki1
|Fl =2+2(k—-1)+2 Zz:; exp{ZanZ(kk‘le)} + exp {ank

not effect the asymptotics. Since the function exp {21112 } is increasing for all

A substitution allows us to put this in terms of the error function, that is, erf(z) =

/0 \%e‘yz dy. The substitution is z = 51 — y, /2=L
|f\>2/ exp { ( ) — - dy
=(k—3)y/In2/(2(k—1)) kE—1 2 2In2 21n2
_1 In?2 (k—3)4/In2/(2(k—1)) )
Qexp{ } / eV dy
2In2 V2In2/(k—1)
(e — (k—3)/In2/(2(k—1))
2/6/2\/_ 1 / ie_y dy
4kln2 V/2In2/(k—1) VT

> 2k/2\/k ik an) [(erf{ ”“;(?_21‘;12} - erf{ 27611112}”

> 9k/2+(1/2)logy k=166

Moreover, if k > 497, then a computer algebra system gives |F| > 2F/2+(1/2)logz2 k| O

7 Further Questions

After submitting this manuscript, Charton, Ellenberg, Wagner and Williamson [3] posted

a construction of a saturated 8-Sperner system of size 108, using the methods of machine

learning. This results in ¢ = 1 — § log, 54 ~ 0.040852, hence sat(k) < 20959148 for f > 8.
There are a number of open questions related to this problem.

e Is sat(7) = 56, or is there a smaller construction?

e Can the bounds of vk2*/? < sat(k) < 2099148k be improved for large k?
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e Are there always flat optimal Sperner systems, meaning that in each saturated
antichain, the small elements have the same size as each other, and the large elements
have the same size as each other? We note that the construction found in [3] was
not flat but was not proved to be uniquely optimal or optimal at all.
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