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Abstract

The immaculate Hecke poset was introduced and investigated by Niese, Sundaram,
van Willigenburg, Vega and Wang, who established the full poset structure, and deter-
mined modules for the 0-Hecke algebra action on immaculate and row-strict immaculate
tableaux. In this paper, we extend their results by introducing the skew immaculate
Hecke poset. We investigate the poset structure, and construct modules for the 0-
Hecke algebra action on skew immaculate and skew row-strict immaculate tableaux,
thus showing that the skew immaculate Hecke poset captures representation-theoretic
information analogous to the immaculate Hecke poset. We also describe branching
rules for the resulting skew modules.

Mathematics Subject Classifications: 05E05, 05E10, 06A07, 16T05, 20C08.

1 Introduction

This work continues the investigations of two papers [9, 10] concerned with the discovery of
the row-strict dual immaculate function, and the construction of a 0-Hecke module whose
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quasisymmetric characteristic is this function. All of this revolves around standard immac-
ulate tableaux, which were first defined by Berg, Bergeron, Saliola, Serrano and Zabrocki
in [2]. Niese, Sundaram, van Willigenburg, Vega and Wang showed in the paper [10] that
the poset induced by the action of the 0-Hecke algebra on standard immaculate tableaux
contains a wealth of information about various 0-Hecke modules and quotient modules whose
quasisymmetric characteristics can be defined purely combinatorially. These quasisymmetric
characteristics are the (row-strict) dual immaculate functions and the (row-strict) extended
Schur functions. By establishing that the immaculate Hecke poset is bounded, the authors
were able to show in [10] that many of the associated modules are cyclic and indecomposable.

The present paper extends this program to the skew immaculate Hecke poset, the natural
generalisation of the immaculate Hecke poset to skew standard immaculate tableaux defined
in [2] and [9]. The extended Schur functions defined by Assaf and Searles in [1], and their
row-strict counterparts defined in [10], also have skew versions. We show that the skew
immaculate Hecke poset is ranked and bounded. We then examine the module associated to
the skew row-strict dual immaculate function, and the submodule associated to the skew row-
strict extended Schur function; these are the skew analogues of the corresponding functions
defined in [10]. As in [10], the technical arguments are cast primarily in terms of the row-
strict 0-Hecke modules. By reversing the arrows in the skew immaculate Hecke poset, we
deduce analogous results for the modules associated to the skew dual immaculate functions.
In contrast to the ordinary (non-skew) case in [10], it turns out that the subposet of the
skew immaculate Hecke poset corresponding to the skew standard extended tableaux does
not always have a unique minimal element for the row-strict dual immaculate action, and
hence for this action the skew extended 0-Hecke module is in general not cyclic.

The paper is organised as follows. Section 2 contains a summary of the necessary prerequi-
sites, encapsulated in Table 1. Section 3 summarises the pertinent combinatorial information
from [9] on skew immaculate tableaux and their quasisymmetric generating functions. Also
defined here are the skew analogues of the extended and row-strict extended tableaux and
(extended, row-strict extended) Schur functions. Section 4 examines the immaculate and
row-strict immaculate 0-Hecke actions on the set of skew standard immaculate tableaux,
culminating in the construction of 0-Hecke skew modules (Theorem 28) whose quasisym-
metric characteristics are the generating functions described in Section 3. Section 5 follows
Tewari and van Willigenburg [13] to derive branching rules for the skew modules. Finally
Section 6 establishes that the skew immaculate Hecke poset is almost always bounded above
and below, thus giving cyclic generators (Theorem 41, Theorem 44) for the appropriate 0-
Hecke skew modules. The notable and interesting exception is the subposet of skew standard
extended tableaux, which does not in general admit a unique bottom element, as can be seen
in Figure 1.
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2 Background

We now recall the relevant algebra and combinatorics that will be useful to us in due course.

2.1 Quasisymmetric functions

We recall the pertinent definitions below, and refer the reader to [7] for further background
on quasisymmetric functions.

A composition of n is a sequence of positive integers o = (ay, @, . . ., @) summing to n. For
convenience we sometimes denote k by ¢(a), and n by |a|. Write a F n for a composition
a = (a1,09,...,a;) of n, and denote by () the empty composition of 0.

It is well known that compositions of n are in bijection with subsets of {1,2,...,n — 1} =
[n—1]. For a composition a F n, the corresponding set is set(«) = {ay, a1 +ag,...,a1+-- -+
ap—1}. Given a subset S = {s1, S9,...,s;} of {1,...,n — 1}, the corresponding composition
of n is comp(S) = (s1,52 — S1,...,5; — Sj_1,1 — S;).

A function f € Q[[x1, 2o, .. .]] is quasisymmetric if the coefficient of 27" 252 - - - 27* is the same

as the coefficient of ' - xi* for every k-tuple of positive integers (ay, as, ..., ax) and
subscripts 73 < 79 < --- < 7. The set of all quasisymmetric functions forms a ring graded
by degree, QSym = @n>0 QSym,,, where each QSym,, is a vector space over the field Q of
rationals, with bases indexed by compositions of n.

Given a composition o = (g, g, ..., qx) of n, the fundamental quasisymmetric function

indexed by « is
Fa = E L1 Ly =+ Ty,

- 1<i2SSin
i;<ij4q if jeset(a)

The set {F, : @ E n} is a basis for QSym,,, called the fundamental basis.

The complement of a composition o F n is the composition a® = comp(set(a)¢) E n. In
QSym we have the involutive automorphism 1), defined on the fundamental basis by

Y(Fy) = Fye. (1)

The diagram of a composition « is a geometric depiction of « as left-justified cells, with «;
cells in the ith row from the bottom. Given two compositions «, 5, we say that g C « if
B; < a; forall 1l < j < U(B) < {(a), and given «, f such that § C «, the skew diagram
a/f is the array of cells in a but not § when f is placed in the bottom-left corner of a.
For example, the diagram of o = (4,2,3) and a/f where 5 = (2,1) are the following,
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respectively.

I |
[ | L[]

Definition 1. [3, Definition 2.1] Let a F n. An immaculate tableau of shape « is a filling D
of the cells of the diagram of o with positive integers such that

1. the leftmost column entries strictly increase from bottom to top;
2. the row entries weakly increase from left to right.

A standard immaculate tableau of shape o E n is an immaculate tableau that is filled with
the distinct entries 1,2,...,n. A standard extended tableau of shape o E n is a standard
immaculate tableau where the column entries in every column strictly increase from bottom
to top.

Definition 2. The dual immaculate function indexed by a F n is &% = >, 2P, summed
over all immaculate tableaux D of shape «, with 2P = x”lll xgl? -+, where d; is the number of

7’s in the tableau D.

Theorem 3. /3, Definition 2.3, Proposition 3.1] The set {&%}arn is a basis for QSym,, .
Given a standard immaculate tableau T, its &*-descent set Desg+(T") of T is

Desg<(T) = {i : i + 1 appears strictly above i in T'}.

Then
6?; = Z Fcomp(DeSG*(T))
T

summed over all standard immaculate tableaux T of shape .

For example, if a = (1,2), the unique standard immaculate tableau 3 ‘ has &*-descent

set {1}; thus &7, 5 = Feomp((1}) = Fl1,2)-

Definition 4. [9] Let o F n. A row-strict immaculate tableau of shape « is a filling U of the
diagram of o with positive integers such that

1. the leftmost column entries weakly increase from bottom to top;
2. the row entries strictly increase from left to right.

A standard row-strict immaculate tableau of shape o E n is a row-strict immaculate tableau
that is filled with the distinct entries 1,2,...,n.
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The row-strict dual immaculate function indexed by a F nis RS;, = Y, 2V summed over all

row-strict immaculate tableaux U of shape a, with 2V = 23242 - - where u; is the number

of i’s in the tableau U.

Note that standard row-strict immaculate tableaux coincide with standard immaculate
tableaux. We now establish some notation and definitions that include these tableaux.

Definition 5. Let a F n.

1. A standard tableau of shape « is an arbitrary bijective filling of the diagram of o with
the distinct entries {1,2,...,n}.

2. SIT(«) is the set of standard immaculate tableaux of shape «; i.e., the subset of
standard tableaux where the leftmost column entries increase from bottom to top, and
all row entries increase from left to right.

3. SET(«) is the set of all standard extended tableau of shape «; i.e., the subset of SIT(«)
where all column entries increase from bottom to top.

We also have an analogous theorem to Theorem 3 for row-strict dual immaculate functions.

Theorem 6. [9] The set {RG&:}orn is a basis for QSym,,. Given a standard immaculate
tableau T', its RG&*-descent set Desge=(T) of T is

Desge«(T) = {i : i + 1 is weakly below i in T}.

Then
RGZ - Z Fcomp(DesRG*(T))
T

summed over all standard immaculate tableaux T' of shape o.

For example, if a = (1,2), the unique standard immaculate tableau 3 ‘ has RG&*-descent

set {2}; thus RE(; 5 = Feomp({2p) = Fl2.1)-

Finally observe that since the descent sets Desg«(T") and Desge«(T") are complements of each
other, by (1) we have

RG&;, = (6,).
2.2 The 0-Hecke algebra

Recall that the symmetric group S,, can be defined via generators s;,1 < ¢ < n — 1, that
satisfy

2 _ 1. _ . _ S
57 =15 55415 = 5i4155i41;  5iSj = 84, |1 — j| = 2.
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Definition 7. [8] Let K be any field. The 0-Hecke algebra H,(0) is the K-algebra with
generators m;, 1 < i < n — 1 and relations

TR =T M = M T Ty = T, | — ] > 2
The algebra H,(0) has dimension n! over K, with basis elements {r, : ¢ € S,}, where
To = M, -+ T, if 0 =s; ---s; 1is a reduced word. This is well-defined by standard Coxeter
group theory, see [8].

It is known [11] that the 0-Hecke algebra H,(0) admits precisely 2"~! simple modules L,
one for each composition o E n, and all are one-dimensional. The module L, is defined as

{0, i € set(a),

L, = span{v,} where for each i = 1,...,n, we have m;(v,) = _
Vs, Otherwise.

For the remainder of this paper we take the ground field to be the field C of complex numbers.

The well-known Frobenius characteristic defined on the Grothendieck ring of the symmetric
groups has the following analogue for finite-dimensional H,,(0)-modules. See [5] for further
details.

Definition 8. [6, Section 5.4] Let M be a finite-dimensional H,,(0)-module; let M = M; D
My D -+ D My D Mgy = {0} be a composition series of submodules for M, where
each successive quotient M;/M;,, is simple, and thus equal to L,: for some composition
o' E n. The quasisymmetric characteristic of the module M, ch(M), is then defined to
be the quasisymmetric function equal to the sum of fundamental quasisymmetric functions

Zle F,i. In particular ch(L,) = F, for each a F n.

2.3 0-Hecke modules on SIT(«)

We begin with a general proposition underlying the arguments in much of the literature on
the subject.

Proposition 9. Let V' be a 0-Hecke module with finite C-basis T, and suppose H,(0) acts
on the basis T so that for each generator m; of H,(0), either mi(T) € T or m;(T) = 0. Define
a relation on T by setting, for S, T € T,

ST

if there is a sequence of H,(0)-generators my,, ..., s, such that

T =7, - ms, (5).

Suppose further that the relation < makes T into a partially ordered set.
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1. Let Ty <t --. <t T, be an arbitrary total order on T that extends the partial order
defined by <. Let Vi, ., = {0}, and let Vr, be the C-linear span

Vr, = span{T} : T;x'T;}, 1<i<m.
Then each Vr, is an H,(0)-module, and the filtration
{O}ZVTm+1 CVTm (@RI CVTl =V

has one-dimensional, hence simple, quotient modules, i.e., it is a composition series
for Vi, = V. The quasisymmetric characteristic of V' is then

m+1

ch(V) = ch(Vr_,/Vi,).

=2

In particular, for each i, ch(Vr,_,/Vr,) is a fundamental quasisymmetric function F,i
for some composition o' F n.

2. If the partial order < admits a wunique least element Ty, then the module
V' = span{T;}7., is cyclic and generated by Tyo.

3. If the Hasse diagram of the partial order < is disconnected, then the module V =
span{T}}"L, decomposes into a sum of at least two proper submodules.

Proof. For Part (1), see, e.g., [13, Section 5] or [10, Theorem 5.5]. Parts (2) and (3) follow
from the definition of the partial order <. O]

The following four descent sets were considered in [10] for T € SIT(«). We have already
encountered the first two; the other two complete all variants.

1. [2, Definition 3.20] The dual immaculate descent set

Desg+(T) = {i:i+ 1 is in a row strictly above i in T'};

2. ]9, Defintion 3.4] The row-strict dual immaculate descent set

Desge+ (1) = {i : i + 1 is in a row weakly below ¢ in T'};

3. [10, Definition 9.1] The A*-descent set

Des+(T) = {i:i+ 1is in a row strictly below i in T'};
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4. [10, Definition 9.2] The A" -descent set

Desz+(T) = {i : i+ 1 is in a row weakly above 7 in T'}.

Each of these descent sets defines a 0-Hecke action of SIT(«). The following theorems
summarise the main results of [10]. See [3] for the impact of the &*-action. The remaining
actions appear in [10], where a unified approach is given.

Theorem 10. /3, 10] Let o E n. Each of the four descent sets Desg«, Desge+, Des 4+, Desy
defines a cyclic H,(0)-module on SIT(«). Let m® denote any one of these four actions, and
denote the descent set of T € SIT(«) in each case simply by Des,(T). Also let s; be the
operator that switches the entries i, i + 1 in a tableau T

In each case the action of a generator ¢ is defined as

T, i ¢ Des,(T),
7 (T) = < s;(T), i€ Des,(T) and s;(T) € SIT(«), (2)
0, otherwise.

When the need arises to be more specific, we will refer to the actions defined by 7 as
a-actions, where a is one of &*, R&*, A* or A .

Next we define special tableaux so that we can concretely describe the poset in the theorem
below and all entries in Table 1 thereafter.

Definition 11. For o F n we define the following special standard tableaux in SIT(«).

e [10, Definition 6.3] SY is the tableau in which the cells of the leftmost column of «
are filled with 1,..., ¢(«), increasing bottom to top; then the remaining cells are filled
by rows, top to bottom, left to right with consecutive integers starting at ¢(«) + 1 and
ending at n.

e [10, Definition 6.9] S.° is the row superstandard tableau whose rows are filled left to
right, bottom to top, beginning with the bottom row and moving up, using the numbers
1,2,...,n taken in consecutive order.

e [10, Definition 7.7] S is the column superstandard tableau whose columns are filled
bottom to top, left to right, beginning with the leftmost column and moving right,
using the numbers 1,2, ..., n taken in consecutive order.

Example 12.

314[5] 456 3[5]6]
5?2,1,3) =12 S =|3 ng,lm) =12
1]6] 1]2] 1]4]
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The next theorem highlights the importance of these tableaux.

Theorem 13. [10] Each of the four actions in Theorem 10 defines a partial order on the
set SIT(«), and all four actions then define the same poset PRG?, called the immaculate
Hecke poset.

The poset PR&?, is graded and bounded with a unique minimal element SO and a unique
mazximal element SI°. The vector space spanned by the set SIT(«) then becomes

e [10, Theorems 0.8 and 6.15] a cyclic indecomposable 0-Hecke module V,, for the R&*-
action, with generator S°. Its quasisymmetric characteristic is the row-strict dual
immaculate function RG},;

e /3, Theorem 3.5 and Lemma 3.10] a cyclic indecomposable 0-Hecke module W, for the
&*-action, with generator S.°. Its quasisymmetric characteristic is the dual immac-
ulate function G ;

e [10, Theorem 9.3] a cyclic 0-Hecke module A, for the A*-action, with generator SO.
Its quasisymmetric characteristic is A}, = ZTGSIT(Q) Feomp(Des 4 (1))

e [10, Theorem 9.4] a cyclic 0-Hecke module A, for the A" -action, with generator Srow,
Its quasisymmetric characteristic is AZ = ETGSIT(Q) Fcomp(DeST (T))-

Table 1 gives a summary of other useful results in [3, 10] for quick reference later. Addition-
ally some useful results in [1, 4, 10, 12] are given for the extended and row-strict extended
Schur functions, which we discuss in the next section.

3 Skew immaculate tableaux and quasisymmetric functions

We now broaden our horizons, moving from diagrams to skew diagrams.

Definition 14. Let a, 8 be compositions with 8 C a. A skew standard immaculate tableau
of shape a/f is a filling T of the cells of the skew diagram «/f with distinct entries
1,2,....]a/B| = |a| — |B] such that

1. the leftmost column entries that belong to o but not § (possibly empty) increase from
bottom to top;

2. the row entries increase from left to right.
Let SIT(«/B) denote the set of skew standard immaculate tableaux of shape «/f.

Example 22 gives an example of a skew standard immaculate tableau.
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Table 1: The four descent sets and resulting tableaux

leftmost column

Tableaux — I RE:, Ar A,
Dual immaculate Row-strict dual imm. ch(A,) ch(A,)
Leftmost Col strict 7 weak N weak N strict N
bottom to top
Rows weak N strict N weak strict N
left to right
Descents ¢ such that i such that i such that i such that
it + 1 strictly above ¢ 1 + 1 weakly below ¢ 1 + 1 strictly below ¢ | i+ 1 weakly above ¢
m(T)=T i + 1 weakly below 4 i + 1 strictly above 4 i+ 1 weakly above 7 | i+ 1 strictly below ¢
m(T)=0 1,1+ 1in i,7+ 1 in same row NEVER 7,7+ 1 in leftmost

column or in same row

T, s;(T) standard,
and m;(T) = s;(T)

i + 1 strictly above 1,
7,74+ 1 NOT both

in leftmost column

i + 1 strictly below ¢

same as RG&*

same as &*

Partial order Poset PG}, Poset PRG, Poset PRG, Poset PG,
on SIT(«) ~ PRG, = [S2, Srov) =[S9, Srov) ~ PRG},

Cover relation S<e: T S<rer T
= S =75(T) < T =7} (9) same as RG* same as G*

Basis SET(«)

quotient of W,

submodule of V,

submodule of A,

Module top element: bottom element: bottom element: top element:
generated by W, = (S720) Vi = (S9) A, = (S0) A, = (55)
Indecomposable? Yes Yes Unknown Unknown
Extended & PY(Es) = REa Ao Aspr(e
Schur function Ex = si RE\ = sxt
Module cyclic (Stew) cyclic (St cyclic (St cyclic (Srow)
indecomp. indecomp.

quotient of A,

Definition 15. Let «, 5 be compositions with f C a. Then define SET (/) to be the
subset of SIT(«/f) consisting of all tableaux 7" where all columns entries increase bottom

to top, that is, the set of all skew standard extended tableauz of shape o /.

Note that when § = @ we have that SIT(a/83) and SET(«/3) coincide with SIT(«) and

SET(«).

Definition 16. Let «, 8 be compositions with 5 C «a. Then we define eight sets of tableaux

of shape a//3 as follows.

In the definitions that follow, the phrase “entries in the leftmost column of a” refers to those
entries in the cells of the leftmost column of the skew diagram a/f (possibly empty) that

belong to o but not f.

1. Ta)p(1st col <,rows <) is the set of tableaux with entries in the leftmost column of a

strictly increasing bottom to top, and row entries weakly increasing left to right.

2. Toys(1st col <, rows <) is the set of tableaux with entries in the leftmost column of «
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weakly increasing bottom to top, and row entries strictly increasing left to right.

3. Tays(cols <, rows <) is the set of tableaux with column entries strictly increasing bot-
tom to top, and row entries weakly increasing left to right.

4. Tayp(cols <, rows <) is the set of tableaux with column entries weakly increasing bot-
tom to top, and row entries strictly increasing left to right.

5. T, /5(1St col <, rows <) is the set of tableaux with entries in the leftmost column of «
weakly increasing bottom to top, and row entries weakly increasing left to right.

6. Ta/s(1st col <,rows <) is the set of tableaux with entries in the leftmost column of o
strictly increasing bottom to top, and row entries strictly increasing left to right.

7. Tayp(cols <, rows <) is the set of tableaux with column entries weakly increasing bot-
tom to top, and row entries weakly increasing left to right.

8. Ta/p(cols <,rows <) is the set of tableaux with column entries strictly increasing bot-
tom to top, and row entries strictly increasing left to right.

Skew analogues of the dual immaculate function and the row-strict dual immaculate func-
tion were first introduced in [2] and [9] respectively and we define them with alternative
characterizations and variants. The first two items in the theorem below were established in
[9]. The remaining items are proved similarly to the first two items. The cases 8 = () were
established in [10, Proposition 7.24, Theorem 9.16], and the third and fourth cases are called
the extended Schur function [1] and row-strict extended Schur function [10], respectively.

Before we state our theorem, we need the following concept. Given a filling 7" of a (skew)

diagram with entries {1,2, ...}, let 27 denote the monomial q:jll x§2 -+ -, where d; is the number

of entries equal to 7 in T'.
Theorem 17. Let o, B be compositions with 5 C «.
1. Define the skew dual immaculate function as

Z//B: Z Fcomp(DeSG* (T))-
TeSIT(a/pB)

Z/ﬂ = Z zT.

T€Tqo p(1st col<,rows<)

Then

2. Define the row-strict skew dual immaculate function as

7—\),6;/6: Z Fcomp(DesRG* (T))-
TeSIT(o/B)
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Then
R&. 5 = > a’.

T€Tqyp(1st col<,rows<)

3. Define the skew extended Schur function as &,/s= ZTGSET(a /8) Feomp(Deses (1)) Then

5a/5 = Z :L‘T.

T€Tqp(cols<,rows<)

4. Define the row-strict skew extended Schur function as

REas= D, FrompDesge: (1)
TESET(or/B)

Then
Rga/g = Z QST.

T€Tq p(cols<,rows<)

5. Define A(’;/ﬁ: ZTGSIT(a/B) Feomp(Des 4 (1))- Then

alf = > zt.

TGE/B (1st col<,rows<)

6. Define 71;/5 = ZTGSIT(a/ﬂ) Fcomp(DeSZ* (r))- Then

ZZ{/B = Z JIT.

T€Tq 5(1st col<,rows<)

7. Define Aggr(a)s)= 2resur(a)s) FeompDes e (r))- Then

* o T
ASET(a/,B) = Z T .

T€Tqp(cols<,rowss)
8. Define ‘ZSET(Q/,B):ETGSET(&/,B) Foomp(Desg- (1)) Then

. B T
ASET(a/ﬁ) = Z T .

T€T4 ) (cols<,rows<)
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In the case where « is a partition A\, namely the parts satisfy \y > Ao > --- > 0 and
p =0, [1] showed that &, coincides with the Schur function sy, and [10] showed that RE)
coincides with the Schur functions sy where A is the transpose of A. Similarly we conclude
the following, and refer the reader to [7] for necessary symmetric function definitions.

Corollary 18. Let A\, be partitions with u C X. Then
1. Exjpu = Sxjus
2 REN = S0/t

where sy, is the skew Schur function indexed by the skew diagram \/p and (A/p)* is the
transpose of \/p.

When /() = ¢(B), we have simpler expressions for some of the quasisymmetric functions
defined above. Here h,, and e, are respectively the homogeneous and elementary symmetric
functions.

Corollary 19. Let «, 8 be compositions with 5 C o and €(«) = £(5). Then
Sars = = L hais = ‘Az/ﬁ’
2 RGO(/ﬁ H’L eai_ﬂi :Aa/ﬁ

Proof. Observe that because we have ¢(a) = ¢(f), the only condition we need to consider is
that on the rows. Therefore,

Sp=Aws=11 2w wi s =[]hes
i 1< <oy, —B; i

Similarly,

RGa/ﬁ ;/ﬁ - H Z Tji = Lo, g, = H €a;—g;- U

i 1< <Jay—p, i

In Sections 4 and 6 we will use the respective descent sets to construct modules whose
quasisymmetric characteristics are each of the functions listed in Theorem 17.

The following result was proved in [9], and will be useful later.

Theorem 20. [9, Theorem 4.11] Suppose we have two sets of variables, X and Y, ordered
so that the X alphabet precedes the Y alphabet. Then

=) S5(X)8;5(Y), (3)

BCa

=Y REHX)RE5(Y). (4)
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4 0-Hecke modules on SIT(a/f3)

As described in Section 2, for a composition «, various 0-Hecke actions on the set of standard
immaculate tableaux SIT(«) of composition shape were considered in [10]. The goal of this
section is to show that each of these actions can be transferred in a canonical way to an
action on the set of standard immaculate tableaux SIT(a/f) of shape o/, where a/f is a
skew diagram.

Let a E n, 8 E m with § C a. We describe a canonical identification of the set SIT(a/f)
with a subset of SIT(a)). We then use this map to transfer any action of H,(0) on SIT(«)
to an action of H,_,,(0) on SIT(a/p).

Definition 21. For a F n,5 F m and f C «, define a map ¢ : SIT(a/f) — SIT(«) as
follows. If T' € SIT(a/B), then ¢(T') is obtained from T" by

e filling the cells of o that are not in 8 by adding m to each entry of T', and then

e filling the cells of « that are in 5 with the integers 1, ..., m in row superstandard order,
that is, with 1,2,..., f; in the first (bottom) row of (the diagram of) g, 81 +1,..., 51+
(5 in the second row of 3, and so on.

Example 22. Let a = (2,2,3,2,4) F 13 and § = (2,1,2) E 5.

3]6[7]8] 8 [11]12]13]
2]5 710
Let T=|e|e|1] €SIT(a/B8). Then¢(T)=[4|5]6] €SIT(a).
o4 319
ofe 1]2

Recall from Theorem 13 the four actions defined on the bounded and ranked poset PRG,
defined respectively by the four descent sets Desg«, Desgg+, Desg+, Desz+. The descent
sets for standard immaculate tableaux of shape o/ are defined in exactly the same manner
as for the case = (). In particular, we see that for each type of descent set, and any

T € SIT(«/pB), we have, thanks to the map ¢, that
i € Des(T') <= i+ m € Des(¢o(T)).
Here we have used Des(T') to represent any of the four types of descent sets.

Proposition 23. Let a & n, 3 E m with 8 C «. Each of the four H,(0)-actions 7", 7%
7 1A on SIT(a) gives an associated H,_,(0)-action, defined by the respective descent set
Desg+, Desgg+, Desg«, Desz=, on the set of tableauz SIT(a/f3). Let ©* denote any one of
these four actions. Denote the descent set of T € SIT(a/f3) in each case by Des,(T). Also

let s; be the operator that switches the entries i, 1 + 1 in a tableau T'.
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In each case the action of a generator ©f is defined as

T, i ¢ Des,(T)
7 (T) = < s;(T), i€ Des,(T) and s;(T) € SIT(a/ ), (5)

0, otherwise.

Proof. This proposition will follow by examining the map ¢ of Definition 21. First observe
that ¢ is injective. Moreover, given compositions 5 C «, we also have that any action of H,,(0)
on SIT(«) induces an associated action of H,,_,,(0) on SIT(«/f3), defined for 1 <7 < n—m—1
by

(T = 7

7 +m

(¢(T)) for each T € SIT(ar/3).
The generator 7, affects only the entries i + m,7 + m + 1 in the tableau ¢(7T), leaving

i+m
the entries in the cells of § fixed. Also we know from Theorem 10 that the operators
{m¢,. 1 <i<n—m—1} on the set SIT(«a) satisfy the 0-Hecke relations. It follows that

one does indeed have an action of H,_,,(0) on SIT(«/f). O

Now consider either of the two actions 7°%" or 74", Recall from [10] that the partial order
defined on SIT(«) by the cover relation

S <rex Tif T =na9(S) for some i

makes SIT(«) into a ranked and bounded poset, the immaculate Hecke poset, which is the
poset of Theorem 13. Furthermore, the cover relation S <4 T" determines exactly the same
poset on SIT(a). The map ¢ allows us to identify SIT(a/f3) with a subposet of SIT(«).
Hence we have the following proposition.

Proposition 24. The cover relation defined by

S <Re:,, T if and only if §(T) = 75 (4(9)) for somei=1,2,....,n—m — 1,

i+m
is a partial order on the elements of SIT (/).
Moreover, the cover relation

S <az,, T if and only if O(T) = 72, (6(S)) for somei=1,2,....,n—m—1,

determines the same poset structure on SIT(a/f3).

We call the common poset SIT(a/3) defined by either of the two actions 77%" or 7" the
skew immaculate Hecke poset for the skew shape a/3, and denote it by PRG;‘;/B.

The following lemma is the skew analogue of [10, Lemma 6.2].
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Lemma 25. Let a En, Em < n with 8 C a, and S,T € SIT(a/3). Then

S—<G;/BT <~ S—<R6;/BT'

Using the map ¢, one sees that the proof is identical to [10, Lemma 6.2] and is therefore
omitted.

Remark 26. It follows then as in [10] that the two cover relations

S <e: , T if and only if o(S) =5, (o(T)) for some i =1,2,....,.n —m — 1,

i+m

S <, T if and only if ¢(S5) = iy (p(T)) for somei=1,2,...,n—m—1,

i+m
define the same poset structure on SIT(c/f), which we denote by PGS}, .

Note that as a consequence of these definitions, which have been chosen to be consistent
with the definitions in [10], we get the following result.

Proposition 27. Let a, 5 be compositions with 8 C «. Then the posets P(‘S:';/ﬂ and PR(‘SZ/B
are isomorphic.

By Proposition 9 (1), Theorem 17 and Proposition 23 we obtain the next theorem.
Theorem 28. Let o En, 5 Em with § C «. Then we have the following.

® Vo = span{T : T € SIT(a/B)} is an H,_,(0)-module for the R&*-action. Its
quasisymmetric characteristic is RS, /5"

® Wy =span{T : T € SIT(a/f)} is an H,_p,(0)-module for the &*-action. Its qua-
sisymmetric characteristic is 62/5.

o Ayp = span{T : T € SIT(«/B)} is an H,_,,(0)-module for the A*-action. Its qua-
sisymmetric characteristic is AZ/B.

o Ay =span{T : T € SIT(a/B)} is an H,_,(0)-module for the A -action. Its qua-
sisymmetric characteristic is .712 /8-

We will sometimes refer to such modules as skew modules to emphasise their reliance on a
skew diagram.

Let us now turn our attention to SET(«/f) where all the column entries increase from
bottom to top. Observe in Example 22 that in fact T € SET(a/f), and so we can have
T € SET(a/B) but ¢(T') ¢ SET(«r). However, we do have the following result that gives us
two more skew modules.
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Proposition 29. Let a Fn, 5 Fm with g C a.

For the R&*-action, we have that span{T : T" € SET(«/B)} is an H,_p(0)-submodule of
Va/p with quasisymmetric characteristic REy 3.

For the A*-action, we have that span{T : T' € SET(a/B)} is an Hy,—p,(0)-submodule of Aq s
with quasisymmetric characteristic AEET(Q 18)-

Proof. In order to prove that we have a submodule, we must show that SET(«/f) is closed
with respect to our chosen 0-Hecke action, namely if 7" € SET(«/3) then n#(T) € SET(«v//5)
for our 0-Hecke action 7.

Let 7{" be a generator for either our RG&*-action or A*-action as described in Proposition 23.
If 7¢(T) =T or 0 the 7(T") € SET(«/S) and we are done.

Hence, it remains to check the case where

By Proposition 23 this will be when i € Des(T'), and by Table 1 this will be precisely when
1+ 1 is strictly below 7 because we are considering the RG*-action or A*-action.

Since T' € SET(a /) we are guaranteed that i and ¢ + 1 will be in different columns because
the entries in every column of 7" increase from bottom to top by definition. Hence in T" we
will see one of the following.

or
i+1 i+1

Now observe that in each of these cases switching ¢ and ¢ + 1 does not affect the increasing
from left to right row condition, nor the increasing from bottom to top column condition.

Hence 7¢(T") € SET(«/8) in this final case, and we are done. O

5 Branching rules

Throughout this section, unless explicitly mentioned to the contrary, by 0-Hecke action we
will mean the RG&*-action of H,(0). In particular, for ease of comprehension in this section
we will write 7;(T) for the R&*-action 7" (T).

The goal of this section is to establish a branching rule for the 0-Hecke module V, with
respect to the RG*-action, using the modules V, /3 established in Section 4. An analogous
branching rule for the 0-Hecke module afforded by standard reverse composition tableaux
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was established by Tewari and van Willigenburg [13, Theorem 9.10]. Their argument can be
adapted to our case, as we now show.

The following explicit identification of H,,(0)® H,,_,,(0) as a subalgebra of H,,(0) is described
in [5, Théoreme 1 (iii)], and used in [13]. Define H,,,,—n(0) to be the subalgebra of H,(0)
generated by the set

{7'('1, ey =15 TTm41y + -+ 77'('»,1_1}.

The module H,,(0) ® H,_,,(0) is generated by the set
{mel,.. .. 1L, 1®m,...,1®Th_1-m},

where 1 is the unit of the 0-Hecke algebra. The identification is made by means of the map

(6)

&1, 1<i<m—1,
T —
1@mim, m+1<i<n—1.

We will prove the following theorem.

Theorem 30. Let o F n. The restriction of the H,(0)-module V, to the subalgebra H,,(0) ®
H,_,(0) admits the following decomposition.

H(0) B
Vale,(O)(@annL(O) - @ VB ® Va/’B

BEM
BCa

In particular,

Hn(0)  ~
Valanl(O) - @ VB

That is, the sum on the right runs over all compositions 8 such that a/3 consists of a single
cell.

However, before we prove Theorem 30 we require some other results that we now give.
From Theorem 20, we can conclude the following proposition, which already reflects the
decomposition claimed above, at the level of dimensions.

Proposition 31. For a skew diagram o/ and a set S of positive integers of size |a /|, let
SITg(a/B) denote the set of standard immaculate tableauz of shape o/ B with distinct entries
in the set S. In particular, for a composition v E m we have that SIT(y) = SIT19, . my (7).
Then we have, for fixed o E n,

m=1 BEm
BCa
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For T' € SIT(«) let T, be the subtableau of T formed by the entries that are at most m,
and let 7%, be the subtableau of T' formed by the entries greater than m. Similar to [13],
for « E n and § FE m such that 5 C «, define

Xap ={T € SIT(«) : shape of T%,, is a/5}.

Then Proposition 31 may be rephrased as

SIT(a) = | J | | Xos- (7)

m2=1 BEm
BCa

The overarching goal of the arguments in [13, Section 9, pages 1061-1063] is to make the
precise formal identifications that are required to lift (7) to the module level, which we now
follow.

Define the following vector spaces:
e Sj is the C-linear span of all tableaux in SIT(5);
e S, /s is the C-linear span of all tableaux in SIT(cv/f3);
e Sy, , is the C-linear span of all tableaux in X, g.

There is a natural vector space isomorphism 6 : Sx,_ , — Sg ® S,/ given by

O(T) =Ter @ T (8)

Recalling that H,,(0) ® H,,_,(0) is generated by the set {m; ® 1,1®@m;: 1 <i<m—1,1<
Jj <n—m— 1}, we see that Sx,_ , becomes an H,,(0) ® H,_,,(0)-module by setting

(m;®1)-T=m(T), if1<i<m-—1,
1®@m) - T=mm(T), Hf1<j<n

Equivalently, this definition equips Sy, , with the structure of an H,, »_(0)-module, where
mi-T =m(T)for 1 <i<m-—1 m+1<i<n—1 Moreover it is straightforward to
verify that the H,,,_m(0)-action commutes with the isomorphism 6 described in (8). We
now immediately have the following analogue of [13, Proposition 9.9].

Proposition 32. Fora En, FEm and f C o the map 0 : T — T, ® TS, defines an
isomorphism of H,,(0) ® H,,_,,(0)-modules for the R&*-action

SXa,ﬁ = SB ® Sa/IB
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Proof of Theorem 30. Considering the above discussions, the proof is now immediate upon
observing that

e S, =V, as H,(0)-modules, and
e there is an H,,(0) ® H,_,,(0)-module isomorphism

S. = P Sx..,-

BEmM
BCa

[

The special case m =n — 1 is a consequence of the fact that H;(0) = C. O]

We conclude this section with the observation that Theorem 30 holds if the module V,
carrying the RG*-action is replaced with the modules for the G*-action, or the A*- and
A’ -actions. The precise statements appear below. We omit the proofs, since they follow
almost identically from the above arguments for Theorem 30.

Theorem 33. Let a E n, and let U, denote the H,(0)-module defined by any one of the four
actions on the set SIT(«) arising from the four descent sets Desg-, Desgeg-, Des g+, Desy=.
Then for fixed m < n we have

H,(0) B . Ha(0)

U, Hon (0)® Hor o (0) = @ Us @Uy 8. In particular, U, Hoo1(0) EB Us.
BEM BENn—1
BCa BCa

The analogous result holds for each of these four actions on SET(«), the subset of SIT(«)
in which all columns increase. We defer this discussion to Section 6.

6 The skew immaculate Hecke poset

Let a E n, B F m with § C «a. In this section we show how the results of [10] on the
immaculate Hecke poset PRG], generalise to the skew immaculate poset PRG, /5

We begin with an enumerative formula extending a result of [2].

Proposition 34. Let o, 3 be compositions with f C o, and ¢ = l(o), k = ((B). Let
v = (y1,---,00) Er. Then

1. [SIT(y)| =

r(r—n) (r=(n492)) (=525 ) TS (= 1)t
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Proof. Ttem (1) is the result in [2, Proposition 3.13].

Item (2) follows because the diagram of v can be filled independently of the skew diagram
consisting of the rows below it. O]

In particular, when ¢(3) = ¢(a) = k, the composition 7 is empty and the rows of the skew
diagram can be filled independently of one other. Because of the row increase condition, in

this case the size of SIT(a/f) is simply the multinomial coefficient (ak_ﬁk " oq—Bl)‘

We now define some tableaux that will play a key role in our analysis of PRG, /6" When
3 = () these definitions coincide with their counterparts in Definition 11.

Definition 35. For a F n,5 F m with 8 C «, we define the following special standard
tableaux in SIT(a/f).

° S? /5 18 the tableau in which the cells of the first column of «, if any remain in «/f (i.e.,
if {(a) — £(B) # 0), are filled with 1,...,¢(a) — ¢(f3), increasing bottom to top; then
fill the remaining cells by rows, top to bottom, left to right with consecutive integers
starting at ¢(a) — ¢() + 1 and ending at n — m.

° 52‘/”5 is the row superstandard tableau whose entries left to right, bottom to top, begin-
ning with the bottom row and moving up, using the numbers 1,2,...,n — m taken in
consecutive order.

° Sg% is the column superstandard tableau whose columns are filled bottom to top, left
to right, beginning with the leftmost column and moving right, using the numbers
1,2,...,n— m taken in consecutive order.

Example 36. Let o = (2,2,3,2,4) F 13, 8 = (2,1,2) E 5.

4]5] 7]8] 7]8]

Sap=| e |7] Sifs=e|e[2] Sify=|e|*]|6]

o |00 | —|DD
®|CO(@ | OH|W
| 0 O ot
o —|o |k
o |00 | — DD
@ W@ ||

Example 37. Let o = (5,4,6) F 15, 8 = (2,1,2) E 5. Note that here ¢(3) = {(a) = 3.

ele|1]2[3]4] o[e]7]8]9]10 ele|4]|7][9]10
Sess=||5]6]7 nE = 6 Sels=|e]1]3]6
e|e[8]9]10] o[e]1[2]3] ee[2]5]8]

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.11 21



Next we examine the module structures afforded by the skew Hecke poset PRG} /5 more
carefully. We establish the analogues of [10, Proposition 6.6, Proposition 6.11]. We begin
by focusing on the row-strict immaculate action 7%%". Recall that s; is the operator that
switches the entries 7, i + 1 in a tableau 7. The 77 -action of the Hecke generator 7" on
T € SIT(a/p) is given precisely as follows by Theorem 23 and Table 1. As in the previous
section we will denote 7" by m; for ease of comprehension.

T, if 2 + 1 is strictly above ¢ in T,
mi(T) = 7 (T) = { s;(T), if i+ 1 is strictly below 4 in T,
0, otherwise.

The straightening algorithms below will allow us to conclude, using Theorem 9, that the row-
strict skew immaculate module V, /4 is cyclically generated by S? /6> and the skew immaculate
module W, 3 is cyclically generated by Sg‘}lﬁ”

We begin with a lemma. See Example 40 for an illustration.

Lemma 38. Let 1 <b<a<n-—1 LetakFnand f C «o. Suppose S,T € SIT(a/p),
S # T, and suppose Ty, Tyi1, - - ., T 1S a sequence of generators such that

o I'=mymy_q- Tpr1mp(S).

e Foreachi=00b+1,...,a, T; = mmi_1 - mp1m(S) € SIT(a/B) and T; # T;_1, where
we set T,_1 = S.

Then T is obtained from S by replacing the entries b,b+ 1,0+ 2,...,a,a+ 1 by the entries
a+1,b,b+1,...,a—1,a, respectively.

Proof. The hypotheses guarantee that at each step of applying the sequence of operators
TaTa_1 """ Tps1Tp, the resulting tableau T; is in SIT(«/f3), and is the result of swapping i and
1+ 1in T;_q; in particular the result is always nonzero.

The statement now follows immediately. ]

Proposition 39. Let a En,  E m with § C «. Consider the skew standard immaculate
tableau Sg/ﬁ. Then for any T € SIT(«/B) where T # Sg/ﬁ, there is a sequence of generators
mj,, and distinct tableaux T; € SIT(a/B), i = 1,..., 7, such that m;,(T;) = T,_1,i = 1,2,...,1,
where we set Ty =T and T, = Sg/ﬁ. Hence we conclude

SO/B 4726; T and T = 7Tj17'('j2 . 'WjT(SO/ﬁ).

« «

In particular, Sg/ﬁ is the unique minimal element of the poset PRGZ/B.
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Before we prove this, we illustrate how to construct a saturated chain from S? /5 to any

tableau T" in SIT(«/B) by applying 0-Hecke operators for the RG*-action. Lemma 38 is
helpful in compressing the steps involving consecutive generators.

Example 40. Let a = (4,3,4,2,3), 5 =(2,1,2), and

5[8]10 2[3]4]
3[4 1|5
T=[e|e[6]11] Ss=[e][e]6]7]
e|119 |89
o[e]2]7] o |eli011]

We work first to match column 1 of 7" with column 1 of S? /6" Using Lemma 38, we have,
starting with the lowest entry in column 1 that differs from S? 18>

5]8]10] 2] 8]10]

1[4 1]5
T ele]6]11]=T0 "2 o] 0] 6]11]=To.
29 e[3]9
e[e[3]7] oe[4]7]

To be clear about the sequence of generators, this means T = momy(T7) and Ty = mymsma(T5).
Now we work downwards from the topmost row of length at least two, one entry at a time,
starting with the smallest entry that does not match the one in S? /g 1O make this row agree

with that of SY /6" The entries that need to be replaced are first 8 and then 10.

2310 2[3]4]
116 17
T2 TS AT [T g 7 11‘:T3 TOTSTTM6T5™4 [~ T g 3 11‘:T4.

®| 419 | 5110
e|e | 8‘ e o | ( 9‘

That iS, T2 = 7T77T67T57T47T3(T3) and T3 = 7T97T87T77T67T57T4(T4).

Proceeding to the next highest row differing from S° /> We have
2[3]4] 2[3]4]
115 115

Ty <= e |e]8[11|=T5 < |e[e|6]11]=T,

®| 610 ®| 7110
o o |7 9‘ e o |8 9‘
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and thus T = mgms(T5), T = mme(Ts). Finally we have

2[3]4] 2[3]4]
1]5 15

T6 T10T9T8T7 ° ° 6 7‘:T7 710779 ° ° 6 7‘252/5
e |3]11 *38]9
e[e]9]10] o|el1011]

Again, this means Ty = mgmemsr(T%) and Ty = Wloﬂg(Sg/B).

The final result is the following saturated chain from S° g toT.
T = (momy) (mymyma) (m7me - - - 73) (woms - - - w4) (Mems) (w776 (T10ToTeTT) (Wloﬂg)(Sg/ﬁ)

The algorithm executed in the preceding example identifies a unique saturated chain from
SO s to T', and is identical to the one in the proof of [10, Proposition 6.6]. Readers familiar
with that argument may therefore safely skip the following proof of the validity of the
algorithm, given here for completeness.

Proof of Proposition 39. In what follows, when an integer a occupies row p and column ¢ of
T, by the counterpart of a in S? /5 We will mean the integer occupying the same cell, row
p and column ¢, in S° /- First assume l(c) # £(B). This means there are cells in the first
column of « appearing in the first column of «/f.

Step 1: We begin by making the first column of 7" match the first column of S? /6" Here it is
important that some cells in the first column of a remain in a/ 3, so that £(«)—£(5) > 1.
Find the least j, 1 < j < {(a) — €(B), such that the entry z in cell (5 +¢(3),1) of T is
not equal to j.

Then in T we have that  — 1 is in a lower row, not in column 1 by minimality of
j, and the fact that rows increase left to right, and the first column increases. Hence
T = m,—1(T1), such that in 7 € SIT(a/f), —1 is now a descent, lying in a row strictly
higher than x. Now repeat this procedure until x is replaced by j. Then continue with
the next entry in column 1 of 7" that does not match in S° /6" Clearly this process ends
with a tableau T' = 7, 7, _, -+ 7z, (T}). The first column of T, matches column 1 of

0
Sa/ﬁ-

Note that if 7" and S? /8 already agree in the first column then 7" = T,., so Step 1 is not
necessary.
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Step 2: First observe that 7, and S? /3 Dow agree for all entries less than or equal to the
positive number ¢ = {(a) — ¢(f). Now consider the topmost row of length greater
than 1, say row k. Find the least entry, say y, in this row of T, that differs from the
corresponding entry in S° /5 Note that y is then necessarily larger than its counterpart

in S? /5> by definition of the latter. Then y > ¢ 4 1 because if y = ¢ + 1 then it would
already be in the correct place by the definition of S? /5" Hence we are guaranteed that
y — 1 is strictly below y in 7). because we are in the topmost row possible, and rows
increase left to right. Hence T, = m,_1(7T},41) for 7,41 € SIT(a/f), such that y — 1 is
a descent in 7)., strictly higher than y. We repeat this step until y has been replaced

by its counterpart in S9 18-

Step 3: Continue in this manner to the end of the row. We now have a sequence of operators
m;, and tableaux T; € SIT(a/B) such that T;_; = m;(1}), and the final tableau T
agrees with Sg/ﬁ for all entries < £+ (o — 1) if B, =0, or < €+ (g — B) if B = 1.

Step 4: Proceed downwards to the next row where an entry in 7§ differs from its counterpart

in Sg/ﬁ, and repeat Steps 2 and 3, until all rows match Sg/ﬂ.

Since at the end of each iteration of Step 3, the number of entries that are in agreement with
Sg /8 increases, we see that the algorithm produces a saturated chain from Sg /5 tO T in the
poset PRG? , as claimed. This completes the case ¢(«) # ¢(5).

o/
The case {(a) = ¢(B) is almost identical, with the simplification that we proceed directly to
Step 2, since Step 1 is no longer needed. n

We now immediately conclude the following, using Theorem 9 (2). The statement about the
A*-action follows since, by Theorem 24, the RG*- and A*-actions both determine the same
poset structure PR, 5 on SIT(a/f).

Theorem 41. Let o F n, § F m with § C a. Then Vy 3 is a cyclic H,_,(0)-module
generated by the element Sg/ﬁ. The same statement holds for the module A,z defined by
the A*-action on SIT(a/p).

Proposition 42. Let a E n, § E m with 8 C «. Consider the skew standard immaculate
tableau 52%’ Then for any T € SIT(«/B) where T # ng/%’, there is a sequence of generators
mj,, and distinct tableaux T; € SIT(a/B), i = 1,...,7, such that w;,(T;—1) = T;,i = 1,2,...,r,

where we set Toy =T and T, = Sg% Hence we conclude

T <rey, Sayp and w5, 75, (T) = S375.

In particular, oy 1S the unique maximal element of the poset PRGZ/ﬁ.
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Again we give an example illustrating the straightening algorithm that produces a saturated
chain of 0-Hecke operators for the RG&*-action, going from a tableau T' € SIT(«/3) to the
tableau S77%.

Example 43. Let a = (4,3,4,2,3), 8 =(2,1,2,1), and

4]7]9] 8[9 10
JE o|7
T =|e|e]|5]10| g =lele]5]6]
o118 * 3
0026‘ 0012‘

Start with the largest entry in the topmost row of T' that differs from S;%, in this case 9,
and apply 79 to T. This gives

4]7]9] 41710

e|3 JE
T=[e|le[5]10] ™ [e]e]5]9]=T.

e[1]8 e1]8

0026‘ 0026‘

Repeat this step until the topmost row agrees with S7%%. This means we compute mgmr(Th) =
Ty and then mymgmsmy(T2) = T3. Using Lemma 38, we have

4]9 10| 8]9]10]
e|3 *|3

T, 2% le|e|5 8‘:T2M>o o4 7‘:T3.
o117 1|6
0026‘ 0025‘

Now move to the second row from the top. To make the 3 in 75 match the 7 in SQ%, we
must compute Ty = mgmsmyms(T3), giving, by Lemma 38,

8]9]10]

° |7
T3M>0036‘:T4.

e 15

oo |29 4‘
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Continuing in this way 75 = my73(T4) and finally S79% = mom (T5), that is,

81910 8]9 10|
o|7 o |7

T, = e]e]5]6]=T5 7" e]e]5]6]= 55
o|1]4 JE
0023‘ 0012‘

The full chain from 7T to (’;%’ is then

;7%) = (7T27T1)(7T47T3)(7T67T57T47T3)(7T77T67T57T4)(7T87T7)7T9(T).

In this case the algorithm, identical to the one in the proof of [10, Proposition 6.11], is
simpler to describe. Again, readers familiar with that proof may safely skip the argument
below.

Proof of Proposition 42. We start with the topmost row of T that differs from S;%, and
find the largest entry, say z, in that row that differs from its counterpart in S(’;%f Then
necessarily z + 1 is in a lower row of 7' = Tj, because z is the largest and topmost entry that
differs from its counterpart in S;7%. Hence T1 = m,(1p), with 71 € SIT(a/B) the tableau
obtained from T' by switching x,z + 1. We continue in this manner along each row, top to

bottom, right to left. Note that at the start of a new row j, the tableau T}, agrees with S i
in the top j — 1 rows.

It is straightforward to check that this algorithm terminates in the tableau S’;}%’, producing
a saturated chain in the poset from T to 2%; O]

Recall from Table 1 and Theorem 23 that the 7 -action is defined on SIT(a/3) explicitly

T, if 1 + 1 is weakly below ¢ in T,
o (T) = si(T), if i+ 1 is strictly above ¢ in T', and ,i + 1 are not in column 1 of «,
0, otherwise.

From Lemma 25 and Proposition 42, using Theorem 9 (2), we immediately have the following.
The statement about the A -action follows since, by Theorem 26, the G*- and A"-actions
both determine the same poset structure PG}, 5 on SIT(av/f3).

Theorem 44. Let o F n, F m with 3 C a. Then Wayp is a cyclic Hy—n(0)-module
generated by the element e The same statement holds for the module A,/p defined by

the A -action on SIT(a/f).
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Recall that the inversion set of a permutation o € .5, is

Inv(o) ={(p,q) [ 1 <p < g<nando(p)>o(g)}.
The number of inversions is denoted by inv(c) = |Inv(o)].

Example 45. If c =542 3 1 € S, then inv(c) =9 from
Inv(e) = {(1,2),(1,3), (1,4), (1,5),(2,3),(2,4),(2,5), (3,5), (4,5)}.

The reading word rw(T) of a tableau T is defined to be the entries of T" read from right to
left along rows, and from top to bottom. With this in mind, we therefore define the number
of inversions of a standard tableau 7' to be the number of inversions in its reading word
rw(T'), and simply write inv(T") for invrw(7T).

In [10, Sections 5 and 6] it was shown that the immaculate Hecke poset PRG is ranked, with
the rank of a standard immaculate tableau 7" € SIT(«) given by the number of inversions in
the reading word rw(7") of 7. The map ¢ allows us to conclude that the skew immaculate
Hecke poset PRG], /8 is also ranked, with the same rank function.

Observe that the specification of ¢ in Definition 21 depends on the choice of a fixed filling
of the diagram of 3. Indeed, every U € SIT(8) determines a unique map ¢y : SIT(a/B) —
SIT(«) for which the statement of Proposition 23 holds.

For a E n,f F m with  C «, let T' € SIT(«/f3), and U € SIT(). The reading word rw
of ¢y (T) in SIT(«) contains inversions of the form (7, 7) where i« > m and j < m. These
inversions are clearly independent of the choice of T" and U. We denote their number by
inv(«, #), and examples of such inversions can be seen in Example 46.

Example 46. Recall Example 22, with U € SIT(5) in bold.

3[5]7]8] 8 [10[12]13]
2[6 711
Let T=|e[e][1] €SIT(a/B). Then ¢(T)=[4]5]6] € SIT(a).
o4 319
ole 1]2

We have that ¢(T') = ¢y (T) for U = Si*. Then
rw(pu(T)) = 131210 8 11 76549321, rw(T) = 87536214, 1w(U) = 543 21.

In ¢y (T), the 7 entries in /3 in rows 3,4,5 each create 5 inversions with the entries in 5,
and the entry 9 creates 3 inversions with the entries in 3, so we have

inv(a, 5) = 7(5) + 3 = 38.
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More generally, letting ¢ = ¢(5) and v; = o; — 85,4 = 1,...¢, one checks that one has the
formula

inv(a, 8) = y1-B1+72-(Ba+B1)+- -+ (Be+Be—1+- - +B81)+(er1+ - +aya)) (Be+Be-1+- - +51)

where inv(a, 3) is defined to be the number of inversions in the reading word of ¢(7') arising
from pairs (7, j) such that ¢ > m and j < m.

The following lemma is straightforward to verify.

Lemma 47. Let a, 3 be compositions with 5 C «. Fizx U € SIT(5). Consider the map
ou : SIT(a/B) — SIT(a) as described above. Let T € SIT(a/3). Then

inv(6(T)) = inv(T) + inv(U) + inv(a, B)

where inv(c, 5) is defined as above.

The poset PRG}, 5 is therefore ranked by the number of inversions inv(7") = invrw(T) for
T € SIT(«/pB), and the next result generalises the formula in [10, Remark 6.14] for the rank
of the poset PRG}.

Proposition 48. Let a, B be compositions with 5 C «. Then the poset PRGZ/B 15 graded,
and the rank of the skew standard immaculate tableau T is given by inv(T) — iHV(Sg/ﬁ).

In particular, inv(S77%) = (‘O";'ﬁ‘), and

{(B) {o) .
inV(Sg/ﬁ) _ Z (Oéi ; @) n Z (042‘ k. —25(@ - 1) B <£(0‘) ;6(5))
i=1 i=((8)+1
Hence the rank of the poset PRGZ/ﬁ I8
jal - w\) S (ai - @-) S (ai +i— U() - 1) (aoo - e(ﬁ))
_ _ + .

Proof. Since the poset is ranked by the number of inversions, we need only compute the
maximum number of inversions possible in a standard immaculate tableau. We proceed by
inclusion-exclusion.

The maximum number of inversions is the number of pairs that can appear in any order.
The total number of pairs is (lo‘éﬁ |), from which we need to subtract pairs that need to be
ordered. To count these pairs, define a hook as the collection of the cells from {(1,1),...,(i—
1,1),(i,1),(4,2),...,(i,0;) } that appear in the skew diagram «/3, where (i, j) refers to the

cell or hole in row ¢ and column j, and row 1 is the bottom row. The pairs that need to be
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ordered are then the ones that appear in the same hook, and note that the hook for row 7 is
just the entries in row i if the cell (z,1) does not belong to a/3. For the hook with the cell
(1,1), there are (O‘iH_;(B )_1) such pairs, since the hook contains ¢ — ¢(3) cells in the column
and «; cells in the row, including the cell that belongs to both the row and the column.
Similarly, the ¢(f) rows that have no cell in the first column have Zf(fl) (O‘;’B) pairs that
need to be ordered, since there are o; — f3; entries in row i.

Finally, the pairs of elements that are both in the first column are overcounted by this process,
since they may belong to more than one hook. To ensure that those pairs are subtracted
only once, we add back the number of pairs strictly below row ¢, for each £(5)+1 < i < f(«):

% < . e<5>> B ““jé”’ ( : 1) _ <e<a> - am) -

Now we turn our attention back to skew standard extended tableaux. Recall from Theo-
rem 29 that the subset span{T" € SIT(a/f) : T € SET(a/S} is a 0-Hecke module for both
the RG*-action and the A*-action.

Proposition 49. Let o, 3 be compositions with 3 C «. Then the subposet of PRGZ/B whose
elements are SET(«/3) has a unique mazximal element, namely the unique mazximal element
520/15 of PR@Z/ﬁ. This subposet is ranked, with the same rank function as PRGZ/H. For the
R&*-action or the A*-action, the minimal elements of the subposet generate span{T : T €
SET(a/B} as a submodule of Va g or Aap, respectively.

Proof. Combining Theorem 29 with the straightening algorithm of Theorem 42, shows that
the subposet whose elements are SET (/) has a unique maximal element S;%% € SET(a/ ).
The last two statements follow from Theorem 29. m

When  # (), the subposet SET(«/3) need not have a unique minimal element, as Figure 1
shows.

Example 50. Let o = (2,3,2), 5 =(1,2,1). Then

° |2 o3 °
SET(&/ﬂ) = S(io/lﬁ =|e|e|3] Ti=|e|e|1| Th= 20/%’ —|e|e®|?
o] ®o 9 °

Note that 7(Ty) = Ty = Wg(Sg%), but 7} and Sg% are incomparable and are thus minimal
elements of SET(«/f5).
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o]e]3]5] "?\4\ °2\5\ '1\5\ o[2]4]
S«(wl;l/iz.l *|2 hd °14

ofe]2]4] ofel1]5] [e]e]1]4] ofe]2]3] olef1]3]

e[e]2]5] 3[4] [ee]2]4] [e]e]1]5 elef1]4] [e]e]2]3]
. o1 3 e[3 o5 D
ele]3]4] [e]e]2]5] el1]5]%xlee][2][4] [e]e|2][3] [e]e]1]4]

«514] "V"“K“ <[ [1T5]

T4 T T2 1
STelili] 7 []e 28] STelil2] [eTe[1]3]
|2 o1 5 °4
nBE O OE SLel3[0] [ele]2]3]

“TeT1[3] “Te]1[2]
® |2 4
SonE JOEE
VX %
«[e]1]2]
° |3
e /e /|5

Figure 1: The poset PRG, 5 for a = (4,2,4), 8 = (2,1,2). The subposet whose elements
are SET(«/f3), with three minimal elements, is in bold blue.
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The next example shows that, although SQ%’ is always the maximal element, Sgo/ﬁ need not
be a minimal element of SET(a/f).

Example 51. Let a = (2,3), 5 = (1,2). Then

SIT(a/5>ZSET<a/5>:{T: JE U gt g [ : 2\}.

Here m(T') = S;‘}lﬁ = 5p7% and so T is the minimal element.

In analogy with [10, Definition 7.14], we make the following definition.

Definition 52. Let «, § be compositions with 5 C « and NSET(a/) be the subset of all
skew standard tableaux of shape «/f in which all rows increase left to right, but at least
one column does NOT increase from bottom to top.

We now observe that, as in [10, Proposition 7.25], the poset PRG&” /8 also gives a quotient
module of W, /3 with characteristic equal to the extended Schur function &,/3. In Figure 1,
by reversing the arrows, one sees that the tableaux that are NOT in SET (/) form a closed
subset under the G*-action.

Proposition 53. Let o, be compositions with 5 C «. Then NSET(a/B) N SIT(«/B) is
a basis for a submodule V,/g of Ways for the &*-action. The resulting quotient module
Ways/YVass has basis of cosets represented by the set SET(a/B), and is cyclically generated

by (the coset represented by) e A similar statement holds for the A’ -action. Their

quasisymmetric characteristics are respectwely E,/5 and .712 /5

Proof. First recall from Theorem 25 that the G*-action is obtained from the R&*-action in
the O-Hecke poset by reversing the arrows. Proposition 29 tells us that the subspace spanned
by NSET(a/8) is closed under the &*-action, since T = 7% (S) <= S = 7% (T); hence
if S ¢ SET(a/5), then T' ¢ SET(«/f). Now the key observation is that by Theorem 42,
the subposet of PR&;, 5 consisting of SET(a/f) has the unique maximal element S77% by
its definition, which is thus the unique minimal element for the dual poset PG’ /6" This
is therefore the cyclic generator of the quotient module for the G*-action. The proof then
follows as in [10, Proposition 7.25]. O

We conclude with the analogue of Theorem 33 for SET(«).

Theorem 54. Let o E n, and let Z,, denote the H,(0)-module defined by any one of the four
actions on the set SET(a) arising from the four descent sets Desg+, Desgg«, Des g+, Desy+,
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where for Desg-, Desz+ they are quotient actions. Then for fized m < n we have

H,(0) - . Hn(0) ~
ZaiHm(O)®Hn_m(0) = EB Z3® Zyoyp.  In particular, Z"‘l«Hﬂ_l(O) = @ Zg.

BEmM BEn—1
BCa BCa
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