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Abstract

Three k-dimensional subspaces A, B, and C' of an n-dimensional vector space V'
over a finite field are called a 3-cluster if ANBNC = {0y} and yet dim(A+B+C) <
2k. A special kind of 3-cluster, which we call a covering triple, consists of subspaces
A, B,C such that A = (AN B)® (ANC). We prove that, for 2 < k < n/2, the
largest size of a covering triple-free family of k-dimensional subspaces is the same
as the size of the largest such star (a family of subspaces all containing a designated
non-zero vector). Moreover, we show that if k& < n/2, then stars are the only families
achieving this largest size. This in turn implies the same result for 3-clusters, which
gives the vector space-analogue of a theorem of Mubayi for set systems.

Mathematics Subject Classifications: 05D05

1 Introduction

Let n be a positive integer, ¢ a power of prime, I, a field of order ¢, and V' a vector
space of dimension n over F,. A family of subspaces of V is called intersecting if the
intersection of each pair of subspaces in the collection is more than just the zero vector.
If a family of subspaces satisfies the stronger property that they all contain a specific one-
dimensional subspace, then the family is called a star. The celebrated Erdos-Ko-Rado
(EKR) theorem for vector spaces (originally proved for most cases by Hsieh [16], but more
conceptual proofs for all cases in more general settings appeared later) states that there
are no intersecting families of k-dimensional spaces larger than stars.

Theorem 1 (Hsieh 1975 [16], Frankl-Wilson 1986 [9], Godsil-Newman 2006 [14], Chowd-
hury-Patkds 2010 [2]). Fiz integers k and n with n > 2k, and suppose F is an intersecting
family of k-dimensional subspaces of an n-dimensional vector space over a finite field.
Then |F| is no more than the size of the largest such star. Moreover, for n > 2k, the only
such families with mazimum size are stars.
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A set of two k-dimensional subspaces that intersect trivially is also called a 2-cluster,
and, so, an intersecting family is the same as a 2-cluster-free family. Now, if {A, B} is
a 2-cluster, then dim(A + B) = 2k. By analogy, for 1 < k < n/2, three k-dimensional
subspaces A, B, and C are called a 3-cluster if ANBNC' = {0y} and yet dim(A+B+C) <
2k. A family of k-dimensional subspaces of V' is called 3-cluster-free if it contains no 3-
clusters. A star is, of course, automatically 3-cluster-free.

Our main goal in this paper is to prove that, for the right parameters, the maximum-
sized 3-cluster-free families are stars. In fact, we will prove a stronger statement. If A,
B, C are k-dimensional subspaces of V with A = (AN B)® (ANC), we say that A, B,C
are a covering triple. Clearly all covering triples are 3-clusters as well. We prove

Theorem A (Theorem 14 below). Let V' be an n-dimensional vector space over F,, and
2 < k < n/2. The largest size of a covering-triple-free family is the same as the size of
the largest star (of k-dimensional subspaces). Moreover, for 2 < k < n/2, stars are the
only families achieving this largest size.

The original Erdés-Ko-Rado theorem is about families of subsets of [n] = {1,2,...,n}.
A family of subsets is intersecting if every pair of subsets in the collection has a non-empty
intersection. If every subset in the collection contains some specific ¢ € [n], then the family
is a star. Erdds, Ko, and Rado [7] proved that, for 1 < k& < n/2, the largest size of an
intersecting family of subsets of size k of a set with n elements is (Zj) This is, of course,
also the size of a largest star of k-sets. They also characterized the families of extremal
size: if the size of the family is actually equal to (Zj) and n > 2k, then the family
must be a star. This theorem has numerous proofs, many generalizations (see Frankl and
Tokushige [11] for an excellent survey), and a plethora of fruitful research areas take it as
their starting point (see Godsil and Meagher [15], as an example).

Naively, one may be tempted to see what happens if—instead of forbidding a pair of
subsets A, B with AN B = (—we forbid, in our family, the existence of three subsets
A, B, and C with AN BNC = (. If the size of the family is at least three, then any
such family will also be intersecting and so, as long as n > 2k, the original EKR theorem
already answers the question. (Frankl [8] showed that, for this three set version, the
conclusion remains valid even if n > 3k/2.) Hence, to get an interesting question with
three sets, we need to forbid fewer configurations, and so in addition to AN BN C = (),
we need additional restrictions on the forbidden configuration. Erdés [6], Chvatal [4],
Mubayi and Verstraéte [24] and Keevash and Mubayi [20] have worked on and proposed
such questions.

More directly relevant to our project, Frankl and Fiiredi [10]—partially answering a
question of Katona—showed, somewhat surprisingly, that, for n > k? + 3k, the maximum
size of a family of k-subsets of [n] that contains no A, B, and C' with AN BNC = ()

and |[AU BUC| < 2k continues to be This result was extended n > 3k/2

n
k—1
(for £ > 3) by Mubayi [21], who then asked a similar question for so-called d-clusters,
although he did not use that terminology at the time. For d > 2, a d-cluster is defined
to be a collection of d subsets of size k of [n] with trivial intersection whose union has at

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(2) (2025), #P2.31 2



most 2k elements. Having proved that the size of a 3-cluster-free family can be no more
than the size of a star, Mubayi conjectured that, in fact, the size of any d-cluster-free
family of k-subspaces, for n > dk/(d — 1), and 3 < d < k, can be no more than the size
of a star. For large n, the conjecture was settled by Mubayi [22], Mubayi and Ramadurai
23] and independently Fiiredi and Ozkahya [12]. In Currier [5], the first author settled
the conjecture in the affirmative for all n > dk/(d — 1).

Investigating vector space analogues of problems for set systems has a long history
going back to at least Gian Carlo Rota. Notable successes, other than the EKR theorem
for vector spaces discussed earlier, are the proof of the vector space analogues of Lovész’s
version of the Kruskal-Katona theorem (Chowdhury and Patkds [2]), the Hilton-Milner
theorem (Blokuis, Brouwer, Chowdhury, Frankl, Mussche, Patkés, and Szényi[l]), and
the proof of Manickam—Mikl6s—Singhi conjecture (Chowdhury, Sarkis, and Shahriari [3],
Thringer [19], and Huang and Sudakov [18]). More recently, and related to the EKR point
of view, there has been progress in finding or bounding the maximum size of families of
subspaces (not all necessary of the same dimension) avoiding a forbidden configuration.
Sarkis, Shahriari, and PCURC [25] found an upper bound for diamond-free families of
subspaces, Shahriari and Yu [26] and Xiao and Tompkins [28] found the maximum size of
families avoiding certain brooms, forks, and butterflies.

While there are cases that a problem posed for the poset of subspaces is easier than the
one for sets (e.g., the existence of a partition of the poset into a minimum number of chains
with as equal length as possible—the so-called Fiiredi partition—has been completely
settled for vector spaces by Hsu, Logan, and Shahriari [17], while for sets it has only been
recently settled for very large n by Sudakov, Tomon, and Wagner [27]) most of the time,
an extremal problem poses new challenges for vector spaces since many of the central
techniques in extremal set theory do not directly translate to vector spaces. As a result,
many open problems remain.

The corollary to our main result—that under the obvious conditions, the maximum
size of a covering triple-free collection is bounded by the size of a star—gives immediately
a tight bound on the maximum size of a 3-cluster-free family. This gives a direct vector
space analogue of Mubayi’s aforementioned result [21] for sets. In addition, our techniques
are purely combinatorial, differ from Mubayi’s, and are, as far as we know, new.

In the next section we will introduce the necessary preliminaries and background
information surrounding vectors spaces over finite fields. In section 3, we will sketch an
idea for the proof that we hope will aid in understanding the main results. In section 4,
we prove Theorem A.

2 Notation and Preliminaries

We denote by L£(V') the poset of subspaces of V' ordered by inclusion, and, for 0 < k < n,

Dﬂ will denote the collection of subspaces of dimension k in £(V'). Let U W € L(V). If

UNW = {0y}, then the two subspaces are said to be skew. If two subspaces are not skew,

V-U
they are said to intersect non-trivially. For U € L(V'), by abuse of notation, [ i ]
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will denote all £ dimensional subspaces of V' that are skew to U.

n
In analogy with the binomial coefficients, define [n], = a T = g+ L,
n [n],! _ n
[n],! = [n]y[n — 1], - - [2],[1],, and LfL = Wq—k’]q! for 0 < k < n. The integers L{?L

are called Gaussian (or q-binomial) coefficients. The next lemma gives a few well-known
facts about these integers.

Lemma 2. Let n be a positive integer, q a prime power, and V a vector space of dimension
n over IF,.

v
a. LetO<m,1<n, and W &€ [ } be fixed. Then
m

=

[V} ‘ = [n] , and the number of subspaces U with V=W @ U is
i i
q

In particular,

m(n—m) ]

q

b. For k <n, we have

B R R

We also need a result of Gerbner and Patkés [13, Corollary p. 2867]

Theorem 3 (Gerbner and Patkds [13]). Let ¢ be a prime power, V a vector space of
dimension n over Fy, k <n/2, andn/2 <l <n—k. Let G C Dﬂ, G, C [‘ﬂ, and assume
Gr UGy is intersecting. Then,

% G+igd< [} 0

For our purposes, we need a slight strengthening of a special case of Theorem 3.
Corollary 4. Let g be a prime power, V a vector space of dimension n over F,, and
1 <k<n/2 Let G, C Dﬂ, G C [n‘:k], and assume G, U G, is intersecting. Let

1 ifk=mn/2

Then,
" ifk<n/2.

oz

—1 —1
|G| + |Gn-k| < Oé[Z_ J + [n } . (2)
a a

Furthermore, if Equation (2) is an equality, then |G,_j| > ["gl]q.
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Proof. In the case k = n/2, both G, and G, ; are intersecting families in [n‘;2] and

[Z:ﬂq = ["gl}q = [2721}(1 Hence, by the EKR theorem for vector spaces, Theorem 1,
n—1
n/2

equality, we need |G, x| = [”gl]q. Hence, we can assume k < n/2 and a > ¢"*. Letting

each of |Gy| and |G,_| are no more than ["7)] , and Equation (2) follows. Also, to have
q

¢ =n — k in Equation (1) of Theorem 3, and using Lemma 2(b), we have

ek n n | —1 n—1
e R e R F R P R S R
* S -k, K], k=1, | k ],

n—1

k—1

n—k

By Theorem 1, |G| < [ } . Thus, since o > ¢"~*, we have
q

o |Gr| + |Gni| = ¢" % |G| + |Gri| + (o — ¢"7F) |G|
ner|m—1 n—1 nein |0 — 1
S T s e

—a{n_l] +{n—1}
T R
n—1

k—1
need |G, x| > ["gl}q. This completes the proof. O

as predicted by Equation (2). Since |Gi| < | ]q, to have equality in Equation (2), we

3 Idea of the Proof for the Main Theorem

To prove that the largest covering-triple-free family is as big as a star, we aspire to mimic
a particular way of counting the number of k-dimensional subspaces in a star.

Lemma 5. Let q be a prime power, V' a vector space of dimension n over F,, Oy #v €V,
and 1 < k < n/2. Let F be the family of all k-dimensional subspaces of V' that contain
v, and let A € F be fizred. Finally, for 1 <11 < k, let F; consist of those subspaces in F
whose intersection with A has dimension exactly i. Then

e[
7 —1 g —1i],

k
n—1 GTk—1] Tn—k
— — (k—1)
h—1L FI=2a {i—lL[k—J;

i=1

As a result,

Proof. If B € F;, then dim(A N B) =4, and dim(A + B) = 2k — i (see Figure 1). There
are as many subspaces of dimension 2k — ¢ that contain A, as there are subspaces of
dimension k —i in V/A, a vector space of dimension n — k. Hence, the number of choices

—k
for A+ B is [z 1 . Likewise, the number of choices for A N B, is the same as the
—1
q
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1
number of subspaces of dimension ¢ — 1 of A/(v), and is equal to [ , 1] . Having fixed
q

A+ B and AN B, the number of choices for B is the same as the number of (k — 7)-
dimensional subspaces of (A + B)/(A N B) that are skew to A/(A N B) (see Figure 1),
which, by Lemma 2(a), is equal to ¢, Hence, |F;| = ¢~ [kil}q["fﬂq. The rest

i—1 k—i
follows since F is a disjoint union of F;, and the number of k-dimensional subspaces of V'
: : n—1
that contain (v) is [k_Jq. O
Vv

AN
I {0}

Figure 1: A and B are k-dimensional subspaces of the n-dimensional space V. AN B is
an i-dimensional subspace containing (v), and (A+ B)/A is a k — ¢ dimensional subspace
of the (n — k)-dimensional space V/A.

Now, suppose we want to apply the same count to an arbitrary covering-triple-free
family F of k-dimensional subspaces. We will again fix A € F, and will want to divide
the rest of F into subfamilies F;. If B € F is such that dim(A N B) =i # 0, then we put
B into F;. If AN B = {0y}, then B will be assigned to F; if ¢ is the minimum non-zero
value of dim(B N C) among all C' € F. But what if B is skew to every element of F?
Such subspaces—which we will collect in a family called F*— will need to be dealt with
separately, and this results in annoying extra cases. However, at the end, there can’t
be too many such subspaces in a covering-triple-free family, and they are harmless. We
choose to include them in every F;.

After these modifications, |F| will continue to be bounded by Zle |Fi|, and so we
need effective bounds for each of | F;|. To give a somewhat vague description of our method
for bounding |F;|, ignore the complications, and assume that we have fixed A € F in such
a way that every other element of F intersects A non-trivially. In such a happy situation,
F; will consist merely of subspaces in F whose intersection with A is i-dimensional.

We say—for the sake of this heuristic argument—that B € F; claims a subspace

V—A
De [ } if D& (BN A)= B. Now, it is certainly possible for a number of B’s to

k—1
claim the same D. However, if By, ..., B, all claim D, then all of these B’s are in the
same J;, but more importantly, B1 N A, ..., B, N A form an intersecting family inside
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A (the assumption that F is covering-triple-free is essential here). As a result, Theorem
1 will give us a non-trivial bound on the number of B’s that claim the same D, which
in turn will give a bound on |F;|. Since we are using the EKR theorem for subspaces of
a k-dimensional space A, the argument, unfortunately, will work only in the cases when
1<i<k/2

When i > k/2, it is not possible to establish an upper bound for each |F;| individually.
For the final twist of the proof, we modify our methods, and instead bound |F;| + | Fi—/,
foreach 1 < i < k/2 (if k is even, we continue to also use the earlier bound for !]—"k /2|). The
important point is that our upper bounds are precise enough that in every instance they
mirror what would have happened if F was a star. Hence, at the end, we can conclude
that |F| is no more than the size of a star.

In the next section, this plan will be carried out.

4 Proof of Main Theorem

For the rest of the paper, as before, n is a positive integer, ¢ a power of prime, F, a field
of order ¢, and V' a vector space of dimension n over F,. Furthermore 2 < k < n/2 is an
integer.

The next (long) definition provides the basic infrastructure/notation for our proof.
Definition 6. Let F C Dﬂ Define F* to denote those elements of F that are skew to
every other element of F. Fix A € F, and define a functionis: F\F* — {1,... .k} C Z*°
by

min{dim(BNC) |C e F,BNC #{0y}} if AnB={0y}
Also, define Zs: F\ F* — 27 by

IA(B):{{A} if AN B # {0y}

iA(B :{dim(AﬁB) if AN B # {0y}

In addition, define ¢4: F — 25(V) by

k—ia(B)

b4(B) = {(Del, P pl|3CeTsB)withDNC ={0y}} if B¢ F*
~ 1 {D | D a subspace of B} if B e F*.

If D € ¢4(B), then we say that B claims D.
Finally, for 1 <i < k — 1, define

Fia={B€ F|ia(B)=i} UF"
To avoid clutter, we will use F; to mean F; 4.
The following are straightforward (See Figure 2) and will be used often:
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Figure 2: dim(B N C) =i4(B). C could be A or not, but, regardless, D N A = {0y} for
all D € §Z5A(B)

Lemma 7. Let F C [V], and let A, B € F. Then
a. If B¢ F* and C € Z4(B), then dim(BNC) =ia(B).

b. If B¢ F*, then D € ¢pa(B), if and only if there exists C' € T4(B) with C N D =
{0y}, and B=D @ (BNC). In particular, if D € ¢4(B) and Z4(B) = {A}, then
B=Da& (BNA).

c. IfBNA={0y} and BNC # {0y} for some C € F, then dim(BNC) > ia(B).
If, additionally, D € ¢o(B) and C N D ={0y}, then B=D& (BNC).

d. For B ¢ F*, and writing i for io(B), we have |¢p4(B)| = ¢"*~9, with equality only
if CNB=C"NB forall C,C" € Zy(B).

e. For B € F*, and for 1 < i < k, the number of subspaces of dimension i in ¢a(B)
o [k i(k—i)
is m > q .

Proof. (a) is just a restatement of the definitions.

b. Note that DN(BNC)C DNC ={0y}, dim(D) = k —ixs(B), and dim(BNC) =
ia(B).

c. The first part is a restatement of definitions. To see the second, we note D C B
and dim(BNC) > is(B) = k — dim(D).

d. By Lemma 2(a), each element of Z(B) will contribute ¢"*~? subspaces to ¢ (B).
If two elements of Z4(B) have different intersections with B, then these sets of ¢**=

will be distinct, leading to strict inequality.

e. Note that, by Lemma 2(a), ¢"*~? is the number of subspaces of dimension i that
have a trivial intersection with one particular subspace of dimension k& — i, while
¢a(B) consists of every subspace of dimension . O

For 1 < i < k/2, we will establish a bound for |F;| + |Fx_;| (Theorem 13). The
process will be slightly involved, but will proceed more-or-less by bounding the number
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of subspaces in F that claim a given subspace D. Note that if D € ¢4(B) for B € F,
then DN A = {0y}, and so we only consider subspaces D that are skew to A. We begin
by introducing a notation for such subspaces.

Definition 8. Let 7 C [/], and fix A € F. Let D be a subspace of V with DNA = {0y }.
Define

¢4 (D) ={BeF|Deoda(B)}.

Immediate from the definition is that if B € ¢~'(D), then D C B. Furthermore, if D
is a subspace skew to A and there exists B € (¢~*(D) N F*), then B is the only element

of F intersecting D non-trivially. In particular, if £ is any subspace with £ N D # {0y},
then ¢,'(E) C {B}.

The next lemma will show a basic intersection property for spaces in ¢;*(D) and ¢, (E),
where D C E.

Lemma 9. Let F C [Z] be a covering-triple-free family. Fix A € F. Let E be a subspace
of V with EN A = {0y}, and let D be a subspace of E. Assume By, € ¢'(F), and
B, € gbZl(D), and suppose By, By & F*. Then, if Cy € To(Bs) is skew to D, it follows
that Bl N Cg 7é {Ov}

Proof. Note first that D C E C By. If By N Cy = {0y}, then since By = D @ (By N Cy)
(by lemma 7(b) if B intersects A non-trivially, and (c) otherwise), we have that Bs, By, Cs
form a covering triple. ]

The next result shows, essentially, that all elements of ¢~!(D) share a common form;
that is, there exists C' € F such that B = D@ (BNC) for all B € ¢~ (D). In actuality, we
show something slightly different, involving both D and another subspace E containing
D, since we are trying to bound F; and Fj_; simultaneously.

Proposition 10. Let F C Dﬂ be a covering-triple-free family, and suppose k/2 < e <
k—1. FixrAe F,letE € [V;A] , and suppose either D = E or D € [,fe] Suppose ¢, (E)
is non-empty but ¢, (E) N F* = (). Then there exists C € F such that B= D ® (BNC)
for all B € ¢,*(D).

Proof. We note first that since ¢;'(E) N F* = ), we must have ¢ (D) N F* = (), since
D is contained in E. Let B* € ¢;*(E), and let C* € T4(B*) be such that C* N E = .
Letting B € ¢,*(D), we claim that setting C' = C* will suffice. The proof will be divided
into cases, depending on whether or not BN A = {0y} and whether D = E or D € [ki} :

Case 1: Suppose BN A # {0y}. Then, Z,(B) = {A}, and since D C F, by Lemma 9,
B*N A #{0y}. Thus, C* = A, so by Lemma 7(b) we have B =D @& (BN C").

Case 2(a): Suppose BN A= {0y} and D = E. By Lemma 9, we know that B N C* #
{0y }. Since DN C* = {0y}, we conclude by Lemma 7(c) that B =D & (BN C*).
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Case 2(b): Suppose BN A = {0y} and D € [[”]. Since BN B* # {0y}, by Lemma
7(c) we know dim(B* N B) > ix(B) = k — dim(B* N C*). If we had BN C* = {0y},
then B*, C*, B would form a covering triple, so we know BN C* # {0y }. Since DNC* C
EnC*={0y}, we conclude by Lemma 7(c) that B= D & (BN C"). O

Proposition 10 allows us then to prove the following.

Proposition 11. Let 2 < k < n/2, and suppose F C Dﬂ s a covering-triple-free famaly.
Fiz A€ F, and let 1 < d < k/2. Suppose D € [V;A} , and suppose that every element of

k—d
&p C [k 2?] contains D. If |Ep| > {? ZZZ:Z;; then
k-1 kE—1
|¢A “" Z |¢A < { d } +’5D‘ |:d—1‘| . (4)
Ee&p q q

k—1
Moreover, if Inequality (4) is an equality, then |(Z5;11(D)‘ > [ p } .
q

Proof. Let E € &p. If any elements of ¢,'(D) or ¢,'(E) are in F*, then ‘¢21(D)|
and ‘(ﬁ n | are both at most 1, and the inequality is trivially satisfied. So assume no
elements of ¢,* (D) or ¢! (E) (for any E € £p) are in F*.

From among elements of £p, let E be one with ’gbZl(E)} as large as possible. By
Proposition 10, there exists C* € F with C* N E = {0y}, B = F & (C* N B) for all
B e ¢'(E) and B'=D ® (0* N B') for all B’ € ¢;,'(D).

Let Gy = {C*N B | B € ¢,'(E)}, and, likewise, Gx_q = {C*N B’ | B' € ¢;;'(D )} Ga
consists of |¢,"'(E)| subspaces of dimension d of C*. Likewise, G_q consists of |¢,"(D)|
subspaces of dimension k — d of C*. Now, let By, By € ¢ ( ) U ¢,H(D), and assume
without loss of generality that if at least one B; is in ¢,'(F), then B, € ¢'(FE). Under
this assumption, we always have By = (By N C*) + (By N By). Since F is covering-triple-
free, we must have C* N By N By # {0y }. In particular, C* N B; intersects C* N By
non-trivially. Hence, G4 U Gi_4 is an intersecting family of subspaces of C*.

Corollary 4 now applies, and we get

kE—1 kE—1
|8||g|+|g_|<\e|[ ]+[ } (5)
D d k—d D d—lq d ,

Inequality (4) now follows since ) p . 102" (E)| < |€p||Ga| and |93 (D)| = |Gr—ql. 1If
Inequality (4) is an equality, then we have equality in Inequality (5), and by Corollary 4,
we have ¢/ (D)| = |G—a| > [kgl]q. O

To be able to control | F;|+|F_;|, for 1 < i < k/2, we need a well-known generalization
of the Marriage Theorem. We include the proof for completeness.
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Theorem 12. Let G = (X,A,Y) be a bipartite graph with vertex set X UY, edge set
A, and with all edges having one end in X and the other in Y. Assume that there is
a positive integer m such that, for all S C X, |Ny(S)| = m|S|. (Ny(S) is the set of
neighbors in'Y of the vertices in S.) Then there exists a one to m matching between the
vertices in X and a subset of vertices in'Y .

Proof. Let the set X consists of m copies of X. Construct a new bipartite graph G =
(X' , A,Y) where each clone of x € X is adjacent to exactly the neighbors of x in the
original graph G. The new graph G satisfies the Hall Marriage condition and so there is
a one to one matching from elements of X to a subset of elements of Y. The pull-back of
this matching in G is a one to m matching from X to a subset of vertices in Y. ]

We will now use Theorem 12 to control |F;| + |Fx_;| when 1 < i < k/2.

Theorem 13. Let 2 < k < n/2, F C Dﬂ a covering-triple-free family, and fix A € F.
Then, for 1 <i < k/2,

2z |n—Fk| k=1 2ln—Fk| |[k—1
| Fil + [ Fril < g ){k—'] [._1] +q [ , } { , } (6)
g q’l q v q v q

k-1 —A
If Inequality (6) is an equality, then ‘¢21(D)| > [ . 1 for all D € [V ; }, F* =10,
q

and |pA(B)| = ¢* for all B € F; U Fi_;.

Proof. Construct a bipartite graph with vertex set X UY, where X = [V;A] and Y =
[‘;ﬂ:ﬂ. As for edges, D € X is adjacent to K € Y if D C E.

The (k — i)-dimensional subspaces of V' that contain D and are skew to A are in one
to one correspondence with (k — 2i)-dimensional subspaces of the (n — i)-dimensional
vector space V/D that are skew to the k-dimensional subspace (A + D)/D. By Lemma
2(a), their number—which is the degree of the vertex D € X —is g2k [”,j;]q Like-
wise, the degree of a vertex £ € Y —that is, the number of ¢ dimensional subspaces

k—i k—i
of an k£ — i dimensional vector space—is [ , 1 = [ Z} . As a result, for § C
q q

1 k—21
’S’ q(k—2z‘)k [n—k—i]
q

X, |Ny(S)| = — h— Now, since k < n/2, n — k —i > k — i we have
[,
—92i n—k—i
A s ]q

, F=iif i < k/2
— > B2k et m = 1 1 Z / . Since i < k/2 and k > k — i, we
[k_%}q 1 ifi=k/2

have | Ny (S)| = m|S|. By Theorem 12, there is a one to m matching from elements of X
to a subset of Y. Arbitrarily match each unmatched element of Y to one of its subsets
in X. Denote by £p, the elements in Y that have been matched with D € X. Now,
{€p | D € X} is a partition of Y into |X| parts, and, for all D € X, |Ep| = m. We can
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now apply Proposition 11, and get
> o)+ Sleie] - 3 (ol + X o)
Dex EeY E€ép
=l

S ([7] vel[i ﬂ)
el
gk S A R e

To complete the proof, we will use a double counting argument to get the desired bound
on ||+ | Fiil.

Let S = {(B,D) | B € F;,D € ¢p4(B),dim(D) =k —i} U{(B,D) | B€ Fr_;,D €
¢a(B),dim(D) = i}. As a technical note, if i = k/2, we allow S to be a multi-set and

count each element twice. Now, for each B € F; U Fy_;, there are at least ¢**~%) suitable

D’s (Lemma 7(d)&(e)), and so |S| = (|F| + | Fe—i])¢"*=. On the other hand, the D’s
are in X UY, and, for each D € X UY, the number of (B, D) € S is |¢;11(D)‘. Hence,

S = Ypex [02" (D) + Xpey [01' (B < ¢ [T, [71], + 0[50, 151, by the

earlier calculation. Putting the two inequalities together, we get

‘E|+|~Fki|<—i|(k_|i)<ql|: ) ] [ ) ] +q(’”)[ } [ ]7
q NN A k—1 JLi—1],

as desired.
If Inequality (6) is an equality, then we have to also have equality in Inequality (4) of

k—1 — A
Proposition 11, and so ‘(bATl(D)‘ > [ , } for all D € [V , 1 Furthermore, to have
i, i

equality, in the count for |S|, for each B € F; U F,_;, we need exactly ¢'(k — i) suitable
D’s. For B ¢ F*, this means that |¢4(B)| = ¢"*~?, and Lemma 7(e) implies that none
of the elements of F are in F*. The proof is now complete. O

We are now ready to prove our main result, Theorem A of the introduction.

Theorem 14. Let n be a positive integer, q a prime power, V a vector space of dimension

Vv
n over Fy, 2 <k <n/2, and F C i a covering-triple-free family. Then

A<i ) )

-1
Moreover, for 2 < k <n/2, if |F| = { 11 , then F is a star.
q
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Proof. Tf possible, choose A, B* € F with A N B* = {0y}, otherwise, choose A € F

arbitrarily. As we have been doing all along, let F; = F; 4 be defined as in Definition 6.
k—1

Since F\{A} = UF-'F;, we have |F| <1+ Z |F;]. For each 1 < i < [(k—1)/2], we

pair F; with F,._;, in order to use Theorem 13 to bound |F;| + |Fr_i|. Note that in the
case when k is even, Fjp will be unmatched, but Theorem 13 will give us a bound on
| Fiy2| which is still sufficient. To treat the odd and even cases simultaneously, define o
to be equal to one if k is even and zero otherwise. Using Theorem 13, a straightforward
change of index, and Lemma 5, we now have

k—1 [(k—1)/2]
FIST+ Y VA =146 Fep| + D (1FI+1Fl)

=1 i=1

-kl [ k-1
<reit ] L
k2 ], k2 -1,
L(k—1)/2]
—k| [k—1 2[n—k|] [k—1
= (BB L)
—il,li—1], VN I R A

_ iq(,m)z [n—k] [k— 1] _ ln— 1} |

— k—if,li—1], k—1],
It remains to account for equality in Inequality (7), and so assume that 2 < k < n/2

-1
and |F| = [Z 1] . First note that if it was not possible to choose A, B* € F with
q

AN B* = {0y}, then the family F would be an intersecting family, and by Theorem 1,
F is a maximum-sized star. So assume that A, B* € F with AN B* = {0y}. We will
complete the proof by showing that this is, in fact, not possible. In establishing Inequality
(7) above, we used Inequality (6) of Theorem 13. So in the case of equality in the former,
the latter must also be an equality, and so, by Theorem 13, this means that F* =
[6a(B)| = ¢"* ) for all B € F;, and |¢3"(D)| = [']"] forall D € [V77].

We handle first the case k = 2. Since B* ¢ F*, there must be C* € F such that
D := B*NC* # {0y }. By the equality condition in Lemma 7(d), we must have C'N B* =
D for all C" € T4(B*), and thus D ¢ ¢4(B*). However, since |¢'(D)| > 1, there
must be B # B* with D € ¢4(B). Again, since B ¢ F* by Lemma 7(b), this implies
B =D& (BNC) for some C € Zy(B). Since D C BN B* and dim(B) = dim(B*) = 2,

we have D = BN B*. Thus B = (BN B*) @ (BN C), which is a contradiction.
Now, suppose k > 3 and let D € [5']. In this case, |¢;'(D)| > [kzl]q =¢"? 4+ +

qg+1>q+ 12> 3. Hence, if we let D € [Bﬂ, there exists B € ¢, (D) with B # B*
(regardless of Whether B* itself is or is not in ¢,*(D)).

We claim that BN A = {0y }. If this were not the case, then Z4(B) = {A}, and by
Lemma 7(b), B = (BNA)®&D = (BNA)®(BNB*). This would mean B, A, and B* form

a covering triple, and that would be a contradiction. Since B € ¢,!(D) and BNA = {0y
g ple, A )
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there exists C' € Z4(B) with B = D & (BN (). Since D is one-dimensional, BN C is
(k—1)-dimensional, and is(B) = k—1 (see Figure 2 and Lemma 7). Now BN B* # {0y}
since D is in that intersection. Hence, by Lemma 7(c), dim(BNB*) > i4(B) = k—1. But
B and B* are distinct k& dimensional subspaces, and so BN B* is a (k — 1)-dimensional
subspace. This means B* € T4(B). By Lemma 7(d), since |¢p4(B)| = ¢"*~9, and since
C, B* € Z4(B), we must have B*NB = CNB. But this is a contradiction since D C B*NB,
while D N C' = {0y }. The contradiction completes the proof. O

5 Concluding remarks and further directions

The natural next step is to consider the question of d-clusters for vector spaces. In light
of this, we make the following definition.

Definition 15. Let V' be an n-dimensional vector space over F,, and suppose Ay, ..., A4 €
[V]. If dim(A; + - + Ag) < 2k and Ay N -+ N Ay = {0y}, then we say that Ai,..., Ay
form a d-cluster. A family F C Dﬂ containing no d-cluster is called d-cluster-free.

We then conjecture the following

Conjecture 16. Let V' be an n-dimensional vector space over F,, and let &£ > d > 3 be
integers satisfying n > %. Then, if F C [‘,ﬂ is d-cluster-free, it must satisfy

n—1
<

with equality only if F is a maximum-sized star.

We note that this range of n,d, k is the only for which the question is meaningful,
dk

since if n < 775, then any collection of d vector spaces of dimension £ will have non-
trivial intersection.

Our Theorem 14 proves this conjecture for d = 3 in the slightly limited range n > 2k
(although we did not prove equality in the case n = 2k). This is not entirely surprising,
since even in the case of sets the cases n > 2k and n < 2k often have to be handled
separately. In addition to tackling the case of n < 2k, it would be interesting to see if
the tools used to attack the problem in sets for d > 4 (see e.g. Mubayi [22], Mubayi and

Ramadurai [23] and Currier [5]) could be applied to the context of vector spaces.
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