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Abstract

The Erdés-Gyarfas number f(n,p,q) is the smallest number of colors needed to
color the edges of the complete graph K, so that all of its p-clique spans at least ¢
colors. In this paper we improve the best known upper bound on f(n, p,q) for many
fixed values of p, g and large n. Our proof uses a randomized coloring process, which
we analyze using the so-called differential equation method to establish dynamic
concentration.

Mathematics Subject Classifications: 05C55,05D40

1 Introduction

Ramsey theory is a branch of combinatorics that seeks to understand the emergence of
ordered substructures within an otherwise unordered large structure. One of the more
well-known and difficult parameters in Ramsey Theory, the k-color diagonal Ramsey
number Ry (p), is the least integer n such that any k-coloring of the edges of the complete
graph K,, contains a monochromatic clique on p vertices. The current best general bounds
on Ry (p) are still relatively far apart, namely,

2% < Ry,(p) < kM.

The lower bound above was proved by Lefmann [31] and the upper bound follows in a
straightforward manner using a “neighborhood chasing” technique, perhaps first employed
by Erdés and Szekeres [21]. (For better bounds in special cases see, e.g., [14, 15, 35, 36,
39]).
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In 1975, Erdds and Shelah [20] proposed a natural generalization of Ramsey numbers.
In particular, given integers n, p and ¢, withn > p > 3 and ¢ € [(})], a (p, g)-coloring of
K, is an edge coloring that has the property that every p-clique of K, sees at least g colors,
and the generalized Ramsey number, f(n,p,q), denotes the least number of colors
necessary to give a (p, q)-coloring of K,. This generalization did not receive significant
attention in the literature until Erdés and Gyarfas began a more systematic study of these
Ramsey numbers in 1997 [22]. Due to their treatment, f(n,p,q) is sometimes referred to
as the Erdés-Gyarfas function. It is worth noting that

Ry(p) = min{n : f(n,p,2) > k}

so the function f(n,p,q) is in general at least as hard to determine as the multicolor
diagonal Ramsey numbers.

1.1 Bounds on f(n,p,q) and our main theorem

Erdss and Gyéarfas proved the following upper bound on f(n,p, q) for fixed p and ¢ in [22]
using a short and straightforward application of the Lovasz Local Lemma:

f(n,p.q) =0 (n(gﬁ_"*l) : (1)

They also showed that this upper bound is sharp at the so-called linear and quadratic
thresholds, i.e. if ¢ = (}) — p+ 3, then f(n,p,q) = O(n). Similarly, if ¢ = (§) — [£] + 2,
then f(n,p,q) = ©(n?). There are many pairs p, q for which (1) has been improved, but
no improvement has been made in the general case. We summarize such improvements
here. Conlon, Fox, Lee and Sudakov [16] improved (1) for ¢ < p — 1 by showing that
f(n,p,p—1) = n°M. Trivially, (1) can be improved to O(n?) whenever ¢ > ®) -2 +2.
Other than the cases mentioned in the last two sentences, there are only a finite number of
pairs p, ¢ for which the bound (1) has been improved (of which we will mention some and
omit a few). Of particular interest is the diagonal case, when p = ¢. It is straightforward
to see that a (3, 3)-coloring is simply a proper edge coloring, and so f(n,3,3) = n — 1
or n depending on if n is even or odd. For larger values, the bound in (1), along with a
simple inductive argument [22] gives us that

1

o2 — 1< f(n,p,p) = O(ni 1)

For p = 4, Mubayi [32] gave an explicit algebraic construction that shows f(n,4,4) <
n%“(l), matching the lower bound up to sub-polynomial terms. Cameron and Heath
extended this idea to also show that f(n,5,5) < n3t°® [12], again matching the lower
bound up to subpolynomial factors. Subsequentially, Cameron and Heath were also able
to show f(n,6,6) < n3t°W and f(n,8,8) < nit°® [13], which does not match the lower
bound, but is better than (1). Worth noting, the (5,5), (6,6) and (8,8) colorings beating
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the lower bound also made use of a (p, p — 1)-coloring with n°™®) colors, given by Conlon,
Fox, Lee and Sudakov [16].

We briefly discuss some additional lower bounds. Fox and Sudakov [24]| proved that
f(n,4,3) = Q(logn), which was an improvement on a bound given by Kostochka and
Mubayi [29]. Subsequently, Conlon, Fox, Lee and Sudakov [16] also showed f(n,p,p—1) =
Q(logn) for all p > 5. Pahoata and Sheffer 33| adapted the idea of additive energy to
obtain some new lower bounds on f(n, p,q) when we are above the linear threshold. Fish,
Pahoata and Sheffer [23| used similar methods to obtain several more lower bounds, as
did Balogh, English, Heath and Krueger [2].

In this work, we improve upon (1) for a wide range of fixed p and ¢, and large n. Our
main theorem is the following.

Theorem 1. For fized p,q with q < ’%, we have

f(n,p,q) =0 (n ) log (8- n) :

As a corollary we obtain a new bound for an extremal problem first studied by Brown,
Erds and Sos [11]. Let F)(n;k,s) be the smallest number of edges m such that every
r-uniform hypergraph with n vertices and m edges contains some k vertices inducing at
least s edges. In terms of classical extremal numbers, ") (n; k, s) = 1+ex,(n, Gy,) where
Gk,s is the family of all r-uniform hypergraphs on £ vertices and s edges. Before we state
our corollary we discuss the history of the problem. Their original paper [11]| contained
two unanswered questions that attracted particular interest. First, they asked whether
F®(n;6,3) = o(n?). This was answered in the positive by Ruzsa and Szemerédi [34],
and their proof featured the first ever appearance of the triangle removal lemma. The
question was generalized to the conjecture that F®)(n; s+3,s) = o(n?) for all s > 3 (often
called the Brown-Erd@s-Sos conjecture). Very recently Conlon, Gishboliner, Levanzov and
Shapira [17] gave the best-known result for this problem, which says

F®(n;s + O(log s/ loglog s), s) = o(n?).
The second conjecture from [11| was that

lim n 2F® (n; k, k - 2)

n—oo

exists for all £ > 4. This conjecture was proved for k& = 4 by Brown, Erdés and Sos
[37], for £ = 5 by Glock [25], and for k = 6 very recently by Glock, Joos, Kim, Kiihn,
Lichev and Pikhurko [27] and in all of these results the limit was explicitly found. The
full conjecture was proved very recently by Delcourt and Postle [19] (without finding the
limit). A key ingredient in the proof is a constrained random process, which produces
asymptotically optimal constructions.

Using a straightforward alterations approach, Brown, Erdds and Sos [11] proved that

F(n;k,s) =Q (nrss—_lk> ,
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which for many fixed r, k, s is still the best known lower bound. When r = 2, as a corollary
to our Theorem 1 we obtain an improvement for many fixed k,s. This follows from the
following observation. In a (k, (S) — 5+ 2)—coloring of K,, no set of k vertices can have
s edges of the same color. Thus F®)(n;k, s) is at least the size of any color class in such

a coloring, so
(5)

fnk, (5) —s+2)
In light of Theorem 1, we have the following bound.

F®(n;k,s) >

Corollary 2. For fized k, s with s > W, we have

FP(n;k,s) =Q (néf:lk log =1 n) .

1.2 The coloring procedure and differential equation
method

Now we will give some specifics behind the process which we will need throughout the
proof. If C" is a multiset of colors, say C" = {cy %11, ...cp *x 1} with ry,...7, > 1 we say
that C" has >, (1, — 1) repeated colors or repeats. Note that an edge colored p-clique
sees at least ¢ distinct colors if and only if the multiset of colors that appear on the clique
has at most (g) — ¢ repeats.

The coloring procedure

Let V' be a set of n vertices. Our coloring procedure will have two phases, each of which
uses randomness. Phase 1 will consist of a random coloring process that colors one edge
at a time according to a rule we will describe shortly. For Phase 1 we will use a set C' of

p—2 o 1
g (8)-11 log (5)-att

colors for some large constant x depending only on p. If Phase 1 is successful (which we
will prove it is w.h.p. 1), it colors almost all the edges. Phase 2 consists of a much simpler
random coloring, where we use a fresh set C” of colors, where |C’| = |C| and each edge
that was left uncolored by Phase 1 gets a uniform random color from C” (independently
for all edges).

We start our Phase 1 process at step 0 with all edges uncolored, and at each step ¢ we
will randomly color one random edge (details to follow). Let U; be the set of uncolored
edges at the beginning of step 7. At step 7, we choose an edge e; € U; uniformly at random.
We then assign e; a color ¢; chosen uniformly at random from all colors that are available
at e; (definition follows). For technical reasons, to make our process amenable to analysis,

'We say an event dependent on n occurs with high probability (abbreviated w.h.p.) if the probability of
that event tends to one as n tends to infinity.
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we will actually avoid a family of colored subgraphs. This family will of course include
p-cliques with more than (72’) — ¢ repeats, but it will also include s-cliques, 3 < s < p,
with more than R(s) repeats, where

R(s) = PS—?)((’Q’)—qHW 1 @)

p—2

Roughly speaking, the motivation for our choice of R(s) is as follows. First note that for
each fixed edge e € F(K,), (heuristically, using the fact that our coloring “looks random”)
the expected number of extensions of e to a set P D e of size p with (’;) — q+ 1 repeats is

© (np_2|(]|*((g)7q+1)> = O (logn).
Suppose we did have some set S of size s > 3 with R(s) + 1 repeats. Then (heuristically,

using the fact that our coloring “looks random”) the expected number of extensions of S
to a set P O S of size p with (g) — q + 1 repeats is

) (np—s|0|f((12’)fq*R(s))> > é nP=n (g)qurl

We would like our process to be “driven” by the colors that are available at each edge,
and we do not want to concern ourselves with larger sets like this S which could cause
problems. So we do not like to see some set S which presents nearly as much danger (in
terms of the number of possible extensions to a bad p-clique) as a single edge. So we
avoid such S.

A color ¢ is called available at e if assigning ¢ to e does not cause any set of s
vertices, 3 < s < p, to have more than R(s) repeats among its colored edges. Note that
R(p) = (g) — ¢ and so our definition of availability enforces that we have a partial (p, q)-
coloring. If ¢ is not available at e we say c is forbidden at e. Of course, c is forbidden
at e if and only if there exists some set S O e with |S| < p such that the colored edges in
S have R(]S|) repeats and ¢ appears among the colors. For such a set S we say that ¢ is
forbidden at e through S.

We note that Phase 1 of our coloring process uses ideas similar to those used by Guo,
Patton and Warnke [28]. In particular they use an edge-coloring process which colors edges
one at a time where each color is chosen randomly and uniformly from all “available" colors
(for some appropriate definition of “available"). Also, the first two authors together with
Cushman and Pralat [3] used a strategy somewhat similar to Phases 1 and 2 to bound
f(n,4,5).

For a formal description of Phase 1, see Algorithm 1. Note that for technical reasons
having to do with ensuring dynamic concentration of our random variables, we stop our
coloring process at a predetermined step i, (defined later), even if the process could
continue.
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Input : Vertex set V, color set C

Output: Partial (p, ¢)-coloring

while ¢ < iy,4, and every edge in U; has an available color do

Choose an edge e; uniformly at random from Uj;

Choose a color ¢ uniformly at random from all colors in C' available at e;;
Assign edge e; the color ¢;

Update Ui+1 = Ul \ {61},

Increment ¢;

end

Algorithm 1: Partial (p, ¢)-Coloring Process

Proof methods: The differential equation method, dynamic con-
centration and the local lemma

Most of the work necessary to prove Theorem 1 is in showing that w.h.p. Algorithm 1 does
not terminate before step 7,4, (i.e. until then, every uncolored edge has some available
color), and that the partial (p,¢)-coloring we obtain at the end of Phase 1 has certain
nice properties that allow us to finish the coloring.

To analyze Phase 1 we use the so-called differential equation method to establish
dynamic concentration of a large family of random variables. We say a random vari-
able is dynamically concentrated if there exists a deterministic function (which typically
depends on 7), which we call the trajectory for that random variable, such that w.h.p.
the random variable stays within a narrow window of its trajectory as the process evolves.
Of course technically this trajectory is not unique, since our random variable would also
stay close to a slightly perturbed trajectory (as long as the perturbation is small com-
pared to the width of the window we require our random variable to stay in). However
all such trajectories are close to each other so we will take one canonical representative
and call it “the” trajectory. See [5]| for a gentle introduction to the differential equation
method. This method evolved from work done at least as early as 1970 (see Kurtz [30]).
In the 1990’s Wormald [40, 41] developed the method into a quite general tool. Indeed,
he proved a “black box" theorem, which guarantees dynamic concentration under some
relatively simple conditions. Warnke [38| recently proved a stronger version of Wormald’s
“black box" theorem. For our purposes it seems the existing theorems are insufficient,
but we are nevertheless able to analyze our process using some standard arguments that
resemble previous analyses of other processes. The tools (and style) we use for the differ-
ential equation method resemble the work of Bohman [6], Bohman and Keevash [9, 10|,
and Bohman, Frieze and Lubetzky [7, 8]. The gentle introduction in [5] uses similar tools
and style.

In proving that w.h.p. Algorithm 1 gets to step i,,4., we will obtain some nice properties
that the partial edge coloring enjoys when the algorithm terminates. These properties
will help us use the Lovasz Local Lemma (see for example [1]) to show that the final
uniform random coloring on the remaining uncolored edges is suitable to complete the

(p, q)-coloring.
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1.3 Organization of the paper and notation

In Section 2, we will introduce a framework which allows us to describe a family of
random variables relevant to the evolution of our edge coloring process. In Section 3, we
heuristically derive the trajectories of our random variables. In Section 4, we give the
bounds on our random variable which we will prove hold w.h.p. throughout the process.
In Sections 5-7, we prove that our trajectories indeed approximate our random variables.
In Section 9, we prove a few elementary, but technical lemmas which are used in earlier
sections, and in Section 8, we show that we can color the remaining (g) — Imae €dges that
are not colored by Algorithm 1 with a small set of new colors, completing a (p, ¢)-coloring,.
In Section 10 we discuss an extension of Theorem 1 by the first author, Delcourt, Li and
Postle [4] which came out shortly after the first draft of this paper.

All asymptotics given throughout the paper will be with n going to infinity and all
parameters that do not depend on n will be assumed to be constant unless otherwise
specified. Given two functions f = f(n) and g = g(n), we will write f = O(g) if there
exists a constant ¢ such that f < cg, and f = o(g) if 5 — 0. We write f = Q(g) if
g=0(f), and f = O(g) if f = O(g) and f = Q(g). We also will write f = O(g) if there
exists some constant ¢ such that f < g-log®n, f = Q(g) if g = O(f), and f = O(g) if
f=0(g) and f = Q(g).

When working with a variable X = X (i), where i is a timestep from Algorithm 1, we
will write AX to mean X (i 4+ 1) — X (i) (where the specific value of ¢ we are considering
should be clear from context).

2 Framework

In this section we introduce the framework we will use to analyze the coloring process.
The process keeps going as long as each uncolored edge has some available color, and so
we are naturally interested in following random variables.

Definition 3. Let U; C (‘2/) be the set of uncolored edges at step i. For each e € U;, let
AvA(e) C C be the set of colors available at e.

Of course, the availability of a color ¢ at an edge e depends on sets of vertices S D e,
how many repeats each such set S already has, and whether assigning ¢ to e would be
an additional repeat. To analyze this process we therefore need a model describing the
evolving state of the coloring in terms of sets S of s < p vertices and how the edges in S
may be colored.

From now on we call the elements of V' real vertices, and call the elements of C' real
colors. Let V be a set (disjoint from V') of 2p vertices we will call Platonic? vertices,
and let C be a set (disjoint from C) of (*) Platonic colors. An edge e € (‘2/) is called

2We use the word Platonic in an allusion to the Platonic theory of forms, which holds that there exist
abstract objects that represent real objects in an idealized way, but that are not themselves part of the
physical world.
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a real edge, and an edge € € (‘;) is called a Platonic edge. We will use the Platonic
vertices to represent sets of real vertices (we are mostly interested in sets of s < p real
vertices but sometimes we will consider the union of two such sets which is why we let
|V| = 2p). We will use colorings of the Platonic edges to represent the coloring of the
corresponding real edges. In such a coloring of the Platonic edges, we may use some
Platonic color on some subset of the edges to indicate that they all have the same real
color without specifying what that real color is. This use of Platonic colors is crucial for
our analysis for reasons we will explain later. We will also use the framework of Platonic
vertices, edges and colors to indicate when a color is available at an uncolored edge. More
formally, define the following:

Definition 4. For a set S C V we define a type on S to be a labeling z of (g) where
each label is of one of the following forms:

(i)
(i)
)
)

COLORED, ¢) for some ¢ € C' U C,
AVAILABLE, c) for some ¢ € C UC,
(iii) (AVAILABLE,?),
1

(iv) (7).

We say a type z on S is legal if for every S C S with ]gl\ < p, z has at most R(|§/])

(
(
(
(

repeats among the colors of colored edges in (g) (i.e. the colors ¢ such that z labels some

edge in (il) the label (COLORED, ¢)).

Roughly speaking (formally stated in the next definition), the meaning of the labels is
as follows. (COLORED, c¢) specifies a color on a colored edge. (AVAILABLE, ¢) specifies an
available color on an uncolored edge. (AVAILABLE,?) just means an edge is uncolored,
and (?) does not specify anything. We abuse notation and write S(z) = S when z is a
type on S (i.e. when we write S(z) we mean the set of vertices such that z is a labeling

of (3)).

Definition 5. For D C V we call an injection ¢ : D — V a partial embedding and
say that the order of ¢ is |[D|. We abuse notation and denote by D(¢) the domain D
of ¢. For a superset S O D we say ¢ : S — V is an extension of ¢ if ¢/ agrees with ¢
on D. For a type z on S we say that the extension ¢’ fits z if there exists an injection
from the set of colors that are either used on colored edges or specified as available colors
in z to the set of real colors C' such that

(i) 9¥(c) = c for any real color ¢ € C,
(ii) for each e € (E), if z(€) = (COLORED, ¢), then ¢'(€) is colored ¢(c),

(iii) for each € € (g), if z(€) = (AVAILABLE, ¢), then the edge ¢'(€) has not been assigned
a color, and (c) is available at ¢'(€), and

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.19 8



(iv) for each e € (‘;), if z(€) = (AVAILABLE, 7), then the edge ¢'(€) has not been assigned
a color.

We call ¢ a color map for ¢'. For a type z let EXT(z,¢) = EXT(2,¢,7) be the set of
extensions ¢’ of ¢ that fit z at step . We also say that S C V fits z if there exists some
¢’ fitting z whose image is S. We note that whether an extension fits a type or not may
change as we color more edges throughout the process.

We will sometimes write the name of a set when we mean the cardinality of that set.
In particular, we will use this convention when we will consider one-step changes, for
example, we write E[AEXT(z, ¢)|H;] instead of E[A|EXT(z, ¢)||H,].

We now explain the importance of Platonic colors. We will define a family of random
variables, including certain variables of the form EXT(z, ¢), which we will track (i.e. give
sharp estimates that hold w.h.p.) as the process evolves. In order to show we have the
necessary concentration it is important that our tracked variables all be sufficiently large
(like a positive power of n). We would like to track many extension variables EXT(z, ¢)
including ones for types z assigning colors to almost all their edges. If we used only real
colors to represent such a type z, then EXT(z,¢) may even have expectation going to 0
since extensions with so many specified real colors are unlikely. By using some Platonic
colors in a type z instead of real colors, we get to keep the important information describing
the way colors are repeated on the edges while discarding the unimportant information
that specifies which real colors correspond to which Platonic colors. In turn there will be
more extensions that fit the type z which allows us to track EXT(z, ¢).

We use labels of the form (AVAILABLE, ¢) and (AVAILABLE, ?) because sometimes we
would like to specify uncolored edges and colors that are available there. However other
times we will discard that information and replace those labels with the default label (7).
More specifically we define the following:

Definition 6. Let » be a type. We define the colored portion of z, col(z), to be the
type on S(z) such that for every edge € € (S(QZ)),

col(2)(7) = z(e) if z(€) .: (COLORED, ¢) for any ¢ € C UC,

(7) otherwise.
If col(z) = z, i.e. z does not assign any available colors to uncolored edges, then we say
that z is a colors-only type.

To analyze the evolution of the process, we must describe how an extension ¢’ that
fits type z at step i may no longer fit type z at step i + 1 (and how it might now fit some
other type). Towards that goal we define the following:

Definition 7. Let z be a type on S, suppose € € (g), and z(€) = (COLORED, ¢). If cis a
real color or if ¢ is a Platonic color that is repeated among the colored edges of z, then we
let PRE(z,€) = {2’} where 2’ is the unique type on S(z) that agrees with 2 except that
2'(€) = (AVAILABLE, c¢). Otherwise (i.e. when ¢ is a Platonic color that appears only once
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among the colored edges of z), we let PRE(z,€) be the set of all types 2’ on S such that
for all e € (g),

'@ (AVAILABLE, ) if € = € or z(¢€') = (AVAILABLE, c)

z =
z(€') otherwise

for some real color ¢ which is not already specified as available or used on any edge. Note

that in this case |PRE(z,€)| = |C| — O(1) (the number of choices for ). If 2 € PRE(z,¢)

for some edge € we call 2’ a predecessor of z.

In our analysis we will consider ways to find extensions ¢’ € EXT(z, ¢), which generally
involves finding suitable real vertices for the image of ¢’ such that certain edges are colored
appropriately. In such a situation, certain Platonic colors may already be associated with
real colors while other Platonic colors may not (in particular, any Platonic color assigned
to an edge € C D(¢) must correspond to the real color given to its image ¢(¢’)). Thus,
when we count our extensions ¢’, we expect to find fewer of them when there are more
requirements stipulating that the colors of edges must be repeats. The next two definitions
give us some tools to (heuristically for now, formally later) count extensions ¢’ based on
the considerations in this paragraph.

Definition 8. Suppose z is a type on S and let E C E C (g) be sets of Platonic
edges. Let M = M(E',E,z) be the set of edges in £ \ E that are colored by z. Let

FREE = FREE(E/, E, z) be the set of Platonic colors that z assigns to edges of E,\E but
does not assign to any edge of E. Define?

EpGCoI(E, E, z) := |M| — |FREE|. (3)

We will also define a version of the above for vertex sets S C S

Co1(5, 8, z) := EpcCor ((i)’ (g),z> .

Clearly |[FREE| < |M| so we always have that EDGCOI(E,E, z) and Co1(S, S, z) are
nonnegative. To motivate the definitions of EDGCoI and CoOI, we note that we often
want to calculate EDGCOI and COI based on repeats in situations where E (from (3))
contains no colored edges. In this case, note that |M| — |FREE| equals the number of
repeats in E plus the number of real colors assigned to edges in .

Say we would like a crude heuristic estimate of the number of extensions ¢ € EXT(z, ¢)
where z is a type on S and ¢ has domain D. Assume for now that z does not specify any
available colors at uncolored edges. There are |S\ D| many Platonic vertices to embed
into V, and we must embed them in such a way that there are COI(S, D, z) many color
coincidences among the newly embedded edges (i.e. if we inspect the newly embedded

3Cor here is short for “coincidence”
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edges one by one there are COI(S, D, z) that are required to have the same color as a
previously embedded or inspected edge). Heuristically, since our coloring should in many

ways resemble a uniform random coloring, each color coincidence has a probability of
p—2

0(1)/|C| =6 (n (8)=+ ). Thus we heuristically predict that (ignoring log powers and

everything else besides the power of n)

EXT(z,¢) = n (8) o1
This motivates the following definition:
Definition 9. For S C g CV we let

p—2

WCOI(? ,g, Z)

Pow(S',5,2) =[5\ 3| —

Note that POW(?I, S, z) can always be written as a rational number whose denominator

is (p ) — g + 1. Thus, for example, the smallest positive value POW can take is ﬁ

2 —q+1°
Next we define restrictions of types, which we will use in the next paragraph.

Definition 10. Let z be a type on S, and let S C S’ The restriction of z to S,
denoted z|g, is the type on S that agrees with z on all edges of S.

While the Pow function will be very useful, it is not always true that it gives the
correct power of n when we count extensions. Indeed, we will have to deal with situations
where POW gives a negative number, which does not necessarily mean that the extensions
in question do not exist. This can complicate the situation when a type may have an
“unlikely part" (i.e. a subset such that there are probably no extensions to that subset)
even if the whole type has a positive POW. A bit more formally, suppose again that gb
has domain D and we want to count extensions ¢’ € EXT(z, ¢) where z is a type on g
If there is some S with D C § C S such that Pow(S, D, z) < 0 then it would seem
that there is probably no extension in EXT(z|g,¢) and therefore none in EXT(z|y, ¢).
However, if there is even one extension in EXT(z|g, ¢), then it seems there should be
Pow(5',5,2)

about n extensions in EXT(z|g, ¢). This motivates the following definition.

Definition 11. For S C g" CV we let

MaXPow(S", S, z) := max {Pow(gll,gl,z) :5CS C gﬂ} .

Note that MAXPOW is always nonnegative since POw(S, S, 2) = 0. To analyze our
process, it will be very important to pay attention to how colors become forbidden at
edges. To model that using Platonic vertices we define the following.

Definition 12. Let @ and €’ be distinct Platonic edges and ¢, ¢’ be colors (real or Platonic).
A (e,c, €, c')-preforbidder is a type y on S D e U€ such that the following all hold.
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(i) y does not assign a color to € nor to €.

(ii) Let ye be the type that agrees with y except yz(€) = (COLORED, ¢), and similarly
let yo agree with y except y=(€') = (COLORED, ¢). Then yz and y» are both legal.

(iii) Let yz= be the type that agrees with y except we have both y: »(€) = (COLORED, c)
and ez (€') = (COLORED, ¢'). Then y;# is illegal.

(iv) the restriction of ¥z to any set S witheue C S C S is legal, and
(v) there are at most three real colors appearing on the colored edges of y.
We call y a preforbidder if it is a (€, ¢, €, ¢)-preforbidder for some (e, c, €, ).

The motivation for condition (v) is that we would like our framework to use Platonic
colors whenever possible while still retaining enough information to say what is happening
to the real colors. In particular, we will use these preforbidders when ¢, ¢ are real colors
in order to keep track of which edges have ¢, ¢’ available (and so we need our preforbidders
to at least include the colors ¢, if they are real). We will also have to consider such a
preforbidder overlapping with another trackable type which may contribute a third real
color.

Note that the above definition has some symmetry, and in particular we have the
following:

Observation 13. A type y is a (€, c, €, )-preforbidder if and only if it is a (€', ,€,c)-
preforbidder.

Recall the definition (2):

o) {<s—2> (©) _‘”ﬂ .

p—2

Since the argument of the ceiling function above is a fraction with denominator p — 2, we

have
(8—2)59(2_)2—Q+1>_1<R(s)<(8_2)59(2_)2_q+1)_p12' @)

Next we use the above to bound the POW of preforbidders:

Observation 14. Suppose y is a (€,c,€,c)-preforbidder on S and there is at least one
real color in {c,c'} (including the possibility that ¢ = ¢ is real). Then
p—2

Pow(S,e,y) < ———.
(S,e,9) RETES
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Proof. Since y does not assign a color to € or € we have Pow(S,e,y) = Pow(S,e,y).
Thus WLOG we may assume that c is real.

Recall that by Definition 12 (ii) and (iii) we have that yz» is illegal, while yz is
legal. Therefore ysz must have exactly R(|S|) + 1 repeats and yz has exactly R(|S])
repeats. Therefore, either the multiset of colors assigned by y has R(|S|) repeats and
does not include ¢, or else it has R(|S|) — 1 repeats and includes c. In either case we have
Coi1(S,e,y) > R(|S]) and so

- — p—2 — p—2
Pow(S,e,y) <|S| -2 - +—R(|5]|) € 77—
.20 <512 - P2 RS <

0

We will be especially interested in modeling the mechanism through which a particular
real color ¢ becomes forbidden at an edge. Thus we define the following:

Definition 15. For a Platonic edge € and a real color ¢, we let PREFBD(E, ¢) be the set of

all triples (z,€, ') such that z is a (€, ¢, @, ’)-preforbidder with the following properties:
(i) z(€') = (AVAILABLE, ¢),
(ii) either ¢ = c or ¢ is Platonic,
(iii) other than ¢, all colors used on colored edges of z are Platonic,
)
)

(iv) other than the edge €, z does not use the labels (AVAILABLE, ?) or (7),

replacing all of the labels (AVAILABLE, ¢’) with (COLORED, ¢”) except at € would
result in a legal type, and

(v

(vi) if z has any edge label (AVAILABLE, ¢”') for a Platonic color ¢’ then z also has some
edge label (COLORED, ).

To estimate the probability that an available color ¢ becomes forbidden at e at step
1, we would like to estimate the number of ways that can happen. Thus we will track
EXT(z,¢) for all z, ¢ such that (z,€,c) € PREFBD(E, c) for some &, ¢/, c and D(¢) = e.
But in order to track those extension variables, we will also need to track extensions of
all their predecessors. More formally we will track the following family of variables:

Definition 16. We say that (y,€) is a rooted trackable type if y can be obtained by
iteratively taking predecessors of some type z such that (z,€,¢’) € PREFBD(€, ¢) for some
€,c,c. (This includes the possibility of not taking any predecessors, i.e. y = z). We say
that y is a trackable type if there exists some € such that (y,€) is a rooted trackable
type. In that case we may also say that y is a trackable type with root . We call e
the root of (y,e).
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When y is a trackable type, we will abuse notation and write €(y) to denote an edge €
such that (y,€) is a rooted trackable type, if there is a choice of edges €, €(y) will be one
chosen arbitrarily. We will track EXT(y, ¢) for all trackable types y and all ¢ of order 2
such that (y, D(¢)) is a rooted trackable type. For other pairs (y, ¢) we will use only a
crude upper bound on EXT(y, ¢). We now list some useful properties of trackable types.

Observation 17. Suppose (y,€) is a rooted trackable type on S. Then we have the
following:

(1) replacing all of the labels (AVAILABLE, ¢”) with (COLORED, ") except at € would
result in a legal type,

(i) Pow(S |, y) > ﬁ foralleCS CS,

(i1i) there is at most one real color ¢ such that y labels any edge (COLORED, ),
(iv) other than possibly at the edge €, y does not use the labels (AVAILABLE, ?) or (7),

(v) if y has any edge label (AVAILABLE, ') for a Platonic color ¢ then y also has some
edge label (COLORED, ).

Proof. Parts (i) and (iii)-(v) follow from Definitions 7, 15 and 16. Indeed, if (z,€,¢) €
PREFBD(€, ¢) then by Definition 15 z satisfies (i) and (iii)-(v). Furthermore, each of
properties (i) and (iii)-(v) is preserved when we take predecessors by Definition 7.

Now we prove (ii). Since this property is also preserved under taking predecessors,
we will assume that (y,e,c) € PREFBD(,c). Suppose € C S C 5. Since y is legal,

there are at most R(|S'|) repeats among the colored edges in (S ). If there is no real color

2
appearing on a colored edge in (32) then we have COI(E/, €,y) < R(|§/|) and hence

p—2 /D> 1
(G —a+1 OEES!

so we are done. If on the other hand there is a real color appearing on a colored edge

Pow(S',2,y) > 5| -2 - R(|S

in (*Zl) then that color must be c. We claim that in this case there can only be at most
R(|S|) — 1 repeats among the colored edges in (z/) Indeed, if there were R([S'|) repeats
then the type 3 formed by replacing the label of € with (COLORED, ¢) would be illegal,
which is a contradiction to Definition 12 (ii). Thus S has at most R(|§/|) — 1 repeats and
one real color, so again we have Co1(S,2,y) < R(|S']) and we are done. O

Section 9 will be devoted to proving three technical lemmas about preforbidders and
other types. We state them here since we will use them before proving them.
Lemma 39. Let y be a (¢, c,e", ")-preforbidder on S. Let o = a(gl) be the number of
Platonic colors in {c/,¢"} that appear in S but not in S’. Then for all §’ with & Ue” C
§¢s,

p—2 1
a{ —

B —g+1 () —a+1
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The other two technical lemmas are about unions of types, which we define before
stating the lemmas:

Definition 18. Let yi,ys be types on S1, 55 respectively. We say y; and y, are compat-
ible if for every edge € C S; NSy, we have that

y1(€') = (COLORED, ¢) <=> y5(€’) = (COLORED, ¢).

In other words, col(y1)|g,~5, = col(¥2)|s,A3,-

If y; and yo are compatible, we define the union of types y; U y» to be the unique
colors-only type y such that y|g, = col(y1), ylg, = col(y2), and y only assigns colors to
edges within S; and to edges within S,.

Lemma /2. Let Y1 be a trackable type on S; with root &, and let Yo be a (€9, ¢a, €3, C3)-
preforbidder on S, that is compatible with ;. Asiume_ €y,e3 C 57 and that y,(e2) =
(AVAILABLE, ¢3), y1(€3) = (AVAILABLE, ¢3). Assume Sy \ S7 # (). Then

- - 1
MAXPOW (S U Sa, 1,51 Uys) < POW(S1,e1,91) — M'
) —q
Lemma 43. Let Y1 be a trackable type on S; with root e, and_let Y2 be a (€9, co, €3, cé)—
preforbidder on S5 that is compatible with y;. Assume e3 C S, €3 # €1, and e; € 5.
Assume y;(€3) = (AVAILABLE, ¢3). Assume ¢, is a real color. Then

1

MAXPOW(S; U S5, 8 U, 51 Uya) < POW(Sy,81,11) — ——
(2) —q+1

3 Trajectories of our random variables

In this section we describe the trajectories for the variables AvA(e) and EXT(z, ¢) for
trackable types z and partial embeddings ¢ of order 2. Rather than simply giving formulas
we attempt to provide a heuristic derivation for them.

Say we have colored i = (g)t edges so far. Our heuristic assumptions are as follows: ¢
is the probability that an edge has been colored, 1/|C| is the probability that a colored
edge has been assigned any particular color, and some number a = a(t) is the probability
that a particular color is available at a particular uncolored vertex. We also generally
assume that events are approximately independent if we see no significant reason why
they should be dependent. Under those heuristic assumptions we anticipate that

AVA(e) = AVA(e, i) = ava(t) := |Cla(t)

for all e € U; and for some deterministic function a(t). _
Assume ¢ has order 2, and z is a trackable type with |S(z)| = s that has ¢ colored
edges, r repeats, and k € {0, 1} real colors among its colored edges. Then we heuristically
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predict

EXT(z, §) ~ ext, (t) :=n""2|C["—k¢! (%') (1 — )31 ()¢
#)G)-

We will now derive a differential equation for a(t) by heuristically estimating the one-
step change in AVA(e). We estimate the probability that a fixed real color ¢ becomes
forbidden at an edge e in a single step (assuming that ¢ was available at e one step
previously). First, note that the probability that any particular edge e’ gets any assigned
any particular color ¢ € AVA(e') at step i is approximately 1/[(1—¢)(3)|Cla]. So now we
count pairs (¢/, ) such that ¢ € AvA(e’) and assigning ¢’ to ¢/ would forbid ¢ at e. Let
(z,¢,c*) € PREFBD(€, ). Each extension ¢/ € EXT(z,¢) counts the pair (¢/,¢’) where
¢ = ¢'(€) and ¢ is the color corresponding to ¢* (i.e. ¢ = ¢* if ¢* € C or otherwise ¢ is
the real color representing ¢* in the extension ¢'). But each such pair (¢, ') is counted

|
:n572‘0‘77‘ k ( —0— 1t8( t)(Z)—Z—l' (5)

about equ(z, e )avau(t)(;)*e*2 times, where equ(z, €) counts the number of equivalent ways
to represent a clique fitting type z as a preforbidder in PREFBD(c,€). More precisely,
equ(z,€') is the number of ways to permute the Platonic colors in z times the number of
bijections from S(z) to itself fixing both vertices in € and fixing the edge & (but possibly
swapping the endpoints of €) and preserving the colors of colored edges (not necessarily
preserving the available colors at uncolored edges). Thus our estimate for the number
of pairs (¢/,¢) is (below, every term is indexed by some type z, and ¢ = {(z) is always
the number of edges colored by that z, r = r(z) is the number of repeats in z, and
k = k(z) € {0,1} is the number of real colors on colored edges in z)

ext,(t)

; (6)
(z,€,c*)EPREFBD(€,c) equ(z, él)ava(t) (2)—5—2

ns=2|C|rka() ()11 — ¢y (5)—1
-y 3 C] () (1-1)

3<s<p (2@ ,c*)EPREFED(,c) equ(zaél)(|C|a(t))(§)_Z_2
1S(2)|=s
w2l G e - ) 7
B Z Z equ(z,e) (M)

3<s<p  (2,e',c*)ePREFBD(E,C)

1S(2)|=s
Now we claim the following:

Claim 19. The number of triples (z,€,c*) € PREFBD(E, ¢) such that |S(z)| = s,4(z) = {
and equ(z,e,c*) =n is u(l,n,s) - |C’\<;)_£_2 for some p(€,n,s) not depending on n.

Indeed, for fixed ¢,7, s there are some constant number of ways to choose the edges
that are colored and the colors on those edges (note that the only real color that can show
up on a preforbidder in PREFBD(E, ¢) is ¢), a constant number of ways to choose ¢* (this
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color must be Platonic or must be ¢), and then for each uncolored edge that is not € or
€, there are |C| choices for the color available there, giving us the claim.
In addition, note that

for all (z,@,c¢*) € PREFBD(g, ¢) we have that r + k = R(s). (8)
Therefore (7) becomes

2|0~ G2 RC) g (1)1 — ) ()¢

S ultns)- ||

3<s<p n
1<e<(3) -2
1<n<s! O

g plns ) 2|CROa(p)(1 — ¢)(3) -

3<8<p 77
1<e<(5) -2
1<n<s!|6|!

Now for a value s such that p — 2 divides (s — 2) ((’2’) —q+ 1), we have R(s) =
(s—2)((5)—gq+1)

5 — 1 and so

p—

_((B)-—at)
p—2

p—2 _ 1
ns—2|c|—R(s) — ns—2|c| KN (§)7q+1 lOg (12’)—q+1 TL)

(s=2)((8)-a+1) o
p—2

|C| log¥=2 n.

On the other hand if p—2 does not divide (s—2) ((g) —q+ 1), then R(s) >
1+ ﬁ and we get

n2|C| RO = O | n 2|C|< (8)- q+1>
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Thus, (9) becomes

(s— m(E?Z a+1)

IC| logn=2 1 - a(t)tt(1 — t)(i)*“l

Z M(&U,S)

3<s<p n
(r-2) | (s-2)(()—g+1)
1<e<(3) -2
1<n<s!|C)!

= |Cla(t)(1 —t) > hy(t)logh=2 n + O (n (’5—Z“> (10)

3<s<p

(0-2) | (s=2)((2)—a+1)

= |Cla(t)(1 — t)h(t) + O (n (’53“) (11)

h(t) = 3 hy(t) logr =2 n. (12)

3<s<p

(—2) | (s=2)((8)—a+1)

Note that hs(t) is a polynomial in ¢ with constant coefficients (not depending on n).
We derive a differential equation by estimating the one-step change in AVA(e) in two
ways. First, since AVA(e) =~ |Cla(t) we should have

L icla ).

e
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Second, we can estimate AAVA(e) by considering each available color and the probability
that it becomes forbidden in one step. Since there are AvA(e) ~ |Cla(t) available colors
and each one becomes forbidden with probability about

1
(L =1)(5)ICla(t)

since for each ¢ € AvA(e) there are about |Cla(t)(1 — t)h(t) pairs (¢/,¢’) such that
assigning ¢ to € would forbid ¢ at e, and each such pair has a probability of about
1/ [(1 — 1) (Z) |C |a(t)} of being the choice made in one step. Thus, we heuristically expect

“|Cla(®)(1 = t)h(),

Lo !
7 [Cla'(t) = =|Cla(t) - (1=t (2)|Cla(t)

(5)

|Cla(t)(1 = 1)h(?)

or
Since a(0) = 1 we have

where

Note that we will take (13) as the definition of a(t).
Let
e:=10"%p ", (15)

(this choice will appear arbitrary at the moment. The reader can safely think of € as just
a small positive constant). Note that for 3 < s < p we have

and so

3<s<p
< logn - Z h8<t)
3<s<p
(8)-at1 (
< logn . /{7 p—2 Z M
3<s<p U

1<e<(5) -2

1<7}<s!|€\!
< elogn (16)
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where on the last line we have used the (as yet unstated) assumption that we will choose
k so that

___p=2
GEE
€
K = 17
u(l,n, s) a7)
3<s<p U
1<e<(5) -2
1<77<s!|6|!
Note that by (16) and (14) we have
H(t) < etlogn forall0 <t <1
and so
a(t) > exp{—etlogn} > n"* forall 0 <t < 1. (18)

4 The good event

In this section we define the good event &;, which among other things stipulates that every
uncolored edge still has plenty of available colors. If we manage to show &;« holds w.h.p.
then that means the process manages to color at least ¢* edges before terminating. More
specifically, & will stipulate that all of our tracked variables are within a small window
of their respective trajectories we derived in Section 3. &; will also stipulate some crude
upper bounds on certain other extension variables.

We define our error functions

— L2 —420p2e
fan(t) :==n (8)-a+1 (1 — t)~5" l0petiogn (19)
fEXT(t) — n_ (127)1if1+1+20p26<1 o t)—5p2+1a(t)—1610p46t logn (20)
fz(t) = a(t) (;)_l_éfEXT(t) (21)

where in the last line z is a type on s vertices with ¢ colored edges.

Definition 20. The good event & to be the event that for all ¢/ < ¢ we have the
conditions below. We let ¢’ =4'/(}).

(i) For all e € Uy we have
[AVA(e, i) — ava(t')] < [C]faw(t)

(ii) For all rooted trackable types (z,€) and for all ¢ of order 2 mapping € to an edge
e € Uy, we have

|EXT(2,0,i) —ext.(t')| < n*2|C|7" 7 f.()

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.19 20



(iii) Let z be a type. Let S = S(2) and ¢ be a partial embedding with domain D :=
D(¢). Let ¢ := |S'|,d := [D| and let m be the number of edges not inside D that
are assigned colors by z. Suppose further that we have the property:

for all S such that D C S C S we have that Pow(S, 5, z) < 0. (22)

(Note that the above property implies that MAxPOW(g’ D, z) = Pow (gl,ﬁ, ).
Then o
EXT(Z, ¢, Z‘/) < nMAXPOW(S ,D,z)+10(m+s’—d)5.

We also define

Tmaz = (1 — n_E) <Z>, tmae = zmm/(g) =1-—-n""

Observation 21. We have
1/2

’C|fAVA(t) . fAVA(t) . fEXT(t) *ﬁ+(10p4+25p2+1)6 _
) = ety oo <n —o(1).

for all t < tyee- In particular, the bound in Condition (1) gives an asymptotically tight
estimate of AVA(e) for all t <ty

Proof. The fact that |C;|V’Z*(¥S§t) = f’;”agt) = fEl":l(tt) is by definition. Using the fact that

a(t) = n=° (from (18)) and 1 — ¢ > n~¢, we have

—1/72—1—201)26 1/2
fAVA(t) n (’2’)—44-1 (1 _ t)—5p2€10p4et logn —%+(10p4+25p2+1)6
== <n (2)7‘”1 = 0(1)
a(t) a(t)
whnere 10r € last equall We nave use al € 1S sma reca .
here for the last equality we h d that 1l 1 (15 O

We will prove the following:

Theorem 22. Fiz p, let ¢ = 1073p~° and choose k large enough so that (17) holds. Then
& . holds w.h.p.. In particular, the coloring process colors at least ip,,, many edges.

A proof outline of the theorem is as follows. We will show that the complement of &;
is contained in the event that some member of a large family of supermartingales increases
by some amount that is very unlikely. The probability that one of our supermartingales
misbehaves can be bounded by Freedman’s inequality, which we now state:

Lemma 23. Let Y(0),Y(1),... be a supermartingale with respect to the filtration
Ho, Hi, ..., t.e. E[AY (i)|H;] < 0. Assume AY (i) < D for all i, and let
V(i) :=)_ Var[AY (k)|Hy]. Then,

k<i

P[Fi: V(i) <bY(i)—Y(0) >\ <exp <—m> .

The probability that &; . fails for any reason (i.e. due to any member of our family
of supermartingales misbehaving) can then be bounded using the union bound.
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5 The crude bounds on EXT variables

In this section we bound the probability that & . fails due to Condition (iii). We also
prove some bounds that are implied by Condition (iii). In particular, the following lemma
will give us that in the good event, the conclusion of Condition (iii) holds for all extension
variables, even those that do not satisfy (22).

Lemma 24. Suppose z is a type on S and ¢ is a partial embedding with domain D. Let
s:=|S|,d := |D|, and suppose z assigns colors to m edges that are not in D. Then in
the good event we (deterministically) have

EXT(Z (b) < nMAXPOw(§,5,2)+10(m+s_d)€
)

Proof. We will define a sequence of sets D = D; C Dy C ... € D; = S, and let
zj = z|p . We will then bound EXT(z, ¢) by multiplying the number of ways to extend
an embedding of D;_; fitting 2;_; to an embedding of Dy fitting 2 for j' = 2,...,].
We let

cD

S
N

D, € arg nliln{POW(E/,E, Z): S}

D
(note here that Pow(D', D, z) is defined even if z is a type on S properly containing D,
and in particular Pow (D', D, z) = Pow(D', D, zl5)). For j' >3

Ej/ (& arg HE/H{POW(E/7EJ'/_1, Z) . Ej’—l g E/ Q g}
D
We claim that for all 2 < j” < j the triple (D1, Djs, z;/) has the property on line (22).

Indeed, let Dy C D C Dj» and suppose that POW(E]‘/,E/, zy) = Pow(D;, D', z) > 0.
Then

POW(B/, ﬁj’—l’ Z) = POW(EJ'/, Ej’—la Z) — POW(E]'/,E/, Z) < POW(ﬁj/, Ej’—l; Z)

contradicting our choice of Dj. Thus POW(E]-/,E/, zy) < 0, and so the triple
(Dji—1,Dj, zjr) has Property (22).
Now (recall the comment after (22)) we have

MAXPOW(EJ'/, Ej’—la Zj/) = POW(Ej/,Ej/_l, Z)

for all j/ > 3. Similarly, we have MAXPOW(Ds, Dy, z) = 0. Indeed, for D, C D’ C D,
we have POW(EQ,E/, ZQ) = POW(EQ,E:{, 2’2) — POW(E/,El, ZQ) <0 by our choice of D,.

Putting this together, we multiply the upper bound given by Condition (iii) on the
number of embeddings of D given an embedding of Dy for j' = 2,...,j. Let d; :=
|Ej/| and mj be the number of edges not inside Ej/_l that z; assigns colors to. Then
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|EXT(z, ¢)| is at most
J _
H nMAXPOW(Dj/,D]-/_l,zj/)-i-lo(mj/-i-dj/—dj/_l)E
=2
— nO—}—POW(BQ,,BQ,Z)-‘,-...—I—POW(EJ',Ej_l,Z)+10(m2+...+m3'+dj—d1)6

_ nPow(g,ﬁg,z)+10(m+sfd)e

Since by our choice of D,, we have that MAXPOW(S, D, z) = Pow(S, D, z) we are
done. O

Recall that in Lemma 24, m was the number of colored edges in a type, s was the
number of vertices and d was the size of the domain of a partial embedding. In particular,
the next corollary follows from m + s — d < (’2’) +p—0 < 2p°

Corollary 25. Suppose z is a type on S and ¢ is a partial embedding with domain D.
Then in the good event we (deterministically) have

EXT(z, §) < nMPon(ED. 205t
)

Lemma 26. Suppose z is a type on S and that ¢ is a partial embedding with domain
D = D(¢) C S such that ¢ fits the type z|5. Let s := |S|,d := |D| and let m be the
number of edges not inside D that are assigned colors by z. Suppose further that we have
the property:

for all'S' such that D €S C 'S we have that Pow(S, S z) < 0.

Then the probability that there exists a step i such that E_1 holds and then at step i we

have

EXT(z, ¢) > MAXPOW(S,D,2)+10(m-+s—d)e
)

(i.e. we do not have &; due to Condition (iii) failing for this z,¢) is at most
exp {—Q (n)}
Proof. First we handle the trivial case where m = 0, i.e. z does not color any edges outside
D. Then MAXPow(S, D, z) = s — d and trivially
EXT(z,¢) < n**
so the lemma holds. Assume henceforth that m > 1. We define the variable Efb\(fr(z, ®) =
EXT(z,¢,i) to be the cumulative (up to step ¢) number of positive contributions to

EXT(z, ¢), i.e. the total number of instances of an extension ¢’ of ¢ becoming a member
of EXT(z, ¢, j) at some step j < i.

EXT"(z,¢) = EXT"(z, ¢, 1)
%(27 ,1) — nMaxPow(5,D,2)=2+10(m+s—d)e . ;  if &,_1 holds and

= ¢(D) fits type z|5,
EXT"(2,0,i — 1) otherwise.
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We will show that EXT (2, ¢) is a supermartingale. Note that AE;(-'/I’(Z, ¢) is bounded
above by a constant times the maximum possible value of EXT(z,¢’), where ¢’ is an
extension of the partial embedding ¢ whose domain is D :=Du €; (recall e; is the edge
recieving a color in step 7. Here €; is meant to be a Platonic edge corresponding to ;).
If 2; € D then AEXT"(z,¢) < 0 since no extension of ¢ can fit the type z any longer.
Thus we assume D 2 D and so for any D C S C S we have that D - S and so
POW(?,?, z) < 0 and so in the good event we have

EXT(z,¢') < nMAXPow(S.D2)+10(mts—d=1)e _ p10(m+s—d—1)e

and so -
AEXT(z,¢) < n'0+s=d=De, (23)

Now we bound [E[AET)?P(z,(/b)]Hi]. A positive contribution to EXT(z, ¢) arise from the
newly colored edge e; and some extension of ¢ to a clique of type 2’ where 2 = PRE(z,€;)
is some predecessor of z formed by uncoloring the Platonic edge €; corresponding to e;.

If the color of €; under z is Platonic and no other colored edge has the same color,
then the edge could be recolored with almost any color and still fit the type z. In that
case, for any S with D C S C S we have Pow(S, S 2y = Pow(S, S z). Thus in the
good event we have

-, o _ L
EXT(Z,,qb) < nMAxPow(S,D,z )+10(m+s—d—1)e _ nMAxPow(S,D,z)+10(m+s d l)e.

Now, in order for any particular extension in EXT(2',¢) to become an extension in
EXT(z, ¢), the colored edge e; must be a particular edge. Thus the expected positive
contribution to EXT(z, ¢) is at most (recalling that 1 —¢ > n=°)

MaxPow(S,D,z)+10(m+s—d—1)e 1 < nMAxPow(g,E,z)72+[10(m+57d71)+1}e'
(1-1)()

The other case we need to consider is where the color of €; under z is a real color or a
—! — = = — =
repeated Platonic color. In this case, for any S with D C S° C S we have POow(S, 5", 2’) <
Pow(S, 5, z) + =2=2—. Thus in the good event we have

(5)-a+1’

n

— MaxPow(S,D,z)+-—L=2—+10(m+s—d—1)e
EXT(Z, ¢) < nMAXPow(S,D,z’)+10(m+s—d—l)e <n (g)fﬁl
Now, in order for any particular extension in EXT(2',¢) to become an extension in
EXT(z, ¢), the colored edge e; must be a particular edge and it must receive a partic-
ular color. Thus the expected positive contribution to EXT(z,¢) is at most (recalling
that a(t) >n“and 1 —¢t > n™°)

SD __p=2 —d—
MAXPOW(57D7Z)+ (g)—q+l+10(m+s d 1)6 . ]_ < nMAXPOW(g,ﬁ,z)72+[10(m+87d71)+3]6

(1=1)(3)[Cla

n
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Thus in both cases we have
[E[AE/];(_:F(Z,QZ”‘H@] < nMAxPow(g,ﬁ,z)—2+[10(m+s—d—1)+3}e‘ (24)

Recall that we let AEXTT (2, ¢) = 0 if ¢(D) no longer fits the type z|. Now by line
(24) we have that E[AEXT"(z, ¢)|H;] < 0, i.e. EXT" (2, ¢) is a supermartingale. We also
have -

AEXT" (2, ) < AEXT(z, ¢) < plolmts—d—1e

by line (23). Thus for our application of Freedman’s inequality we can use
D = pt0tmts—d=1)e " Also we have

Var[EXT" (2, ¢, k)| Hy] = Var[EXT(z, ¢, k)| H]

o 2
< E[(AEXT(=,6,k)) " ]
< [E[nlo(ersfdfl)e . AE/)—)\(’/T(Z, ¢’ k)‘Hk]
< plo(m+s—d—1)e . MaxPow(S,D,2)—2+[10(m+s—d—1)+3]e

_ nMAxPow(E,ﬁz)—2+[20(m+s—d—1)+3]e

and so for all i < 4,4, < n? we have
V(i)=Y Var[EXT" (2,6, k)|Hy] < nMoPonEDa+R00mts—d-1)+3le
0<h<i

so for our application of Freedman’s inequality we will use the value
h = nMAXPOW(?,ﬁ,z)—i—[20(m+s—d—1)+3]e. We will choose \ = n%MAxPow(§,5,2)+[10(m+s—d—1)+2]e_

Note that since z colors at least one edge outside D, EXT"(z,¢,0) = E/J;C_:r(z, ¢,0) = 0.
Then, Freedmann’s inequality (Lemma 23) tells us that

P [3i: EXTY(2,0,i) > )]

)\2
< -
= OXp ( 2(b + D)\))

nMAxPow(é,B,z)+[20(m+s—d—1)+4]e

= ex
P ) (nMAXPOW(g,ﬁ,Z)Jr[20(m+57d71)+3]6 + n%MAxPow(E,E,z)+[20(m+s—d—1)+2}e)

= exp (-0 (n)).
But if the good event & holds and EXT" (2, ¢,i) < A then

EXT(z, ¢,1) < EXT(z, ¢,

SD.2)— _ . 1 SD —d—
< nMAXPow(S,D,z) 2+10(m+s—d)e _Z+n2MAXP0W(S,D,z)+[1O(m+s d—1)+2]e

< nMAxPow(S,D,z)+10(m+5—d)e )

This completes the proof of the lemma.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.19 25



6 Dynamic concentration of AVA(e)

In this section we bound the probability that &; . fails due to Condition (i). We define a
family of random variables that we will show are supermartingales, to which we will then
apply Freedman’s inequality. For each edge e we define variables

AVA(e,i) — ava(t) F |C| fawa(t) if €1 holds and e € Uj,

AvaT®(e) = Ava®(e,i) :=
(e) (e, ) { A\/Ai(e,z'—l) otherwise.

Note that in the above definition we are using “+” to simultaneously define Ava™(e) and
AvAa~(e). We will establish that the variables AVA™ (e) are supermartingales. We claim
that AVA™ (e) are submartingales (or equivalently, —AVA™ (e) are supermartingales), but
we will not separately justify it since it is very similar to showing that the Ava™(e) are
supermartingales.

6.1 Establishing that AVA™(e) is a supermartingale

We need to show that E[AAVA™(e)|H;] < 0. First we will estimate E[AAVA(e)|H,]. Let
F(e,c,i) be the event that ¢ is forbidden at e at step 7 (this event excludes the possibility
that e; = ). Then we have

E[AAVA(e)|[Hi] = — ) P[F(e,c,i)|Hi]. (25)

cEAva(e)

-0 -1
(1=1)(3)
where conditioning on H; and an event £ means that we are given the history of the

process up to step ¢ and that we are in the event &£.
Fix a color ¢ € AvA(e). Let F(e,c) be the number of pairs (¢/,¢’) such that ¢ # e is
uncolored, ¢ is available at €/, and assigning ¢’ to ¢’ would forbid ¢ at e. Then

1
P[F(e,c,i)|H; and e; # €] = Z —
e’'elU;\{e} <1 - t) (2) —1

_ [{c": (¢/,¢) € Fle,c)}|
1=0() -1 Z\{} A

y [F(e, o)

= [(1 _ t) (g) — 1} . (ava+ IC’fAVA)

and

P[F (e, c,i)|Hi] = -P[F(e,c,7)|H; and e; # €]

-P[F(e,c,i) | e = € and H,]

and so
[F(e, 0|
(1-— t)(g) (ava+ |C|fava)
- JAva |F(e,c)|
> (1-20) (#1)

a 1—1)(3) - ava

P[F(e,c,i)|H] =
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where on the last line we used that

1 21_fAVA
Lt fe a

(recall from Observation 21 that fay./a = o(1)).

Note that for each pair (¢/,¢’) € F(e,c) there exists at least one S C V such that
coloring €’ the color ¢ at step i would cause ¢ to be forbidden at e through S. We define
the following notation.

Definition 27. We let S, .(¢/, ) = S, .(€¢/, i) be the family of minimal sets S C V such
that assigning ¢’ to ¢’ at step i would forbid ¢ at e through S.

We would like to claim (with some explicitly bounded error term) that

|F(e,c)| = H(e',d) (€, ) € F(e,c)H ~ H(s, ¢ ) (¢,) € Flec),S € se,c(e',c')}‘.

In other words, we claim that for almost all pairs (¢/,c’) € F(e,c), Sec(€,c) is just a
singleton and that there are not too many pairs (¢/, ) where S, .(€¢/, ') is too large. We
have the precise identity

H(S, ¢,V (€,¢) € Fle,e),S e se,c(e',c')}] = |Fe,ol+ Y (\Se,c(e’,c’)\ - 1)
(¢/,d')EF (e,)
[Se,c(e’,c)|=2

(28)
so we try to bound the sum on the right. First we bound the number of terms, which we
denote by B;. Fix an edge e and a real color c. We want to bound the number of pairs
(€/,c) such that there exist distinct sets Sy, Sy € Se.(€/,¢’). The number of such pairs
(¢/,c) is at most a constant times the number of possible sets S = S; U Sy so we will
bound the latter instead.

We will use Lemma 42. For j = 1,2 say S; fits the type y; on the set of Platonic
vertices S;, where y; is a (€, ¢, €, ¢”)-preforbidder (here € corresponds to e, € corresponds
to €, and ¢’ corresponds to ¢ (meaning that ¢’ = ¢ if ¢ = ¢ or else ¢ is Platonic if
c # ¢)). Choose 11,12 to be compatible, so S = S; U 9, fits the type y; Uys. To bound
the number of possible sets S = S; U Sy, we bound EXT(y; U 99, ¢) where ¢ is of order 2
(mapping € to e). Applying Lemma 42 with &, =€, =€, e3 =€, cs = ¢, ¢3 = ¢’ we have

1 p—3

MAXPOW(S; U S, €,y1 Uya) < POw(S1,e,51) — < ’
() —a+1 " () —a+1

where the last inequality follows from Observation 14. Thus by Corollary 25 we have in
the good event that

;’;34—20;)26
IEXT(yy Uy, ¢)| = O <n(2>—q+1 ) .
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Of course |EXT(y1Uys, ¢)| only counts the contribution to By due to some fixed 1, y2. But
since there are only a constant number of choices for the colored portions col(y;), col(yz)
there are only a constant number of relevant types y; U yo. Thus the number of terms in
the sum on line (28) is

B, = H(e',c’) € Fle,c) : |Sec(e, )| = 2}‘ =0 (n(3§_2+1+20p26> |

Now we will bound the maximum possible size of any term in the sum on line (28).
Suppose e, ¢’ are fixed real edges and ¢, ¢’ are fixed real colors. We bound |S, .(¢/, ¢)| by
the sum of a constant number of terms of the form |EXT(y, ¢)| where ¢ has domain e Ue
sending € to e and € to €, and y is a (€,c, €, ¢)-preforbidder containing no real colors
outside of {c,¢}. Consider any S witheUe C S C 5. If S # S then Pow(S, 5 ,y) <0
by Lemma 39. On the other hand if S =S then of course Pow(S, gl, y) = 0. Altogether
we have MAXPOW(S,2U#,y) = 0 and so by Corollary 25 we have

[EXT(y, ¢)] < n*",

and so the maximum possible size of any term in the sum on line (28) is at most By where
By=0 <n20p26> .

We return to our calculation of P[F (e, ¢,7)|H;] on (27). Since the sum on line (28) is

7})1’73 +40p2e
at most B1By; = O MOREE we have

|F(e,c)| = H(S, e, d):(e,d) e Flec),S e 5670(6/,0,)}‘ +0 (n(g;}_;lﬂop%) . (29)

Now for each triple (S, €, ) counted above we have that before we colored €', there was
an embedding ¢ with image S fitting a type z such that (z,€,¢) € PREFBD(E, ¢), where

¢(€') = €. But each such S is counted by at most equ(z,€) - (ava(t) + |C]fAVA(t))<§>_€_2
types. So (29) is at least (using ¢ = {(z), r = r(2), k = k(z), s = |5(2)])

[EXT(2,0)| o B)ar e
2 e O ( )

(2,€,c*)ePREFBD(€,c) equ<z7 E,) (ava + ’C|fAVA

ext, — n5_2‘0|_’"_kfz 12)1)%214»401;26
> D s O n(8)-o+ (30)

(z,¢’,c*)EPREFBD(€,c) equ(27 E,) (ava + |O|fAVA) (2
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We estimate the sum in (30) by splitting the numerator. For the first term in the numer-
ator we write

Z ext,

(z,€,c*)EPREFBD(E,c) equ(z7 El) (ava + ‘C|fAVA> (é>_€_2

> (1 _prAVA
=

a

ext,

) =1
(z,€,c*)EPREFBD(€,c) equ(zv e )ava’(2

= (1 —p2%> ICla-(1—t)h+O (n (’5_;1)

—[Cla- (1= )h = pIC(1 = )hfa + O <n <s§3+1> | (31)

Indeed, on the second line we used that since fay./a = o(1) for all ¢ < t,,4,, we have that
for any ¢ > 0

1 > 1 >l_p2fAVA.

(1+ %)(3)_24 -~ (1+ %)(5)—2 a

On the third line we have replaced the expression from (6) with (11). Now for the second

term in the numerator of (30) we recall (see (8)) that all terms have r + k = R(s) >
(s=2)((5)—a+1)

— 1 so we have
p—2

o ((9) )
ns—2|c«|—r—kfz < ns—2‘c|— =2

p—2 _ 1

_ ns—2|0| KN (’2’)—q+1 log (g)qurl n . a(t)(g)flfffEXT
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and so

n*?|CI TR
(z,e’,c*)ePREFBD(€,c) equ(z EI)(ava + |C|fAVA)(§)7672
(s-2)((8)-a+1)
.yl e,
(z,e',c*)ePREFBD(€,C) equ(Z e)ava() 2
= Y e s)o)® Cllogn o)D" fier ),
- AL, 1, () 0
3sssp nava\2
1< (o)
1<n<s!|6|!
(8)-at1 ¢
<|C|logn - a(t) fexe - K 7T p(t,m, s)
3<s<p U
1<t ()
1<n<s!l|O)
< €|C| logn ’ a’(t)fEXT- (33)

where (32) follows from Claim 19, and (33) follows from (17). Putting (31) and (33)
together, line (30) is at least

ICla(t) (1= t)h(t) = p*|C|(1 = )h(t) favs —€|C|log n-a(t) fise + O <n<€>—q+l+40” ) . (34)

Returning to line (27), we see that

P[F (e, c,i)|H;]
1 — fawm

a

S0
Cla(t)(1 = t)h(t) — p*|C(1 — t)h(t) fas — €|Cllogn - a(t) fexe + O (nm+40p 6>]

7%+50p26
—elogn - {EXT +0 < (8) o+ )]

1 — faw
> @ | h(t) —
B {”

—2——L1 50p2e
> (Tl) [h(t) — 2p*elogn - fZVA —elogn - fEXT} +0 ( ()t " ) , (35)
2
where the last line follows since the extra p*elogn - % term absorbs f%“v“ - h(t) (recall
h(t) < elogn), and also absorbs the f%,, and fau - fExr terms by Observation 21.
Similarly, one can obtain an asymptotically matching upper bound on P[F(e, ¢, 7)|H,;].
Indeed, to do so we would start with an upper bound analogous to (26), but using (ava —
|C| fava) in place of (ava + |C|favs) to make the inequality go in the right direction.
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Analogously to (27) we would have P[F(e,c,i)|H,] < (1 + 2[a») a |g((e,’f>)| . After that
- 2 -ava

we would obtain an upper bound on |F'(e, ¢)| analogous to (34), i.e.

|F'(e, 0|

< [Cla(t)(1 = t)h(t) + p*|C|(1 — t)h(t) fava + €|C|log n - a(t) faxe + O <n(§§_‘1+1+40p E) ‘

Of course, this involves using bounds on several of our random variables, and in each case
we use whichever bound makes the inequality correct. In the calculations, this essentially
just swaps some “4” and “—” signs. Bounding error terms similarly to (35), we would
obtain the upper bound

1 " - —2- ol s0p2e
a _
2
< 2¢ l:gn7
(5)
which we will need later. Note that for the last line we have used h(t) < elogn and

Observation 21.
Returning to line (25) we see that

(36)

E[AAVA(e)|[Hi] = — ) PlF(e,c,i)|Hi]

c€Ava(e)

< —(ava(t) = [Clfan(®))

1 VA XT 727ﬁ1+50p26
R {h(t) — 2p*elogn - Jawn _ elogn - Je } +0 (n (8)-a+ )
(2) a 1—-t

el

ST

{a(t)h(t) — 3pPelogn - faws — €logn - a(t)fim] L0 (n2+(§§’w+50p e) |
(37)

where the last line follows from multiplying by the factor
(ava(t)—|C|fawa(t)) = |Cla(t) (1 — f%f) from the line above, using the extra p*clogn- fava
to absorb % - h(t) and the f3,, and fay, - fexe terms (see Observation 21).

Recall that by Taylor’s theorem, for any twice differentiable function g(¢) we have that
for some 7 € [t,t + At],

e+ A1) — (1) = g (At + " (7) (M)

We will apply the above to the function ava(t) 4+ |C|faw(t) = |C|(a(t) + fava(t)) with
At =1/(}) (the change in ¢ from step i to i + 1). Note that

d'(t) = —a(t)h(t), d’(t) = a(t)h(t)* — a(t)h/ (t).
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Since a(t) = O(1) and h(t), h'(t) = O(logn) (see (12)), we have a”(t) = O(log®n) for all
0 <t < tmax- Using (19) we have

1/2

f/ (t) =n (;'2’>—q-&-1—|—20p2E 5 2 o —5p2—1_10p*etlogn 4 - —5p? _10p*etlogn
o (t) = p-(1 —t) e + 10p“elogn - (1 —t) "¢

Lz +20p2 €

n (8- - 10p*elogn - (1 — t) = ¢l0p'etlogn (38)

WV

Also, for all 1 <t < t,,4. We have
Lz +2Op2e
" () =n (5)-a+1 [5])2(5]?2 11— t)—5p2—2€10p4et10gn
+ ]-OOPGEIOg n<1 o t)—5p2_1610p4et10g'n + 100p8€2 10g2 n(]_ . t)—5p2610p45t10gn]

17/2_;,_201,26
+1

O <n(10p4+5p2+2)6 log? n)

where on the last line we have used that since e = 1073p~% and - 2 > 1572 we have
B)-ar1 = 2
that the power of n is

1/2 —490p* + 25p? + 2

- 1o’ 10p* 2+ 2)e < .
(g)_q+1—|— Op“e 4+ (10p™ + 5p” + 2)e 10008 <0
Thus Taylor’s theorem gives us that
C , C|log®n
A1)+ Fan)] = 5 Lattyit) + fus] + 0 (E2) oo
2
Using the above and (37) we get
E[AAVA(e)T|H,]
<~ atno - spretogn- fa — ctogn- W22] I aynin + 1000
1—t¢ (5
() )
—24—L=3 4 50p2e
0 ( GEE )

24— 4 50p2e
= |(TC)’ |:3p2610gn'fAVA+€10gn' 1a(_t>thXT _f,/AvA(t):| + O <TL (2)7%1 ) :
2
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Finally, we verify that we have chosen fay., fexr that make (40) negative. Indeed, using

(19), (20) and (38) we have for all 0 < t < tyaq,
al(t
3pelogn - faw + clogn - %fEXT — fan(t)
W2 o2
< . <g)7q+l+ /4 <3p2€ logn ) (1 . t)—5p2610p45tlogn + elogn . (1 . t)—5p2610p4etlogn

— 10p*elogn(1 — t)_5p2610p46t10gn>

1/2

- +20p2e . X
— (_10p4 + 3p2 + 1) en (2)—q+1 logn . (1 . t)—5p elOp etlogn

_ o 1/2 4 2Y¢
::_Q(n<@qﬂ“”p“®)>.
Therefore (40) is at most

2+ BB2 L (lopt42sp?)e —24—2=3 L 50p2e
_Q<n GRS vo(n @Y L

The last inequality follows because the first power of n is larger than the second. Indeed,
if we subtract the second exponent from the first, and use the fact that (72’) —q+1<p?
we have
1/2
() —a+1

1 10p* — 25p%  102p*> =5
10p* — 25p%)e > — = > 0.
+ (1007 = 25p7)€ 2 55 + —550,9 200p"

6.2 Applying Freedman’s inequality to AVA™ (e)

First we bound |AAVA(e)|. Suppose at step i that the edge e; receives the color ¢; causing
some color to be forbidden at e through S. Then S fits some colors-only type z that is
a (e,¢,¢,c;)-preforbidder (where €,€ correspond to e, e;, and ¢ corresponds to the color
being forbidden). Then by Lemma 39 we have that MAXPOW(S(2),e U¥, 2) < 2=

(5)—gq+1

and so by Corollary 25, if ¢ is the partial embedding on € U € mapping € to e and &
—P=3 1 90p2e

to e;, we have EXT(z,¢) = O n (8)-o+ . Since each extension in EXT(z, ¢) gives

a constant number of colors forbidden at e, and since there are a constant number of

—pp_3 +20p2e
choices for the preforbidder z, we have |[AAVA(e)| = O n (8)-o+ . Also the one-
step change in the deterministic part of AVAT (e) is |A(ava + |C|fava)| = 0o(1) (see (39))
=2 — 120pe
so we have |AAvA(e)T| < O <n<2)_q+1 . Thus in our application of Lemma 23, we
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p—3

p7+20p26
will use D = O <n<2)_q+l > . Also we have

Var[AAVAT (e, k)|[Hi] = Var[AAVA(e, k)|[Hi] < E[(AAVA(e, k))* | Hy]

P=3 4 20p2e

<@ | AAVA(e, k)| [Hs,
P=3 1 90p2e 2|C|€10 n
< B T HE 8T
(5)
_20=5 30,2,
n(127>’ﬁ1+ ’
<

(5)
where we have used lines (25) and (36). So for our application of Freedman’s inequality

we have for all i < i,00 < (72‘) that

22=5 1 30p2e
V(i) = 3 Var[AAvA* (e, k)[Hy] <n(B)

0<k<i

=5 +30p?e
so we will use b = n (8)-o+ . Note that at the beginning of the process we have

AvaT(e,0) = AVA(e,0) — ava(0) — |C|fava(0) = —|C|fawa(0). For AvA™ (e, i) to become

. 25/2 4 o0p2e
positive would therefore be a positive change of A := |C|faw(0) = © n (8)-et )

Freedman’s inequality gives us a failure probability of at most

o (~a5 o) < (06

which beats any polynomial union bound.

7 Dynamic concentration of EXT(z, ¢)

In this section we bound the probability that &, fails due to Condition (ii). Let (z,€)
be a rooted trackable type on S = 5(z), let s := |S| and let ¢ have domain € (so ¢ has
order 2), where ¢(€) = e. Let

EXT*(2,¢) = EXT*(z, ¢, 1)

B EXT(2,¢) — ext, Fn*2|C|7""*f, if £_; holds and e € U,
B EXT* (2, 6,1 — 1) otherwise.
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We will show that EXT™(2,¢) is a supermartingale, i.e. that E[AEXT" (2, ¢)|H;] < 0.
Thus we will need to estimate E[AEXT(z, ¢)|H;]. To apply Freedman’s inequality we also
need to bound |AEXT(z, ¢)| in the good event. We have

AEXT(Z, Qb) =Dy — Dy — D3,

where Dy is the number of new extensions ¢ that come into EXT(z, ¢), Dy is the number
of extensions ¢ that leave EXT(z, ¢) due to edges in ¢/(S) getting colored, and Djs is the
number of extensions ¢’ that leave EXT(z, ¢) due to colors being forbidden on edges in
#'(S) (except for the extensions already counted by Dy). We will handle Dy, Dy, D3 sepa-
rately, finding the expected change and maximum possible change for each one. Estimat-
ing E[AEXTY (2, ¢)|H;] will require us to estimate the one-step change in the deterministic
function ext,(t). Recall from (5) that

E]

ext.(t) = n* 2| C| (1 — 1)) g () (B)
and its derivative with respect to  is (using the product rule and o’ = —ah)
extl(t) = n*7*|C| M (g1(t) — g2(t) — g3(t))
where
() = (1 = 1) B~ a () E) = (41)
gs(t) = ((;) - 1) (1 — 1) (&) ~2 () (5) -1 (42)

(()-e-1)ra-00 om0

We discuss a little motivation for the coming calculations. We will show that the expected
one-step change in EXT(z,¢) is approximately equal to the one-step change in ext,(t).
Note that

93(t)

[E[AEXT(Z, ¢)|7’[,] = [E[Dlw'[z] — [E[Dg’%z] — [E[Dg’%z],

and the three terms above naturally correspond to the three terms in ext’ (¢). In particular,
we will show that for 1 < j < 3,

ns—2 |C| —r—k

E[D; | Hi] = (n) g;(1), (44)
2
where ~ will be made rigorous. Note that we have
91(t). 92(t) < Pa()D 7, go(t) <pPa(t)D () (45)

We will now use Taylor’s theorem to estimate the one-step change in ext,(t). First let
us give a crude bound on the second derivative of ext,(¢). Recall from (12) that h(t) is a
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polynomial in ¢, whose coefficients only depend on n in that they have factors of the form
s—2
logr=2 n for s < p. Then,
d eXt(t) d Y] S\_p_ S\ _p_ S _p—
B A e P t(z)fl]zpt # ()1
= [ns_m_r_k] ~ [t —n ) 1(t)a(t)

where P;(t) is a polynomial in ¢ with coefficients that may have factors log;:3 n < logn.

Taking another derivative with respect to t, we get
d? ext,(t)
dtQ ns—Q‘C’—r—k

s

| = Pyt @,

where P; is again a polynomial in ¢, and the largest power of logn that shows up as a
coefficient is log2 n. Therefore, since P/ log2 n and a are bounded when 0 <t < 1,

ext!(t) = O (n*2|C|7"7").

Taylor’s theorem then gives us that from step i to ¢ 4+ 1, the change in ext,(t) is

Alext. (1)) = ext! (t)— + O (W)

™ 2
(2) (2)
(S S ow(S,e,z)—
= ) = ) = (1) + O (7))
2
where on the last line we used that by Definition 9,

_ — _ p—2 - p—2
Pow(3,2,2) =[S\ - —F— 2 _Coi(S,e,z) =5 -2 L2
(5) —g+1 (5) —q+1

Now we will similarly use Taylor’s theorem to estimate A[f,(¢)]. Recall from (20) and
(21) that

(r+k). (47)

o 1/2
f(t)=n (B

Then we can see that

2
+20p 6(1 B t)_5p2+1a(t) (;’)_2—€€10p46t10gn.

1/2

sy =n O

z

+20P26 s
(1= 1) 1Q()a(t) D)2l etoun

where Q(t) is some polynomial in ¢ whose only dependence on n is in the form of powers
of logn up to log2 n. Thus for all ¢ < ¢t = 1 — n~ ¢ we have

2P e (5P et 10pte
6 =0 (n B = o(1).

z

Taylor’s theorem then gives us that the change in f,(t) is

4 i 0 L :i/ ol —
AIF] = T8y + ( : ) i+ ( ) (18)

2
2 2) 2
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Now putting (46) and (48) together we see that
A ext, +n*2|C) " £.]
R el
B
Having just estimated the one-step change in the deterministic terms in EXT" (2, ¢),

in the coming subsections we will estimate the expectations of Dy, Dy, D3, formalizing
(44). We will also find absolute bounds on those variables which hold in the good event.

[91(8) = g2(t) = g5() + f1(8)] + O (P E=D=4) (a9

7.1 D,
7.1.1 Estimating E[D;|H,;]

For an extension ¢ counted by D;, in the previous step of the process the image ¢'(S)
must have fit some type of the form PRE(z,€). Each such extension ¢’ counts exactly
one way to create a new extension of type z in this step (the edge ¢/(€’) corresponding to
the edge € in z needs a certain color). Let E¢ be the set of edges that are colored under
z.

We estimate E[D;|#H;] as follows. For each € € Eg, each ¢’ that is of a type 2’ €
PRE(z,€) has a chance of becoming an extension counted by D; if on the ith step, ¢'(€’)
is the edge colored, and the color chosen for this edge is compatible with z. Thus, we
will write Dy < > X (€', ), where the sum first goes over all choices of €, then over all
2’ € PRE(z,€), and finally over all ¢’ € EXT(2/, ¢), and where, given one such fixed triple
(€,2',¢"), the edge ¢/ = ¢/(€') and we have that 2/(¢') = (AVAILABLE, ), and X (¢, ) is
the indicator random variable that is 1 if €’ gets colored ¢ on step i (note that we have <
for this expression for D; here because even if ¢/(€’) is assigned a color compatible with z,
this assignment could cause a color to be forbidden on a uncolored edge of ¢’, which may
result in the extension not being of type z. We will account for this a little later using an
error term D7 ). Then,

1
E[D1|H:] < PIX(¢,¢) | Hi] = 0 - (50)
Py 2 Ao
z'€PrE(z,e) z'€PRrE(z,e)
¢'€BExr(2,¢) ¢'€BExr(2,¢)

Now let us estimate the above. For a fixed € colored by z, if z(¢') = (COLORED,c)
for a real or repeated Platonic color ¢, then |PRE(z,€)| = 1 and 2z’ € PRE(z,¢) has
¢ = (¢ — 1 colored edges, and it has 7’ repeats and k' real colors used on colored edges
where 7’ + k' = r + k — 1 (we have either lost a repeat or a real color). Therefore the
number of terms in (50) corresponding to this fixed € is

EXT(Z, ¢) < extu(t) +n® 2O (1)
= po2|o R 11— @)t O 4 £, (t)] . (51)
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Meanwhile, if 2(€') = (COLORED, ¢) for a nonrepeated Platonic color ¢, then |PRE(z,€)| <
|C| and each z” € PRE(z,€) has ¢” = ¢ — 1 colored edges, " = r repeats and k" =
real colors used on colored edges. Therefore the number of terms in (50) corresponding
to this fixed € is

Y. Ext(z",¢) <|Cl(extu +nFCI T fa(h))
2" €PRE(z,€')

— 2|0 [ 1 = )OO )| (52)

where 2z’ is any element of PRE(z,€’), noting that the values of ext, and f, is the same
regardless of which one we choose. Note that f,. in line (51) really is the same as f,/ in
line (52) (see (21)), and so in either case (51) and (52) are equal, so the number of terms
in (50) is at most |E¢| = ¢ times the expression in (51). Therefore line (50) tells us that

ne 2Ok [ (1= 0 a() D 4 (1))

(5) (1 —t)(ava(t) — |C| faun(t))

1 Neo—1 | ef(D)
a(t)(2) T T0e®

E[Dy|H:] < ¢-

B ns—2|C|—r—k -fte_1<1 — t)(;
B 1 — f2at
POl T fan(®)\ e $)—e—1 $)—e-1 20f(t)
< (1+2 "o )et 1 =) g E) et o T

where the last line follows from the inequalities

1 2fava(t)
— <1+
1— &) a(t)

<2

Now, using (41), we can write (53) as

ns=2|C| -k fava(t) 201 (t)
0 (25w 250

s—2 —r—k
A gy 1) + 2606 aa ) +
()
where the above inequality follows from (45) and (21).

While the above work will be enough for us to establish that EXT™(z, ¢) is a super-
martingale, there is some more work required to show that EXT™(z, ¢) is a submartingale.
In particular we would also need a lower bound on E[D;|#;]. The bound given above over-
counts situations in which an edge is colored in such a way that a clique would become
the right type if it was not for the fact that the newly colored edge also caused a color
on one of the uncolored edges of that clique to become forbidden. To deal with this, we

2a(t)D 1 o (t)
-1

<

] o (54)
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will let D{ be the number of such extensions that do not become type z for that reason.
Note that we have

1
E;C () (1 = DAy
z'€PRrE(2,e)
¢'€ExT(2',9)

s

26a(t)D 1 o (t)
(1-1) ’
(55)

ns—2 |C‘ —r—k

-0

1 () — 20%a(t) &)~ fu (t) —

where the inequality follows from essentially the same work used to derive (54), but applied
to a lower bound. Now, to get a lower bound on E[D;|H,], it will suffice to subtract an
upper bound on E[Dy|H;] from (55).

Claim 28. In the good event we have

Pow(S,8,z)—2— —~1—+30p%e
E[Dy [ <n (8)-ats (56)
Proof. We intend to use Lemma 42. In order for an extension ¢’ to be counted in D; the
set S; = ¢/(9) fits some type z; € PRE(z, &) which is a predecessor of z rooted at &, := e
and e; is some edge colored by z.

Say z(€2) = (COLORED,¢s), and first consider the case when |PRE(z,€;)| = 1, i.e.
the case where either ¢, is either real or a Platonic repeated color in z. Then we have
only one choice for z; and z(é2) = (AVAILABLE, ¢y). Note that in this case we have
Pow(S,e,z) = Pow(S, e, z) + ﬁjﬂ since z; has one fewer coincidence than z. There

must be some (€, ¢o, €3, c3)-preforbidder z, on say Sy, compatible with z;, where 2 (e3) =
(AVAILABLE, c3). Indeed, the only real colors that would potentially need to appear on zy
are s, c3 and possibly one real color that appears on z;. Note that in this case we must
have Sy \ Sy # () since if it were the case that Sy C S}, then the fact that (22)e,, is not
legal (see Definition 12 (iii)) would contradict Observation 17 (i).

We bound the contribution to E[D; |H,;] from this case as follows. There are a constant
number of choices for the predecessor z; and the preforbidder z,. For each fixed choice
21, 2o we have by Lemma 42 and Corollary 25 that

’ ( ) Pow(S,8,21)— B 1q+1+20p2€ Pow(S,é,z)JrﬁHOp%
EXT(z1 U 29,0)| < n 2)” =n 2)”

Now for a fixed extension ¢’ € EXT(2; U 22, ¢) to contribute to Dy at step 7, note that we
need to color a fixed edge a fixed color. Indeed, we are in the case where the predecessor
z1 was formed by uncoloring an edge whose color ¢, was either real or a Platonic repeat.
If ¢, is real then the color chosen at step ¢ must be ¢y. If ¢5 was a Platonic repeat in z then
21 still has an edge colored ¢y, and in this extension ¢’ we must have that ¢, is represented
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by some fixed real color which must then be the color chosen at step ¢. Coloring a fixed
edge a fixed color has probability at most

1 —2—P=2 3
n (5’)—q+1
¢ ((1 —t><z)|c|a<t>> < ’

and so the contribution to E[D; |#H;] from this case is at most
= p—3 2 _9__ p—=2 T .\_9_ 1 2
O (nPOW(S,e,Z)+ (g)iq+1+20p € . 2 (5’2’)—(1+1 +35> _0 (nPOW(S,e,Z) 2 (5)—q+1 +30p e) '

Now consider the case where |PRE(z,€;)| > 1, i.e. ¢z is a Platonic color that is non-
p—2
—q+1

repeated in z. In this case there are |C| = O n () > choices for the predecessor 2y,

and for any z; we have POW(S, €, z;) = POW(S,e,z). We still have a constant number
of choices for the preforbidder 25, and for each fixed choice 2z, zo we have by Lemma 42
and Corollary 25 that

Pow(5,€,21 ) — ————+20p2e Pow(S,e,z)— L 120p2e
( 1) (p)qurl /4 . ( ) (12,>7q+1 p

|EXT(2’1 U Z29, ¢)| <n 2

Here each extension ¢/ € EXT(z1 Uz, ¢) represents a potential contribution to D] at step
1, and for this potential contribution to be realised we need to color a fixed edge a fixed
color. Altogether, the contribution to E[D; |H,] from this case is at most

= Pow(S,&,2) — 7t 20p%e  —2—P=2 43
0 (n(z)w B O T (s)wl“)

Pow(S,g,z)—2— —~1—430p%e
P)_
= (n (8) -1 .

Summing the contributions to E[Dy |H,] gives the bound (56). O

Subtracting (56) from (55) yields
ns—2’0|—r—k
()

Pow(S,e,2)—2— ————+30p2e
+0<n N T )

Via a similar calculation, we can show that

2|0 2a(t)®) 1 fe (1)
() (1-1)

Pow(5,&,2)—2— 71— +30p%c
+0|(n (8) -1 . (57)

E[D1|H;) >

5 a(t)(3)-1 -
[gl(t) — 2p2a(t)D 20 1) — 220 (1- t{ (t)]

E[Dy|H] < a1(t) + 2p%a(t) D2 (1) +
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It will be useful to have a crude upper bound on E[D;|H;]. To that end, using the
simple bound a(t) < 1 with (45), we can see that g;(t) < p*. Furthermore, using 1 —¢ >
m +(25p2+10p?)e
, we can see from (19) that fa. < n (8) o+ = 0(1), and from (20) that

1/2 +(25p%+10p)e

ol o (8) -1 = 0(1). Then using (47), we can rewrite (57) as

n—E

ns—2|C| —r—k

()

E[D:|H;] < [p* +0(1)] +O (n

7.1.2 Bounding D,

Here we give an absolute bound on how large D; can be in the good event. Let ¢; € ([Z}).
We want to bound D; when we color the edge e; the color ¢;. We can bound this by
considering predecessors of z.

First let us consider the case where ¢; is represented by itself in z (i.e. when z(€') =
(COLORED, ¢;) where € is the Platonic edge corresponding to e;). Let 2’ be the unique
element of PRE(z,¢). Now, D; is bounded by EXT(z', ¢') where D(¢') = eUe. Towards

using Corollary 25, let S’ be such that e U e’ C s C S. Then,
Pow(S, S, 2') = Pow(S, e, 2') — Pow(S ., 2')

— p—2 — p—2

=Pow(S,e,z) + ——— — | POW(S,6,2) + -
(3) —a+1 < () —a+1

_ _ — 1
= Pow(S,e, z) — Pow(5, e, 2) < Pow(S,e,2) — ———,
() —a+1
where the first equality follows from additivity (see Observation 32), then the second
follovi§ from the fact that 2’ is a predecessor of z in which an edge with a real color
€ € S C S was uncolored, and then the final inequality since |S'| > 3 and z is a trackable
type, so Pow(S',e,z) > ——— by Observation 17 (ii). Thus by Corollary 25, we have

(g)—q—l-l
that _
Pow(S,e,z)— m 1 +20p2e
Dy < [ExT(Z,¢)| < n (8) -1
Now consider the case where z(¢') = (COLORED,?), where ¢ is a Platonic color

corresponding to the real color ¢;. Let 2" be the (not necessarily trackable) type that is
identical to z except every label of the form (AVAILABLE, @) or (COLORED, @) is replaced
with (AVAILABLE, ¢;) or (COLORED, ¢;) respectively. We let z” be the unique element of
PRE(2”,€'). Any extension that enters EXT(z, ¢) at step ¢ must have previously been in
EXT(2",¢') where D(¢') = e U€. Thus we want to bound the size of EXT(2",¢'), so
again, towards using Corollary 25, we let S’ be such that e U e C s C S. Then by the

construction of z” and z" we have
_ _ _9 _
Pow(S,e,2) = Pow(5, 2, 2") — ———— — Pow(5,7,2"),
— 1
(2) q+
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since going from z to z” replaces all instances of a Platonic color with a real color that
did not appear on z, and that does appear on at least one colored edge of z” (namely €),
thus giving us exactly one new coincidence, and then going from z” to 2" uncolors an
edge that was colored a real color, causing exactly one less coincidence to occur. Similarly
POW(?,E, 2" = Pow(S,e, 2), so

Pow (S, 5, 2") = Pow(S,,2") — Pow(5 &, 2")
= Pow(S, e, z) — Pow(S e, 2)
— 1
<Pow(S,e2)—
G PR

L since z 1s a
(S)—q+1

where the last inequality follows from the fact that POW(?I,E, z) >

trackable type and [S'| > 3 (see Observation 17 (ii)). Thus we get

Pow(S,e,2)— m L +20p2e
Dl g ‘EXT(Z//,,¢/)‘ < n (2)—q+1

Thus in either case,
Pow(S,e,z)— - L +20p2e
Dy <n (8)-err (59)

7.2 Do
7.2.1 Estimating E[D2|H,;]

It is easy to see that

E[Ds[H,] = %EXT(% ?)

> ((;2)(_16_—25)1 <n572’0‘—r—kt€<1 _ t) (;)—Z—la(t)(g)—é—l N nsf2|0‘fr7kfz>

ns—? C —r—k p2a t (;)—f—lf o
2
where the last line follows from (21), (42) and (3) — ¢ — 1 < p?. Similarly,
s—2 C —r—k 2 t (;)—Z—l o
E[Do|H,] < % oty + 24 )1_t Jexe | (61)
2

We will need a crude upper bound on E[Ds|H;], so we note that using the simple
bound a(t) < 1 and (45), we have that go(t) < p?, and then using 1 —¢ > n™¢, we can see
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2y (25p%+10p*)e

from (20) that % <n (8) o1 = 0(1). Then, using this we can rewrite
(61) as

n572 | C|fr7k

()

2n572|0|7r7k

()

E[Ds|H] < [p* +0(1)] <2p (62)

7.2.2 Bounding D,

Any extension ¢’ € EXT(2, ¢) that is counted by Dy must contain both ¢(e) and the edge
e; that is being colored on this step. Thus, D, is at most EXT(z, ¢"), where D(¢") = eU#
(where ¢"(€') = e;). For any such ¢ and any S with D(¢") C S C S, we have

1

Pow(S, S, z) = Pow(S,e, z) — Pow(S , e, z) < Pow(S,e, z) — T —
(5) —g+1

where the last inequality follows from Observation 17 (ii) since € C S and z is a trackable
type. Thus, by Corollary 25 we have that

Pow(S,e,z)— m L 1920p2e
Dy < |EXT(2,¢")| < n (8)-ort 7 (63)

7.3 Ds
7.3.1 Estimating E[D3|H,;]

Note first that if £ = (;) —1 then € is the only edge in S that is uncolored, and therefore it

is impossible for EXT(z, ¢) to decrease due to a color being forbidden at an edge. In this
n572lc‘—r—k

(3)
assume that ¢ < (;) — 2.

Recall that F(e',c') = F(e',c,i) is the event that the color ¢ is forbidden at ¢’ at
step i. Consider some ¢' € EXT(z, ¢) and some uncolored edge ¢’ # ¢(€) in ¢'(S) (where
S = 5(2)), and let ¥ be a color map of ¢ (see Definition 5). The type z indicates that
some color ¢ is available at & (where € is the Platonic edge such that ¢/(€') = ¢’). The
color ¢ might be Platonic, but in that case ¢’ must use some real color 1(¢’) in place of
. To ease the notation, we define the event Fy (€', ) := F(¢'(€'),¢(¢)). Thus, we want
to know for which embeddings ¢’ does the event F, (€', ') happen on at least one edge &
in S, but also want to avoid counting any embeddings which end up having an uncolored
edge become colored on this step (as those are counted in Dy). We will let D3 denote
the embeddings ¢’ for which both F (€, ') happens to at least one edge @ C S, and an
edge in ¢'(S) is assigned a color on this step. Then D3 + Dy simply counts embeddings
removed from EXT(z, ¢) because a color that was originally prescribed as available at an
edge was forbidden at an edge (regardless of if an edge in the embedding was also colored).

case we deterministically have D3 = 0 = g3(t). For the rest of this subsection
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Thus we have

E[Dy+D;[H]= 3. P U Ful@.¢)
¢'€EXT(2,0) (€',¢’):2(€")=(AvAILABLE,c’)
Now we use the simple bounds for any events F; with j € J for an index set J,

> PIE]>P LU E;

jeJ

>> PEj]- Y PE;NEy],
jeJ 7,3'eJ
i

which imply

P [’U E;j| =Y PIE]+0| > PE;NE]

jeJ U
J#5’
Thus we have
E[Ds + D3 |H;] = > P[Fy (e, )] + O(Bs),
¢’ €EXT(2,0)

(€,c’):2(€)=(AVAILABLE,c")

where
By i— 3 PFy(@,d) N Fy(@, ).
¢’ €Exr(z,0)
(€,c’):2(¢')=(AVAILABLE,c")
(",c"):z(e")=(avAILABLE,c")

E’#E”
Now we will bound Bs.

Claim 29.

Pow(5,2,2) =2~ 7ot ——+40p%e
Bg =01|n (2)_q+1 .

p=3 2
Proof. First we claim that for any €', ¢, e”, ¢’ with €’ # €” there are at most n(g)fq“ﬂop 6
pairs €”, " such that assigning ¢” to €¢” would simultaneously forbid ¢’ at ¢’ and ¢’ at
e”. Indeed, recall Definition 27 and let Sy € Ser (€, ") and consider the following two
cases (handled in the following paragraphs): either ¢’ C Sj, or else ¢” Z S} in which case
there must be some Sy € Ser o (€, ") with Sy # Ss.

Consider first the case where ¢” C S;. The number of possible sets S; is bounded by
the sum of a constant number of terms of the form O(EXT(y, p)) where y is a colors-only
(@,c,e" c*)-preforbidder on S; (where ¢* = ¢ if ¢” = ¢’ and otherwise ¢* is a Platonic
color representing ¢’) and p has domain € U€”. Assume that y is chosen so that no real
colors other than possibly ¢ appear on colored edges. We have by Observation 14 that
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Pow(S,,e,y) < ("g:irl' Also since y is the colored portion of some trackable type rooted
2

at €, by Observation 17 (ii) we have Pow(gl,é’,y) > A qu whenever ¢ C S C3,.
-
Therefore 3
S _ D —
MaxPow(Sy, e Ue" y) < ——
GRS
—P=3 1 90p2e
and so ExT(y,p) = O n (5)-at1 by Corollary 25. Note that there is a constant

number of choices for y, and each element of EXT(y, p) represents a constant number of

7+20p26
choices for (¢, ¢”). Thus the number of choices for (e”, ") is O n (8)-ot

Now consider the second case, where ¢’ Z S;. We will use Lemma 43. S; must fit some
colors-only (€', c/,@"”, ¢*)-preforbidder y; on S; (where as before, ¢* = ¢ if ¢” = ¢ and
otherwise ¢* is a Platonic color representing ¢”’). Likewise Sy must fit some colors-only
(e",c",e", c*)-preforbidder y, on Sy. Clearly we can choose y1, 72 to be compatible. Then
the number of possible sets S; U Ss is bounded by a constant number of terms of the form
EXT(y; Uys, p) where D(p) =€ Ue". Since ¢ € S; we have & ¢ S;. Thus by Lemma 43
and Observation 14 we have

1 < p—3
G —a+1 () —g+1

MAXPOW(gl U 32, e U é”, 1y U y2> < POW(gl,EI, yl) —

p’;—i—QOp €
Thus by Corollary 25 we conclude that EXT(y; Uy, p) = O (n (5)-e1 ) . Since each

possible set S;USy counted by EXT(y; Uys, p) corresponds to a constant number of choices
+20p2e

for (e, ") we have that the number of such choices is also O n (8)-et

Adding together the bounds from the two cases, we get that the total number of
7-1-20}7 €
choices for pairs (¢, ") is O n (8)-t , 850 we have

=3 +20p2e

(’2’) a1 _ —2—(
(5)1 = 0ICla(t) | ~

1 2
+30p~e
S)fqﬂ

P[F(e,d)NF(", ")) <O

Now since the number of terms in Bs is at most O(EXT(z,¢)) = O (n*72|C|7"F) =
0, <npow(§7€7‘z)> (by Condition (ii) from Definition 20 the fact that z is trackable and

(47)), we have that
Pow(S,g,2)—2— m +40p?e
Bg =0|[n (2) o+ .
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Now we bound E[D3 |H,].

Claim 30. In the good event we have

The proof is very similar to that of Claim 28.

Proof. In order for an extension ¢’ to be counted in Dy there must be two sets S; = ¢/(5),
which fits the type z; = 2z rooted at €; := €, and Sy, which fits a preforbidder type. Say
Sy fits the (€2, co, €3, c3)-preforbidder type zo on S, and compatible with z;, where &,
represents the edge (say €’) getting a color forbidden causing ¢’ to be counted in D3 and
5 represents e;. First consider the case where S Z S1. For this case we will use Lemma
42. Since ¢’ Ue; € 51N S, we have e, Ueg C SN S,y. Thus, if we let y := 21 U 29, applying
Lemma 42 we have

N
(5) —g+1

1

MAXPow(S; U Sy, e,y) < POW(S, e, 2) — —
1 2 1 (12)) I + 1

= Pow(S,e,2) —

Thus by Corollary 25 we have that

Pow(S,g,2)— - L 1920p2e
IEXT(y, )| < O [ n (8) o+ .

Note there is a constant number of choices for the colored portion of y,. There is a
constant number of relevant types y, and each element of EXT(y,¢) represents some
constant number of potential ways to get a contribution to D;. Each such way has

—2——P=2 43
probability at most n (})-++' " Thus the expected contribution to D5 from this case

is at most

Pow(S,e,2)— —~——+20p2e —2—P=2 3 Pow(S,6,z)—2— =L 430p2e
DY _ p)_ P)_
O (n (8)-a+1 n (8)-a+1 <n (8)-a+1

which is even smaller than we need.

Now consider the case where S5 C S. In this case each element of EXT(z, ¢) represents
some constant number of potential ways to get a contribution to D5 . Thus the expected
contribution to D; from this case is at most

B)—a

O(|Bxt(z,0))) n B < Jren

—2—P=2 3 Pow(S,e,z)—2— (17;2+30p26
1

where we use Condition (ii) from Definition 20 to bound |EXT(z, ¢)]. O
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With the claim in hand, we have

[E[D3|HZ] } Z P [Fqg/ (El, C,)|Hz] + @] (n

¢’ €EXT(2,0)
(€,c’):2(€')=(AVAILABLE,c")

We then use Condition (ii) from Definition 20 to lower bound the number of terms in the
above sum, and (35) to write

E[Ds|H,]

S _ 1 _
> (ext, —n*?|C|777F L) - M [h(t) — 2p*elogn - favs _ elogn - -

(5) a(t)
Lo (npow(ﬁ,e,z)—Q—WMOp%)
_ ((;) —1- e) %ﬁa@@)—f—l [tf(1 — 1)) fEXT}

Pow(S,e,2)—2— 5 L 140p2e
¢ |:h,(t) — 2p2€a(t)_1 logn . fAVA — elogn . {EX;] + O (n (2)—q+1 )

fEXT:|

ns—2|C|—r—k
(5)
A fI%XT
+ O fEXTfA\/A +

[gg(t) — 2p4ea(t)(;)_é_2(1 —t)logn - fawm — 2p26a(t)(§)_€_1 logn - fexr
Pow(S,e,2)—2— - L 140p2e
+0([n (8)-at1

[95(8) = 2p*ea() D21 = 1) logn - faus — 2%ea(t)E) " logn - f

1-t¢

ns—2 ‘C|_T_k
(5)

Pow(S5,&,2)—2— 7t 1+(20p4+50p2+3)6
+0(n (8)-e+ (64)

On the second-to-last line we used (43), the fact that h(t) < elogn, (5) —1—¢ < p?, and

that ¢ < (;) — 250 t*(1 — t)@)_g_l < 1 —t. On the last line we have used that

2 — L+ (20p*+50p2+2)e
fEXTfAVA + {Ei(; = O (n (§>—q+1 >

which follows from Observation 21, a < 1and 1 —t < 1.
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Similarly, using (36) we can write

E[Ds|H;]
. ns—2’0‘—r—k
)

Pow(g,é,z)foﬁ+(20p4+50p2+3)6
_|_ O n (2) —at (65)

95(0) + 2p*ea(t) D21 = 1) logm - faun + 2p%€a() D)7 log - fisa

We will need a crude upper bound on E[D3|H;], so using the simple bound a(t) < 1,
along with (45) and (16), we have that g3(t) < p?h(t) < p?clogn. Furthermore, using
L2 (25p+10pt)e
1 —t>n"¢ we can see from (19) that fa,, <n (8) o+ = 0(1), and from (20)
- 1/2 +(25p%410p*)e
that a(t) - fexr < 1 (8)-a+1 = o(1). Using the above bounds, we can rewrite
(65) as

nsz | C|fr7k
(2)

< 2pelogn -

E[Ds|H;] < [pQE logn + o(log n)} +0 (n (8)-at1

ns—? ‘ C’—r—k
)

where we have used (47).

Pow(S,e,2)—2— L +(20p4+50p2+3)6>

(66)

7.3.2 Bounding Dj

We describe how to get a contribution to Ds. To get a contribution we must have some
extension ¢ € EXT(z,¢) whose image is some set S; D e fitting z. Assigning ¢; to e;
forbids some color ¢ at ¢ C Sj, causing ¢’ to no longer be in EXT(z,¢). So there is
some Sy € S, ., (€, ) fitting some colors-only (€2, ¢a, €3, c3)-preforbidder type y, on say
S, where @, €3 correspond to e; and €’ respectively, ¢, = ¢; and c3 is either equal to ¢ if
c = ¢; or else c3 is Platonic representing ¢’. Assume we choose 3, compatible with z.

We will use Lemma 43. Weuse y; = 2, S; =S and e, =¢ (we have already defined
So, s, €2, €3). Note that e; cannot be in S; (otherwise we would actually get a contribution
to Dy instead of D3), and so €, € S as required. Lemma 43 then gives us that

N
(5) —a+1
N
5)—g+1

MAXPOW(gl U gg, epUeq, yp U yg) < POW(gl, €1, yl) —
= Pow(S,e,z) —
Thus, by Corollary 25 we have for ¢” with domain €; U €, that

, Pow(S,e,z)— (p)iﬁl+20p2s
[EXT(y1 Uya, @) < ’
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There are a constant number of choices for y, and each element of EXT(y; Uy, ¢”) gives
a constant sized contribution to D3. Thus

Pow(g,é,z)f%JrQOer
Dy=0|n (8)-o2 . (67)

7.4 Establishing that EXT™(z, ¢) is a supermartingale

Note that since f,(t) = a(t)(;)_e_leXT(t), we have

S

7200 = ) )= ((5) = £ 1) a0 0 )

s

> a(t) B [fh(t) — Pelogn - fumar(t)]

where we used (;) — ¢ —1<p?and h(t) < elogn.
Therefore

E[AEXTY (2, ¢)|H,]
ns—2 |O| —r—k

()

= E[AEXT(z, ¢)[Hi] — [91(t) — ga(t) — ga(t) + fL(£)] + O (nPOW@azHﬂ)

< E[Dy — Dy — Ds3|H,]
B ns—2‘c‘—r—k
(%)

+0 (nPOW(g,E,z)—4+6> ’ (68)

01— 02— g5+ 00D [Fn0) = Pelogn fiaa(t)]

where the second line uses (49). Now using (54) (and ¢ < p?) we have

ns—Q | Cl —r—k

E[D,|H:] — oY
< %;"k [2p2a(t)(§)“fAVA(t) + 2 Za(t)(i)__tleXT(t)] (69)
Using (60) we have
ns—2 —r—k ns—2 —r—k 2a (;)—Z—l ExT
1Dy - %QQ . \(f)! P (t)l_t f (70)
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Using (64) we have

ns—2|0|—r—kg
— 93
()

=21} —r—k . S
_u |:2p4ea(t) (2)—5—2(1 — t) logn . fAVA =+ 2p26a(t) (2)_4_1 logn . fEXT

()

Pow(S5,e,2)—2— 7 L 1+(20p4+50p2+3)e
+0|n (8)-ar - (71)

Now to bound line (68) we take (69) minus (70) minus (71) minus

E[Ds|H;] —

>

s—2 —r—k =
e |(€)| ()BT [fha(t) = pPelogn - fiwa(t)] + O (npow(s’az)“**e) :
2
We get

ns—2 |C‘ —r—k
(5)

t)logn

E[AEXT (2, ¢)|Hi] <
2

;Ei - fA\/A(t) + (12ft + 3p2610g n) fEXT - f]é}xT(t):|

Pow(5,2,2) =2 — 7ot ——+(20p* +50p? 4 3)e
+0 | n (8)-ats : (72)

_ {2}92 + 2p*

We verify that we have chosen fay., fExr that make the above line negative. Indeed, since
a(t) = e 1® we have

i+20p26
fEXT(t) =n (g)_q+1 (1 _ t)*5p2+1a(t)71610p46t10gn
___1/2 2,
=n (S)fq+l+20p (1 o t>f5p2+1610p4etlogn+H(t)
and so
7L 20 2E
Font) = O (a2 = 1)1 — gy s

(L= )7 (10pelog 4 h())e!0r' s i)

1/2

(12?)7,”1 (5p2 . 1)(1 o t)—5p2€10p4etlogn+H(t)

WV

+20p2e
n (

+ 10p46 lOg n- (1 o t)—5p2+1610p46t logn-l—H(t)) )
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Thus we have that the expression in brackets on line (72) is

2p? + 2pte(1 —t) logn

2p? 2 /
fAVA(t)+ +3p elogn fEXT_fEXT

a(t) 1—t
_ 12 +20p2e
<n 15)*q+1 <2p2 + 2p46(1 . t) log TL) (1 . 75)—51)2elOp‘*etlogn—f—H(t)
+ 2p2(1 . t)—5p2610p45t10gn+H(t) + 3p2610gn . (1 _ 2f)_5;,)2—',—161[)11)4575logn—‘,-H(t)
. (5p2 . 1)(1 t>—5p2610p46t10gn+H(t) . 10p4elogn- (1 . t)—5p2+1610p4et10gn+H(t)]
i+20p26
—p () (1-— t)_5p2610p46t logntH(1) | 902 4 2pte(1 — t) logn + 2p°
+ 3pPelogn - (1 —t) — (5p* — 1) — 10p*elogn - (1 — t)]
P1/2 +20p26 2 4
—n (8)—a+1 (1- t)—5p pl0petlognt-H(t) | 1 —p2 + (3p2 _ 8p4) e(1—1t)logn

_ 12 2
= -0 (n (g)_q+1+20p 6) .

Thus, using a = n™, (5) — ¢ —1 < p? and (47), line (72) becomes

s—2||—r—k . — L2 op2e Pow(5,,2)—2— -~ +(20p*+50p>+3)e
IO g <n o >+o<n R

(5)
_ Pow(S/8,2)—2— 7oL 2— +10p2e Pow(S,2,2)—2— 7ot —+(20p* +50p°+3)e
= —Qfn (8)-at1 Ltoln (@)t

< 0.

7.5 Applying Freedman’s inequality to EXT" (2, ¢)
Note that by (59), (63), and (67) we have

Pow(g,é,z)—p;—&-%p%
|AEXT(2,¢)| = |Dy — Do — D3| < D1+ Dy + D3y <n (8)-a+1

Pow(S,e,2)— > 1 +30p2e
Thus in our application of Lemma 23, we will use D =n (5)-et1 . Also
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we have

Var|AEXT" (z, ¢)|Hy] = Var[AEXT(z, ¢)|H]
< E[(AEXT(z, 6))” [H4]

Pow(S,e,z)—

1
n (g)_Q+l+30p2

<E

< |AEXT(z, ¢)\|”Hk]

Pow(S,€,2) — ————+30p2e s=2| | —r—k
<n (8)-a+1 I |€|
(5)

Se,z)— L 2e
5 <n2Pow(S, 2) (g)iq+1+30p )
()

where the last inequality follows from using (58), (62) and (66) to write

6p2elogn

ns—Z ’C| —r—k
(5)

and so for our application of Freedman’s inequality we have for all 7 < 4,4, < (g) that

E [|AEXT(z, ¢)||Hi] < 3max{E[D;|Hy], E[Da|Hy], E[Ds|H,]} < 6p*elogn.

= QPOW(E,E,,Z)—%J'_gOIﬁe
V(i)=Y Var[AAva® (e, k)[Hi] = O | n (8)-at1 |

0<k<i

~ 2Pow(S,&,2)— - 1 +30p2e
So, we willuse b=0 | n (8) a1 . If z has at least one colored edge then

EXT(z,¢,0) = ext,(0) = 0 and so we have
EXT"(2,¢,0) = EXT(2,6,0) — ext.(0) — n**|C| " £.(0) = —n*7*|C| 77" (0).

We use the notation (n), := n(n —1)---(n —m + 1). If z has no colored edge then
r =k =0 and EXT(2,¢,0) = (n),_» while ext,(0) = n*? and so

EXT(2,6,0) = EXT(2,6,0) — ext.(0) — n°2£.(0) = —n*£.(0) + O(n"~?).
Either way we have EXT(2,0,0) = —(1 + o(1))n*"2|C|7"*f.(0). For EXT"(z, ) to
become positive would therefore be a positive change of A := (1+0(1))n*=2|C|7"*£.(0) =

1/2

B Pow(S,g,2)— - +20p2e
Oln (8) -1 . Freedman’s inequality gives us a failure probability of at

oo gt <o (260

which beats any polynomial union bound.

most
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8 Phase 2

In this section we show that we can finish the coloring using a fresh set of colors and a
simple random coloring on the remaining uncolored edges. We assume the event &;
holds. Let C” be a set of colors disjoint from CUC with |C’| = |C]. Then we independently
color each edge not colored in Phase 1 with a color chosen uniformly at random from C’.
We now show that this simple coloring scheme leaves us with a (p, ¢)-coloring with positive
probability.

We use the asymmetric Lovasz local lemma found in [1]:

Lemma 31 (Lovész local lemma). Let A be a finite set of events in a probability space S
and let G be a dependency graph for A. Suppose there is an assignment z : A — [0,1) of
real numbers to A such that for all A € A we have

P(A) <z(4) ] (1-a(B) (73)

BEN(A)

Then we have that the probability none of the events in A happen is

u></\ Z) > [ -=4) >0

AcA AcA

We apply Lemma 31, where we have a bad event Ag for each set S of p vertices, r
repeats and ¢ < g+ r — 2 colored edges. If £ > g+ r — 1 then there is no chance that S
could end up with too many repeats. Indeed, even if all of the (g) — 0 < (’2’) —q—r+1
uncolored edges of S all got the same color, this would be at most (g) — ¢ —r new repeats
for a total of at most (’2’) —¢q. So we assume ¢ < g+ 1 — 2. The bad event Ag is that S

gets an additional (’2’) —q —r + 1 repeats. To each such set S we associate the number

e——b=2 P)—q—r+1 e—p+247- pp—Z
z(S):=n (5)“1“(( ) ) =n b (8)-a+1

We bound the number of such sets S containing a fixed edge e. Each S must fit some
legal type z using only Platonic colors on its colored edges, and we can assume S has at
least two uncolored edges (or else there is no chance it would gain any repeats in Phase
2). We claim that z is a trackable type. Indeed, if e, ¢’ are uncolored edges in S, then z
is a predecessor of some (€, ¢, €, ¢)-preforbidder 2/, where €, € correspond to e, €', ¢ is any
real color, and 2’ is formed by assigning the color ¢ to uncolored edges (other than e, e’) of
z until it has (%) — ¢ — 1 repeats (since there are (5) —¢—2 > (%) — ¢ — r uncolored edges
besides e, €/, there are enough). Since z only uses Platonic colors on its colored edges, it is

determined by choosing the available colors on the (’2’) — ¢ — 1 uncolored edges, excluding

the root. Thus the number of choices for z is O <|C |(§)_€_1). For any such type z and a
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¢ of order 2 we have for i = 4,,,, and t = t,,,,, that

EXT(z, ¢) < ext,(t) + np72|0\77“f2(t)
/2 2,
(g>—q+1 2P (1 _ t)*5p2+1a(t>71610p46t10gn

= nP?|C) Ta(t) ()4 [ﬂk¢ﬂ>1+n

_0 (np—2—r (12)3’ = —(e+5)((g)_4_1)>

where on the last line we have used that there exists some constant § > 0 (depending
on our other constants) such that a(t,..) < n~°. Indeed, from (12), we can see that

h(t) = hy,(t)logn > > t®)- 2logn for some constant ¢ > 0, and so

tmax tmazx
H(tmam) = /0 h(T)dT = /0 CT(Q)_Z lOng dr

S (1-— n_e)(g)_l logn > % logn.
p

(5) -1

<
p2

so 0 = 5 suffices.

Thus, a(tmae:) = exp{—H (tmaz)} <1
@) (\C £_1> choices for z and use a(t) > n™¢, each

If we sum the above over all

set S is counted (1 + o(1))(|C|a(t)) (5) >+ 0(1))(|C\n’5)<g)_£_1 times. Thus the
number of S is

e () e ()i
S e - ZOGP @hﬂx0e>>

(1Cln—o B!
_6 <n <’s§-j“_5) ,

where we have used that { < g+r—2and r < ( ) —q. We check condition (73). We have

pas) =0 (—L ) o (n @O g (T
0|(&)-a—r+1

which is smaller than

o . P2
g 22 O(np ) (5)-at1 6)
st(l—n Oq“)

> 26 (1 X 2T (n’”""' &) ‘5) )
=g (1 -0 (né"s))

=(1-o0(1))zs.
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9 Some properties of the functions EDGCOI,
CoI and Pow

Our goal of this section is to prove the technical lemmas (namely lemmas 39, 42 and 43)
which were used in previous sections. We first will need to build up some machinery
involving the functions EDGCo1, CoI and Pow.

We have the following additive property.

Observation 32 (Additive property). For any typey on T and E5 C E, C E; C (Z) we
have
EDGCOI(EL, E3,y) = EDGCOI(E1, Es,5y) + EDGCOI(Es, E3,y).

Also for any Ts C Ty C Ty C T we have
COI(TI,T?,, y) = COI(TI,TQ, y) + COI(TQ,T:),, y)

and
POW(TLT& y) = POW<TLT27 y) + POW<727T37 y)
Observation 33 (Monotonicity). For any typey on T and E4 C E5 C Ey C B} C @)
we have o o
EDGCOI(Es, Fy,y) < EDGCOI(EY, Ey, y)

and
EDGCOI(E,, Ey,y) > EDGCOI(E,, E3,y).

In other words, the function EDGCOL is increasing in its first argument and decreasing in
its second argument. Similarly for any Ty C T3 C Ty C T C T we have

COI(TQ, T4, y) < COI(Tl, T4, y)

and L o
COI(TQ,T4,y> > COI(TQ,Tg,,y).

Definition 34. For any type y on Tand Es CEy,CE, C (g) we let
v(Ey, Es, E3,y) := |FREE(E, \ E3, B2 \ E3,y) \ FREE(E}, E>, y)‘

In other words, v(E,, Ey, Es,7) is the number of Platonic colors ¢ such that ¢ appears
(on colored edges under the labeling y) in £, \ Ey and in E3 but not in Fy \ Ej.

Observation 35. For any type y on Tand E3s CE,CE, C (?) we have

EDGCOI(El, EQ, y) = EDGCOI(El \ Eg, EQ \ Fg, y) + V(E17E2, Eg,, y) (74)
> EDGCOI(El \Eg,Eg \Eg,y) (75)
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Proof. Obviously (74) implies (75). To see (74), first recall that
EDGCOI(E, Ey,y) = |M(Ey, Ey,y)| — |FREE(EY, Eq,9)|
and
EDGCOI(E, \ E3, B \ Es,y) = |[M(Ey \ E3, By \ Es,y)| — |[FREE(E, \ E3, E; \ Es,y)|.

Now observe that M(Fl,E_z, y) = ]\_/[(El_\ Es, By \ E3,y) and
FREE(E, Ey,y) C FREE(E) \ B3, Es \ E3,y), and (74) follows. O

The next observation looks just like line (75) except we do not assume E3 C Ej.
Observation 36. For any type y on T and edge sets Ey, E5 C Eq C (z) we have
EpcCot (Ey, Es,y) = EnpGCo1 (B4 \ E3, E> \ E3,y)
Proof. We have

EpcCor (El,EQ, y) > EpcCol (El \ (EQ N Eg),EQ \ (EQ N Eg), y)
2 EbpcCor (El \Eg,EQ \Eg, y) .

The first line follows from Observation 35. The second line follows by from Observation
33 (from the first line to the second, we decreased the first argument and kept the second

argument the same).
U

Given two vertex sets A and B, we will denote the collection of edges with one endpoint
in A and one in B as [A, B].

Lemma 37 (Excision property). For any type y on T and T3 C Ty C T, C T we have
Co1(T1,Ta,y) = Col(T1\Ts, T2\Ts, y)+EpcCor (7177273/) +v (F27F37F4,Z/) (76)

where

_ T — T — — T — T o

F = (21), Fy = (;) \[T1\T,.Ts], Fs:= (22), F, = (23) U[T2\ T3, Ts).
We also have

Pow(Ty,Ts,y)
p J—

_p=2
(5) —a+1

=Pow(T1\ T3, T2\ Ts, y) — [EDGCOI (bemy) +v (FQ,FS,meﬂ .

(77)
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We will often use Lemma 37 and the fact that EDGCOI, v are nonnegative to get
inequalities by dropping the EDGCOI or the v term from (76) or (77). For example by
dropping both terms we get the simpler inequalities

Co1(Ty, Ty, y) = Co(T, \ T3, T\ T3, y)
and o -
Pow (T, Ty, y) < POW(T1\ T3, To\ T3, y).

_ Recall that _V(FQ_, F3, F4,7) is the number of Platonic colors appearing in F \ F3 and
F, but not in F'3\ F4. Thus it will be helpful for future reference to write

FO\F, — (Tl ;E)u[Tl\E,E\Tﬂ, F\Fi = (TQ ;T?’)v Fi= (Tz?’)U[T?\T&T?’]

Proof of Lemma 37. Since (76) implies (77) it suffices to prove (76). Note that F, C
F3 g F2 QFl We have

COI(Tl,TQ,y):EDGCOI((T1> ( ), ) EpcCor (Fy, Fa,y)
(
(

= EpcCol (F4, Fa,y) + EpGCol (Fa, F3,y)
— EpcCot (Fy, Fa,y) + EpcCo (T \F4,F3 \Fuy) + v (Fs, Fa, Fury)
= EpcCor ((Tl ; T3), (T2 ; T3) , y) + EpGCol (Fy, Fa,y) + v (Fa, F3, F4,y)
— CONT, \ T3, T\ T, y) + EpGCOL (Fy, Fauy) + v (Fa, Fy Fay) -
Indeed, the first line is by definition of CoI1, and the second is by additivity. The third

line follows by applying Observation 35 to EDGCOI (Fg,?g,y). On the fourth line we
have rearranged terms and used the simple combinatorial identities

Fo\ T, — (71;T3>, T\ T, — <T2;T3).

On the last line we use the definition of COI again. O
Observation 38. For any type y, and any e C T C T,
Pow(T,T ,y) = Pow(T, T, col(y)).

Proof. The uncolored edges of y and col(y) do not affect the value of Pow(T, T/, y) or

Pow(T, T, col(y)), and y and col(y) are identical everywhere except on uncolored edges,
so the result follows. O

Lemma 39. Let y be a (€', ,€",¢")-preforbidder on S. Let @ = a(gl) be the number of
Platonic colors in {c',c"} that appear in S but not in S'. Then for all S withe ue" C
5 ¢35,
_ p—2 1
Pow(S, S/, y) < o —
() —a+1 () —a+1
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Proof. Consider the type yg e on S formed from y by replacing the label on @ with
(COLORED, ) and the label @ with (COLORED, ¢’) (and making no other changes). Then
by Definition 12 (iii), ye ¢~ is not a legal type. In particular, the colored edges of S under
the labeling ye z» have R(]S|) + 1 repeats. Say that x is the number of real colors among
the colored edges of S under yg z7. Then using (4) we have

s g p=2 (USI=2)(() —a+1) L p-2
POW(S7@7y6,6”><|S| 0 (g)_q+1< p—2 +x| =2 4(]23)_(]—’_11‘

Meanwhile, as a consequence of Definition 12 (iv), the colored edges of S’ under the
. —/

labeling yz z» have at most R(|S'|) repeats. There are at most x real colors among the

colored edges of S under Yer 2. Thus we have

y By p=2 ((F1-2(®)-a+) 1
=1 =11 > - - N
Pow (S, 0, yzrz0) =2 |S| =0 (g)_q_,_l( p—2 p_2+96

1 _ p—2 .
G)—g+1 (5 —aq+1

=92+

Thus we have
1

HETES, (79)

POW(§7 glv yé’,?") = POW(?, wa y@',é”) - POW(E,’ (Z)7 yé’é”) < -

Now to get (78), we consider the effect of uncoloring the edges €,€. In particular, recall

that
COI(§,§/,%/;~) = EpcCor ((g), (g ),ye/7e//>

(@) |

Y

and B ) B )
S\ (S S\ (S
M =l =1 = M
() (5)er) -1(()-(5)0)-
while B . B .
S\ (S S\ (S
FREE((2)7<2)’ye///)‘— FREE((Q),(Q),?J)‘—CY,
S0
POW(S, S,y o) = POW(S, S, y) — — L2 q
) y Je' e ) ’ (12)) —q + 1
and this combined with (79) implies the result. O
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Lemma 40. Lety be a (¢, c, @, c)-preforbidder on T. Let T = Ry{URyUR;5 be a partition
such that Ry, Ry # () and |R3| <2 (R3 can be empty). Then

EpcCor ((f), (?) \ [El,ﬁg],y> > 1.

Proof. Let |Ry| = 11, |Ry| = 72, | R3] = r3. Let us assume without loss of generality that
r1 = 19 and so we have 1 < ry < p/2. Note that since y is a preforbidder we have

_9. (80)

On the other hand we have

Co1(T,e,y) = EpcCor <<§> 7 QLZ/)

~ enacor (3 ). () \ P dow) + Eoacon ( (3 )\ Rl () 1).0)
+ EpcCor ((El L; Fg) 0, y)

< EpcCor ((z), (f) \ [E,E],y) + (2) + rors + (ri 4 rs _;)_((212)) —at1) + 3.
(81)

Indeed, the first line is by definition and the second line uses Observation 32. The last
(ri+ra=2)((§)—a+1)
p—2
3 real colors (see Definition 12 (v)) and since there are only (7?) 4 ror3 many edges in

line follows since R; U R3 can contain at most repeats (see (4)) and
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(1) \ [R1, Ry] that are not in (R1L2J§3). Now putting (80) and (81) together we get

EpcCol ((?), (z) \ [Ry, Rz],y>
D)

T =2) () —a+

e () - RO )

> p—2 2 p—2
—q+1
SAGEIID AT
2
—q+1 ~1
( q T2 _2>_5
p— 2
—g+1 —
( q _p/2-1 2)_5
2
(p —6p+16 4q) .
p—6p—|—16 4q :p2—26p+56—4q>0
4(p —2) 4(p —2)

In the second line we used that |T| = r; + 73 + r3 and that 3 < 2. On the fourth line
we use 1 < 79 < p/2, and on the last line we use the same again, along with the bound
q< ’% in the hypothesis of Theorem 1. Since EDGCOI only returns integer values
we are done. 0

Lemma 41. Let y; be a trackable type on Si with root 1, and let iy be a (€, ¢y, €3,¢3)-
preforbidder on Sy that is compatible with v,. Let S C S1US,. Assume the following:

(i) S» Z S
(ii)) e, C S
(iii) 85 C S US,
(iv) either e, C Sy or ¢y is a real color
(v) €3 C Sy

Then
1

—(5) P (82)

Pow(S; U 55,5y U y2) < Pow(Sy,e1,91) —

Proof. We will consider t_vx/fo cases. I B B
Case 1: Sy \ 51 € S. Equivalently, (S U S;) NSy # Ss. In this case we have by
additivity that

POW(gl U§2’§/’ U1 Uyg) = POW(glugl,gl, Y1 Uyg) +POW(§1 Ugg,glugl, U1 Uyg) (83)
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Now using Lemma 37 with T5 = S \ S1, we have
POW(?I U §1,§I7 y1 Uys) < POW(E,?I NSty Us).
Using Lemma 37 with T, = S; U Sy, Ty = S u S; and T5 = S; \ S we have
POW(S; U S5, S USy,y Uys)
< POW(Ss, (5 USh) N S, ) — ﬁy (Fs, Fs, Farn U, (84)

where

Let o be the number of Platonic colors in {cy,c3} that appear in Ss, but which do not
appear in (S US;)NS,. Note that this is precisely the value v = a((S'US;)NS5) we need to
bound Pow(Ss, (F’UE)OEQ, y2) using Lemma 39. We claim that v (72, Fg, Fy,yp U yg) >
a. To justify this claim, first note that by Definition 34 this v value counts the number
of Platonic colors appearing in F» \ F'3 and in F4 but not in F3\ F;. Suppose a Platonic
color ¢* € {cg, 3} is counted by . Then ¢* does not appear in (SQO(%US”) =F3\ Fy. ¢
also appears in (%), so it must appear in (E;’) \ (520(52’@1)) = F, \ F5. Furthermore, by
conditions (iv) (if ¢* = ¢3) and (v) (if ¢* = ¢3), y; assigns (AVAILABLE, ¢*) to some edge,
and so since y; is a trackable type we know ¢* must appear in (521) \ (Sm(g’us 1)) C Fy.
Thus ¢* is also counted by v (F2,73,74,y1 U yg), and so v (Fg,?g,F4,y1 U yg) > .
Using (84) we now have

- o —9

POW(Sl U SQ, S/ U Sl, 1y U yg) < POW(SQ, (S/ U 81) N 82; Yy U 92) - 4(1))1)_ o 104
2

and so (83) becomes

POW(gl U gz, gl, Yy U yQ)

< POW(§1,§I NS1,y1) + Pow(Sy, (gl US1) N Sa,y0) — p—2

@ —q+1°
L —9 1 p—2
< Pow(S,, 5 NSy, y) + - a- - @
(S 1 41) B —q+1 G)—a+1 () —qg+1
B o 1
= Pow(S1,e1,y1) — POW(S/ﬂShEbyl) a (P) —q+1
2
_ 1
< Pow(Si, e, y) —
(lelyl) (;;))_q+1

where on the second line we have used Lemma 39 (note that (§/ US;) NSy # S, follows
from the case assumption) and the last inequality follows from POW(?I NSy, e,Ly) =0
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(since g, is trackable, see Observation 17 (ii) and note that POw(ey,€;,y;) = 0). So, (82)
holds and we are gone 1_n/ this case. o
Case 2: S5\ S; C S. In this case we have S" U S; = 51 U S,. We have
Pow(S; U S,, gla Y1 Uye)
= POW(g/ U gl, gl, 1y U yg)

o _9 L
< POW(Sl, S/ N Sl,y1> — IJP;EDGCOI (Fla F2,3/1 U yz)
(2) —q+1
_ _ _ -2 —
= Pow(S1. e, y1) — Pow(S NSy, e,m) — hEDGCOI (F1,Fa,y1 Uya),
2

(85)
where on the second line we have applied Lemma 37 using

T,=S5uUS, T,=S5, T3=5\5,

F = @) F, = (T;) \ [T\ T, T

Now if gl N 31 7£ él then POW(F/ N ?1,51, yl) Z

and where

%ﬁl by Observation 17 (ii) since y;
2

is a trackable type, so (85) would imply (82) and we would be done. Otherwise we have
g NS, = & and since we are also assuming Sy \ S} C S’ we have that S’ = 21U (S2\Sy).
Thus we have

T,=S5US;, 72:E1U(§2\§1), 73:EQ\§17

— S, US —
F1:<12 2>7 F2

EpcCol (Fi, Fa,y1 Uys)

S,uUS S,uUS _ — =
:EDGCOI(( 12 2),( 12 2)\[51\51,52\51},?/1Uy2)

> EpcCol (@2) : (E;) \ [(S1NS,) \ &, 52\ Sh], 11 U m)

and

Il
A/
ol
C
2]
no

Therefore

where the second line follows from Observation 36 by removing all edges outside of (522)
But now by Lemma 40 with T = gg,ﬁl = (§1 ﬂgg) \él,Ez = gg \gl,ﬁg =e; ﬂgg we
have L

EnaCor ( (%), (%) \[(5108:)\ e, 5\ Sil,y1 Uge) > 1, and again (85) implies (82),

so we are done. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.19 62



Lemma 42. Let y; be a trackable type on S1 with root &, and let y2 be a (€2, C9,€3,C3)-
preforbidder on Sy that is compatible with ;. A&ﬁl,me_ég,ég, C Sy and that y,(e3) =
(AVAILABLE, ¢2), y1(€3) = (AVAILABLE, c3). Assume So\ S1 # 0. Then

_ — 1
MAXPOW(S1 U S, €1, y1 Uya) < POW(S1,81,01) — 5

(5) —a+1

Proof. Consider S’ such that e C S c S1US,. We apply Lemma 41. It is easy to see
that by our assumptions, Conditions (i) and (ii) hold. Conditions (iii), (iv) and (v) hold
since €, €3 are contained in both S; and Sy. Thus by Lemma 41 we have

1

POW(gl U§2,§/’yl U y2> < POW(?l,El,y1> Y
(2) —q+1

This completes the proof. O

Lemma 43. Let_yl be a trackable type on S1 with root €, anﬁ let yo be a (€, ¢, €3, c_3)-
preforbidder on Sy that is compatible with y,. Assume €3 C Sy, €3 # €, and é; € Sy.
Assume yi(€3) = (AVAILABLE, ¢3). Assume ¢y is a real color. Then

MAXPOW(gl U gg,él Ueés,y; U yg) < POW(gl, e, yl) — ;
() —a+1

Proof. Consider S’ such that epUey C g C S1US,. We apply Lemma 41. Condition (i)
holds since Sy \ S contains €, \ S; # (. Condition (ii) holds by assumption. Condition
(iii) holds since €5 C §'. Condition (iv) holds since ¢, is real. Condition (v) holds by
assumption. Thus by Lemma 41 we have

1

POW(S1US2, 5,51 Ut) < POW(S1,21,1) =
(2) —q+1

This completes the proof. O

10 The Forbidden Submatching Method

Shortly after the authors uploaded the first draft of this paper, Delcourt, Li and Postle [4]
(see version 1) extended Theorem 1 to all ¢ below the linear threshold, i.e. ¢ < (g) —p+3,
and gave a generalization of the result to list-coloring problems on hypergraphs. Shortly
after that (see version 2 of [4]), the first author joined that paper to extend Theorem 1
to all ¢ between the linear and quadratic thresholds, i.e. (5) —p+3<gq< (§) — 2] +2.
We summarize the differences and similarities between the two approaches.

Delcourt and Postle [18] proved several very general and powerful results that show the
existence (under suitable technical conditions) of matchings in certain hypergraphs that

do not contain any member of some family of forbidden submatchings. These results and
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their applications are called the forbidden submatchings method (alternatively called
conflict-free matchings by Glock, Joos, Kim, Kiithn and Lichev [26] who independently
proved similar results). In particular one of the results takes as input a hypergraph #,
a family of forbidden submatchings, and a subset A C V(#), and guarantees that there
is a matching that covers all of A and avoids all the forbidden submatchings. Such a
result can be used for (p, g)-coloring as follows. The hypergraph H will just be a bipartite
graph with bipartition AU B, where A = E(K,,) and B = A x C' where C' is the set of
colors. A vertex a € A is adjacent to all of the vertices (a,c) € B (and no other vertices).
A matching M C H which covers A corresponds to a coloring of F(K,) in the obvious
way. To ensure that this coloring is a (p, ¢)-coloring, one must forbid our matching M
from containing certain submatchings that correspond to a p-clique having fewer than g
colors. Moreover, to ensure that H satisfies the necessary technical conditions to apply
the forbidden submatchings method, one must forbid even more submatchings. Indeed, in
[4] (as it applies to (p, ¢)-colorings) they forbid any submatching that would correspond
to a coloring with some set of s < p vertices with more than R(s) repeats, i.e. exactly
the same number of repeats that we forbid on an s-clique in our process in this paper.

The process we analyzed for phase 1 in this paper is equivalent to choosing one edge of
‘H at each step uniformly at random from all edges that can be chosen without intersecting
previous edges and without creating a forbidden submatching with the previous edges.
The approach in [4] instead applies Theorem 1.16 from [18] as a black box. The proof
of this theorem first uses a random sparsification trick to delete many of the edges of
‘H, and then uses a nibble method, sometimes called a semi-random method, to find a
matching using only the remaining edges. It is widely accepted that nibble processes
are approximately equivalent to random greedy processes, but often the nibble version
of a random greedy process turns out to be more amenable to analysis. Adding to the
list of tools available for analyzing nibble processes, Delcourt and Postle [18] proved and
utilized a new version of Talagrand’s inequality which was crucial in order to cover the
sparse regime.
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