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Abstract

Motivated by recent developments regarding the product structure of planar
graphs, we study relationships between treewidth, grid minors, and graph products.
We show that the Cartesian product of any two connected n-vertex graphs contains
an Q(yv/n) x Q(y/n) grid minor. This result is tight: The lexicographic product
(which includes the Cartesian product as a subgraph) of a star and any n-vertex
tree has no w(y/n) X w(y/n) grid minor.

Mathematics Subject Classifications: 05C83, 05C76

1 Introduction

Treewidth! is a ubiquitous parameter in structural graph theory measuring how close a
graph is to a tree. It was first introduced as dimension by Bertelé and Brioschi [2, pp. 37—
38] in 1972, then rediscovered by Halin [35] in 1976. The parameter was popularized when
it was once again rediscovered by Robertson and Seymour [48] in 1984 and has since been
at the forefront of structural graph theory research. Graphs of bounded treewidth are of
particular interest due to the wide implications of their tree-like structure. For example,
Courcelle’s Theorem [9] implies that many NP-Complete problems can be solved in linear
time on graphs of bounded treewidth.
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LA tree-decomposition of a graph G is a collection (B, : # € V(T)) of subsets of V(G) (called bags)
indexed by the vertices of a tree T', such that (a) for every edge uv € E(G), some bag B, contains
both u and v, and (b) for every vertex v € V(G), the set {x € V(T) : v € B, } induces a non-empty
(connected) subtree of T. The width of (B : « € V(T)) is max{|B,|: x € V(T)} — 1. The treewidth
of a graph G, denoted by tw((), is the minimum width of a tree-decomposition of G.
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Another key way to study the structure of graphs is through analysis of their minors.?

Finding a highly structured minor of a graph G allows us to use properties of the minor to
study G itself. Our focus is on grid minors. Let B, be the k x k grid, which is the graph
with vertex-set {1,...,k}? and edge-set {(z,y)(z",9/) : |xv — 2|+ |y — | =1, z,y,2",y €
{1,...,k}}. For a graph G, let gm(() be the maximum integer k such that By, is a minor
of G. Tt is folklore that tw(Hg) = k; see [36] for a proof. This, combined with the fact
that treewidth is minor-monotone, implies that for every graph G,

tw(G) = gm(G). (1)

A foundational result in this area is the Grid Minor Theorem (also known as the
Ezcluded Grid Theorem) of Robertson and Seymour [46], which says there exists a function
f such that for every positive integer k, f(k) is the minimum integer such that every graph
with treewidth at least f(k) contains a k x k grid minor. Thus grid graphs are canonical
examples of graphs with large treewidth.

This result had widespread impact on structural graph theory research and led to
further investigation into the best possible bounds for the function f. Robertson and
Seymour [46] proved the existence of f(k), which they, along with Thomas, later showed
to be in 2°¢*) [47]. Diestel, Jensen, Gorbunov, and Thomassen [15] showed that if G has
treewidth Q(k*"*(*+2)) where k and m are integers, then G contains either K,, or the k x k
grid as a minor. Leaf and Seymour [44] improved the upper bound to f € 20(*1gk) The
first polynomial upper bound, stating that f € O(k*®logk), was found by Chekuri and
Chuzhoy [7]. Chuzhoy continued to work towards lowering this exponent, with the current
state-of-the-art result by Chuzhoy and Tan [8] showing that f € O(k%1log®V k). A lower
bound of f € Q(k?log k) was shown by Robertson et al. [47], and Demaine, Hajiaghaysi,
and Kawarabayashi [13] conjectured f € ©(k?).

For particular classes of graphs, much stronger Grid Minor Theorems are known. Say
a class G has the linear grid minor property if, for some constant ¢, every graph in G
with treewidth at least ck contains Hj as a minor. For example, Robertson et al. [47]
showed that every planar graph with treewidth at least 6k contains Hj as a minor. Thus
the class of planar graphs has the linear grid minor property. More generally, Demaine
and Hajiaghayi [12] proved that every proper minor-closed class has the linear grid minor
property. The proof used the Graph Minor Structure Theorem, which in turn depends
on the Grid Minor Theorem. Kawarabayashi and Kobayashi [41] gave an alternative
self-contained proof. In particular, they showed that for any graph H there exists ¢ <
|V (H)|CUEEDD such that every H-minor-free graph with treewidth at least ck contains
H,. as minor. The linear grid minor property has been used to devise efficient polynomial
time approximation schemes for many NP-hard problems on planar graphs and related
graph families [10, 11, 13, 28, 34]. Note that the Q(k*log k) lower bound mentioned above
shows that general graphs do not have the linear grid minor property.

2A graph G is a minor of a graph Gy if a graph isomorphic to G can be obtained from a subgraph of
G5 through a sequence of edge contractions.
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In this paper, we study grid minors in graph products®. This is motivated both by the
fact that the grid graph itself is isomorphic to the Cartesian product of two paths, and
also by recent developments in Graph Product Structure Theory. This area of research
studies complex graph classes by modelling them as a product of simpler graphs and
investigating the properties of these highly structured supergraphs. Before discussing
Graph Product Structure Theory further, we first define the three types of graph products
that we consider, each illustrated in Figure 1. Let G; and G35 be graphs. The Cartesian
product of Gy and G, denoted G; O Gs, is the graph with vertex set V(G;) x V(Gs2)
where two distinct vertices (uy, us) and (vy,vq) are adjacent if and only if:

e u; = vy and ugve € E(Gy), or

® Uy = Uy and U1 € E(Gl)

The strong product of Gy and Gy, denoted G K G, is the graph with vertex set V(Gy) X
V(G9) where two distinct vertices (uy, us) and (v, vy) are adjacent if and only if:

e u; = vy and ugvy € F(Gy),

e uy; = vy and uyv; € E(Gy), or

® UV € E(G1> and uyve € E(Gg)

The lexicographic product of G7 and G, denoted G « GG, is the graph with vertex set
V(G1) x V(G2) where two distinct vertices (uy,u2) and (v1,v2) are adjacent if and only
if:

® UV € E(Gl), or

® U] =11 and U2V € E(Gg)

It follows from the above definitions that

G OGy, CGRG, C Gy Gs.

The starting point for recent developments in Graph Product Structure Theory is the
Planar Graph Product Structure Theorem of Dujmovié¢, Joret, Micek, Morin, Ueckerdt,
and Wood [23], which states that every planar graph G is isomorphic to a subgraph of
the strong product of two very simple graphs, a graph H of treewidth* at most 8 and a
path P, written as G C H X P. Although H X P is a supergraph of the original graph G,
it often shares or inherits properties of GG, and its rigid structure makes it easier to work
with. For example, planar graphs with diameter & have treewidth O(k), and similarly any
subgraph of H X P of diameter k has treewidth O(k). For a more global example, any
n-vertex subgraph of H X P has a balanced separator of size O(y/n) (see [23, Lemma 6]
and [25, Lemma 10]). The proofs of both of these facts are considerably simpler than the
same result for planar graphs.

Product structure theorems have also been developed for other classes of graphs such
as surface embeddable graphs [16, 23], graphs excluding an apex minor [22, 23, 39|, graphs
excluding any fixed minor [21, 23], and various non-minor-closed classes [1, 17, 26, 38].
These product structure theorems have been key in resolving many long-standing open
problems on queue layouts [23], non-repetitive colourings [20], centred colourings [18, 22,

3See [6, 30, 31, 37, 42, 52] for related work on the treewidth of graph products, and see [5, 51] for related
work on complete graph minors in graph products.
4This treewidth bound was improved to 6 by Ueckerdt, Wood, and Yi [50].
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Figure 1: The products of two paths and of a star and a path.

adjacency labelling [19, 32], twin-width [3, 40, 43], vertex ranking [4], and box dimen-
sion [27]. This wide range of applications motivates the need for a deeper understanding
of structural properties of graph products.

1.1 Owur Results

It is known® that for all n-vertex connected graphs G| and G,
tw(G, O Gy) = n. (2)

It thus makes sense for a grid minor theorem for graph products to be in terms of n. We
show that this is in fact the case by proving the following results:

1. For any two n-vertex connected graphs G and G,

gm(G1+Gy) = gm(G1 X Gy) = gm(G; OGs) € Q(yv/n) (see Theorem 7).

2. There exists two n-vertex connected graphs G; and G5 (a star and any tree) such
that

gm(G; 0 Gy) < gm(Gy ®Gy) < gm(Gy +Ge) € O(y/n) (see Theorem 11).

°Let G and G5 be connected graphs each with at least n vertices. For i € {1,2}, let v; be a leaf of a
spanning tree of G;, and let G} := G; — v;, which is connected. For each x € V(G}), let B, be the
subgraph of G1 0G5 induced by {z} x V(G%). For each y € V(G}), let B, be the subgraph of G1 O G,
induced by V(G}) x {y}. Let By be the subgraph of G; 0G5 induced by {vi} x V(G3). Let By be the
subgraph of G1 OG> induced by V(G) x {va}. Let B :={B,UB,, : x € V(G}),y € V(G5)} U{B1, Ba}.
Then it is easily seen that B is a bramble in G; [0 G2 of order at least n+ 1. By the Treewidth Duality
Theorem [49], tw(G1 O G2) > n. This result was extended by Wood [52] who showed that for any two
k-connected graphs G and H each with at least n vertices, tw(G O H) > k(n — 2k +2) — 1.
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The previous best bound for the product of two n-vertex connected graphs comes from
combining (2) with the state-of-the-art Grid Minor Theorem of Chuzhoy and Tan [§],
giving gm(G1 O Gy) € Q(n'/?/ polylog(n)). The first result above gives an excluded grid
theorem for graph products that is stronger than what is possible for general graphs and
much stronger than what can be proven for general graphs.

The second result shows that the first result is tight for the Cartesian, strong, and
lexicographic product of two trees. A consequence of the second result and (2) is that
there exists two trees whose Cartesian product has treewidth at least n but whose largest
grid minor has size O(y/n) x O(y/n). Thus, even these simple products do not have the
linear (or even subquadratic) grid minor property.

The remainder of this paper is organized as follows: In Section 2 we discuss background
material. In Section 3 we prove the above lower bound. In Section 4 we prove the above
upper bound. Section 5 proves some exact bounds for the grid minor number of the
products of stars and trees. Finally, Section 6 concludes with directions for future work.

2 Preliminaries

For any standard graph-theoretic terminology and notation not defined here, we use the
same conventions used in the textbook by Diestel [14]. In this paper, every graph G is
undirected and simple with vertex set V(G) and edge set E(G). The order of G is denoted
|G| := |V (G)|. For two graphs G; and G5 we use the notation G; < G2 to indicate that
G4 1s a minor of G5. We make use of the fact that the < relation is transitive. The
following observation follows immediately from definitions.

Observation 1. Let Gy, Gy, and H be graphs. If G; < Go, then Gi O H X G, H.

A model of a graph H in a graph G is aset M := {B, CV(G) : x € V(H)} of subsets

of V(G), called branch sets, indexed by the vertices of H and such that:

(i) for each distinct pair z,y € V(H), B, N B, = &;

(ii) for each z € V(H), G[B,] is connected and

(iii) for each zy € E(H) there exists an edge vw € E(G) with v € B, and w € B,,.
It follows from definitions that H < G if and only if there exists a model of H in G.

For each n € N, let S,, denote the n-star; the rooted tree with n leaves, each of which
is adjacent to the root. For each ¢,p € N, let S;,, denote the star with ¢ leaves whose edges
have been subdivided p —1 times. More formally, V' (S;,) := {vo} U{vi; : (¢,7) € [(] x [p]}
and E(S;,) = {vovi1 i € [0]} U{vivij11: (i,7) € [€] x [p— 1]}, where [(] = {1,...,(}.
We call Sy, a subdivided star. Subdivided stars generalize both stars and paths: The
n-vertex path P, is isomorphic to S; ,—; and the n-leaf star S,, is isomorphic to Sy, ;.

Lemma 2. For any positive integer n and any n-vertex connected graph G, K, < GL.S,.

Note that this lemma is implied by [51, Lemma 5.1]; we include the proof here for the
sake of completeness.

ot
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Proof. Let yo denote the root of S,,, let yy,...,y, denote the leaves of S,. Let V(K,) =
{1,...,n} and let vy,..., v, denote the vertices of G. We now construct a model M :=
{B,:x e V(K,)} of K, in GOS,. For each i € V(K,,), define the branch set

B ={(v,y;) :v e V(G)} U{(vi,50)} -

We now show that M is a model of K,, in GO S,. The induced graph (G O S,)[B;]
is connected because (G O S,)[{(v,y;) : v € V(G)}] is isomorphic to G and (v;,yo) is
adjacent to (v;,v;). For any 1 < i < j < n, B; and B; are disjoint because y; # y; and
v; # vj. Furthermore, the vertex (v;,yo) € B; is adjacent to (v;,y;) € B;. Therefore,
there is an edge in G 0 S, with one endpoint in B; and one endpoint of B; for each
I1<i<j<n. O

Note that, for any tree T" with n leaves and at least one non-leaf vertex, S,, <X T. In
this case, Lemma 2 and Observation 1 imply that K, X GUOT.

Finally, we mention the following upper bound on the treewidth of G;+G5. This result
is stated in [37] for G4 X G5 and is implicit in earlier works; we include the easy proof for
completeness.

Lemma 3. For any graphs G, and G,

Proof. The first two inequalities hold since G; Gy C G71 X Gy C G « Gy. For the final
inequality, start with a tree-decomposition (B, : = € V(7)) of G; with bags of size at
most tw(G1) + 1. For each z € V(T') let B, := {(v,w) : v € B,,w € V(G3)}. Observe
that (B, : x € V(T)) is a tree-decomposition of G « G, and |B.| < |B,||V(G2)| <
(tw(G1) + 1)|V(Gy)| for each = € V(T'). The result follows. O

Letting n = min{|V (71)|, |V (T2)|},Equation (2) and Lemma 3 imply that for any trees
T1 and TQ,

Thus the treewidth of the Cartesian, strong or lexicographic product of two trees is
determined (up to a factor of 2) by the number of vertices in the two trees. The remainder
of the paper shows that determining the largest grid minor in such a product is more
nuanced.

3 The Lower Bound

3.1 Connected Graphs Contain Large Subdivided Stars

We first state some terminology that will be relevant in the following results. The length
of a path vg,..., v, is the number, r, of edges in the path. The depth of a vertex v in a
rooted tree T is the length of the path, in T, from v to the root of 7. A path P in a
rooted tree T' is vertical if, for each i € N, V(P) contains at most one vertex of depth
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1. The vertex of minimum depth in a vertical path is its upper endpoint, and the vertex
of maximum depth in a vertical path is its lower endpoint. A vertex v is a T-ancestor
of a vertex w if the vertical path from w to the root of T" contains v. Two vertices of
T are unrelated if neither is a T-ancestor of the other, otherwise they are related. A
pair of paths P; and P, in T is completely unrelated if v and w are unrelated, for each
v € V(P)) and each w € V(P,). We say that P, and P, are completely related if v and
w are related, for each v € V(P;) and each w € V(P,). The height hy(v) of a vertex v
in T is the maximum order of a vertical path in T whose upper endpoint is v. For each
i €N, let H/(T):={veV(T): hp(v) =i} and n,(T") := |H;(T)|. We have the following

observation:

Observation 4. For any rooted tree T and any i € N, T' contains a set of n;(T) pairwise
completely unrelated vertical paths, each of order i. As a consequence, Sy,ry; =T for
each 1 € N.

Proof. Let vy, ..., v, ) = H;(T) and observe that vy, ..., v, ) are pairwise unrelated.
For each j € {1,...,n;(T)}, let P; be a path of order i that has v; as an upper endpoint.
(Such a path exists by the definition of H;(7T").) Observe that, for distinct j and k, P;
and P, are vertex-disjoint, and completely unrelated since v; and v, are unrelated. By
contracting each edge that has both endpoints of depth less than 7 into a single vertex
z and removing all vertices not in {z} UU;c1, nryy V() we obtain Sy (7). Thus
S ni(T).i <T. O

We will show that the product G; J Gy of two connected n-vertex graphs G and G,
contains an Q(y/n) x Q(y/n) grid minor by studying the product T O Ts of two spanning
trees of G; and Gy, respectively. Lemma 2 allow us to dispense with the case when
n;(1Ty) € Q(n) for some i and some b € {1,2} since, if n;(7}) € Q(n), then T, contains a
Sq(n)-minor, so Lemma 2 implies Ko,y = 11 U T, so Hom < Ty U T, The following
lemma will be helpful when this is not possible. (In several places, including the following
lemma, we make use of Euler’s solution [33] to the Basel Problem: Y = 1/i* = 72/6.)

Lemma 5. Let T be a rooted tree with n > 1 vertices, and let p > 1 be an integer such that

ni(T) < 2n/(m) for each i € {1,...,p —1}. Then T contains pairwise vertez-disjoint
vertical paths Py, ..., Pr, 4y, each of order p such that, for each i # j, Py and P; are
either completely unrelated or completely related.

Proof. Let T' := T — ((J'— Hi(T)) be the subtree of T induced by vertices of height at
least p. Then,

%li
W~

p—1 —1
7' > [T = ni(T) > —2—"2% >
=1 =1

Let L be the set of non-root leaves of T'. Each vertex in L is the upper endpoint of a
vertical path in 7" of order p, as illustrated in Figure 2. Therefore, if |L| > jp then we are
done, so assume that |L| < .
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Figure 2: Finding paths in the tree 7" induced by vertices of height at least p = 4.

Let S be the set of vertices of 7" that have two or more children in 7”. In any rooted
tree, the number of non-root leaves is greater than the number of non-leaf vertices with
at least two children® Therefore, |S| < |L| < {5.

For each v € SUL, let P, be the vertical path of maximum length whose lower endpoint
is v and that does not contain any vertex in (SU L)\ {v}. Then P :={P,:v e SUL}
is a partition of V(1") into at most r := [S| 4+ [L[ < g parts, each of which induces a
vertical path in 7".

Let {Py,..., P} :=P and, for each 7 € {1,...,r}, let P/ be a subpath of P; of order
pl|Pi|/p]. (So P! has order rounded down to a multiple of p.) Then

T

DI (P = (= 10) =T = (p—1)r > -

=1

N[3

n
1

For each i € {1,...,r}, P/ can be partitioned into exactly |P/|/p vertex-disjoint paths,
each of order p. The set P’ of paths obtained this way has size ¢ := >"._| |P!|/p > i
Therefore T' contains ¢ pairwise vertex-disjoint paths, each of order p, where ¢ > 4%.
Except for its lower endpoint, each vertex of a path in P’ has exactly one child in 7". This
ensures that each path in P’ is either completely related or completely unrelated to any

other path in P’. ]

3.2 The Product of Two Special Trees

Lemma 6. Let s,p > 1 be integers, let £ := 5s?, and let T' be a rooted tree that contains
s? pairwise-disjoint vertical paths, each of order 6p such that any pair of these paths is
either completely related or completely unrelated. Then gm(T O Syap,) = sp.

%Let n; be the number of vertices with i children in a rooted tree T'. Thus Y-, in; = |E(T)| < |[V(T)| =
> i M- Hence, the number of non-root leaves ng > 3,5 (i — 1)n; > 3,5, n, as claimed.
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Proof. Recall that Spo, has vertex set {vo} U{v;; : (4,5) € {1,..., ¢} x {1,...,2p}}.
For each i € {1,...,0}, let A; = Sya,[{vi1, ..., vig}]| denote the ith arm of Spap, which
is a path of order 2p. Let Pi,..., P, be pairwise vertex-disjoint paths in T, each of
order 6p, each pair of which is either completely related or completely unrelated. For
each i € {1,...,s%}, let P, := p;1,...,pig, Where p;; is the upper endpoint of P,. Let
To := T O {we}. Foreach i € {1,...,¢} let T; := T O A, for each j € {1,...,p} let
Ti; = T O{v;;}, for each k € {1,...,s*} let Py; := P, O A; and Py, = B, O {v; }.
Note that P ; is isomorphic to a 6p x 2p grid.

Refer to Figure 3. Consider T; for some i € {1,...,¢}. For visualization purposes,
it is helpful to organize T; into 2p rows T;1,...,T;9,. Foreach j € {1,...,2p — 1}, T;;
and T; ;41 are ‘adjacent’, in the sense that each vertex (a,v;;) € V(T;;) is adjacent to
(a,v; j+1) € V(T;j4+1). We then organize Ti,...,T, into a sequence of blocks. These
blocks are independent in the sense that there is no edge between 7 and T for any i # j.
Moreover, there is an additional row 7j adjacent to the first row, 7}, of each block T;.

T 8274
. 4 .
<33 oeoogqg " []
. 4
Ty « e e e
e e
.
T1,1 ® ‘ NIRRT
o/ e
. 4
T, T1’2 o ‘ o e el
o« e —
. 4
T1,3 . ‘ ey SN
o« e —
. 4
T1’4 ® ‘ YT Y] Ve
L
P
Tg’l ¢ ‘ ANZaNZaN
¢ e —
. 4
TS TQ’Q o ‘ RV BRaV/ AN N
o« &
. 4
TQ’g . ‘ RV BRaV/ AN N
o« &
. 4
T2’4 . ‘ B AR
o o

Figure 3: Visualizing the product in Lemma 6
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Refer to Figure 4. We will construct a model of H,,. We partition this model into
s? subgrids each of which is isomorphic to H,. Therefore, we need s* such subgrids
G4, ...,Gs. The branch sets of each subgrid G; will include a p x p grid within the
6p x 2p grid P;; (which is contained in the block 7;). The additional row Tj will allow us
to extend the branch sets of the 4p — 4 boundary vertices of the G; into Ty for any i’ and
from there they can be extended so that they are adjacent to any other subgrid Gj.

Gy Go Gs
Gy Gs Gs
G~ Gg Go

Figure 4: The sp x sp grid can be partitioned into (sp/p)? = s* subgrids, each of which
is a p X p grid. (The case sp = 12 and p = 4 is shown here.)

Refer to Figure 5. To construct the branch sets for GG; we start with a p x p subgrid
in P;; whose top row is (p;p+1,i1),- -, (Pi2p, vi,1). This subgrid has 4p — 4 ‘boundary’
vertices, four of which are ‘corner’ vertices. As illustrated in Figure 5, we create 4p disjoint
paths in P;; from the boundary vertices to F;; ;. We then add one vertex of P, to each
path. In this way, the first 4p vertices of the path P, are partitioned into four subpaths,
each of size p corresponding to edges coming out of the left, top, right, and bottom of
boundary of G;. The final 2p vertices of P, are not yet used (though we may add them
to the branch sets of some boundary vertices later).

Our model is not yet complete. At this point, it is a model of a graph that consists
of s* components, each of which is a p x p grid. At this point, the vertices in our (not
yet-complete) model are all contained in Ty, Ty, ..., Ty and, for each i € {1,...,s?}, the
branch sets of vertices in G; are contained in P;; U P,y € T; U F;y. This still leaves
the vertices of Ty2,q,...,T5:2 unused. We will use these to extend the branch sets of
vertices on the boundary of each subgrid G; to create the required adjacencies. For each
i€ {1,...,s%}, the vertices of Ty 4;_3,. .., Ts24; Will be reserved for the branch sets of
Gi.

First, suppose that G; is a subgrid that is immediately to the right of some subgrid G,
so that the left boundary of G; is adjacent to the right boundary of G;. We will extend
the branch sets for vertices on the left boundary of GG; so that they become adjacent to
the branch sets for vertices in the right boundary of G;. Let xy,...,z, be the vertices
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4p 2p

left top right bottom

T 2p

“r
b AN &)

v ul ‘FT
U

I G G
O O
I G u
O O

Figure 5: One of the p x p subgrids used in the proof of Lemma 6.

on the left boundary of G;, ordered from top to bottom and, for each k € {1,...,p}, let
&) = Pip—k+1 SO that (2}, v9) is already included in the branch set for xy. Let yo, ..., 1,
be the vertices on the right boundary of G;, ordered from top to bottom and, for each
ke {1,...,p}, let v, := pjop+r so that (y;,vo) is already included in the branch set of
yg. There are two cases to consider. (We strongly urge the reader to refer to Figures 6

and 7.)

e P, and P; are completely related (see Figure 6): We will extend the branch sets of
T1,...,%p into Te iy, 3. For each k € {1,...,p}, we extend the branch set of x;, by
adding the path

(ﬂfka U32+4i—3,1)7 ceey (ﬂfka Us2+4i—3,k) )

the path in Ty 5, from (@), v 4 3x) 10 (Y}, Vs244i—3x), and the path

(yfc, U82+4i—3,k)7 ceey (yfga Us2+4z‘—3,1) .

The first vertex (), vs244;—31) of this path is adjacent to (z},vo), which ensures
that the branch set for x;, is connected. The last vertex (v, vs244;-31) is adjacent
to (Y, vo) which ensures that the branch sets for z; and y, are adjacent.

e P, and P; are completely unrelated (see Figure 7): We will extend the branch sets
of xy,...,xp into Ti2,4; 3 and T2, 4; . To make the connections between these two
blocks we will use an additional p vertices of F;y. The need for a second block in
this case is due to the fact that the obvious paths in T,2,4; 3 that were used in the
previous case would either intersect each other or reverse the order of connections
so that the top-left vertex of G; would become adjacent to the bottom-right vertex
of G;. Routing these paths through two trees allows us to make the connections in
the right order using pairwise vertex-disjoint paths.
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Figure 6: Connecting the left side of G; to the right side of G; when F; and P; are
completely related.

For each k € {1,...,p} we extend the branch set of z; by adding the path,
(x;ca U82+4i—3,1)a sy (x;ca U82+4i—3,k) )
the path in Ty ;35 from (2}, ve2i4i-3%) 1O (Diptk, Vs244i—3k), the path
(pi,4p+k> Us2+4¢—3,k:), S (pi,4p+k> /U52+4i—3,0>7 (pi,4p+k> /U52+4i—2,1>7 S (pi,4p+ka U52+4i—2,k)
the path in Ty oy from (p;ap+k, Vs24ai—2k) 10 (Yy, Us244i—2) and finally the path
(y;ﬁ U32+4i—3,k)> cee (y;fa 7152+4i—371) .

As in the previous case, the first vertex of this path ensures that the branch set for
x is connected and the last vertex ensures that the branch sets of z; and y, are
adjacent.
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Figure 7: Connecting the left side of G; to the right side of G; when F; and P; are
completely unrelated.

So far every horizontal grid edge is modelled, but not the vertical edges between
p X p subgrids. We now sketch how these can be included. Suppose that the subgrid
G; is directly below the subgrid G;. Let z4,...,2, be the top boundary of G; ordered
so that z; is the the leftmost vertex and xz, is the rightmost. For each k € {1,...,p},
let z, := (pip+x) so that the branch set of z; includes x}. Let yi,...,y, be the bottom
boundary of G; ordered so that y; is the the leftmost vertex and y, is the rightmost. For
each k € {1,...,p}, let y, := (pjap—k+1) so that the branch set of y; includes y;. Observe
that 2, ...,z occur in order along P; but yy, ...,y occur in reverse order along P;. The
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effect of this is to reverse the two cases that appear above, so that the straightforward case
occurs when P; and P; are completely unrelated and the more complicated case occurs
when they are completely related. Otherwise, the process of growing the branch sets for
Z1,...,Tp, is the same except that the vertices used to grow these new branch sets are
contained in Ty 41, Tsy4i, and (pisp+1,00)s - - -, (Pi6p, Vo). This ensures that these branch
sets do not reuse vertices that are used to make GG; adjacent to the neighbour on its left.

Checking that the resulting collection of branch sets is indeed a model of the spx sp grid
is straightforward; both the disjointedness of the branch sets and the required adjacencies
are guaranteed by the construction. O]

We now establish our lower bound on the largest grid minor in a Cartesian product:

Theorem 7. For any connected graphs G1 and Gy each having at least n > 1 vertices,

Proof. For each b € {1,2}, let T}, be a tree contained in G}, and having exactly n vertices
(which can be constructed by successively deleting leaves starting with a spanning tree
of Gp). For each b € {1,2}, let p, = min{i :ni(Ty) > 2(m s }. (This is well-defined
since, otherwise n =Y =, n;(Ty) < Yoo, 2(7”)2 = 7.) Without loss of generality, assume
po < pp and let £ := [Q(ﬂm)ﬂ. By Observation 4, Sy, =< Ty = Go. If po < 5 then
‘> 53% € Q(n) and by Lemma 2 K, < G, 0 S,. Since H ; < K, this implies that
gm(Gy O Gy) > VI = Q(y/n) and we are done, so we may assume that p, > 6. Let

p = p2/6] > 1.
Since p; = po, n;(T1) < Q(f’r—’;)Q for all i € {1,...,py — 1}. Therefore, Lemma 5 implies

that 77 contains at least n/4p, pairwise disjoint paths Pi,..., P, 4p,, each of length
p2 = 6p, such that each pair of paths is either completely related or completely unrelated.

Let
5= mln{\/_ 5,v/n/4p:}] = O(v/n/p)

so that ¢ > 5s* and [n/4py] > s*. By Lemma 6, gm(7T) O Siep) = sp = O(v/n).
The lemma now follows from Observation 1, the fact that 77 < G1, and the fact that
SE,Gp j Sé,pg j GQ- ]

Our next result completes the relationships between grid minors and treewidth in
Cartesian and strong products of trees.

Theorem 8. For any two trees T and T,
em(TyOT) < gm(TyRT) <tw(Ty X Ty) € O(em(Ty OT3)?) .

Proof. First note that gm(7) O7T3) < gm(77 X T5) since Ty 0Ty, C Ty X Ty, Equation (1)
shows that gm(7) X T5) < tw(7; X T3). It remains to show that tw(T} K T5) € O(gm(7) O
Ty)?).
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Let ny := |V(T1)|, let ny := |V(T3)|, and assume without loss of generality that
ny < ng. By Lemma 3, tw(7) X T) < 2ny — 1. By Theorem 7, ¢ - gm(7} O T5) > /20
for some fixed positive constant c. Therefore,

(C : gm(T1 ] TQ))Q = 2711 > tW(Tl X TQ) . ]

It is worth pointing out that each of the inequalities in Theorem 8 is tight for certain
trees T} and T. The first two inequalities are tight for the product of two paths. Specif-
ically, it is obvious that gm(P, O P,) = gm(P, X P,) = n, and tw(P, X P,) < 2n by (3).
The last inequality is tight for S,, and P, since tw(S, X P,) € O(n) by (2) and Lemma 3,
and gm(S, O P,) € ©(y/n) by Theorems 7 and 11 below.

4 Upper Bound

This section proves upper bounds of the form, gm(G) € O(y/n), where G is the product
of various n-vertex graphs, as mentioned in Section 2.

Lemma 9. Fiz numbers A > ¢ > 0. Let G be a graph class closed under minors and
disjoint unions, such that |E(H)| < c¢|V(H)| for every graph H € G. Let S be any star
and H be any graph in G. Let G be any graph with mazximum degree A that is a minor of
Se+«H. Then

E(G)| < V(G| + (& — &) [V(H)).

Proof. Let (B, : x € V(G)) be a model of G in S« H. Let r be the root of S. Let
R be the set of vertices x of G such that (r,b) € V(B,) for some b € V(H). Let Q
be the set of vertices x of G such that V(B,) C {(v,b) : v € V(S —r),b € V(H)}.
Thus {R,Q} is a partition of V(G). Moreover, G[Q] is a minor of the disjoint union of
n copies of H, implying G[Q] € G and |E(G[Q])] < ¢/@]. The number of edges of G
incident to R is at most A|R|. Thus |E(G)| < ¢|Q|+ A|R| = c(|V(G)| — |R|) + A|R| =
V(@) + (A — &) [R] < V()| + (A — o)V (). a

The class of graphs with treewidth at most ¢ is closed under minors and disjoint unions,
and |E(H)| < t|V(H)| for every graph H with treewidth at most ¢. Lemma 9 implies:

Corollary 10. Fiz numbers A >t > 1. Let S be any star and H be any graph with
treewidth at most t. Let G be any graph with mazimum degree A that is a minor of S« H.
Then

|E(G)| <tV(G)|+ (A =1)|[V(H)].

The next result completes the proof of the second part of our main theorem stated in
Section 1, showing that the lower bound in Theorem 7 is optimal.

Theorem 11. For any star S and any n-vertex tree T,

gm(SOT) <gm(SXT)<gm(S:T)<vV3n+1+1
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Proof. The first two inequalities hold by definition. Let k := gm(S +T). Now apply
Corollary 10 with t = 1, and with G := H, and A = 4. Thus

2k(k — 1) = |E(GQ)| < |[V(G)| + (A = D|V(T)| = k* + 3n.
Thus k2 — 2k < 3n and k < v/3n+ 1+ 1. O

We now show that results like Theorem 11 can be concluded from results in the
literature. (We include the above proofs for the sake of completeness and since Lemma 9
and Corollary 10 are of independent interest.)

A set S of vertices in a graph G is a feedback vertex set if G — S is a forest. Luccio [45]
proved that the minimum size of a feedback vertex set in By, is (5 + o(1))k%. If B is
a minor of S+ T with |[V(T')| = n, then B has a feedback vertex set of size at most n
(consisting of the vertices of B, whose branch sets intersect the copy of T corresponding to
the root of S). Thus n > (5 +o0(1))k? and k < (1 +0(1))v/3n, which implies Theorem 11.

A result similar to Theorem 11 can also be concluded from a more general result
of Eppstein [29, Theorem 3|, who proved that if n > k/2 and any set of n vertices are
deleted from B, then the remaining graph contains a H, minor, where ¢ > % — 1. Say
k = gm(S+T) where S is a star and T is any n-vertex tree. By the definition of S+ T,
a set of at most n vertices can be deleted from Hj, (corresponding to branch sets that
intersect the copy of T" at the root of S) so that each component of the remaining graph is
a tree (a minor of T'), and thus contains no By minor. Note that k£ < tw(S-T) < 2n — 1,
so Eppstein’s result is applicable. Hence 1 > ¢ > % — 1, implying k& < v/8n. Eppstein’s
result is substantially stronger than Theorem 11. For example, it implies:

Theorem 12. For any star S and any n-vertex graph H,
gm(S -+ H) < 2¢/n(tw(H) + 1).

Theorem 12 can be generalised to allow for arbitrary trees with bounded radius.
Theorem 13. For any tree T with radius r and any n-vertex graph H with E(H) # &,
gm(T« H) < 5n* V2 tw(H)V?

Proof. We proceed by induction on r > 0 (with H fixed). In the r = 0 case, T' = K; and
em(T+ H) < tw(H) = n' "V tw(H),

as desired. Now assume r > 1 and the result holds for » — 1. Let T be any tree T with
radius r. Let G :=T+H and let k := gm(G). Let v the centre of T'. Let T3, ...,T, be the
components of T'— v. Let v; be the neighbour of v in T;. So v; has eccentricity at most
r — 1 in T;, and T; has radius at most r — 1. Let k; := gm(T; « H). By induction, for each
ied{l,...,p},

gm(T;+ H) < 50~V tw(H)V?
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By the definition of T« H, there is a set X of at most n vertices in G (corresponding to

branch sets that intersect the copy of H at v) such that each component of G — X is a

minor of some 7;« H. By Eppstein’s result (which is applicable since k < tw(G) < 2n—1),
]{?2

1~ s em(G = X) S maxgm(Ti - H) < 5tV b (H)Y
n (2

Since n > 1 and tw(H) > 1,

k2 — .
g < Gnl-1/2 " tw(H)UQ !
and ' .
k< V24n' tW(H)l/T < 5ptl? tw(H)l/T.
The result follows. 0

5 Product of Stars and Trees

Given the importance of products of stars and trees in the previous section, we now
consider the following natural question: What is the least constant ¢ such that for any
star S and any n-vertex tree T,

gm(SOT) < (1+o0(1)ven? (4)

Analogous questions are interesting for SXT and S+T. Theorem 11 gives an upper bound
of c<3for ST, SKT or S«T. For Cartesian products, we now show that ¢ = 2 is
the answer.

Lemma 14. Let G be a bipartite graph with bipartition {A, B}. Let S be a star with at
least |A| leaves. Let T' be any tree with at least |B| vertices. Then G is a minor of SOT.

Proof. Let r be the root of S. Let f be an injection from A into the leaf-set of S. Let ¢
be an injection from B into the vertex-set of T'. For each vertex v € A, define the branch
set By, := {f(v)} x V(T'), which induces a connected copy of T"in SOT. For each vertex
w € B, define the branch set B, := {(r,g(w))}. For each edge vw of G with v € A and
w € B, the edge (f(v), g(w))(r, g(w)) of SOT joins B, and B,,. Hence (B, : v € V(Q))
is a model of G'in SO T [

Corollary 15. For any tree T with n vertices, and for any star S with at least n + 1
leaves,

gm(SOT) > [V2n).

Proof. Let k := [v2n]. Let {A, B} be the bipartition of By, where [4| = [%] and
|B| = [%ZJ So S has at least n +1 > @ > |A] leaves, and T has at least n > % > |B|
vertices. By Lemma 14, By, is a minor of SO 7T, and gm(SOT) > k. ]
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Lemma 16. For any star S and any n-vertex tree T,
gm(SOT) < V2n+ 1.

Proof. Let M :={B, : x € V(8j;)} be amodel of B in G := SOT. Let vy, ..., v, denote
the vertices of S, where vy has degree p and vy, ..., v, are leaves. For each i € {0,..., u}
let R; := {v;} OV(T), so that T; := G[R;] is isomorphic to T". The idea behind the rest
of this proof is that the vertices in R, are special because each vertex in R, is adjacent
to the corresponding vertex in each of Ti,...,7),. This makes the vertices in Ry a scarce
resource that the model M must use efficiently. Let Xo := {z € V(8;) : B, N Ry # I}
be the set of vertices in H;, whose branch sets intersect Rj.

Observe that G — Ry is the vertex-disjoint union of trees 7T7,...,7T,. Therefore, for
each component C' of 8y — Xo, G[U,cv(c) Be] is a subtree of T; for some ¢ € {1,..., u}.
Let F be the set of 4-cycles in Hy. (So F is the set of inner faces in the usual plane
drawing of Hy.) Observe that, for each F' € F, |V (F) N Xy| > 1 since otherwise F' would
be a minor of G — Ry, which is not possible since F' is a cycle and G — Ry is a forest.

Next we show that |{J,cy gy Bx N Ro| > 2 for each ' € F. If [V(F) N Xo| > 2,
then this is immediate, so suppose that |V(F) N Xy| = 1. Let F := zxjxows where
r € Xo and x1, 29,23 € V(Hi) \ Xo. Since G[{x1,x2,x3}] is connected, there exists an
i € {1,...,n} such that T} := G[B,,] is a subtree of T; for each j € {1,2,3}. Furthermore,
the subtree T3 is ‘between’ 7] and T3, in the sense that B,, and B,, are in different
components of T; — B,,. Since Ng, (x) contains both z; and z3, B, contains vertices in
N¢(By,) and in Ng(B,,). Since G[B,] is connected, this implies that G[B,] contains a
path from some vertex in Ng(B;,) to some vertex in Ng( 5). Since G[B,] is a subgraph
of G — B,,, this implies that any such path must contain at least two vertices of Ry.”
Thus |U,cy(r) B: N Ro| = [B: N Ro| > 2, as claimed.

Now we can finish the proof with

D, D IB:NRol> ) 2=2F| =2k~ 1)

FEF zeV(F) FeF

Each vertex in Ry appears in B, for at most one x € V(H), and each such x appears in
V(F) for at most four cycles F' € F, so

Z Z |B ﬂRO ~ Z |BxﬂR0|<4|R0|:4n.

FeF zeV(F) z€V (Hy)
Combining the previous two equations gives 4n > 2(k — 1)?, so k < v2n + 1. O

Corollary 15 and Lemma 16 together show that ¢ = 2 in (4).
Now consider (4) for the strong product S X 7. We now show that the answers for

Cartesian and strong products are different. In particular, for S X 7T the minimum c in
(4) satisfies g <ec<3.

"This is true for the Cartesian product SCIT, but not true for the strong product SXT, since Nggr (Bz, )
and Nggr(Bz,) can have a common vertex in Ty. This fact is used in the construction described in
Lemma 17.

3
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Lemma 17. For any star S with at least \/10(n — 2) + 1 leaves and any path P on at

least n vertices,
m(SXP) > [/5(n—2)/2]

Proof. Let k := |/5(n — 2)/2| and note that n > k2/5+2 Let G := SX P. Recall that
V(B) = {1,...,k}* Foreach i€ {0,...,2 2}, let D; :={(z,y) e V(Hy) :y —z =
k — i — 1}, and for convenience let D; = & for any ¢ & {0,...,2k — 2}. (The vertices of
each D; are contained in a line of slope 1.) Let the vertices of S be vy, ..., vk, Where
Vg is the vertex of degree 2k + 1 and vy, ..., v9,11 are the leaves.

For each £ € {0,...,4}, let oy := |U,cz Detsat1 U Digsata]. Observe that Z?:o op =
2|V (HB;)| = 2k?, since each diagonal D; contributes to this sum exactly twice (when
i— (¢ =1 (mod5) and when ¢ — ¢ = 2 (mod 5)). Therefore, ay < 2k?/5 for some
¢ € {0,...,4}. For the sake of brevity, assume that oy < 2k?/5. (The only reason for
this assumption is to avoid having to include an ¢ term in many of the subscripts in the
following paragraphs.)

We now explain how to embed a small (width-4) strip B, of Hj into a small subgraph
S C G[{vo, v1} xV(P)] of G. This will allow us to decompose Hj, into disjoint independent
strips and embed them all on G[{vg, v1} x V(P)]. We will then complete the embedding by
embedding the remaining (width-1) strips into G[{ve, ..., vk41} XV (P)}]. Fix some integer
a€{0,...,|2k/5] — 1}, and consider the induced subgraph B, := B [Ds, U - - U D5, 3]
Let S" := S[{vo,v1}] and let P. be any subpath of P with |Ds,1 U Djeq0| vertices.
As illustrated in Figure 8, G' := S’ X P/ contains a subgraph isomorphic to B,, where
the isomorphism ¢ : B, — G’ maps the vertices of Ds, U D5, 3 onto the vertices in
{vo} x V(P)). (Note that this makes use of the fact that |Ds, U Dsa3] < |Dsat2U Dsatal,
valid for all a € {0,...,2k — 5}. Since P, uses only |Dsq1 U Ds, 0| vertices of P, this
immediately implies that G[{v,v1} x V(P)] contains a subgraph isomorphic to X :=

Ua>0 Dsq44.% Furthermore, the vertex disjoint subpaths P/, a € Z can be chosen so
that P! and P! a1 are always consecutive in P.

By setting B, := {¢(x)} for each z € V(X) we immediately obtain a model {B, : x €
V(X)} of X in G. We can complete this model of X to a model of H; by mapping, for
each a = 4 (mod 5), the at most k vertices in Dj,.4 to subsets of {va, ..., vop41} X P.
More precisely, let xq,...,x, be the vertices in Ds,.4. These vertices have neighbours
in Dsq3 and in Ds(,p1y. The vertices in Ds,q3 have branch sets in {vo} x V(F,). The
vertices in Djs(q41) have branch sets in {vo} x V(P +1) If a is even then we set B, =
{vai} x (V(P,)UV(P.,,)). If a is odd then we set By, := {vy; 11} x (V(P.) UV (P4)).

This ensures that B,, is adjacent to the branch sets of x;’s neighbours in Ds,.3 and

Ds(q41y. Using different subsets of vy, ..., vg4 for odd and even values of a ensures that
the branch sets of vertices in Ds,14 are disjoint from those of vertices in Ds(q1)4+4. This
completes the proof. O

8Recall that P has n > 2k2 /542 = ap + 2 vertices. The additional two vertices are required for two
boundary cases where we can only guarantee that |Dyi5q+1UDotsata|+1 2 |DeysaUDegsatrs|. These
cases can occur when £+ 5a = —2 (because |D_1UDgy| = 1 and |D_3UD;| = 2 and when £+ 5a = 2k—3
(because |D2k_2 U D2k—1 =1 and |D2k_3 U ngl = 2).
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> (v} B P!

Figure 8: The construction in Lemma 17.

To complete this section, we now show that for lexicographic products S+T', the answer
to (4) is ¢ = 3. By Theorem 11, it suffices to prove the following (where P; = Sy is the
star with two leaves):

Lemma 18. B is isomorphic to a subgraph of P3+ P,, where k = |/3n —2].

Proof. Recall that Hj, has vertex-set {1,...,k}?. For each i € Z, let D; := {(z,z + i) :
z,x+1i € {l,...,k}}. Each D; is an independent set in Hj contained in a diagonal line
of slope 1. As illustrated in Figure 9, let S := [J{D; : ¢ = 0 (mod 3)}, which is an
independent set in Hg. Let A :=J{D; : 7 # 0 (mod 3),7 > 0} and B := |J{D; : i Z0
(mod 3),i < 0}.

Figure 9: The proof of Lemma 18 with £ = 9: vertices in .S are white, red paths are in
A, and blue paths are in B.

Each of A and B induce linear forests in By. Note that S, A, B partitions V (Hy), and
|k%/3] < |S|,|A|, |B| < [k*/3] < n. Consider the 3-vertex path P; = (a, s,b). Injectively
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map S to the the copy of P, corresponding to s. Injectively and homomorphically map
A to the copy of P, corresponding to a. Injectively and homomorphically map B to the
copy of P, corresponding to b. This defines an injection from V' (8y) to V(Ps« P,). Since
there is no edge of H; between A and B, each edge of Hj, is mapped to an edge of P3+ P,
and Hj, is isomorphic to a subgraph of Ps+ P,. n

6 Open Problems

A first open problem is to tighten the bounds for gm(S X T') presented in Theorem 11
and Lemma 17, which combine to show that /5(n —2)/2 < gm(SXT) < +v3n+1+ 1.
This would fully resolve the discussions resulting from (4).

Another area of future work is to further investigate the Planar Graph Product Struc-
ture Theorem, which we recall states that for every planar graph G, there exists a graph
H of bounded treewidth and a path P such that G C HXP. A specific area to investigate
is identifying which properties of G can be preserved in H X P. Several results of this
type are known. For example, in the proof of Dujmovié et al. [23], H is a minor of G, and
so H is planar. An impossibility result in this area is the following: Even if G is planar
and has maximum-degree 5, a result of the form G C H X P cannot guarantee that H
has bounded treewidth and bounded degree [24].

A concrete question that remains open is whether the treewidth of G can be preserved
in the product: Is it true that for every planar graph G, there exists a bounded treewidth
graph H and a path P such that G C H X P and tw(H X P) € O(tw(G))? Note that

Qmin{[V(H)],[V(P)]}) < tw(H B P) < O(min{|V(H)|, [V (P)]}).

This upper bound follows from Lemma 3 since both H and P have bounded treewidth.
The lower bound follows from (2) since we may assume that G, H and P are connected.
So this question really asks whether for every planar graph G, there exists a bounded
treewidth graph H and a path P such that G C H X P and min{|V(H)|, |V (P)|} <
O(tw(G)). It is even open whether min{|V (H)|, |V (P)|} < f(tw(G)) for some function f,
or whether min{|V (H)|, |V (P)|} < O(\/|V(G)]|) (which would be implied since tw(G) <

O(V/|V(@)]) for every planar graph G).
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