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Abstract

A graph T' is said to be unstable if for the direct product I' x K5, the group
Aut(T" x K3) is not isomorphic to Aut(I") x Zs. We show that a connected and non-
bipartite Cayley graph Cay(H,.S) is unstable if and only if the set S x {1} belongs
to a Schur ring over the group H X Zo satisfying certain properties. The S-rings
with these properties are characterized if H is a cyclic group of twice odd order.
As an application, a necessary and sufficient condition is given for a connected and
non-bipartite circulant graph of order 2p® to be unstable, where p is an odd prime
and e > 1.

Mathematics Subject Classifications: 05C25, 20B25

1 Introduction

All groups in this paper will be finite and all graphs will be finite, simple, and undirected.
If I' is a graph, then V(I'), E(I') and Aut(I') denote its vertex set, edge set and auto-
morphism group, respectively. The direct product I' x K5 of a graph I' and the complete
graph K5 on two vertices, also known as the canonical double cover of T', is defined to
have vertex set V(I') x {0,1} and edges {(u,0), (v,1)}, where {u,v} € E(I'). The graph
I' x Ky admits natural automorphisms, namely the permutation

(v,4) — (v,1 — 1), where v € V(T'), i =0,1;
and for every o € Aut(I'), the permutation
(v,7) = (v*,1), where v € V(I'), i =0, 1.

These permutations can be easily seen to form a group, which is isomorphic to Aut(I") x Zs.
Now, we say that I' is stable if Aut(I’ x K3) = Aut(I") x Zs, and unstable otherwise. This
concept of stability was defined in [14]. Recently, several papers were devoted to the
stability of graphs [1, 8, 19, 27], especially to circulant graphs [2, 5, 9, 10, 18, 25].
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Let H be a group with identity element 15, and let S C H be a subset such that
g ¢ S and 27 € S whenever x € S. The Cayley graph Cay(H,S) is defined to have
vertex set H and edges {z, sz}, where x € H and s € S. In the case when H is a cyclic
group, the term circulant graph is commonly used.

The goal of this paper is to propose an approach to the stability of Cayley graphs using
Schur rings. A Schur ring (S-ring for short) over a group G is a subring of the integer
group ring ZG satisfying certain conditions. S-rings were defined by Wielandt [24] and
studied first by Schur [20] in his investigation of permutation groups. S-rings became an
effective tool in algebraic combinatorics [16]. For the exact definition and all the S-ring
theoretical concepts, which appear in our results below, we refer to Section 2.

In Section 3, by translating [5, Lemma 2.4] into the language of S-rings, we establish
a necessary and sufficient condition for a connected and non-bipartite Cayley graph to be
unstable in terms of S-rings. We remark that none of the latter constraints on the given
Cayley graph is essential. It is easy to show that any disconnected graph as well as any
bipartite graph with a non-trivial automorphism group is unstable (see, e.g., [25]).

Proposition 1. Let G = H x{(a), where H is any finite group and (a) = Zy. The following
conditions are equivalent for every connected and non-bipartite graph Cay(H,S).

(i) Cay(H,S) is unstable.
(it) There exists a Schurian S-ring A over G such that H, Sa € A and {a} ¢ A.

Proposition 1 suggests the following recipe for finding all connected and non-bipartite
unstable graphs Cay(H,S) on a given group H.

Step 1. Let G = H X (a), where (a) = Z5. Describe all S-rings A over G
with H € Aand a ¢ A.

Step 2. Describe the connected and non-bipartite graphs Cay(H,.S) using
the fact that Sa € A for some S-ring A described in Step 1.

We explore this idea in the case when H is a cyclic group of order 2p¢ for an odd prime
p and e > 1. To the best of our knowledge, a characterization of the unstable circulant
graphs of order n and valency k is known only in some special cases: n is odd [5, 18],
n = 2p for a prime p [9], or k < 7 [10]. Recently, the case where n is square-free was
solved [2] using one of the results developed in this paper (Theorem 3). Regarding abelian
groups of odd order, using elementary techniques, Witte Morris [26] obtained the following
theorem (as a demonstration of our approach, we give an alternative proof in Remark 13).

Theorem 2 ([26]). If H is an abelian group of odd order, then every unstable connected
graph Cay(H, S) has two vertices with the same neighbours.

In Section 4, we turn to the S-rings described in Step 1 in the case where H is a cyclic
group of twice odd order. The main result of the section is the following theorem.
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Theorem 3. Let G = H x (a), where H = Za,, n > 1, n is odd, and (a) = Z,. If A is
an S-ring over G with H € A and {a} & A, then {a,ab} is a basic set of A, or

ﬂ rad(X N Hpa) # 1,

XeS(A), XNHpa#0
where b is the unique involution of H and Hy is the subgroup of H of order n.

The above theorem shows that if I' is a connected and non-bipartite Cayley graph of H
(using the notation of Theorem 3), then either I' is a known example of an unstable Cayley
graph (because it is of Wilson type (C.1)), or I is stable modulo (b). The latter condition
implies that every automorphism of I' x K, factors to a well-defined automorphism of
(I'/(b)) x K3, hence it is contained in the group Aut(I'/(b)) X Z,. Based on Theorem 3,
we derive the following characterization of unstable connected and non-bipartite circulant
graphs of order 2p°¢ for an odd prime p.

Theorem 4. Let H = Zg,e, where p is an odd prime and e > 1. A connected and
non-bipartite graph Cay(H,S) is unstable if and only if one of the following conditions
holds.

(i) e > 1 and (SN Hy)h = SN Hy, where Hy is the unique subgroup of H of order p°
and h € Hy, h # 15.

(i1) Cay(H,S) = Cay(H, Sb), where b is the unique involution of H.

Remark 5. In fact, the sufficiency part of the theorem follows from known constructions
of unstable circulant graphs. The graphs satisfying the condition in case (i) are of Wilson
type (C.1) (see [25]), and those satisfying the condition in case (ii) are unstable by [9,
Proposition 3.7].

In deriving Theorem 4, besides S-rings, we shall also use generalized multipliers. A
brief account on generalized multipliers can be found in Section 5, the proof of Theorem 4
will be presented in Section 6.

2  Schur rings

In this section, we review the necessary Schur ring theory in order to keep our paper
self-contained. We begin by setting some notation.
For integers m < n, we use the symbol [m,n] to denote the set {i € Z | m <i < n}.
For an integer n > 1 and a prime number p, n, and n,, denote the p-part and the
p'-part of n, respectively, i.e., n, is the largest power of p that divides n, and n, = n/n,.
For a group G, we denote by 1 the identity element and by G# the set of non-identity
elements.
For z € G, o(x) denotes the order of x; and for a non-empty subset X C G, let
o(X) = [(X)|. The p-part of o(x) and o(X) are denoted by o(z), and o(X),, respectively.
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For an integer m > 1 such that m is not divisible by a prime p, we denote by o,:(m)
the order of m modulo p', i.e., the smallest positive integer [ satisfying m' = 1 (mod p?).

If G acts on a set X and x € X, then G, denotes the stabiliser of x in G, Orbg(x)
denotes the G-orbit containing x, and Orb(G, X) denotes the set of all G-orbits.

For g € G, the right multiplication g, is the permutation of G acting as =z +— xg
(x € G). We let

G, ={z, | x € G} and Sup(G) = {A < Sym(G) | G, < A}

For a non-empty subset X C G, the element ) _ @ in the group ring ZG is denoted
by X.

2.1 The definition and some properties

Definition 6. (Wielandt [24, Chapter IV]) A subring A of the group ring ZG is called a
Schur ring (S-ring for short) if there exists a partition S(A) of G such that

(i) {lc} € S(A).
(i) If X € S(A) then X! € S(A).
(iii) A = Span,{X | X € S(A)}.

The subsets in S(.A) are called the basic sets of A and the number rank(A) := |S(A)|
is called the rank of A. The motivation of the above definition can be explained by the
result of Schur [20] stating that for any group A € Sup(G), the free Z-module

Span,{X | X € Orb(4,,,G)}

is a subring of ZG. This ring is an example of an S-ring, which is also called the transitivity
module over G induced by A and denoted by V (G, A;.). An S-ring A is called Schurian if
A =V(G, By,) for some permutation group B € Sup(G). We remark that not all S-rings
are Schurian (see [24]).

If A and B are two S-rings over (&, then their usual intersection AN B is also an S-ring
over G (see, e.g., [15, the paragraph following Theorem 4.2]). Moreover, if both A are B
are Schurian, then A N B is also Schurian.

Let A be an S-ring over a group G. A subset X C G is called an A-set if X € A, and
a subgroup H < G is called an A-subgroup if H € A. We say that A is primitive if 1 and
G are the only A-subgroups of G.

There are two natural .4-subgroups associated with an A-set X, namely, (X) and the
radical of X defined as

rad(X)={ge G| Xg=X and gX = X}

(see [24, Propositions 23.5 and 23.6]). If H and K are two A-subgroups, then it can be
easily checked that so are H N K and (H U K).
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Let H < G be an A-subgroup. Then the free Z-module
Ay :=Span{X | X € S(4),X C H}

is an S-ring over H, which is called an induced S-subring of A. Furthermore, if X € S(A),
then there is a positive constant ¢ such that

Vee G, |[HtNX|=0or (. (1)

Assume, in addition, that H < . For an arbitrary non-empty subset X C G, we let
X/H denote the subset of the quotient group G/H defined by

X/H={Hz | x € X}.

It follows that the sets X/H form the basic sets of an S-ring over G/H while X runs
over S(A) (see [23]). The latter S-ring is called a quotient S-ring and denoted by Aq/n.
In what follows, if K, L are two A-subgroups such that L. < K, then the more simple
notation Ak, will be used instead of (Ag)k/r. Note that, if A is Schurian, then so is

Asp

2.2 Products of S-rings

Definition 7 ([7]). Let A be an S-ring over a group G and V, W < G be two A-subgroups.
The S-ring A is the star product of Ay with Ay, written as A = Ay * Ay, if the following
conditions hold.

Q) VAW aw.
(ii) For every X € S(A), if X C (W \ V), then X is a union of some (V N W)-cosets.

(iii) For every X € S(A), if X C (G \ (VUW)), then there exist basic sets Y, Z € S(A)
suchthat Y CV, ZCW and X =Y Z.

The star product is non-trivial if 1 <V < G. In the special case when V NW =1 it
is also called the tensor product and written as Ay ® Ay .

If A and B are two S-rings over G such that A C B, then A is also called an S-subring
of B. In this case every basic set of A can be written as a union of basic sets of B.

Definition 8 ([3, 12]). Let A be an S-ring over a group G and let L, U be A-subgroups of
G such that L < U. The S-ring A is the U/L-wreath product (also called the generalised
wreath product of Ay with Ag/p) if the following conditions hold.

(i) LQG.
(ii) For every X € S(A), if X C G\ U, then X is a union of some L-cosets.

The U/L-wreath product is non-trivial if L # 1 and U # G. The following simple
relation with the star product will be used later, hence we record it here.

ot
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Lemma 9. Let A be an S-ring over a group G such that A = Ay x Ay and VW <G.
Then A is the V/(V N W)-wreath product.

Proof. Let X € S(A) be an arbitrary basic set outside V. We have to show that V' N
W < rad(X). This follows from Definition 7(ii) if X C W. Let X be outside W. By
Definition 7(iii), there exist basic sets Y, Z € S(A) such that Y C V, Z C W and
X =YZ. Then VNW <rad(Z), implying that VN W < rad(Y Z) = rad(X). O

2.3 S-rings over abelian groups

Let G be a group. For a subset X C G and integer m, define X™ = {z™ | x € X}, and
for a group ring element n = Y _. c,, define nm = Y sec Cxo™. If G is also abelian
and d is a divisor of |G|, let

Gld ={z € G | 2% =1g};
furthermore, for a prime divisor p of |G|, define the subset X! C G as
XP = {2P | € X and | X NzG[p]| 0 (mod p)}.

Note that X! is possibly the empty set.
The next properties are also referred to as Schur’s first and second theorem on multi-
pliers, respectively (see [16]).

Theorem 10. Let A be an S-ring over an abelian group G.

(i) ([16, Theorem 3.1]) If m is an integer coprime to |G| and n € A, then n™ € A. In
particular, X™ € S(A) whenever X € S(A).

(ii) ([16, Theorem 3.3]) If p is a prime divisor of |G| and X is an A-set, then XIP! is
an A-set.

In the following proposition we consider S-rings over abelian groups having a Sylow
g-subgroup of order ¢. In the case where ¢ > 2 and rank(.4) > 2, the statement was
derived by Somlai and Muzychuk, see [21, Proposition 3.1].

Proposition 11. Let H = P x ), where P is an abelian group of order n and Q) = Z,
for a prime q such that qfn. Let A be an S-ring over H and T be a basic set of A with
the property that T™ = T whenever ¢ ¥ m and m = 1(mod n).! Let P, be the mazimal
A-subgroup contained in P and Q1 be the minimal A-subgroup containing Q. Then

T=25US_1Q"USQ,

where S1,S_1 and Sy are pairwise disjoint subsets of P, and Sy and S_; are A-subsets.
In addition, the sets S1,S_1 and Sy satisfy the following conditions.

!Subsets with this property are called M -invariant in [21].
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(Z) ]fSl#Q), thenS_lzs():@ cdegPl
(ZZ) IfSl :Q) and 5_1 # Q), then T = S—l(Ql \ Pl)
(’[,ZZ) [f Sl = Sfl = @, then QlT =T.

Proof. 1f rank(A) = 2, then T' = {1y} or H#. If T = {1x}, then case (i) holds; and if
T = H#, then case (ii) holds with S_; = {1}, P, =1, and @, = H. For the rest of the
proof we assume that rank(A) > 2.

If ¢ > 2, then the statement is true by [21, Proposition 3.1], and therefore, we are left
with the case where ¢ = 2. In this case it follows immediately that 7" can be written in
the form T' = S; US_1Q% U SpQ, where S;, S_; and S, are pairwise disjoint subsets of P.
We compute that 72 = § U @

Suppose that S; U S_; # 0. We show that one of cases (i) and (ii) in the proposition
holds, and that both sets S; and S_; are A-subsets. By the Chinese remainder theorem,
there exists an odd integer k satisfying 2k = 1(mod n) (note that n is odd as ¢ 1 n).
Then,

(T = (52 U S ® — g, Uy,

Applying Theorem 10(i)-(ii) to 7" yields that S;US_; is an A-subset. The group (S; U S_1)
is an A-subgroup contained in P. It follows that S;US_; C P;. If S} # 0, then the basic
set T intersects P; non-trivially, implying that T C P;, since P; is an A-subgroup. We
conclude that case (i) holds and S is an A-subset.

Let S; = 0. Then S_; UT is an A-subset, for which @ < rad(S_; UT). Since
rad(S_; UT) is an A-subgroup, it follows that @; < rad(S_; UT), or equivalently, (S_; U
T)Qy = S_1 UT. It follows from this that S_1¢; € S_; UT, and hence

S1(Q 1\ P)C S, UT. 2)

Now, if S_1(Q1\P1)NS_1 # 0, then there exist 5,8’ € S_1 and t € @1\ P, such that st = ¢'.
But S_; C Py, implying that ¢t € Py as well, a contradiction. Thus S_1(Q;\ P)NS_1 = 0,
and we retrieve from (2) that S_;(Q; \ P1) € T. On the other hand, as both S_; and
Q1 \ Py are A-subsets, sois S_1(Q1\ P). Since basic sets are minimal .4-subsets, it follows
that S_1(Q1\ P1) =T, i.e., case (ii) holds.

Finally, suppose that S; = S_; = (. In this case @ < rad(7T), implying that Q; <
rad(7T). Equivalently, Q1T =T, i.e., case (iii) holds. ]

The theorem below was derived by Somlai and Muzychuk [21] for ¢ > 2 (part (i) is
Corollary 3.2, and parts (ii)—(iv) are Propositions 3.3, 3.4, and 3.5, respectively). The
proof relies on Proposition 11 and can be extended to cover also the case where ¢ = 2 by
copying the arguments in [21]. Therefore, we omit the proof.

Theorem 12. With the notation given in Proposition 11, let rank(A) > 2, Hy = PiQq,
and Ay = Ag,. The following statements hold.

(i) A is a Hi/Q1-wreath product.
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(ii) Py is an Aj-mazimal subgroup.
(iii) If |Hy/Pi| # q, then (A1), p, has rank 2 and Ay = (A1) p, * (A1)g, -
(Z’U) [f |H1/P1| =q and (A1>H1/P1 = Z(Hl/Pl), then .Al = (Al)Pl * (A1>Q1-

Remark 13. One can combine Theorem 12 and Proposition 1 to derive Theorem 2.
Indeed, suppose that H is an abelian group of odd order and Cay(H, S) is a connected
and unstable graph. By Proposition 1, there is a Schurian S-ring A over H X {(a), (a) = Z,
such that H, Sa € A and {a} ¢ A. Let us apply Theorem 12 to A (we let ¢ = 2). Recall
that P, is the maximal A-subgroup of odd order, @; the minimal A-subgroup of even
order, H; = P1Qy, and A; = Ap,. It follows that P, = H and @; > (a). In particular,
L:= P NQ; #1. Clearly, Hy = P,QQ1 = G, hence A = A; and by Theorem 12(iii)-(iv),

A:AH*‘AQr

By Lemma 9, A is the P;/L-wreath product. Since Sa is a union of some basic sets
of A, all of which are outside P, it follows that L < rad(Sa). Consequently, as vertices
of Cay(H,S), any two x,y € L have the same neighbours.

In the remaining part of this subsection we prove two lemmas on S-rings.

Lemma 14. With the notation given in Proposition 11, let ¢ = 2 and let L = P, N Q.
Then Q1 \ L is a basic set. Furthermore, A is the P,/L-wreath product.

Proof. Let a be the unique involution of H and T be the basic set of A containing a. We
show now that T'= @, \ L. Clearly, L € A. Consider the S-ring Ag, /.. We claim that
it is primitive. If not, then there was an A-subgroup N such that L < N < (). Since
N < @1, N cannot contain a by the minimality of );. Thus N < P;,so N < P NQ, = L,
contradicting the assumption that N > L.

Wielandt showed that every primitive S-ring over an abelian group of composite order
with a cyclic Sylow subgroup has rank 2 (see the proof of [24, Theorem 25.4]). Thus
rank(Ag,,) = 2, and combining this with (1) yields the existence of a positive number £
such that

|Lz NT| = ¢ for every x € Q1 \ L.

On the other hand, Ap g, = Ap, * Ag, by Theorem 12(iii)-(iv). This shows that
LaCT,sol=|L|ie, T=0Q\L.

Let X € S(A) be an arbitrary basic set outside P;. We have to show that L < rad(X).
If X & P@4, then PIQQ; # H, and A is a non-trivial P;(),/Q1-wreath product due to
Theorem 12(i), in particular, L < @Q; < rad(X). If X C Pi(4, then L < rad(X) follows
from Lemma 9 and Theorem 12(iii)-(iv). O

Lemma 15. Let H = E X F be an abelian group such that E = (u,v) = Z3 and |F| is odd.
Suppose that A is a Schurian S-ring over H such that F, (F,v) € A and {u,uv} € S(A).
Let X € S(A), X £ (F,v). Then

| X N Ful =|X N Fuv|.
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Furthermore, both sets X N Fu and X N Fuv are basic sets of a Schurian S-ring B over
H, for which A C B.

Proof. As Ais Schurian, A =V (H, Ay,,) for a group A € Sup(H). Let K be the kernel of
the action of A on the set [H : F| consisting of the F-cosets in H, and let B = K (u,., v,).
Clearly, B € Sup(H). Let B=V(H, By,,).

Since B < A, it follows that B O A. The sets {u,uv}/F and X/F are basic sets of the
S-ring Ap/r whose intersection is non-empty. Thus, they are equal, implying that there
are elements x1 € X N Fu and 29 € X N Fuw.

Let X; be the basic set of B containing z; for ¢ = 1, 2. Clearly, X; and X, are contained
in X and belong to different F'-cosets. Observe that A;, N A,, < K. It follows from this
that Ay, NA,, = B1, NB,,. Also, |B| = |K||E| = |A|/2, and therefore, | By, | = |A1,]/2.
These together with the orbit-stabilizer lemma yield

|BlH‘ ‘AlH‘

X = = = | X|/2.
’ 1’ ‘BleBl'l‘ 2|AlHﬁAﬂCl‘ ’ ’/

The same argument shows that | Xs| = |X|/2, and so | X;| = | Xs| and X; = X N Fu and
X9 = X N Fuv. O

2.4 S-rings over cyclic p-groups

The basic sets of S-rings over a cyclic group are described in [15, Theorem 5.9]. In the
case where the order of the cyclic group is a p-power for a prime p > 2, the description
was obtained earlier by Poschel [17], and in the case where the order is a 2-power, it was
derived in [6, 11].

For our purposes, we need to consider the special case where the order of the cyclic
group is a power of an odd prime. In order to invoke this description, we need one more
concept. Given an S-ring A over a group H, a basic set X € S(A) is called cyclotomic if
it is a K-orbit for some subgroup K < Aut(H).

Proposition 16 ([17, Lemma 4.8]). Let A be an S-ring over a cyclic p-group H for an
odd prime p. For every basic set X € S(A), one of the following holds.

(i) X is cyclotomic.
(i) |H| >p and X = F\ E, where 1l < E < F < H and |F| > p|E|.

A constructive characterization of S-rings over a cyclic group was given by Leung and
Man [12, 13|, which was later refined in [4]. Again, we are content with considering only
p-groups, where p is an odd prime.

Proposition 17 (cf. [16, Theorem 4.10]). Let A be an S-ring over a cyclic p-group H
for an odd prime p. Suppose that there is a basic set X € S(A) such that (X) = H and
rad(X) =1. Then X = H*, or A=V (H,K), where K < Aut(H) and pt |K]|.
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3 Proof of Proposition 1

We keep the notation set in Proposition 1, i.e., G = H X (a), where H is any group and
(a) = Zsy, furthermore, Cay(H, S) is a connected and non-bipartite graph.

It can be easily seen that Cay(H,S) x Ky = Cay(G, Sa). Moreover, Cay(H,S) is
stable if and only if

Aut(Cay(G, Sa)) = Aut(Cay(H, 9)) x (ar), (3)

where by the latter group we mean the direct product of two permutation groups acting
on G = H x (a). We let A = Aut(Cay(G, Sa)) and write 1 for 1. The following claim is
a direct consequence of [5, Lemma 3.3]. As the proof is short, we include it here.

Claim. Cay(H,S) is stable if and only if a,a = aa, for every a € A;.

Proof of the claim. The implication “=" is clear by (3).

For the implication “<” assume that a,a = aa, for every a € A;, where A; is
the stabilizer of 1 in A. The graph Cay(G, Sa) is bipartite with colour classes H and
Ha. Since Cay(H,S) is connected and non-bipartite, it follows that Cay(G, Sa) is also
connected. Therefore, the partition of G into H and Ha is A-invariant. Let o € Aj.
Then H* = H. Let [ be the permutation of H induced by «. Then for every x € H,
(za)® = 2% = %% = xPa. This means that o € Sym(H) x (a,). We show now that
p € Aut(Cay(H, 9)).

Pick an arbitrary edge {z, sz} of Cay(H,S). Then {z,sax} € E(Cay(G, Sa)), and
since o € Ay, it follows that

(sax)® = s'ax® for some s’ € S.

On the other hand, (sax)® = (sz)’a and s'ax® = s'z°a. We obtain that 8 maps
the edge {z, sz} to the edge {2”,s'2%}, so B € Aut(Cay(H,S)). We showed that A; <
Aut(Cay(H, S)) x (a,). Using this, together with the fact that A = A;G, and (3), we
deduce that Cay(H,S) is stable. O

Assume first that Cay(H, S) is unstable. It is sufficient to show that the S-ring A =
V(G, A;,,) satisfies all the conditions in Proposition 1(ii). i.e.,

H, Sac Aand {a} ¢ A. (4)

It is clear that Sa € A. It has been shown above that H and Ha form an A-invariant
partition. This implies that H € A. Finally, due to the claim, a,a # «a, for some
a € Ay. Thus (ga)® # g%a for some g € G. Using that a € Z(G), this can be rewritten as
(ag)*(g*)~" # a. Letting @’ = (ag)*(¢*)~" and o/ = g - ((¢®)~"),, we find that 1*° =1
and a® = a' # a, showing that {a} ¢ A.

Now assume that there is a Schurian S-ring A over G satisfying all conditions in
(4). Then A = V(G, By,) for some permutation group B € Sup(G). Observe that, as
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Sa € A, B < A. Assume to the contrary that Cay(H,S) is stable. Then aa, = a,« for
every a € Ay due to the claim above, hence

Otbg, (a) = {19 |z € B, } = { 17

z € By} ={a}.

This, however, contradicts the condition that {a} ¢ A. The proof of Proposition 1 is
completed.

4 Proof of Theorem 3

For this section we set the following assumptions.

Hypothesis 18. H is an abelian group of twice odd order with a unique involution b and
Hy < H is the unique subgroup of H of order |H|/2 and |H| > 2. Furthermore,
A is an S-ring over G = H x (a), where (a) = Zy such that H € A.
T is the basic set of A containing a.
K s the largest A-subgroup of odd order.
The proof of Theorem 3 will be given in the end of the section following four prepara-
tory lemmas.

The following simple fact will be used a couple of times hence we record it here. If
A, B < G are any subgroups and S C G is any non-empty subset, then

AB/B < rad(S/B) = A <rad(SB). (5)

Lemma 19. Assuming Hypothesis 18, suppose that Kab € A and La C T for some
A-subgroup L, L < Hy. Then

L < ﬂ rad(X).
XeS(A), XZHUKab

Proof. Fix a basic set X € S such that X € H U Kab. We show now that L < rad(X).
As L € A, there is a positive number ¢ such that |X N Lz| = 0 or £ for every x € G, see
(1). As X € H, X can be expressed as

X = Xla U Xg(lb U XgCL U Xgab,

where X7, Xo and X3 are pairwise disjoint subsets of H.

Assume first that X; U Xy = (). Then b € rad(X), hence @ < rad(X), where @ is the
least A-subgroup containing b. Let us consider the S-ring Ag . Then G/Q has twice
odd order and T'/Q is a basic set of Ag/o containing the unique involution of G/Q. It
follows from Lemma 14 that

T/Q=(1Q/Q\ H/Q and (T)Q/Q N H/Q < rad(X/Q).
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The group (T)Q/Q N H/Q = ((T) N HY)Q/Q. Using (5), we obtain (T) N HQ <
rad(XQ) =rad(X). As LaC T, L <(I)NHQ, so L <rad(X).

Now assume that X; U Xy # (), Then X = (X; U X5)®. Due to Theorem 10(ii), the
latter set is an A-set, which is clearly contained in K. As |K]| is odd, there is an integer
m such that ged(m, |K|) = 1 and 2m = 1 (mod |K|). Using Theorem 10(i), we conclude
that X; U X, = (X; U X5)®™ is also an A-set. If Xy # 0, then X N Kab # (), hence
X C Kab. This is impossible by our assumption that X € Kab, thus X, = () and X; # 0.
Then X-Xl(fl) € A. We have X-Xffl) = Y .ec @@ for some non-negative integers a;’s.
It is easy to see that o, = |X;|. Also, a,, = a, for every y € T because T is a basic set
and a € T. In particular, as La C T, we obtain that

Z ay = [ Xq] - [L].

yELa

Now fix € X;. Denote by v, the number of elements 2’ € X such that 2’2~ € La.
We find that v, = |X N Lax| = ¢ because ax € X. Then we can write that

Xl L =) ey =) =X

yeLa reX)
This shows that ¢ = |L|, so L < rad(X). O

Lemma 20. Assuming Hypothesis 18, suppose that ab € T and La C T for some A-
subgroup L, L < Hy. Then A is the H/L-wreath product.

Proof. Assume to the contrary that there is a basic set X, X € H and L £ rad(X). Due
to (1), there is a constant ¢, 0 < ¢ < |L| such that | X N Lz| = 0 or ¢ for every z € G.
Since |L| is odd, it is possible to choose X so that ¢ < |L|/2.

As X € H, X = XjaU XsabU X3a U X3ab, where X7, X5 and X3 are pairwise disjoint
subsets of Hy. If X; U X, = (), then the argument, used in the proof of the previous
lemma, yields that L < rad(X). This is impossible, hence X; U X5 # ().

Consequently, X;UX5 is a non-empty A-set, and the product K-X{_l) U X2(_1) belongs
to A. Writeit as ) . a,x. It is easy to see that a, = |X;| and aq = | X3|. Since ab € T,
Qg = Qgp, 50 | X1| = | Xsa|. As La C T, we obtain

Z ay = |Xq[ - |L].
yELa

Now fix x € X; U X, and denote by v, the number of elements ' € X such that
'z~1 € aL. Notice that v, = |X N Lax|, and so v, = 0 or ¢ for every x € X; U X5. Then
we can write

Xl L =) = Y v (Xl 4 [Xe]) - £=|Xa] - 2

yELa zeX1UX2

This contradicts our assumption that ¢ < |L|/2. O
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Lemma 21. Assuming Hypothesis 18, suppose that T = La U Lab for some subgroup
L < Hy, L # 1, and L contains no non-trivial A-subgroup. Then A is the H/M -wreath
product, where M = (b, L).

Proof. Observe that (T") = (a,b)L. Thus (I') " H = M, in particular, M € A because
both (T') and H are A-subgroups. Let N be a minimal non-trivial A-subgroup contained
in M = (L,b). Then Ay is a primitive S-ring. As N £ L, (b) is a Sylow 2-subgroup of
N. By a result of Wielandt (see [24, Theorem 25.4]), Ay has rank 2, and we have that
N# is a basic set.

Consider the S-ring Ag/n. Then G/N has twice odd order and T'/N is the basic set
containing the unique involution. It follows from Lemma 14 that

T/N = (T)/N\ H/N and (T)/N 0 H/N < rad(X/N),

where X € S(A), X € H. The group (I')/NNH/N = M/N, and by (5), M < rad(NX).
This shows that it is sufficient to show that N < rad(X) for every basic set X € S(A),
X< H.

Assume to the contrary that there is a basic set X such that X ¢ H and N £ rad(X).
Due to (1), there is a constant ¢, 0 < ¢ < |N| such that | XN Nz| = 0 or ¢ for every z € G.
It is possible to choose X such that ¢ < |N|/2.

As X € H, X = X;aU XqabU X3a U X3ab, Where X1, X5 and X3 are pairwise disjoint
subsets of Hy. Let us consider the product X - XY which is in A. Write it as > e
It is easy to see that a;, = 2|X3|. As N# is a basic set we obtain

Y @, =21 (IN[ - 1).

yeEN#

Now fix « € X. If v, denotes the number of elements 2’ € X such that 2’z=' € N#, then
we find that v, = | X N Nz| — 1 =/¢— 1, and so we obtain that

| (IN] = 1) = 3 oy = 3w = [X]- (¢~ 1), (6)

yeN# reX

This combined with the fact that | X| = 2| X3| + | Xi| + | X2| and the assumption that
¢ < |N|/2 yield that
2| X5| < | Xq] + | Xo. (7)

In particular, X; U X, # 0.
Let us consider the product X - (Xl(_l) U XQ(_U) = Y .ec Bxr. Computing the value
Zye ~Na By in two ways as in the proof of Lemma 20, we deduce that

[ Xl - [N = [Xq]-2¢

We show next that £ = 1, and hence N = (b).
Choose y, z € X1aUXsab such that y # z, and assume for the moment that My = Mz.
If y,z € Xja or y,z € Xoab, then yz=! € M N (X, UXy). If y € Xja and z € Xyab,
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then as b € M, bz € Xsa, and we get y(bz)™' € M N (X;UX,). Note that y # bz
because X1 N Xy = (). The set X; U X5 is an A-set and we obtain that (X; U X5) N M is
a non-trivial A-subgroup. But, as the latter subgroup is contained in L = Hy N M, this
contradicts our initial assumption that no such subgroup exists. Thus, My # Mz. This
implies that Ny # Nz also holds, therefore, if £ > 1, then we can write that

X+ X< ) [Nz N (XsaU Xsab)| < 2/ X,

rxeX1aUXsab

This contradicts (7), and we conclude that ¢ = 1.
Substituting this in (6) gives us that X3 = (). We have shown above that M <
rad(NX). Let x € X. Using also that N = (b) and X = X a U Xsab, we find that

M| = |MzNNX|=|MzN(XUXb)|=|MznNX|+|MxnXb|
= 2|MzN X|=2|MznN (XaU Xyabd)|,

where the third equality is true because X N Xb = () and the fourth equality follows as
b € M. Finally, then |[Mz N (Xja U Xaab)| = |M|/2 = |L| > 1, which contradicts our
previous observation that My # Mz for any distinct elements y, z € Xja U Xsab. O]

In our last lemma before the proof of Theorem 3 we describe the basic set T" when H
is a cyclic group.

Lemma 22. Assuming Hypothesis 18, suppose that H is a cyclic group. Then
Te{La, LaULab | 1< L< Ho} U {MaU(M\L)ab|1<L<M<Hy}. (8)

Proof. We proceed by induction on |Hy|. Suppose first that |Hg| = p for a prime p. For
every integer k such that ged(k,2p) = 1, a* = a, and thus 7™ = T due to Theorem 10(i).
It follows that T is one of the following sets:

{a}, {a,ab}, {a} UHab, {a} U Hyab, Hya, Hya U {ab}, Hoa U H{ ab, Hya U Hyab.

Thus (8) holds unless T' = {a} U H{ ab or {a} U Hyab or Hya U {ab}. In each of the latter
cases, Hy = (T?), so Hy € A by Theorem 10(ii). Then, however, |T'N Hoa| # |T N Hoab|,
contradicting the identity in (1). This shows that the lemma holds if |Hy| is a prime.

Now assume that |Hy| is a composite number. Let R = rad(7"). If R # 1 and |R| is
odd, then the lemma follows from the induction hypothesis applied to Ag/r. Whereas if
|R| is even, then the lemma follows from Lemma 14 applied to Ag . For the rest of the
proof let R = 1. We are going to show that 7= M{a,ab} \ {ab} for some 1 < M < H,,
in particular, (8) holds in this case as well.

Write T" as

T ="TyaUTyabUT3a U Tsab,

where T, T, and Ty are pairwise disjoint subsets of Hy. Note that T} U Ty # () because
R = 1. Using also that T} UT; C K, we find that K # 1. Fix a prime divisor p of | K|
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and consider the set 7). Since R = 1 and H, is a cyclic group, it follows that TP £ ().
Let N = (TP}, Tt is clear that N < G and N € A by Theorem 10(ii). If {a,b) < N, then
the induction hypothesis can be applied to Ay, and this yields T' = M{a, ab} \ {ab} for
some 1 < M < H,. Therefore, we may assume that |(a,b) N N| = 2.

Now if a € N, then we can apply Lemma 14 to Ay and conclude that T = {a} because
rad(7T) = 1.

It remains to consider the case when ab € N but a ¢ N. We show that these conditions
give rise to a contradiction. Using Lemma 14 and the fact that H € A, we find that the
basic set of A containing ab is equal to Lab for some subgroup L < H,. Since Lab is a
basic set, it follows that K Lab = Kab is an A-subset. It is clear that KabNT = (). Using
also that T3 UTy C K, we find that 75 = (). On the other hand, the condition that a ¢ N
shows that P < rad(7T} UT3), where P is the subgroup of K of order p. Choose an element
teT,. AsT, C K, Pt C K. Thus, if Pt N T3 # (), then PtabN Tsab # (), implying that
KabN T # (), which is impossible. We conclude in turn that P < rad(7}), P < rad(73),
and eventually that P < rad(7T") = R, contradicting our assumption that R = 1. ]

We are ready to prove Theorem 3.

Proof of Theorem 3. Let us keep all the symbols H, Hy,G,a,b, A, T, K set in Hypoth-
esis 18, and assume, in addition, that H is a cyclic group and {a} ¢ A. Define the
subgroup -
V= N rad(X N Hoa).
XeS(A), XNHpa#0

We have to show that V' # 1 provided that T" # {a,ab}. We distinguish three cases
according to the possibilities for 7" mentioned in Lemma 22.

Case 1. T'= La, 1 < L < H,.

Since {a} is not a basic set of A due to one of the assumptions in Theorem 3, it
follows that L > 1. Let X € S(A) such that X N Hyoa # 0. Tt is sufficient to show that
L < rad(X). Notice that (T, K) = (a, K) is an A-subgroup. Applying Lemma 14 to
A iy, we obtain that L < rad(X) if X € Ka. Assume that X € Ka. Let T" be the
basic set containing ab. By Lemma 22, 7" = Mab or NabU (N \ M)a for some subgroups
1< M < N < Hy. In the former case M < K and Kab € A. As X ¢ H U Kab,
L < rad(X) due to Lemma 19. In the latter case (T7) \ (H UT") = Ma, implying that
Ma e A. Thus L < M, and so Lab C T". As X € HU Ka, L < rad(X) follows after
applying Lemma 19 with 7" and ab playing the role of T" and a, respectively, in Lemma 19.

Case 2. T'= La U Lab, 1 < L < H,.

If L =1, then T'= {a,ab}. Assume that L # 1. Then it follows from Lemmas 20 and
21 that A is the H/N-wreath product, where 1 < N < L or N = (L,b). In either case,
1 < NN Hy <V, in particular, V' # 1.

Case 3. MaU (M \ L)ab, 1 < L < M < H,.
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Then (T) \ (H UT) = Lab, implying that Lab € A. By Lemma 22, the basic set
containing ab is equal to the coset Nab for some subgroup 1 < N < L.

If N =1, then {ab} is a basic set. Then so is T'ab = MbU (M \ L). Observe that if
X € §(A) such that X N Hypa # (), then Xab is also basic, it is contained in H and has
non-empty intersection with Hob. By Lemma 14, L < rad(Xab), so L < rad(X), and this
yields that 1 < L < V.

Now assume that N # 1. Let X € S(A) be a basic set such that X N Hoa # (). Then
X ¢ Kab, and N < rad(X) holds by Lemma 19. All these yield that 1 < N < V. O

5 Generalized multipliers

Generalized multipliers of Z,, were introduced by Muzychuk [15], who used them in his
solution to the isomorphism problem for circulant graphs. For our purposes, we consider
the particular case where n = p° for a prime p.

In what follows, for a cyclic group H and a positive divisor d of |H|, we denote by Hy
the unique subgroup of H of order d.

5.1 Generalized multipliers

Definition 23. Let p be a prime and e > 1 be an integer. A generalised multiplier of
Zye is an e-tuple m = (my, ..., m.) of positive integers such that ged(m;, p) = 1 for every
i€l e

The set of all generalized multipliers of Z. is denoted by Zz.

Definition 24. Let m € Zy: and H = (h) = Zy.. Define the mapping fz : H — H as
Vo € Zye, (B%)F" = 1",

where z = Zf;é x;p’ is the p-adic expansion of x,i.e.,0 < x; < p—1foreveryi € [0,e—1];
and 2/ = Zf;é Me_iTip".

It is not hard to show that the mapping fz in the above definition is bijective. In
the next definition we extend fz to a permutation of a cyclic group H of order 2p°,

where p > 2. For this purpose we use the fact that any element r € H admits a unique
factorization x = x129, where 2, € Hpe and x5 € Ho.

Definition 25. Let m € Z;: and H = Zgpe, where p is an odd prime. Define the mapping
f H— H as ~
Vo € Hye, Vy € Hy, (wy)/m = 2lmy.

If m € Zyz and S is an inverse-closed subset of 0 = Zagye not containing 1z, then

Muzychuk [15] gave a sufficient condition for fs to be an isomorphism of Cay(H,S).
This condition is formulated in terms of so called primary keys.
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5.2 Primary keys
Definition 26. Let p be a prime and e > 1 be an integer. The key space K,e consists of
the e-tuples k = (kq, ..., k.) of integers such that
(K1) If1 <i<e, then0<k; <i—1,
(K2) If 2 <i < e, then k;y < k;.
The e-tuples in K, are called primary keys.

Definition 27. Let k = (k1,...,k.) € K,e and H = Zye. The key partition Iy (k) is the
partition of H defined as

where the mapping w : H — {p" | i € [0, ¢]} is defined as

1 it z=1y,
prtif o(x) =p' > 1.

Ve € H, w(x):{

The above definition can be extended naturally to cyclic groups of order 2p®, where
p> 2.
Definition 28. Let k € K¢ for a prime p > 2 and H = Zope. The key partition 115 (k)
is the partition of H defined as

My(k) = { Xy | X elly (k),y e H}.

For a primary key k € Ky, let Z(k) C Z*t be the subset defined by Z;*(k) := Z3*
(i.e., e =1), and if e > 1, then

Zyi(k) == {m = (my,...,me) € Zi: | Vi € [2,¢e], m; =m;_ (mod PR (9)

If m = (my,...,me) € Zyi(k) | such that m; is odd for every i € [1,e] and H= ng :
then f permutes the IT 7(k)-classes. Moreover, fy induces an isomorphism of Cay(H X)
for every class X € II5(k), X # {15}

Proposition 29 ([15, case (2) in Proposition 2.4 and Proposition 2.5]). Let k € K. for
a prime p > 2, m = (my,...,m) € Z;Z(k) be a generalized multiplier such that m; is
odd for every i € [1,¢], and let H = Ziope. Then for every X € lg(k), if X # {15} and
o(X) = p' or 2p', then

Cay(H, X)) = Cay(H, X)),

We say that a subset S C f—j, where H = Ziope, is a Iz (k)-subset, if S is a union of

15 (k)-classes. As a corollary of Proposition 29, we have the following sufficient condition
for f (m € Z;¥) to be an isomorphism of a Cayley graph Cay(H, S).
Corollary 30. Let mi = (my,...,m.) € Lo, where p is an odd prime, such that m; is odd
for every i € [1,e], H Lope and I' = Cay(ﬁ[, S). If there exists a primary key k € Zy:
such zhatzﬁ € Zy:(k) and S is a lg(k)-subset, then Fi is an isomorphism from T to
Cay(H, S/m).
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5.3 Primary keys and S-rings

Definition 31. Let H = Z,. for an odd prime p and e > 1, and A be an S-ring over H.
For i € [1,¢], let X; € S(A) be a basic set containing an element of order p'.? We define
the e-tuple k(A) := (ki,...,k.) as

Vi€ [1,e], p" = |rad(X; N (Hy \ Hyi1))|.

For every S-ring A over H, it is not hard to show that the e-tuple k(.A) is a primary
key. It is obvious that axiom (K1) holds, i.e., k; < i — 1. One can use Propositions 16
and 17 to verify that axiom (K2) holds too, i.e., k;_1 < k; whenever i > 1.

Note also that, if z € H with o(z) = p' and X € S(A) is the basic set containing =,
then H v C X, where k(A) = (ky, ..., k.); in other words, X is a ITy(k)-subset.

A key step in the proof of Theorem 4 will be a construction of a particular generalized
multiplier contained in Zy:(k(A)), where A is an S-ring over a cyclic group of order p°,
p > 2. In this construction we shall use two facts from elementary number theory.

Fix an odd prime p. We denote by Z;. the multiplicative group of integers modulo
p°. It is well-known that Zy. = Z,c-1(,_1y. For j € [0,e — 1], the unique subgroup of
Z3. of order p’ can be can be written in the form {zp®7 +1 | = € [0,p/ — 1]}, which
coincides with the coset H,; + 1, where H = Z,- and H,; is the subgroup of H of order
/. Also, if L < Zye is the subgroup of order p — 1, then acting on Zye, L, = 1 for every
& € Zye,x # 0. More generally, the following lemma holds.

Lemma 32. Let H = Z,e for an odd prime p and e > 1, let v € H and let K < Aut(H).
(i) If pt|K| and x # 1y, then | Orbg(z)| = |K]|.
(ii) If o(x) = p* for some i € [0,¢| and |K| = p’ for some j € [0,e — 1], then

Orbg(x) = Hj—min(e—i) T
Proof. Part (i) follows directly from the paragraph preceding the lemma.

For part (ii), one can see that Orbg(x) is a coset of some subgroup of H of p-power
order, and hence it only remains to find the length of the orbit Orbg(x). It is not hard
to show that | Aut(H),| = p*~*. As |Orbg(x)| = |K|/|K N Aut(H),|, we compute that
| Orbg ()] = pi—minGe=d), O

Recall that, for an integer m > 1 such that m is not divisible by a prime p, o,:(m)
denotes the order of m modulo p, i.e., the smallest positive integer [ satisfying m! =
(mod p'). Equivalently, oyi(,) = o(m), where m is regarded as an element of Zy;, or in
other words, 0, = |[(m)].

“Note that, it may happen that X; = X; for some i # j. Also, if X’ is any basic set containing an

element of order p’, then it follows from Theorem 10(i) that X’ = Xi(m) for some integer m not divisible
by p. This implies that rad(X' N (H,: \ Hyi-1)) = rad(X; N (Hp: \ Hpi-1)), and this shows that k(.A)
is well-defined.
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Lemma 33. Let m be a positive integer not divisible by an odd prime p such that o, (m)
is not divisible by p for i > 1. Then opi-1(m) = o, (m).

Proof. We regard m as an element of Z*; and let M = (m) < Zy;. Then o,:(m) = |M].
Consider the homomorphism ¢ : Z7, — Z7,, that satisfies ¢(1) = 1 (in the right side
1 stands for an element in Z7 ;). Then o,i-1(m) = |p(M)[. It is well known that
| Ker(¢)| = p. Using also the assumption that p 1 | M|, we obtain that the restriction of ¢
to M is injective, by which |p(M)| = |M|, and so o,i-1(m) = 0,:(m). O

Lemma 34. Let H = Z,e for an odd prime p, e > 1, and A be an S-ring over H. There
exists a generalized multiplier m = (my, ..., me) € Z3¥(k(A)) such that for everyi € [1, €],
m; is odd, and for every cyclotomic basic set X € S(A), X # {1y},

o(X) =p" = o,(m;) = |X]/[rad(X)]. (10)

Proof. Assume first that e = 1. Then A = V(Z,, K) for a subgroup K < Aut(H) (see
Proposition 17). The lemma holds after letting m to be (m;), where m; is a positive
integer coprime with 2p and satisfying o,(m;) = |K]|.

Let e > 1 and let k(A) = k = (ky,...,k.). For every i € [1,¢], fix a a basic set X;
containing an element of order p’. We define 7 = (my, ..., m.) recursively starting with
its e-th entry.

e Let m, be a positive integer such that it is coprime with 2p, and if X, is cyclotomic,
then o, (me) = | Xe|/| rad(X,)|.

e Let i € [2,e] and suppose that m; is already defined. If X;_; is cyclotomic and
k; = i — 1, then let m;_; be a positive integer coprime with 2p and satisfying
opi-1(mi—1) = | X;—1|/| rad(X;_1)|; and let m;_1 = m; otherwise.

It can be easily checked that ni € Z7¥(k).

We finish the proof by showing that (10) holds. Let X be an arbitrary cyclotomic
basic set of A with o(X) = p' > 1. By Theorem 10(i), X = Xi(l) for some integer [ > 1
not divisible by p. Consequently, X; is cyclotomic and

[ X1/Irad(X)| = [Xi] /| rad(X,)]. (11)

Assume for the moment that o(X) is maximal among all cyclotomic basic sets X of
A. If i = e, then (10) holds because of (11) and the definition of m.. Suppose that i < e.
Then X, is not cyclotomic, hence it follows from Proposition 16 that k;;; = 7. Then
(10) holds because of (11) and the definition of m;.

Therefore, we may assume that (10) holds for every cyclotomic basic set X’ with
o(X’) > o(X). As above, (10) holds if k;;1 = 4, hence let k1 < i. It follows from
Proposition 16 that X;,; is cyclotomic. According to the definition of m, we have that
m; = Miq1.
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Then (Xi1) = Hp+r and rad(Xiy1) = H iy, hence the latter subgroups are A-
subgroups. It follows from Proposition 17 that AHp = V(Hp+1/H o, L) such

that L < Aut(Hpi+1/H .y, ) and

i+1/Hpki+1

L] = [Xip1/H piin | = [ Xipal/| rad(Xi1)| = 0piri (mig1) = opiea (my), (12)

where the last but one equation follows from the assumption that (10) holds for X; ;.
Now, XZ-/Hpki+1 is a basic set of AHpiH/Hpkm’ so it is an L-orbit. As p t |L|, by
Lemma 32(i),
| Xi/ Hpion | = [L]. (13)

We show next that
| Xi/ Hopigr | = | Xi] /| rad (X5)]- (14)

Fix an arbitrary element x € X; and let £ = |X; N H ;. x| It follows from (1) that
| Xi/H pirn| = |Xi|/¢. Since X; is cyclotomic, X; = Orbg(z) for some subgroup K <
Aut(H). Lemma 32 and the assumption that k;;; < ¢ yield in turn that, if 2/ € X; N
H iz, then 2’ is in the orbit of x under the Sylow-p-subgroup of K, 2’ € rad(X;)z, and
so £ < |rad(X;)|. On the other hand, as rad(X;) = H,x and k; < ki1, we also obtain
that ¢ > | rad(X;)|, by which (14) holds.

Finally, o,i+1(m;) = 0,:(m;) due to Lemma 33; and combining this with the identities
(11)—(14), yields that o,:(m;) = | X|/|rad(X)|, what is required in (10). O

Corollary 35. With the notation in Lemma 34, for every X € S(A), if o(X) = p' for
some i € [1,¢€], then X™) = X

6 Proof of Theorem 4

We keep the notation set in Theorem 4, i.e., H = Zs,. for some odd prime p and e > 1
and Cay(H,S) is a connected and non-bipartite graph. Let b be the unique involution of
H and Hj be the unique subgroup of H of order p°. In view of Remark 5, we may assume
that Cay(H,S) is unstable. To settle Theorem 4, we have to show that,

(SN Hy)h = SN H, for some h € Hy,h # 1y, (15)

Cay(H, S) = Cay(H, Sb). (16)

By Proposition 1, there is a Schurian S-ring A over G such that H,Sa € A and
{a} ¢ A. Let

V= N rad(X N Hoa).
XeS(A), XNHoa#0
Then S N Hy # () because Cay(H, S) is non-bipartite. It follows that Sa N Hya # () and
(Sa N Hypa)h = Sa N Hya for every h € V. This shows that (15) holds if V' # 1. For the
rest of the section we assume that V = 1.
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Then {a,ab} is a basic set of A due to Theorem 3 and hence E := (a,ab) is an

A-subgroup. Let
k = k(AG/E) = (kla s 7k6)

and m = (my,...,m.) be a generalized multiplier defined for A/ g in Lemma 34.
Fix a basic set X € S(A) such that X € H, X # {a,ab}. As (b) = ENH and E, H
are A-subgroups, so is (b). It follows from this and (1) that

X = Xla U Xgab,

where X, Xy C Hy and either X; = X, or X; N Xy = (. Since X & H, it follows that
the order o(X) = |(X)] is even. We show that

o(X) =2p" = Xm) = Xb. (17)

The group G is in the form G = E x Hy. In what follows, we identify G/E with H,
and regard Ag/g as an S-ring over Hy; in particular, X; U X, is a basic set of Ag/p. By
Corollary 35, (X;UX,)™) = X;UX,. This implies that X (™) C XUXb. Thus (17) holds
if X; = X5, and we may assume that X; N Xy = 0. As {b} € S(A), Xb = XjabU Xsa is
also a basic set of A. On the other hand, so is X (™), see Theorem 10(i), and therefore,
Xm) = X or Xb. It is sufficient to show that X (™) £ X.

Observe that (X2I) = (X; U X;). The former subgroup is an .A-subgroup, so the latter
is also and Lemma 15 can be applied to the Schurian S-ring Agx,ux,). As a result, we
obtain that X; and X, are basic sets of an S-ring over the group (X; U X5) < Hy, and
| X1| = |X3]. According to Proposition 16, if X; is not cyclotomic, then |X;| = p" — p/,
where ¢ > j 4 1, and hence |X; U X5| = 2(p’ — p?). Regarding that X; U X, € S(Ag/k),
this is impossible. We deduce that each of X, X5 and X; U X is cyclotomic. This means
that X;U X, = Orbg(z) for some subgroup K < Aut(Hy) and X; and X, are the L-orbits
contained in X, where L < K, |K| = 2|L|, say

X1 = OI’bL($1) and X2 = Ol"bL(.%’g).

Due to Lemma 34, 0,i(m;) = | X7 U X;|/|rad(X; U X5)|, which is equal to |K|y. Using
also that o(z;) = p', this implies that z{" ¢ Orbp(z;) = X;. Therefore, 2" € Xy,
(z10)™ € Xsa, so X™i) £ X and by this (17) holds.

We show next that Xa = X; U Xyb is a Iy (k)-subset (recall that X was fixed to
be an arbitrary basic set of A such that X ¢ H, X # {a,ab}). If X; = X, then this
follows from the fact that X; U X5 is a I1g, (k)-subset. If X; # X5, then we have seen that
X1 U Xy = Orbg(z) for a subgroup K < Aut(Hy). Thus the 1y, (k)-class containing x is
equal to the orbit Orbg, (), where K, is the Sylow p-subgroup of K. Clearly, K, < L,
and this yields that Orbg, () < X; if 2 € X; and Orbg, (2)b < Xob if € X,. This
shows that Xa is a Iy (k)-subset, as required.

Consequently, since Sa € A, it follows that S is a Il (k)-subset, and hence Cay(H, 5) =

Cay(H, S7#) due to Corollary 30. We derive (16) by showing that
St = Sb. (18)
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Fix an arbitrary element x € S and let X be the basic set of A containing xa. Note
that X C Sa, and hence X # {a,ab}. Suppose that o(x) = p’ or 2p' and let Y = H .
Then Y € IIy(k) and Ya C X. By Proposition 29, Yia = ym)_ All these together with
(17) yield that

wfia e Ymg = (Ya)™) C X™) = Xb C Sab.

This shows that z/# € Sb, and as z was chosen arbitrarily from S, (18) follows.
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