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Abstract

Let G be a graph on n vertices. The Steiner distance of a collection of k vertices in
G is the fewest number of edges in any connected subgraph containing those vertices.
The order k£ Steiner distance hypermatrix of GG is the n-dimensional array indexed
by vertices, whose entries are the Steiner distances of their corresponding indices. In
this paper, we confirm a conjecture on the Steiner distance hypermatrices proposed
by Cooper and Du [Electron. J. Combin. 31(3):#P3.4, 2024]. Furthermore, we also
compute the hyperdeterminant of the order k Steiner distance hypermatrix of Ps.

Mathematics Subject Classifications: 05C12, 15A69

1 Introduction

The distance matrix is an important concept in the field of graph theory and combina-
torial optimization. In 1971, Graham and Pollak [8] showed a beautiful result that the
determinants of the distance matrices of trees depend only on the number of their vertices,
but have nothing to do with the structures of the trees. More precisely, let T be a tree
on n vertices and the distance matrix D(T') of T"is an n X n matrix whose (u, v)-entry is
the distance of u and v, then det(D(T)) = (1 — n)(—2)""2. This impressive result makes
the spectral properties of distance matrices a very interesting research topic. In 1978,
Graham and Lovéasz [7] investigated the coefficients of the characteristic polynomials of
distance matrices. In 1990, Merris [12] gave the distance spectrum of a tree.

The Steiner distance is a natural extension of the distance between two vertices, which
extends the concept of pairwise distance in a graph to any set of vertices, as proposed
in [1]. Given a graph G and a set S C V(G), the Steiner distance d(5) is defined as
the fewest number of edges in any connected subgraph of G containing S. For results on
Steiner distance in graphs, we refer the reader to [11] and the references therein.

Recently, Cooper and Tauscheck [3] extended the concept of distance matrices to
Steiner distance hypermatrices. The Steiner distance hypermatrix is related to the Steiner
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distance in the same way as the distance matrix is related to the classical distance. In 2005,
Qi [13] defined the hyperdeterminant of a symmetric hypermatrix (also called tensor),
which provided a new direction in the study of Steiner distance hypermatrices. Cooper
and Tauscheck [3] showed that for a tree T" on n > 3 vertices, the hyperdeterminant of the
Steiner distance hypermatrix of T"is 0 when k is odd. Subsequently, they [4] also showed
that the hyperdeterminant for even k is always nonzero. Cooper and Du [2] computed
the hyperdeterminant of the Steiner distance hypermatrix of a tree on 2 vertices. They
proved that the hyperdeterminant of the Steiner distance hypermatrix of a tree vanishes
if and only if (a) n > 3 and k is odd, (b) n =1, or (¢) n =2 and k=1 (mod 6).

For the Steiner distance hypermatrix of a tree on n vertices, Cooper and Du [2], and
Cooper and Tauscheck [3], proposed the following conjecture:

Conjecture 1. The hyperdeterminant of the order k£ Steiner distance hypermatrix of a
tree on n vertices only depends on n and k.

In this paper, we confirm the conjecture. Let P, be the path on n vertices, we also
give the hyperdeterminant of the order k Steiner distance hypermatrix of Ps.

2 Preliminaries

In this section, we introduce some notations and basic concepts of hypermatrices. For a
positive integer n, we denote [n] = {1,...,n}. Let C be the field of complex numbers and
C" be the n-dimensional complex space.

For positive integers k£ and n, an order k dimension n hypermatriz A is a multi-
dimensional array of n* entries in C: A = (a4,..;,), @i..i, € C, where i; € [n] and j € [k].
A is said to be symmetric if the value of a;,..;, is invariant under any permutation of its
indices iy, ...,ix. Given a vector X = (z1,...,2,)" € C", define an n-dimensional vector
Ax*~1 whose i-th component is defined as follows:

n

9y yip=1

In [13], Qi defined the hyperdeterminant and the characteristic polynomial of a hyper-
matrix. To give the definition of the hyperdeterminant and the characteristic polynomial
of a hypermatrix, the resultant theory is needed. For a positive integer n, an n-tuple

a = (ai,...,q,) of nonnegative integers, and an n-tuple x = (xy,...,7,)T of indeter-
minate variables, denote by x® the monomial [}, =", If F(xy,...,2,) € Clzy, ..., 2],
we use F' to denote F(xq,...,x,) without causing ambiguity. In the following, we intro-

duce the multipolynomial resultant to study hyperdeterminants, which can be found in
5, 6, 10].

Theorem 2. Fiz degrees dy, ..., d,. Fori € [n], consider all monomials x* of total degree
d; in xq,...,2,. For each such monomial, define a variable u; .. Then there is a unique
polynomial Res € Z[{u; o }| with the following three properties:
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(1) If Fy,...,F, € Clzy,...,x,] are homogeneous polynomials of degrees di, ..., d,,
respectively, then the polynomials have a nontrivial common root in C" exactly when
Res(Fy,..., F,) =0.

(2) Res(zf",... %) =1.
(3) Res is irreducible, even in C[{u;q}].

Res(Fy, ..., F,) is called the resultant of Fy, ..., F,, and it is interpreted as substituting
the coefficient of x* in F; for the variable u;, in Res. Resultant plays an important role
in algebraic geometry, algebraic combinatorics, spectral hypergraph theory, etc. The
hyperdeterminant of an order k dimension n hypermatrix A is the resultant of Ax*~1,
i.e., det(A) = Res(AxF71). The characteristic polynomial of A, denoted ¢4()), is the
determinant det(AZ —.A), where the unit hypermatrix Z is defined as follows: Z;,..;, = 1 if
1y =1y = -+ =1 and Z;,..;,, = 0 otherwise. Note that when k = 2, the hyperdeterminant
is exactly the classical determinant.

It is usually difficult to calculate the resultant of a general polynomial system, Hillar
and Lim [9] showed that most hypermatrix problems are NP-hard. However, we can study
it using some of its properties. In the following, suppose Fi,..., F, € Clzy,...,x,] are
homogeneous polynomials of degrees dy,...,d,, respectively. Here we list some useful
properties of resultants that will be used in the subsequent discussion, and readers can
find them in the reference [10].

Theorem 3. Fizing some i € [n], suppose d; > d; for all j # i and H;; € Clxy, ..., z,)
is a homogeneous polynomial of degree d; — d;, then

Res (Fl,...,ﬂ+ZHZ~7]-F]~,...,F”> = Res(Fy, ..., F;,...,F,).
J#i

Theorem 3 is called the elementary transformation property of the resultant.

Theorem 4. Let G = (Gy,...,G,), where Gy,...,G, are homogeneous polynomials of
degree d. Fori € [n], denote F; o G = F;(G4,...,G,). Then

Res(Fi oG, ..., F,0G) = Res(G4,...,G,)" "Res(F,... ,Fn)dnfl.
Given homogeneous polynomials Fi, ..., F, € Clxy,...,xz,| of degrees dy, ..., d,, let

fi(xla < axnfl) = E(-Ila sy Tp—1, 1)7

Fi(xl, P ,I’n_l) = E(ml, e ,lL‘n_l,O).

Note that Iy, ..., F,_; are homogeneous in Clxy,...,x,_]. The following Poisson for-
mula in [5, 6] gives a recursive method for calculating resultants.
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Theorem 5. Let Fy,..., F, € Clxy,...,xz,| are homogeneous polynomials of degrees
di,...,dy, respectively. Let'V be the affine variety defined by the polynomials fi, ..., fn-1.
If Res(Fy, ..., Fp_1) #0, then

Res(Fy, ..., F,) = Res(Fy,..., Fo))™ [ fulp)™®,

peEY
where m(p) is the multiplicity of a point p € V.

Next, we introduce the concepts of the Steiner distance and the Steiner distance hy-
permatrix. Given a graph G and a subset S = {vy,...,v;} of the vertices, the Steiner
distance of S, denoted dg(S) or dg(vi,...,vg), is the number of edges in the smallest
connected subgraph of GG containing S.

Definition 6. Let G be a graph on n vertices, the order k Steiner distance hypermatriz of
G is an order k dimension n hypermatrix S (G), whose (v1, ..., vg) entry is dg(vy, . . ., vg).

Given a graph G on n vertices and the vertex set V' is labelled as [n] = {1,2...,n}.
According to the definition, we have

(Sk(G) Z de(iyd9, .. k) Ty T4y, 1 € [n]. (1)

We can see that for an order k Steiner distance hypermatrix Si(G) of a graph G, the
hyperdeterminant of Sy(G), det(Si(G)) = Res(S,(G)x*1).

3 Hyperdeterminants of Steiner distance hypermatrices of trees
on n vertices

In this section, we confirm Conjecture 1 by utilizing the properties of resultants.

Theorem 7. Let T be a tree on n vertices and k > 2, then det(Sk(T)) only depends on
n and k.

Proof. Let T be a tree on n vertices with vertex set V(T') = [n], and denote Si(T)x*~! =
(Fy, Fy, ..., F,). Since we have det(Si(T")) = 0 when k is odd, let us assume that k is
even. In [4, Proposition 2.2], Cooper and Tauscheck proved the following properties for
Si(T)x*71. Let v be a leaf vertex of T and u be its unique neighbour, then

" k-1
F,—F,= <Z T — xv> — gt (2)
i=1

Suppose that {ui,us} is an edge of T. Let Tj and T5 are the trees obtained by adding
edges {uy,n + 1} and {ug,n + 1} to T at vertices u; and ug, respectively. Then we have
Sk(Tl)Xk_l = (G1,Gy, ..., Gpry) and Sk(T2)Xk_1 = (Hy, Hy, ..., Hyy1).
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Considering the equation (2), we obtain that

n k—1
Gn+1 - Gul = Hn+1 — Hu2 = (Z QZ’Z> — .ZU'I:L:_II (3)
=1

Let L =(x1,...,%u, — Tpt1s- s Tuy + Tng1,-- -, Tny1), in the following, we show that
Gio L = H;, for i€ [n].

Note that for any t € [k — 1] and o € S*~ 17!, we have dr(i, o, u1, up) = dr(i,a, uy) or
dr (i, a, uy, ug) = dp(i, o, ug). Let

515(@.7 «, ul) = dT<i7 «, Uy, u2) - dT(iv «, ul)

and
01, o, ug) = dp(i, o, up, ug) — dr(i, a, ug),

then we can see that 6,(i, o, u1) and d&;(i, o, uz) are equal to 1 or 0 for every a € S¥~171,
For any path P in T}, we classify it according to whether P contains vertices wuq, us
and n + 1. Note that {u;,n + 1} is a pendant edge, then we have the following six cases:

(1) wy,ug,n+1¢ V(P);
(2) uy € V(P),ug,n+1¢V(P);
(3) ug € V(P),u;,n+1¢ V(P);
(4) uy,ups € V(P),n+1¢ V(P);
(5) n+1eV(P)uz ¢ V(p);
(6)

6) us,n+ 1€ V(P).

Let i € [n]\ {u1,us} and S = [n]\ {u1,us}. Corresponding to these classification cases
and equation (1), we have

aegh-1 a=1 agSk—1-a
k—1
k—1
b
+ E ( . L E dr, (i, v, ug)x®
b=1 acSk—1-b

k—1
k-1 b . N
T Z (CL bk—1—a— b)xu1xU2 Z dTl(Z,Oé,ul,’U,Q)X

acSk—1—a—b

1 a C . o
" Z (a ¢, k—l—a—c>x"1xn+1 > (dp (i, o m) + 1)x

a+tc=1 acSk—1—a—c
c>0

k—1
k-1 ) . o
3 (ko 1oampo o)t B e+ s

a+b+c=1 acSk—1—a—b—c
b,c>0
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Consider the cases (4) and (6), we can see that

k-1
k—1 ' )
Z ((l b C, k—1—a—0b— C) xulx?@x?ﬂ‘l Z (dTl (Z7 «, u17u2) + ].)X

a+b+C:1 aeskflfufbfc
b,c>0

k—1
k—1 . . )
- Z (a be,k—1 —a—b_c)xmxb Ty Z (dr, (4, o, ur, up) + 1)x

a+b+071 aeskflfafbfc

—1 ‘ X
a Z (a c,k—1—a— )a:u 1 Z (dr, (i, o, up,up) + 1)x

agSk—1-a—c

1 . )
abk—l—a—b)xulxl;? Y (dn(i a,u,ug) + 1)x

atb=1 aesk 1—a—b
b>0
k—1 1

a «
Z ( ) 1 E (dr, (4, o, ug, ug) + 1)x
a=1 acSk—1-a

and

k—1 L—1
Z (a bk—1 —a—b>lexf‘2 Z dry (7, 00, uy, ug) X"

atb=1 acSk—1—a—b
a,b>0

1 . X
N Z (a bk —1 —a—b>mzlxz2 Z dry (i, @, up, uz)x

atb=1 aegk—1—a—b

- Z_: (k ; 1) T Z dr, (i, @, ug, ug)x®

acSk—1-a

—Z< _1> 2y S dny (i, un)x

acSk—1-b

Similarly, we have

k—1 i 1
— Y . )
Z <a7bak -1 _G—b>xu1$u2 Z dTl(Z?a?“la“Q)X

atb=1 acS§k—1—a—b
b>0

k—1 Eo 1
- Z (a bk—1—a— b) x‘;leQ Z dr, (1, v, uy, ug)x*

atb=1 acSk—1—a—b

— (k-1
_Z< a >le Z dr, (4, o, ur, ug)x®

a=1 acSk—1-a

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.30



Substituting the above equations into G;, then we can get that

k—1 R
Z dr, (i, a)x* 4+ Z (a - k—l—a—b—c)xulxwxnﬂ

acSk-1 a+b+c=1

X Z (dT1<i,Oé,U1,UQ) —+ 1)Xa

aesk—l—a—b—c

b

—1 Y e . X
- Z <CL C, k—1—a— C) $U1$n+1 Z 5‘1"‘0(27 Oé,ul)X

acSk—1—a—c

= 2 d (i +Z( )zt: <abtia—b)

aeSk—1 a+b=0

X Z (dTl (Z, a, ul,u2) + 1)Xa

aeSk—1-t
k—1 t
E—1 t
() () 2 atams
t=1 a=0 aESk—1—t
k-1 t
k-1 t\ o t-a a
FOE O 5 -
t=1 a=0 acSk—1-t
k-1
k-1
ST T st
t=1 acSk—1-t
k-1 k—
= Z dT1 (Za O‘)Xa + Z ( ¢ )(xm + Ty, + $n+1)
acSk-1 t=1
X Z (dr, (i, o, ug, ug) + 1)x
acSk—1—t
k-1 E_1
- Z ( ¢ ) ($u1 + xn-ﬁ-l)t Z 5t(ia a, Ul)X
t=1 aElgk—1-t
k-1
ko1 .
(M e X
t=1 acSk—1—t
k—1
E—1
_ Z ( . )mfm Z 0t (7, o, ug)x
t=1 acgk—1-t
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Then we consider the vertices u; and us, and obtain that

u1 Z dT1 Uy, & X +Z ( ):L‘Zl Z dTl(ul,O./ X

OéESk 1 acSk—1—a

—1
" Z (a bk—1— a_b>lexzz Z dr, (u1, o, ug)x*

a+b=1 aesk—l—a—b
b>0

1 . )
" Z (CL c, /i‘—l—oz—c)m“lxnJrl Z (dry (w1, @) + 1)x

a+c=1 a€Sk—1—a—c
c>0

— k—1 b
+ Z (a, b,ec,k—1—a— b—c)xUl:U“Qx"Jrl

a+b+c=1
b,c>0

X Z (dp, (u1, o, ug) + 1)x

acSk—1—a—b—c

. k—1 E—1 ,
Z dTl(U1,0Z)X + Z a b c k_ 1 _a—b— xull'uzxn+1

acSk-1 a+b+c=1

X Z (dp, (u1, o, ug) + 1)x

aesk’—l—a—b—c

5 (e T e
1 a
_Z<ack—1—a—b>xulx?‘2 Z *

a+b=1 aclSk—1—a—b

— 2_: (k ; 1) Ty, Z da (U1, v, ug)x”

acSk—1—a
S IRUITRUEED Bl (o (PR R
acSk-1
X Z (dr, (u1, v, ug) + 1)x*
aeSk—1-t
k—1
k—1
_Z( " )($u1+$n+1)t Z Or(u, v, up)x
t=1 aEgk—1-t
k-1
k1 X
(e ¥
t=1 acSk—1-t
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similarly, we have

k—1
E—1
Gu, = Z dr, (ug, a)x* + Z ( ; )(xu1 + Ty + Tpg1)!
=1

aeSk-1

X Z (dT1<'U/1,Oé,u2)+1)Xa

aeSk—1-t

SN )
(V) X e

t=1 aeskflft

k—1

k—1 .
- ( t )(x“”“?)t > x
t=1 aEgk—1-t

Since for t € [k—1] and a € [n]*"17* we have dp, (o) = dr, (). Thenifi € [n]\{uy,us},
according to the last equality in equation (4), we have

k-1
kE—1
H; = Z dr, (i, )x* + Z ( ; )(ﬂsul + Ty + Tg1)’ Z (dr, (3, o, uy, ug) + 1)x®

aeSk-1 t=1 aegk—1-t
k—1
k-1 , .
- Z ( t ) (‘Iu2 + xn—i—l)t Z 61?(27 «Q, U,Q)X
t=1 acSk—1-t
k-1
k-1 .
S 3
t=1 acSk—1-t
k-1
kE—1
_ Z ( . )le Z 8¢ (i, o, up)x
t=1 acgk—1—t

Note that linear transformation L transforms the variables z,, and z,, into z,, — T,11
and x,, + x,41 respectively, while leaving other variables unchanged, and combining it
with the last equality in equation (4), we can conclude that H; = G; o L.

For the vertices u; and wus, by direct calculation, we have

k—1
k—1
H, = Z dr, (ug, a)x® + Z ( ; )(Jltu1 + Ty + Trg1)’
acSk—1 t=1
X Z (dr, (ug, o, ug) + 1)x”
acSk—1-t
k—1
k—1
- Z ( ¢ )le Z 5t(u17a7ul)xa
t=1 acgk—1—t
k—1
k-1 X
() e X
t=1 acSk—1-t
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and

t
acSk-1 t
X Z (dr, (w1, o, ug) + 1)x*
acSk—1-t

t=1 ocESk_l_t
k—1
k—1 . o
- ¢ (xul + xw) E X
t=1 aeskflft

Similarly, based on the last equality in equation (5) and equation (6), we can conclude
that H,, = Gy, oL and H,, = G, o L.

In summary, for ¢ € [n], we have G; o L = H;. For i = n+ 1, note by equation (3), we
have (G411 — Gy, )o L = H, 1 — H,,. Then Theorem 4 implies that

Res(Hy, Ho, ..., Hy1 — Hyy) =Res(x1, ..., Ty, — Tpiy - ooy Ty + Tty - - - ,xnﬂ)(k_l)n
X RGS(Gl, GQ, R 7Gn+1 — Gu1)
It is easy to see that Res(z1, ..., %y, — Tty s Tuy + Tptts o« oy Tpt1) = 1, SO
Res(Hy, Ho, ..., Hy1 — Hyy) = Res(G1, Gay ..., Grgr — Guy).
By Theorem 3, it follows that
det(Sk(Tl)) = Res(Gl, GQ, ey Gn+1)
= RGS(Gl, G27 ey Gn+1 — Gm)
and
det(Sk(T3)) = Res(Hy, Ha, ..., Hyi1)
= RGS(Hl, Hg, ey Hn+1 — Hug)

Thus we have det(Sg(71)) = det(Sk(T2)).

For any two non-isomorphic trees on n vertices, we can always make them isomorphic
by moving the leaf vertices, and we have shown that moving the leaf vertices of an edge
does not change the hyperdeterminant of the order k Steiner distance hypermatrix. In
this way, we prove that the hyperdeterminant of the order k Steiner distance hypermatrix
of any two trees on n vertices is equal, and thus completing the proof. O

Example 8. Let T'= P; = ([3], {{1, 2}, {2,3}), we add an edge to vertex 2 and vertex 3,
vespectively. Then Ty = (4], {{1,2}, {2,3}. {2, 4}}) and T, = (4], {1, 2}, {2, 3}, {3, 4}})
Denote

Sk(T1)Xk_1 = (G1,G4,G5,G4) and Sk(Tz)Xk_l = (H1, Hy, Hs, Hy).
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It follows from Definition 6 and equation (1) that we have

G1=3(x1 + 22 + x5 + 3U4)k_1 — (x1 + 29+ $3)k_1 —(z1 4+ 22+ m4)k 1 ﬂvlf !

Gy =3(21 + 2o + 13+ 1) 1 — (21 + 29 + 23)" 1 — (21 + 29 + 24)"!
— (wg + T3+ x4)k*1
G3 :3(1’1 + o + T3 + C(]4)k_1 — (ZEl + 29 + Z)Z'3)k_1 — (!L‘Q + T3 + {L‘4)k L J]?]f 1

Gy =3(x1 + Lo 4+ 23+ 24)" 1 — (z1 4+ 20 + 24)" — (zg + 25+ 24)"F — 257!
and
Hy =3(x) + 2o+ 23+ 24) ™ — (2 + 29 + 23)" 1 — (27 + 20)"1 — 2!
H2 3(LL’1 + 22 + 23+ l’4)k71 - (Il + T9 + Ig)k ! (IQ + 3+ l’4) k=l _ (1’1 + Ig)kil
H3 3(1’1 + T9 + T3+ lL‘4)k—1 — (171 + T9 + Jfg)k ! ([EQ + 3+ ZE4) - (IL‘3 + l’4)k_1
H4 3(.151 + Ty + 23+ 334)k_1 — ($2 + x5+ $4)k 1 ( ) .Ti_l

We can see that Gy — Gy = Hy — Hy = (21 + 22 + :103)]“*1 — mi_l.
Let L = (x1, 19 — T4, T3 + T4, T4), according to the notations, it is easy to verify that

GioL=H, GyoL=H,, GyoL=Hsand (G4 — Gs)o L = Hy — Hj.
Since Res(z1, x9 — x4, 3 + x4, 4) = 1, by Theorem 4, we obtain that
Res(G1, Gy, G3, Gy — Go) = Res(Hy, Hy, Hy, Hy — H3).
According to Theorem 3, we have
Res(Gy, G, Gs, G4) = Res(Hy, Hy, Hy, Hy),

ie., det(Su(T1)) = det(Sy(Th)).

4 Hyperdeterminants of Sy (Ps)

Recently, Cooper and Du [2] showed that for the single-edge graph K (i.e., P»),

det(Sy(K)) = (— 1)k 1H <(1—|—ek )k 1—1), (7)

where i = y/—1. They found that det(Sx(K>)) = 0 if and only if k =1 (mod 6).

In this section, by using the Poisson formula, we compute the hyperdeterminant of the
order k Steiner distance hypermatrix of Ps;. Note that Cooper and Tauscheck [3] proved
that for a tree T on n vertices, if n > 2 and k is odd, then det(Si(7")) = 0. Therefore, we
only need to consider the case where k is even.
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Theorem 9. Let P3 be a path on 3 vertices, and let Sy(Ps) be the order k Steiner distance
hypermatrixz of P3, where k is even. Then

k—2 k-2

det(Sk(P3)) = H Hg(l% q),

p=0¢=0

1 k—1
where g(p,q) = 2 (1 + C}’:_l)k_l —1- <1 +( - (2 (1 + C,f_l)k_l — 1) o cg_l) and
27T

Coo1 = €F-T".

Proof. Let Py on vertices set {1,2,3} and denote Sy(P3)x" ™' = (Fy, Fy, F3), it follows
from Definition 6 and equation (1) that we have

F, = 2(%1 + 22 + $3)k_1 - (1’1 + $2)k_1 - xlf_l
Fy, = 2(x1 + 29 + xg)k_l — (901 + M)k_l - (5702 + $3)k_1 :

F3 = 2(231 + 2o + $3)k_1 — (1172 + .Q?g)k_l — xlg_l

According to the notations, let x3 = 1, consider the following polynomial system

Y

f1 = 2(%1 + T2 -+ 1)k_1 — (1’1 -+ ZL’Q)k_l — .Z‘llc_l = O
fo=2(x1 + 2o+ 1)k_1 — (1 + $2)k_1 — (w9 + 1)k_1 =0

and fo — fi = 2" — (22 + 1)¥1 =0, so we have
x2+1:C1€_1x17 pE{O,l,...,k—Q}, (8)

where (,_; = erTl is a primitive (k — 1)-th root of unity.
Substituting equation (8) into fi, we obtain that

2((1+¢) xl)k_l —((14+¢ ) a1 — 1)k_1 — bt =0,

ie.,
O+ ) )t = 1+ ) m - 1)

It follows that
CO+¢) ™ =1) e =+ ) m -1 pae{0l,... k-2}

Note that C,Z_l + (. _7 | is real for all j € Z, which implies that
k-1
k-1 E—1\ .,
2g ) 1=y (M e
=0

N |
=23 (TN @ -
=\ J
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1

is real. Since k is even, we take the value of (2 (1 + C,ffl)k_l — 1) "' as a real number.

Furthermore, we have

1
T = - , p,qe{0,1,... k—2},

T - (204 ¢) T 1)

and )
(2+q) ™ -1) T, -1
Ty = - , p,q€{0,1,... k—2}.
1+ - 20+ 1) e
We will show that for p’,¢',p,q € {0,1,...,k— 1}, if (p',¢) # (p,q), then (2}, x}) #

(z1,22), where (z1,z2), (2}, 7%) € V(f1, f2)-
Suppose that (2], z45) = (21, 22), then

1

P’ p o\ U p p k-1 = q
1+ €k71 — |2 (1 + qu) -1 qu =1+ Ckfl - (2 (1 + Ckfl) - 1) qu

and )
p/ kol k=1 q/ D k—1 ﬁ q
2 (1 + (k:—1> -1 Ck—l —-1= <2 (1 + Ck—l) - 1) Ck—l -1

so we deduce that , ,

Gho1 =Gy and Gy =Gy
Since (i1 is a primitive (k — 1)-th root of unity and p', ¢, p,q € {0,1,...,k—1}, we have
pP=pandq =q.

It implies that we get (k — 1)? distinct solutions of fi, f, by Bezout’s Theorem the
polynomial system fi, fo has at most (k — 1)? distinct solutions. This means that all of
the multiplicities m(p) in Theorem 5 are equal to 1.

Substituting these solutions into the polynomial f3(z1,72) = 2(x1 + 29 + 1)1 — (25 +
1)*1 — 1, we get that

1+,

L - (204 T =) T

fa(w1, 29) =2

P

L, - (204¢) 1) g

for all p,q € {0,1,..., k—2}.
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Next, we simplify the expression for H];;(Q) H];;g f3(z1,29). Fixed p € {0,1,...

note that (1 = i1l is a primitive (k — 1)-th root of unity, then

k—2

I (1+c - (20org) ' -1) " a)

q=0
=1+ ) T = (204 )T 1)
=— (1) L

So we obtain that

k—2 k-2

1111 (1 b - (20 )T o) <;§1) = det(Si(K2)).

p=0¢=0

Let

Jk—2},

1 k-1
op) =2 () -1 (1 - ()T =) )

then

[ T8 9(p, )
- (wymte) — Llo=o Ll .
wevl(;[hb)f( ) (det(Sy(K2)))"

On the other hand, by the result of Cooper and Du [2], when k£ # 1 (mod 6),

k—2

| ((1 +d )= 1) £0.

=0
Then for even k, Res(F'1, F») # 0. By Theorem 5, we have
det(Sk(P;;)) :RGS(Fl, F27 F3)

k—1 H Hq og( )
(det(Sk(K2)))*™

= (Res(F, Fy))

k—2 k-2

=111]s®

p=0 ¢=0

This completes the proof.

Remark 10. We can see that g(p,q) = g(k — 1 — p,q) for p € {1,2,... )k

{0,1,...,k — 2}, then

2

k—2k—2 k—2 k—2 %
[H1]s@.0 =100 ][swo | .
p=0 ¢=0 q=0 p=0 \ p=1
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which can help us simplify the calculations.
In [4], Cooper and Tauscheck listed the hyperdeterminants for k = 2, 4,6, 8. Here, let
k =10 in equation (9), with the help of Maple, we have

det(Syo(P3)) = 2% -5%.7.1910.37%.73. 2718 . 307" - 4498 - 739°% - 26119° - 7222694395393".
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