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Abstract

A brick is a non-bipartite matching covered graph without nontrivial tight cuts.
The importance of bricks stems from the fact that they are building blocks of the
matching covered graphs. The bi-contraction of a vertex u of degree two in a graph
G, with precisely two neighbors u; and ug, consists of shrinking the set {u, w1, us}
to a single vertex. The retract of a matching covered graph G is the graph obtained
from G by repeatedly bi-contracting vertices of degree two. An edge e of a brick
G is thin if the retract of G — e is a brick. By showing the existence of thin edge
in every brick (other than three basic bricks), Carvalho et al. presented inductive
tools for building all the bricks from three basic bricks. However, the lower bound
of the number of thin edges in a brick is still unknown.

In this paper, we provide the first nontrivial family of graphs, the numbers of
thin edges of which are not a constant: we show that every claw-free brick G with at
least 8 vertices has at least 3|V (G)|/8 thin edges. Consequently, we prove that every
claw-free minimal brick G has at least 3|V (G)|/16 cubic vertices, which shows that
Norine and Thomas’s conjecture about linear bound of the number of cubic vertices
in minimal bricks [J. Combin. Theory Ser. B, 96(4) (2006)] holds for claw-free
minimal bricks.

Mathematics Subject Classifications: 05C70,05C75

1 Introduction

Graphs considered in this paper are simple graphs. We follow [1] for undefined notations
and terminologies. Let G be a graph with the vertex set V(G) and the edge set E(G).
For X,Y C V(G), by E[X,Y] we mean the set of edges of G with one end vertex in
X and the other end vertex in Y. Let d(X) = E[X, X] be an edge cut of G, where
X =V(G)\ X. An edge cut O(X) is trivial if | X| =1 or | X| = 1. We say that 9(X) is a
k-cut if |0(X)| = k.
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Let G be a graph with a perfect matching. An edge e in G is forbidden if e does not lie
in any perfect matchings of G. A nontrivial graph is matching covered if it is connected
and each of its edges is not forbidden. We denote by G/X — x the graph obtained
from G by contracting X to a single vertex x (and removing any resulting loops, multiple
edges). The graphs G/X — x and G/X — 7 are the two O(X)-contractions of G. An
edge cut O(X) is tight if every perfect matching contains exactly one edge of 9(X). A
matching covered graph without nontrivial tight cuts is called a brace if it is bipartite,
and a brick if it is non-bipartite. Let G be a matching covered graph. We may apply to
G a procedure, called a tight cut decomposition of G, which produces a list of bricks and
braces. Lovéasz [13] proved that any matching covered graph can be decomposed into a
unique list of bricks and braces. Denote by b(G) the number of bricks yield by tight cut
decompositions of a matching covered graph G.

We say that an edge e in a matching covered graph G is removable if G — e is matching
covered. Moreover, a removable edge is b-invariant if b(G — e) = b(G). In particular, if
e is a b-invariant edge of a brick G, then b(G — e) = 1. Carvalho et al. [2, 3] proved a
conjecture of Lovasz which states that every brick, distinct from Ky, the triangular prism
(the complement of a cycle of length 6) and the Petersen graph, has a b-invariant edge. A 2-
edge-connected cubic graph is essentially 4-edge-connected if it does not contain nontrivial
3-cuts. A brick G is near-bipartite if it has a pair of edges {ej, ea} such that G — {e1, s}
is bipartite and matching covered. Kothari et al. [9] showed that every essentially 4-edge-
connected cubic non-near-bipartite brick GG, distinct from the Petersen graph, has at least
|V (G)| b-invariant edges. Moreover, they conjectured every essentially 4-edge-connected
cubic near-bipartite brick G, distinct from Ky, has at least |V (G)|/2 b-invariant edges; Lu
et al. [11] confirmed this conjecture. A brick is solid if G — (V(C;) UV (Cy)) has no perfect
matching for any two vertex disjoint odd cycles C; and Cy. Carvalho et al. [2] proved
that every removable edge of a solid brick, distinct from Ky, is b-invariant; consequently,
every solid brick, distinct from Ky, has at least @ b-invariant edges.

The bi-contraction of a vertex u of degree two in a graph G, with precisely two neigh-
bors u; and uy, consists of shrinking the set {u, uy,us} to a single vertex. The retract of a
matching covered graph G is the graph obtained from G by repeatedly bi-contracting ver-
tices of degree two. An edge e of a brick G is thin if the retract of G — e is a brick. (Thus
thin edges of bricks are special types of b-invariant edges.) Carvalho et al. [4] showed that
every brick, distinct from Ky, the triangular prism and the Petersen graph, has a thin
edge; with the help of thin edges, all the bricks may be generated from three basic bricks:
Ky, the triangular prism and the Petersen graph. Similarly, we may define thin edges in
braces: an edge e of a brace G is thin if the retract of G — e is a brace. Carvalho et al. [6]
proved that every brace of order six or more has at least two thin edges. Moreover, they
conjectured there exists a positive constant ¢ such that every brace on n vertices has cn
thin edges.

For a vertex set X C V(G), denote by G[X] the subgraph induced by X, by N(X),
or simply N(u) when X = {u}, the set of all vertices in X adjacent to vertices in X.
For a vertex x in G, the degree of x, denoted by dg(z), or simply d(x), is the number of
edges incident with z. If d(u) = 3, then w is called a cubic vertex. We say that a graph
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isomorphic to the complete bipartite graph K 3 is a claw. Let G[{u, uy, us, u3}| be a claw
and u; € N(u) for i € {1,2,3}. We say that u is the claw-center. A graph that contains
no induced subgraphs isomorphic to the K 3 is claw-free. Claw-free graphs have received
a lot of attention in connection with the study of various graph properties. Plummer [15]
proved that every 3-connected claw-free graph with even number of vertices is a brick. In
this paper, we consider the thin edges in claw-free bricks.

Theorem 1. Let e be an edge of a claw-free brick G. Then e is b-invariant if and only if
e is thin.

Theorem 2. Let G be a claw-free brick with at least 8 vertices. Then G has at least
3|V(G)|/8 thin edges.

A brick G is minimal if G — e is not a brick for any e € E(G). Carvalho et al. [4]
proved that every minimal brick has a cubic vertex. Norine and Thomas [14] showed that
every minimal brick has at least three cubic vertices. Moreover, they made the following
conjecture.

Conjecture 3 ( [14]). There exists a > 0 such that every minimal brick G has at least
a|V(G)] cubic vertices.

Lin et al. [10] showed that every minimal brick has at least four cubic vertices. He
and Lu [8] proved that every solid minimal brick G has at least 2|V (G)| cubic vertices.
As an application of Theorem 2, we confirm Conjecture 3 to be true for claw-free minimal

bricks.

Theorem 4. Let G be a claw-free minimal brick with at least § vertices. Then G has at

least 3\\/1_(60)\ cubic vertices.

In Section 2, we will present some basic properties of removable edges in claw-free
bricks. Theorem 1 will be showed in Section 3. Theorems 2 and 4 will be proved in
Section 4.

2 Preliminaries

Let G be a graph with a perfect matching. A nonempty vertex set B of G is a barrier of
G if o(G — B) = |B|, where o(G — B) is the number of components with odd number of
vertices of G — B. A barrier B is trivial if | B| = 1; otherwise, it is nontrivial. We define a
connected subgraph to be an odd (even) component if it contains an odd (even) number
of vertices.

Theorem 5. (Tutte, see [12]) A graph G has a perfect matching if and only if
o(G — X) < |X|, for every X CV(G).

By Theorem 5, we have the following results directly.
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Proposition 6. If G is matching covered, then, for every barrier B, G — B has no even
components and E(G[B]) = 0.

Lemma 7 ( [5]). Assume that G is a graph with a perfect matching. An edge xy is
forbidden if and only if there exists a barrier containing x and y.

Let G be a matching covered graph. An edge cut C of G is a barrier-cut if there exists
a barrier B of G and an odd component O of G — B such that C' = 9(V(0)). Let D
be a vertex 2-cut in G, that is, G — D is disconnected and |D| = 2. Then D is called
a 2-separation if each component of G — D is even. Let {u,v} be a 2-separation of G,
and let us divide the components of G — {u, v} into two nonempty subgraphs G and Gs.
Each of the two cuts (V(G1) +u) and O(V(G1) +v) is a 2-separation cut associated with
{u,v}. It can be checked that barrier-cuts and 2-separation cuts are tight cuts.

Theorem 8 ( [7]). Every matching covered graph that contains a nontrivial tight cut has
a nontrivial barrier or a 2-separation.

Lemma 9 ( [16]). Let G be a claw-free brick. Assume that xy is a non-removable edge in
G, an edge ab is forbidden in G —xy, and By is a barrier of G —xy such that {a,b} C By.
Then |By| < 3 and G — xy — By contains no even components. Moreover, if |By| = 3,
then the components of G — xy — By containing x and y are singletons, respectively.

Proposition 10. Let G be a claw-free brick. Assume that N(u) = {uy,us,us} and
Gl{u,uz,us}| is a triangle. Then uuy is not removable.

Proof. As {us,us} is barrier of G — wuy and usug € E(G), ugus is forbidden in G — uuy
by Lemma 7. So the result holds. O]

If e is a removable edge and G — e is not a brick, then G — e contains a nontrivial
barrier or a 2-separation by Theorem 8. We say a nontrivial barrier (2-separation) in
G — e is the barrier (2-separation) associated with e. Now we present some properties of
a brick after removing a removable edge.

Lemma 11. Assume that uv is a removable edge in a brick G and D is either a nontrivial
barrier or a 2-separation of G—uv. Thenu and v lie in different components of G—uv—D.
Moreover, N(u) N N(v) C D.

Proof. Suppose, to the contrary, that u and v lie in a common component of G —uv — D.
Then D is either a nontrivial barrier or a 2-separation in GG, contradicting the assumption
that GG is a brick. Thus, u and v lie in different components of G — uv — D. Therefore,
N(u)N N(v) C D. O

Lemma 12. Let G be a claw-free brick. Assume that uv is a removable edge in G and B
is a nontrivial barrier of G —uv. Then |B| < 3.
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Proof. By Lemma 11, u and v lie in different components of G —uv — B. Assume that G
and (G is the components of G —uwv — B that contain v and v, respectively. Let K; consist
of vertices in B adjacent to vertices in ¢ components of G — uv — B and let k; = | K.
As G is claw-free, we have ¢ < 3. Contracting every component of G — uv — B into a
vertex and removing all the resulting multiedges, we get a bipartite graph (). Assume
that the color class of () containing vertices in B is X, the other one is Y. Assume that
u’ and v’ are the vertices of Y obtained from contracting the components of G — uv — B
containing v and v, respectively. Then the degree of every vertex in X is at most 3
as G is claw-free. Specially, if x € X and dg(x) = 3, then u and v are adjacent to z
in G. Therefore, the number of edges in () with one end in X is k; + 2k + 3k3. On
the other hand, each component in G — uv — B is incident with at least 3 vertices in
B, except 7 and G, as G is 3-connected and uv € E(G). Moreover, G; and Gy are
incident with at least two vertices in B, respectively, as G is 3-connected again. Then
do(u') + dg(v') = max{2ks,4}. Therefore, the number of edges of ) with one end in Y
is at least max{2ks,4} + 3(k1 + ko + k3 — 2) (By Proposition 6, G — uv — B has no even
components). As @ is bipartite, ky + 2ko + 3k3 > max{2ks, 4} + 3(k1 + k2 + k3 — 2). We
have 6 > 2ky + ko + max{2ks, 4}, and hence 2k; + ky < 2. If ky #£ 0, then ky =1, ks =0
and k3 < 2. As |B| > 1, we have k3 > 1. Note that |B| > 3. We have k3 = 2 and so
|B| = 3. Assume that Gy is the component of G — uv — B other than G; and Go. As
G is 3-connected, every vertex in B has a neighbor in V(Gy). Assume that z € B and
N(z) lies in exactly one component of G —uv — B. As |B\ {z}| =2, G — (B\ {«}) is
disconnected, contradicting G is 3-connected. Hence k; = 0 and ky < 2.

Suppose that k3 > 2. Recall that u is adjacent to every vertex of degree 3 of B. So
d(u) = 3. Since E(G[B]) = ), we have a claw with u as the claw-center, a contradiction.
So k3 < 2. Since k; = 0 and ko < 2, we have |B| = ky + ko + k3 < 4. If kg + k3 = 4, then
ky =2 = k3. So |V(Q)| = 8. Assume that z1, 2z, € X, and dg(z1) = dg(x2) = 3. As Q is
a simple graph, {z1y1, 2y2} C E(G) or {z1ys, 12y1} C E(G) where {y1, 42} = Y\ {u/,v'}.
Then dg(y1) > 3 and dg(y2) = 3. Therefore dg(u') = 2 = dg(v’). Then E[{v/,v'}, B] =
{z1u/, 210, 2o, 290"} in Q. So N(V(G1) UV (Gs)) = {z1,29} in G. Then G — {x, x5} is
disconnected, contradicting G is 3-connected. So the result holds. O]

Lemma 13. Assume that uv is a removable edge in a claw-free brick G and B is a
nontrivial barrier of G —wv. If |B| = 3, then the components of G —uv — B containing
u and v are singletons, respectively. Moreover, d(u) = d(v) =3 and |[N(u) N N(v)| = 1.

Proof. Assume that G; (i € {1,2,3}) is the component of G — uv — B, where G; and
GG contain u and v, respectively, and K; and k; is defined the same as in Lemma 12 for
i € {1,2,3}. By the proof of Lemma 12, we have k; = 0, ky < 2 and k3 < 2. Since
|B| = 3, we have ky + k3 = 3. As G is 3-connected, every vertex in B is adjacent to some
vertex in Gjs.

Assume that B = {1, x9,23}. If ko = 1, then k3 = 2. Let {z1} = K5. So N(z1) N
V(Gy) =0 or N(z1) NV (Gy) = 0. Note that N(z;) NV (Gy) = {u} and N(z;) NV (G,) =
{v} for i € {2,3}. (Otherwise, suppose, without loss of generality, that N(xs) NV (G) \
{u} # (. Then x4, together with a vertex in N (z2)NV (G1)\{u}, a vertex in N (z2)NV(G>)
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and a vertex in N(z2) N V(Gs), forms a claw.) If |[V(Gy)| # 1, then G — {u,x} is
disconnected; and if |V (G2)| # 1, then G — {v, z1} is disconnected. So V(G;) = {u} and
V(Gs) = {v}. Then uzy € E(G) or vz € E(G). Assume, without loss of generality, that
ury € E(GQ). As {uxs,urs} C E(G) and E(G[B]) = 0, we have a claw with u as the claw-
center, a contradiction. So ky = 2 and then k3 = 1. Let {x1, 22} = K,. Similar to the case
when ko = 1 and k3 = 2, we have N(z3)NV (G1) = {u} and N(z3)NV(G2) = {v}. Assume,
without loss of generality, that N(z1) NV (Gy) = 0. Then G — {u, 21} is disconnected if
|[V(G1)| > 1. Therefore, G is a singleton. Similarly, G is a singleton.

Then N(u)\ {v} C B. As G is claw-free and F(G[B]) =0, |N(u) \ {v}| < 2. Since G
is 3-connected, |N(u)\ {v}| = 2, that is, d(u) = 3. Similarly, d(v) = 3. So |[N(u)NB| =2
and |N(v) N B| = 2. By the inclusion-exclusion principle, |[N(u) N N(v)| > 1 as |B| = 3.
Suppose, to the contrary, that |[N(u) N N(v)| > 1. Then |N(u) N N(v)| = 2 and so
G — {N(u) N N(v)} is disconnected, a contradiction. Therefore, |[N(u) N N(v)| =1. O

Lemma 14. Let uv be a removable edge in a claw-free brick G, B be a nontrivial barrier of

G—uv and Gy be a nontrivial component of G—uv—B. Assume that (G—uv)/V(Goy) — Jo
has a nontrivial barrier B'. Then B'U B\ {go} is a barrier of G — uv.

Proof. Let H := (G—ww)/V (Gy) — Go and By := B'UB\{go}. Then gg € B’. (Otherwise,
B’ is a nontrivial barrier of GG, contradicting the assumption that G is a brick.)

Note that the component of G —uv — B, other than G, is a component of G —uv — By,
and the component of H — B’ is also the component of G — uv — B. So o(G —uv — By) =
|B| — 1+ |B'| = |Bo|, that is, By is a barrier of G — uv. O

3 The b-invariant edges of claw-free bricks

We first present a lemma, the proof of which will be given in Section 5.

Lemma 15. Let G be a claw-free brick with at least 8 vertices and u € V(G). If d(u) > 4,
then w is incident with at least d(u) — 3 b-invariant edges; if d(u) = 3, all the removable
edges incident with u are b-invariant.

Let G be a matching covered graph and let e be a removable edge of G. Let C' := 9(X)
be a edge cut of G. We say that C' is peripheral if C' is nontrivial, the cut C' — e is tight in
G—e and a (C'—e)-contraction is bipartite. Let C be peripheral. Then J := (G—e¢)/X — T
has bipartition { B, I}, with T in I. We then refer to I\ {Z} as the inner part of .J, whereas
B is the outer part of J. We say that (I \ {T}, B) is a pair of vertex sets associated with
e. Note that |\ {Z}| = |B| — 1.

Theorem 16 ( [5]). Let G be a brick and let e be a b-invariant edge of G such that G —e
s not a brick. Assume that H is the brick of G — e, obtained by a tight cut decomposition
of G —e. Then, one of the following three alternatives holds:

(i) either G has a peripheral cut Cy := 0(X,) such that J, := (G —e) /X, — T7 is bipartite,
H = (G —e€)/X1; — x1 and edge e has one end in the inner part of Jy, the other end in
V(H)— a1, or
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(ii) G has two peripheral cuts C; := 0(X;), fori =1, 2, such that Xy and Xy are disjoint,
Ji = (G —e)/X; — T; is bipartite, H = ((G —e)/ X, — x1)/ Xy — x5 and edge e has one
end in the inner part of Jy, the other end in the inner part of Jo, or

(iii) G has a peripheral cut C; := 0(X,) such that J, == (G — e)/X1 — 77 is bipartite,
H = (G —e¢)/X1 — 1 and edge e has both ends in the inner part of J;.

Proof of Theorem 1. By the definition of thin edges, every thin edge is b-invariant.
Conversely, assume that uv is b-invariant in G. If G — uwv is a brick, then wv is thin.
Suppose that G — uv is not a brick. Then one of the three statements of Theorem 16
holds. Let (I, By) be a pair of vertex sets associated with uv such that u € I.

Assume that (ii) of Theorem 16 holds, that is, there exists another pair of vertex sets
(I, By) associated with v such that v € Iy, and By N By = (. Note that N(u)\ {v} C B;
and N(v) \ {u} C By. Therefore, u, v and two vertices of N(u) N By form a claw as
E(G[By]) = 0, a contradiction.

Next, we assume that (iii) of Theorem 16 holds. Then {u,v} C I . As |By| = L]+ 1,
we have |B;| > 3. Since G is a claw-free brick and wv is b-invariant of G, we have |B;| < 3
by Lemma 12. Hence |B;| = 3. By Lemma 13, d(u) = d(v) = 3. Note that G — uv
has exactly two vertices of degree two: w and v. As N(u) U N(v) \ {u,v} C B; and
IN(u) N N(v)| = 1 (by Lemma 13), N(u) U N(v) \ {u,v} = B;. Thus, the retract of
GG —uv can be obtained from GG — uv by contracting I; U B; to a singleton. Therefore, the
retract of G — uw is a brick by Theorem 16, that is uv is thin in this case.

Now we assume that (i) of Theorem 16 holds. As u € I, we have |B;| > 2. By
Lemma 12, |By| < 3. Hence |By| = 2 or |By| = 3. If |By| = 3, then |I;| = 2. Let
{t} = I\ {u}. If t = v, then {u,v} C I;. Similar to last paragraph, the retract of G —uv
is a brick. Now we assume that t # v. As G is 3-connected and N(t) C By, t is adjacent
to every vertex in B;. Since E(G[Bi]) = 0, G[{t} U By] is a claw, a contradiction. So
we consider the case when |By| = 2. Let By = {uy,us}. As N(u) \ {v} C By, we have
d(u) = 3. So N(u) = {v,uj,us}. As G is claw-free and ujus ¢ F(G), at least one of u;
and uy is adjacent to v. Assume that d(v) = 3. If uyv € E(G) and upv € E(G), then
N{u,v}) \ {u,v} = {us,us}. So G — {uy,us} is disconnected, a contradiction. Hence
either v € E(G) or ugv € E(G). Assume, without loss of generality, that u1v € E(G)
and usv ¢ E(G). Let {vi} = N(v) \ {w,u1} and B} = {uy,us,v1}. Denote by @ the
component of G — uv — B] containing no u and v. Since |V(Q)| = V(G) \ (B] U {u,v}),
IV(Q)] is odd. As N(u) U N(v)\ {u,v} C By, o(G —uv — B}) = 3. So Bj is a nontrivial
barrier of G — uv. Moreover, E(G[B}]) = (). (Otherwise, B} contains a forbidden edge in
G — uv by Lemma 7, contradicting the assumption that uv is removable.) Recalling that
d(u) = d(v) = 3 and N(u) U N(v) \ {u,v} = By, the retract of G — uv is isomorphic to
(G —uv)/Q — q. Note that (G — uv)/Q — q is a bipartite. As uv is a b-invariant edge
of G, (G — uv)/Q — q contains no nontrivial tight cuts. So (G — uv)/Q — q is a brick.
Therefore, the retract of G — uv is a brick. Now assume that d(v) > 4. Note that u is
the only vertex in G — uv of degree two. So the retract of G — wv can be obtained from
G — wv by contracting I; U By to a singleton. Thus, the retract of G — wv is a brick by
Theorem 16. Therefore, uv is a thin edge in G. The proof is complete. n
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4 The lower bound of thin edges in claw-free bricks

For convenience, we denote by K the graph obtained from K, by removing an edge. We
first present several lemmas.

Lemma 17 ( [16]). Let G be a claw-free brick with at least 8 vertices and u € V(G).
1. If w is incident with no removable edges, then d(u) = 3. Moreover, one of the following
statements holds.

a). wu lies in a triangle zuv of G, d(v) = d(z) = 3 and N({u,v,z}) \ {u,v,z} is a
subset of a clique in G with at least five vertices.

b). G{u} U N(u)] = K, or K; and at most one vertex in N(u) is of degree 3.
2. If d(u) > 4, then u is incident with at least d(u) — 2 removable edges.

We say that a vertex u of a claw-free brick is special if it is incident with no removable
edges and G[{u}UN (u)] is isomorphic to K, or K, . By Lemma 17, we have d(u) = 3. We
call the subgraph induced by a special vertex and its three neighbors is a special subgraph.
We say that a vertex is a half vertex if it lies in exactly two special subgraphs. Denote by
d,(u) and di(u) the number of removable edges incident with u and the number of thin
edges incident with u, respectively. Therefore, the graph G has at least ( > di(u))/2

ueV(G)
thin edges. By Lemma 15 and Theorem 1, for every vertex = € V(G), if d(z) = 3
and z is incident with at least one removable edge, then d;(z) > 1; if d(x) > 4, then

di(z) = d(u) — 3.

Lemma 18. Let H be a special subgraph of a claw-free brick G. Then H contains exactly
one special vertet.

Proof. Let V(H) = {u,v,z,y}, where u is a special vertex of G. As G is 3-connected and
N(u) = {v,z,y}, every vertex in N(u) has at least one neighbor not in V/(H). Suppose
that v is also a special vertex of G. Then d(v) = 3. By Lemma 17, at most one vertex in
N (u) is of degree 3. Therefore, H = K, d(z) > 4 and d(y) > 4. Assume that F(H) =
{uv, uz, uy, vy, zy}. As v is a special vertex, vy is not removable in G. Assume that B is
a nontrivial barrier of G — vy associated with vy, and G; is the component of G —vy — B,
for i € {1,2,...,|B|}, such that v € V(G;) and y € V(G2). As {uz,uy} C E(G), u € B.
By Lemma 2.5 of [16], we have |B| < 3. If |B| = 2, then x € B as N(u) = {v,z,y}
and E(G[B]) # 0. As d(v) = 3, (N(v) \ {w,y}) NV (Gy) # 0. By Lemma 2.6 of [16],
N(u)NV(Gy) \ {v} # 0. Then d(u) > 4, a contradiction. Now we assume that |B| = 3.
By Lemma 2.7 of [16], N(v) U N(y) \ {v,y} € B. Then {u,z} C B. As d(u) = 3,
N(u) NV (G3) = 0. Then G — (B \ {u}) is disconnected, a contradiction. So H contains

exactly one special vertex. O]

Proof of Theorem 2. Assume that L; is the set of vertices in G satisfying a). of
Lemma 17. If u € L;, then we assume that the triangle that u lies in is wu;v and
N(u) U N(v) UN(up) \ {u,v,ur} = {ug, vy, v1}. Let V, = {u,v,uy,ug,vy,u)} and V) =
{Uueleu}~
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Claim 1. ( [16]) For every vertex s in Vi, there exists only one vertex ¢ in L;, such that
s eV

Claim 2. ) di(u) > |V4].

ueVy

Proof. By Claim 1, every vertex s in V7, there exists only one vertex ¢ in L, such that
s € V. Assume that v € Ly. Then every vertex in {us, u},v;} is of degree at least 5. By
Lemma 3.3 of [16], for s € {us, u},v1}, we have d,(s) > 3. By Lemma 15 and Theorem 1,
for s € {ug, u},v1}, we have di(s) > 2. Therefore, > di(u) > |V, O

ueVy,

Assume that Ly is the set of vertices in V(G) \ V; incident with no removable edges.
By Lemma 17, every vertex in Lo satisfies b). of Lemma 17. Assume that v’ € Lo.
Then u' lies in a subgraph H,s isomorphic to Ky or K. Let Vo = {Uyer,V(Hy)} and
Vs =V(G)\ (Vi UVy). By Lemma 17, Vi, V5 and V5 are a partition of V(G).

Claim 3. Y dy(u) > ¥,

ueVa
Proof. Assume that u € V5. Note that, for a subgraph that contains u and is isomorphic
to K4 or K, a special subgraph contains less removable edges than a non-special one.
To get the lower bound of thin edges, we may assume that v lies in a special subgraph.

Let H := G[{u}UN (u)] be a special subgraph. We assume firstly that H is isomorphic
to K;. By Lemma 4.4 of [16], for s € V(H)\{u}, we have d(s) > 4 and d.(s) > 2.
By Lemma 15 and Theorem 1, for every vertex s € V(H)\{u}, di(s) > 1. Therefore,

> di(s) = 3‘V(H . We now assume H is isomorphic to K, . By Lemma 18, H contains
seV(H
exa(ctiy one special vertex. Assume that H contains no half vertices. At most one vertex
in V(H)\{u} is of degree 3, as G is 3—connected and claw-free. By Lemma 4.5 of [16],
for s € V(H)\{u}, if d(s) = 3, then d,(s) > 1; if d(s) > 4, then d,.(s) > 2. By Lemma
15 and Theorem 1 again, Y di(s) > 3|V )|. Assume that H contains half vertices.
seV(H)
By Lemma 4.2 of [16], this special subgraph contains exactly one half vertex z, and x
lies in exactly two special subgraphs, say H; and Hs. Let Hy := G[{u} U {z,y, z}] and
Hy = G{u }U{x,y1, 21 }], where u and u; are special vertices of H; and Hj, respectively,
{z,y,2} = N(u) and {z,y1,21} = N(u;). By Lemma 4.3 of [16], we have d(z) > 3,
d(z1) = 3, d(y) > 4. And if y121 ¢ E(G), then d(x) > 5 and d(yy) > 4; if 2z, ¢ E(G),
then d(z) > 4 and d(y;) = 5. Sod,.(z) 2 1, d.(z1) = 1, d.(y) = 2 and d,.(z) + d,(y1) = 5.
Then, by Lemma 15 and Theorem 1, di(2) > 1, di(21) > 1, di(y) > 1 and di(z)+d:(y1) = 3.
[

Therefore, > di(s) > w So the claim holds.
s€EV(H1)UV (Hz)

Note that every vertex in V3 is incident with at least one removable edge. By Lemma
15 and Theorem 1, every vertex in V3 is incident with at least one thin edge. Therefore,
> di(s) = |V3]. By Claims 2 and 3, the result follows. O

seV3

Lemma 19. Assume that u is a cubic verter in a claw-free brick G. Then u is incident
with at most two thin edges.
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Proof. We will show that u is incident with at most two removable edges. Suppose, to
the contrary, that uu; (i € {1,2,3}) is removable in G. By Proposition 10, G[{u, us, us}|
is not a triangle when uu; is removable. So usus ¢ E(G). Similarly, uyuy ¢ E(G) and
wiug ¢ E(G). Then G[{u,ui,us, us}| is a claw, a contradiction. So u is incident with at
most two removable edges. As every thin edge is removable, the result follows. O]

Proof of Theorem 4. If |V(G)| < 6, then it can be checked that G is Ky, the triangular
prism and Ws. So we consider |V (G)| > 6. By Theorem 2, a claw-free brick G with at
least 8 vertices has at least 3|V (G)|/8 thin edges. If e is a thin edge in a claw-free minimal
brick, at least one of the end vertex of e is cubic by Theorems 1 and 16. Therefore, the

Theorem 4 holds by Lemma 19. O]

5 Proof of the Lemma 15

5.1 The structure of non-b-invariant edges of claw-free bricks

In this subsection, we will consider the structure of non-b-invariant edges in claw-free
bricks and we have the following lemmas.

Lemma 20. Assume that uv is a removable edge in a claw-free brick G such that there
exists a barrier B of G — uv with size 3. Then wv s b-invariant.

Proof. By Lemma 13, G — uv — B has only one nontrivial odd component, say Gy. Let
H:=(G—uw)/V(Gy) = Go. As (G—uv)/V(Gy) — go is bipartite, to complete the proof,
we will show that H is a brick by contradiction.

Suppose that B’ is a nontrivial barrier of H. Then gy € B’. (Otherwise, B’ is
a nontrivial barrier of GG, contradicting the assumption that G is a brick.) Let By =
B'UB\{go}. By Lemma 14, By is barrier of G —wv and |By| = |B’|—1+|B|. As |B| =3
and |B'| > 2, we have |By| = |B’| + 2 > 3, which contradicts Lemma 12. Therefore, H
contains no nontrivial barriers.

Next, we suppose that S is a 2-separation of H. Then gg € S. (Otherwise, S is
a 2-separation of GG, contradicting the assumption that G is a brick.) Let S = {gg,t}.
Assume that 0(X) is a 2-separation cut of H associated with S such that gy € X. Denote
by Q1 and Q, the subgraphs of H induced by X \ {go} and X \ {t}, respectively.

Let B = {uj,us,u3} and U = B U {t}. By Lemma 13, N(u) U N(v) \ {u,v} C
{uy,ug, usz} and the components of G—uv— B that contain v and v are trivial, respectively.
So N({u,v})N(V(Q1)UV(Q2)) = 0 and then the components of G —uv — U that contain
u and v are trivial, respectively. Hence U is a vertex 4-cut in G — uv. By contracting
()1 and )y into singletons ¢; and ¢s, respectively, and removing the edge uv, edges in
G[U] and all the resulting multiedges, we obtain a graph Q). As Ng(u) U Ng(v) C U and
G1q2 ¢ E(Q), Q is a bipartite graph. Then U and W = {u, v, ¢1, ¢2} are the color classes
of Q. By Lemma 13 again, exactly one of {uy,us,us}, say u;, is adjacent to both u and
v; exactly one of {ug, uz}, say ug, is adjacent to w; and then wus is adjacent to v. As G
is claw-free, each vertex of {uy, us, us} is adjacent to exactly one of ¢; and ¢,. Note that
tq1 € E(Q) and tgx € E(Q). By calculating, |Eg[U,W]| = 9. On the other hand, each
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component in G — uv — U is incident with at least three vertices in U, except the two
components that v and v lie in, respectively, as G is 3-connected and uv € E(G). By
Lemma 13 again, d(u) = d(v) = 3. So exactly two vertices in U are incident with both
components that u and v lie in. Then |Eg[U, W]| > 10, a contradiction. Therefore, H is
a brick. So the result holds. O

Lemma 21. Assume that uv is a removable edge in a claw-free brick G. If B is a barrier
of G —uv with size 2 and one component of G —uv — B is trivial, then uv is b-invariant.

Proof. If the components of G —uv— B are both trivial, then |V(G)| = 4, that is, G = K,
which contradicts the assumption that G is matching covered. Assume, without loss of
generality, that the component of G — uv — B that u lies in is trivial. Denote by G the
only nontrivial odd component of G — uv — B. Let H := (G — uv)/V(Gy) — Go. As
(G —uv)/V(Gy) — go is bipartite, to complete proof we will show that H is a brick by
contradiction.

Suppose that B’ is a nontrivial barrier of H. Then gy € B’. (Otherwise, B’ is
a nontrivial barrier of G, contradicting the assumption that G is a brick.) Let By =
B'U B\ {g}. By Lemma 14, By is barrier of G — uv and |By| = |B’| — 1 + |B|. Since
|B| = 2, we have |B’| = 2 by Lemma 12. Hence |By| = 3. By Lemma 20, uv is b-invariant.

Next, we suppose that S is a 2-separation of H. Then gg € S. (Otherwise, S is
a 2-separation of G, contradicting the assumption that G is a brick.) Let S = {go,t}.
Assume that 0(X) is a 2-separation cut of H associated with S such that go € X. Denote
by Q1 and Qs the subgraphs of H induced by X \ {go} and X \ {t}, respectively.

Assume that B = {uj,us} and U = B U {t}. Hence U is a vertex 3-cut in G — uv. If
t =v, then N(v) NV (Q1) # 0 and N(v) NV (Q2) # 0. So v, u, a vertex in N(v) NV (Q1)
and a vertex in N(v) NV(Q2) form a claw, a contradiction. Thus assume, without loss of
generality, that v lies in 1. As G is claw-free, at least one of u;v and usv belongs to E(G),
otherwise, we have a claw with u as the claw-center. As G is 3-connected, N (u1)NV(Q2) #
0. If N(up) NV (Q1) \ {v} # 0, then uy, u, a vertex in N(u;) NV (Qq) \ {v} and a vertex
in N(u;) NV(Q2) form a claw, a contradiction. So N(ui) NV (Q1) \ {v} = 0. Similarly,
N(uz) NV (Q1) \ {v} = 0. Note that |V(Q1)] = 2. Then G — {v,t;} is disconnected, a
contradiction. Therefore, H is a brick and hence uv is b-invariant. O

Corollary 22. Let G be a claw-free brick. If uv is a removable but non-b-invariant edge
in G, then G—uv contains a vertex 2-cut D and G —uv— D contains exactly two nontrivial
components.

Proof. By Theorem 8, G — wv has a nontrivial barrier or a 2-separation. If G — uv has a
nontrivial barrier B, then |B| < 2 by Lemmas 12 and 20. By Lemma 21, we have |D| = 2
and G — uv — D contains two nontrivial components. If G — uv has a 2-separation, the
result follows by the definition of 2-separation. So the result follows. O]

Lemma 23. Let vivy be a removable but non-b-invariant edge in a claw-free brick G.
Assume that D is a vertex 2-cut of G — vive, where D = {s1, 82}, and Gy and Gy are two
components of G — vyvy — D such that v; € V(G;) fori € {1,2}. Then N(s;) NV (Gy) \
{v1} #0 forie {1,2}.
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Proof. By Corollary 22, we have |V(Gy)| > 1. If N(s;) NV (Gy) \ {v1} = 0, then G —
{s3_4,v1} is disconnected, contradicting the fact G is 3-connected. O

By Lemma 11 and Corollary 22, we have the following corollary.

Corollary 24. Let G be a claw-free brick. If an edge uv is removable but not b-invariant
in G, then |N(u) N N(v)| < 2.

In the rest of this paper. Let G be a claw-free brick and uv be a removable but
non-b-invariant edge of G. Denote by D a vertex 2-cut of G — uv and by G; and G5 the
components of G — uv — D such that v € V(G,) and v € V(G,). By Corollary 22, we
have |V(G;)| = 2 for i € {1,2}. Let N(u) = {v,u,us, ..., Ugg)-1}-

Lemma 25. Ifu; € N(u)N D, then N(uy) N V(Gy) \ {u} C N(u) NV (Gy). Moreover, if
wv ¢ E(G), then N(up) NV (Gy) \ {u} = N(u) NV (Gy).

Proof. By Lemma 23, N(u1) NV (G1) \ {u} # 0 and N(u;) NV (Gq) \ {v} # 0. Suppose,
to the contrary, that there exists a vertex a in N(uy) N V(Gy) \ {u} such that a ¢
N(u)NV(G7). Then we have a claw with u; as the claw-center, a contradiction. Therefore,
N(u) NV(Gy) \ {u} € N(u) NV (Gy).

Assume that ujv ¢ E(G). If there exists a vertex a; in N(u) N V(G;) such that
a; ¢ N(up) NV(Gy), then Gl{u, a1, us,v}| is a claw, a contradiction. So the result
holds. [l

Lemma 26. Let uv be a removable edge of a claw-free brick G. If uv is not b-invariant,
then d(u) > 4 and d(v) > 4.

Proof. Suppose, to the contrary, that d(u) = 3. If N(u)ND = 0, then G[N(u) \ {v}U{u}]
is a triangle as G is claw-free. By Proposition 10, uv is non-removable, a contradiction. If
|IN(u)ND| = 2, then V(G;) = {u}, contradicting Corollary 22. So we have |N(u)ND| = 1.
If N(u) N D = {u}, then uy € V(G1). By Lemma 23, N(u;) NV (Gy) \ {u} # 0. By
Lemma 25, N(ui) NV (Gy) \ {u} € N(u). Then wyus € E(G). So G|N(u) \ {v} U {u}]
is a triangle. By Proposition 10 again, uv is non-removable, a contradiction. Therefore,
d(u) > 4. Similarly, d(v) > 4. O

By Lemma 26, the following corollary can be derived directly.

Corollary 27. Let uv be a removable edge in a claw-free brick G. If at least one of end
vertex of uv is cubic, then it is b-invariant.

Lemma 28. Assume that an edge uv is removable but not b-invariant in a claw-free brick
G. If GIN(u) \ {v}] is a complete graph and uu, is a removable edge in G, then uu, is
b-invariant.

Proof. Suppose, to the contrary, that uu, is not b-invariant in G. By Corollary 22, we may
assume that D’ is a vertex 2-cut of G—uuy, G} (i € {1,2}) is the component of G—uu;—D’,
u € V(G)), uy € V(GY) and |V(G})| = 2 for i € {1,2}. By Lemma 26, we have d(u) > 4
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and d(v) > 4. Since G[N(u)\{v}] is a complete graph, D’ O N (u1)NN(u) 2 N(u)\{v,u}.
By Corollary 24, we have d(u) < 4. So d(u) = 4, that is, N(u1) N N(u) = {us,usz}. Then
D" = {ug,us} and so v € V(G)). By Lemmas 23 and 25, N(u;) NV (G)) \ {u} = {v} for
i€ {2,3}. If |V(G})| > 2, then G — {u,v} is disconnected, contradicting the fact G is
3-connected. If |V(G)| = 2, then d(v) = 3, a contradiction. Therefore, uu, is b-invariant
in G. [l

Lemma 29. Assume that uv is removable but not b-invariant in a claw-free brick G and
Z = N(u) N N(v). Then both G[N(u) \ ({v}U Z)] and G[N(v) \ ({u} U Z)] are complete
graphs.

Proof. If [IN(u) \ ({v} U Z)| =1, then G[N(u) \ ({v} U Z)] is a complete graph. Now we
consider |N(u) \ ({v} U Z)| > 2. Suppose, to the contrary, that G[N(u) \ ({v} U Z)] is
not a complete graph. Assume that {u;,us} C N(u)\ ({v} U Z) and ujus ¢ E(G). Then
G[{u,u1,us,v}] is a claw, a contradiction. Similarly, G[N(v) \ ({u} U Z)] is a complete
graph. [

Lemma 30. Let G be a brick and uwv be a removable but non-b-invariant edge. If G — uv
contains at least two vertez-disjoint 2-separations, then N(u) N N(v) = 0.

Proof. As G is 3-connected, u and v lie in different components of G — D — uv (and
G — D' —uv), respectively, where D and D’ are two vertex-disjoint 2-separations of G —uuv.
Denote by Q1 and Q5 the component of G — D — uwv that u lies in and the component of
G — D' — wv that v lies in, respectively. Since G is 3-connected, Q1 C Q2 or Qs C Q.
As D and D’ are two vertex-disjoint 2-separations of G — uv, every path in G — uv from
u to v contains at least one vertex of D and one vertex of D', respectively, thereby the
distance between u and v is greater than 2 in G — uv. Therefore N(u) N N(v) =0. O

5.2 Adjacent non-b-invariant edges in claw-free bricks

To complete the proof of Lemma 15, we will consider a vertex incident with two b-invariant
edges in claw-free bricks in this subsection.

Lemma 31. Assume that uv and uu, are removable but not b-invariant in a claw-free
brick G and D is a vertex 2-cut of G —uv. Then uy ¢ D.

Proof. Suppose, to the contrary, that u; € D. Let D = {uy,t}. By Corollary 22, we
may assume that D’ is a vertex 2-cut of G — wuy, G (i € {1,2}) is the component of
G—uu; — D' ueV(G)), vy € V(G,) and |V(G))| = 2 for i € {1,2}. By Lemma 26, we
have d(u) > 4.

Assume that N(u) N D = {w}. If v ¢ E(G), then G[N(u) \ {v}] is a complete
graph by Lemma 29. By Lemma 28, uu; is b-invariant, contradicting the assumption
that wu; is not b-invariant. So wyv € E(G). As v € N(u) N N(uy), v € D'. By Lemma
29, G[N(v) \ {u,u1}] is complete. However, by Lemma 23, N(v) N V(G) \ {u} # 0 and
N(w)NV(G) \ {u1} # 0, a contradiction.
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Now we assume that N(u) N D = {uy,us}. lf uyv ¢ E(G), then N(u1)NV(Gy)\{u} =
N(u) N V(Gy) by Lemma 25. By Corollary 24, we have |N(u) N N(uy)| < 2, thereby
d(u) < 5. As G is claw-free, G[N(u) \ {v, u2}] is complete. If d(u) = 5, then ujuy ¢ E(G).
Otherwise, since G[N (u) \ {v, uz}] is complete, we have |N(u;) NN (u)| = 3, contradicting
Corollary 24. So N(uy) N N(u) = {us,us} by Lemma 25. Then D’ = {ug,us} and so
{ug,v} C V(G}). Hence |V(G})| = 3. By Lemmas 23 and 25, ) # N(u;) NV(G)) \ {u} C
N(u) NV (GY) for i € {3,4}. Note that usv ¢ E(G) and uqv ¢ E(G). Then (N(uz) U
N(uy)) NV(G)) = {u,us}. Recalling that |V (G))| = 3, G — {u,uy} is disconnected, a
contradiction. So we consider the case when d(u) = 4. By Lemmas 23 and 25, ) # N (u;)N
V(Gy) \ {u} € N(u)NV(Gy) for i € {1,2}. Then (N(u1) U N(ug)) NV (G1) = {u,us}.
If [V(G1)| = 3, then G — {u,us} is disconnected, a contradiction. So [V (G;)| = 2, and
then d(us) = 3. Asuz € N(u1) N N(u), us € D'. By Lemma 23, N(u3) NV (G))\ {u} #0
and N(uz) N V(GY) \ {ur} # 0. Then d(us) > 4 (note that {uus,ujuz} C E(G)), a
contradiction.

Now assume that w;v € E(G). By Lemmas 23 and 25, ) # N(u;) NV (Gy) \ {u} C
N(u)NV(Gy). By Corollary 24, |N(u1) NN (u)| < 2. Then |N(uy) NV (G1)\{u}| =1 and
so ujug ¢ E(G). Hence D' = N(u;)NN(u) = {us,v} and uy € V(G}). By Lemmas 23 and
25,0 # Nw)NnV(G) \{u} € Nu)NnV(G}) and N(v) NV (G,) \ {ur} # 0. On the other
hand, as G is claw-free, G[N (v) \ {u, u1, uz}] is complete. So N(v) NV (G)) \ {u} = {ua},
that is, ugv € E(G). Then N(v) N N(uz) = {u} (note that usv ¢ E(G)). However, by
Lemmas 23 and 25, N(uy) N N(v) N V(G2) # 0, a contradiction. Therefore, u; ¢ D. O

Lemma 32. Let uv and uu; be removable but non-b-invariant edges in a claw-free brick
G. Assume that D = {x,y} is a vertex 2-cut of G — uv.

1) If IN(u) N D| < 2, then d(u) < 5.

2) If IN(u)N D| =2 and zy ¢ E(G), then d(u) < 5.

3) If IN(u) N D| =2 and zy € E(G), then d(u) > 5 and u; ¢ N(D).

Proof. By Corollary 22, we have |V(G;)| > 2 for i € {1,2}. By Lemma 26, we have
d(u) > 4. By Lemma 31, u; ¢ D and hence u; € V(Gy).

By Lemma 29, G[N (u)NV (Gy)] is complete. Then N (u)NV (G1)\{u1} C N(u1)NN (u).
By Corollary 24, |[N(u) N V(Gy) \ {u1}| < 2. If [N(u) N D| < 2, then d(u) < 5. Then 1)
holds.

Now we consider |[N(u) N D| = 2 and zy ¢ E(G), that is, D = {ug, us} and ugus ¢
E(G). As G is claw-free, at least one of ujuy and ujus belongs to E(G), otherwise, we
have a claw with u as the claw-center. Recall that G[N(u) N V(Gy)] is complete. If
d(u) > 6, then |N(u;) N N(u)| > 3, contradicting Corollary 24. So we have d(u) < 5.
Then 2) holds.

Next, we consider the case when |N(u) N D| = 2 and zy € E(G), that is, D is a
2-separation of G — wwv and D = {us,us}. Suppose, to the contrary, that d(u) = 4.
By Lemmas 23 and 25, 0 # N(u;) N V(Gy) \ {u} € N(u) NV (Gy) for j € {2,3}. So
(N(ug) U N(uz)) N V(Gy) \ {u} = {ui}. Recall that |V(Gy)| = 2. If |[V(G1)| > 2,
then G — {u,u;} is disconnected, a contradiction. Hence |V(G1)| = 2. So d(u1) = 3,
contradicting Lemma 26. Therefore, we have d(u) > 5.
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Now we suppose, without loss of generality, that u; € N(ug). Recall that G[N(u) N
V(G1)] is complete. Then N(u) NV (Gy) \ {u1} € N(u) N N(uy). Since ujus € E(G),
d(u) = 5 and wjus ¢ E(G) by Corollary 24. By Corollary 22, we may assume that
D' is a vertex 2-cut of G — uuy, G (i € {1,2}) is the component of G — uwu; — D/,
u € V(G)) and uy € V(GY,). Note that N(u1) N N(u) = {ug,us}. Hence D' = {us, uq}
and {ug,v} C V(G]). So we have |V(G))| > 3. Assume that ugv ¢ E(G). Note that
ugv ¢ E(G). By Lemma 25, (N(ug) U N(ug)) NV(G)) \ {u} = {us}. As |V(G})| = 3,
G — {u, us} is disconnected, a contradiction. So we assume that uyv € E(G). By Lemma
25, N(ug)NV (Gy)\{u} € N(u)NV(G;) and N(ug)NV(G2)\{v} C N(v)NV(G3). Hence
N(ug) \ {v,ur,us,us} C N(v)\ {u2}. As {ug,v} C V(G)) and N(v) \ {u2} C V(G}),
N(uz) \ {u1,us} € V(G}). Then N(ug) NV(GS) \ {u1} = 0, contradicting Lemma 23.
Therefore, u; ¢ N(ug). Similarly, uy ¢ N(usz). So 3) holds. O

Lemma 33. Assume uv is a removable but non-b-invariant edge in a claw-free brick G
and D is a vertex 2-cut of G —wv. Ifuy ¢ D, |[N(u) N D| =2, E(G[D]) =0 and uu, is
a removable edge in G, then uuy 1s b-invariant.

Proof. Then u; € V(G1). Suppose, to the contrary, that wu; is not b-invariant. By
Corollary 22, we may assume that D’ is a vertex 2-cut of G — uuy, G} (i € {1,2}) is the
component of G —uu; — D', uw € V(G)) and u; € V(G}). Let D = {us, us}.

By Lemmas 26 and 32, we have d(u) = 4 or d(u) = 5. Assume that d(u) = 5. As
G is claw-free, G[N(u) N V(Gy)] is complete, that is, |N(uy) N N(u) NV (G1)| = 1 when
d(u) = 5. Since uguz ¢ E(G) and G is claw-free, at least one of ujuy and wyus belongs
to E(G). If {ujug, uyuz} C E(G), then |N(u) N N(uy)| = 3, contradicting Corollary 24.
Therefore, either ujus € E(G) or uyug € E(G). Assume, without loss of generality, that
uug € F(G) and wjuz ¢ E(G). Then N(uj) N N(u) = {ug,us} and so D" = {ug, us}.
Hence {us3, v} C V(G}), thereby |V (G})| > 3. By Lemmas 23 and 25, ) # N (uz) NV (G)\
{u} € N(u) NV (G)). Then ugv € E(G) (note that ugug ¢ E(G)). On the other hand,
N(u2) NV (Ge) \ {v} € N(v) NV (G2) by Lemma 25. Recall that N(uz) NV(Gy) \ {u} C
N(u) NV (Gy) and ugusz ¢ E(G). So N(uz) \ {v,ur,us} C N(v) \ {us} C V(G)). Hence
N(uz) NV (GS) \ {u1} = 0, which contradicts Lemma 23. Therefore, we have d(u) = 4.
By Lemmas 23 and 25, 0 # N(u;) N V(G1) \ {u} € N(u) NV (G;) for i € {2,3}. Then
(N(ug) U N(ug)) N V(Gy) \ {u} = {w}. By Corollary 22, we have |V(Gy)| > 2. If
|[V(G1)| > 2, then G — {u,u,} is disconnected, a contradiction. If |V(G;)| = 2, then
d(uy) = 3, contradicting Lemma 26. Therefore, uu, is b-invariant. O

Lemma 34. Let uwv and uuy be two adjacent removable edges of a claw-free brick G.
Assume that uwv and uwu; are not b-invariant and G — uv has a nontrivial barrier. Then
d(u) = 4. Moreover, uus and uus are b-invariant.

Proof. Let B be a nontrivial barrier of G — uv associated with wv. Assume that G and
G are the components of G —uv — B, where u € V(G;) and v € V(G2). By Lemma 21,
we have |B| =2 and |V(G;)| = 3 for i € {1,2}. By Lemmas 26 and 32, we have d(u) = 4
or d(u) = 5. By Lemma 31, u; ¢ B and so u; € V(Gy).
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If N(u)N B =0, then G[N(u) \ {v}] is complete by Lemma 29. By Lemma 28, uu; is
b-invariant, contradicting the assumption that wu, is not b-invariant. If |[N(u) N B| = 2,
then wu, is b-invariant by Lemma 33 (note that F(G[B]) = (), a contradiction. So we
consider the case when |N(u) N B| =1. Let N(u) N B = {ua}.

Claim A. d(u) =4, uy € V(G}) and ujuy ¢ E(G).

Proof. We will consider the following two cases.

Case 1. There exists a nontrivial barrier B’ of G — uu;.

Assume that G} and G are the components of G — uu; — B’, where u € V(G}) and
uy € V(GY). By Lemma 21, |B’| =2 and |V(G})| > 3 for i € {1,2}.

Assume that usv ¢ E(G). Then G[N (u)\{v}] is complete by Lemma 29. So by Lemma
28, wuy is b-invariant, a contradiction. Now we consider the case when usv € E(G).
Assume that d(u) = 5. As N(u) N N(v) = {ua}, G[N(u) \ {uz,v}] is complete by Lemma
29. So wuy lies in a subgraph that is isomorphic to K4 when d(u) = 5. By Lemma 11,
N(u) N N(uy) € B'. So E(G[B']) # 0, contradicting the fact that uwu; is removable.
Therefore, d(u) = 4. Recalling that G[N (u) \ {ug, v}] is complete, ug € N(u;) N N(u) and
hence ug € B'. If uy € B’, then v € V(G}). Since E(G[B']) = 0, ugusz ¢ E(G). Thus,
wov is b-invariant by Lemma 33, a contradiction. So uy ¢ B’ and hence uy € V(G}) and
uug ¢ E(G).

Case 2. G — uuy contains no nontrivial barriers.

Then G — uuy contains only 2-separations. Assume that G — uu; contains at least
two vertex-disjoint 2-separations. Then N(u;) N N(u) = () by Lemma 30. As G is claw-
free, G|N(u) \ {u1}] is complete. Thus, uv is b-invariant by Lemma 28, a contradiction.
Therefore, all the 2-separations of G — uu; have a common vertex.

Assume that S’ is a 2-separation of G — uu; and G, is the component of G — uuy — 5’
for i € {1,2}, where v € V(G}) and u; € V(G5). By Corollary 22, we have |V (G})| > 2
for i € {1, 2}.

If ugv ¢ E(G), then G[N(u) \ {v}] is complete by Lemma 29. By Lemma 28, uu, is
b-invariant, a contradiction. Now we consider the case when usv € E(G). Assume that
d(u) = 5. By Lemma 29, G[N (u)\ {ug, v}] is complete, that is, | N(u) NN (u1)| = 2. Hence
wuy ¢ E(G) by Corollary 24. So N(uy) N N(u) = {ug,us} and hence S’ = {us,u4}.
Then {ug,v} C V(G)). As |V(G})| is even, |[V(G))| > 3. By Lemmas 23 and 25,
0 # N(u;)) N V(G) \ {u} € N(u) N V(G)) for i € {3,4}. Note that uzv ¢ E(G)
and uqv ¢ E(G). Therefore, (N(u3) U N(uy)) NV (G)) = {u,us}, that is, {u,us} is a
vertex 2-cut in G, a contradiction. So d(u) = 4. Since G[N(u) \ {uz,v}] is complete,
uz € N(up) N N(u) and hence uz € S'. If up € S’ then v € V(G}). By Lemmas 23
and 25, 0 # N(uz) NV (G)) \ {u} € N(u) N V(G}). Then N(uz) NV (G)) \ {u} = {v}
as d(u) = 4, which contradicts usv ¢ FE(G). Hence uy ¢ S’, thereby uy, € V(G}) and
uug ¢ E(G). O

Recall that N(u) N B = {uy}. By the Claim A, we have d(u) = 4 and ujus ¢ E(G).
By Lemmas 23 and 25, ) # N(uz) NV (G1)\{u} C N(u)NV(Gy). Then ugus € E(G). By
Lemma 23, N(uy) NV (G2)\{v} # 0. Therefore, d(uz) > 4 (note that {uus, usv} C E(G)).
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Now we claim that uus is removable. Suppose, to the contrary, that wus is non-
removable. By Lemmas 7 and 9, there exists a nontrivial barrier By of G — uus containing
a forbidden edge of G — uuy and |By| < 3. As N(u) N N(ug) = {us,v} C By and
ugv ¢ E(G), |By| # 2. So |Bg| = 3. Then the components of G — uuy — By containing u
and us are singletons, respectively, by Lemma 9. Hence By = N(u) \ {u2} = {u1, us, v}.
Note that {usus, usv} C E(G) and ujug ¢ E(G). Then d(ug) = 3, contradicting the fact
that d(ug) > 4. Therefore, uusy is removable.

Suppose, to the contrary, that uus is not b-invariant. Since |N(u) N N(ug)| # 0, all
the 2-separations of G — uus have a common vertex by Lemma 30. Assume that D’ is a
vertex 2-cut of G —uug. As N(u)NN(ug) = {us,v}, D' = {uz,v}. By Lemma 31, v ¢ D',

a contradiction. Therefore, uuy is b-invariant. Similarly, uus is b-invariant. O

Lemma 35. Assume that uv is a removable but non-b-invariant edge of a claw-free brick
G and G — uwv contains at least two vertex-disjoint 2-separations. If uuy is a removable
edge in G, then uuy is b-invariant.

Proof. By Lemma 30, N(u) N N(v) = (. As G is claw-free, G[N(u) \ {v}] is complete.
Then wu, is b-invariant by Lemma 28. [

Lemma 36. Let uwv and uuy, be two adjacent removable edges of a claw-free brick G.
Assume that uv and uuy are not b-invariant and G—uv has a 2-separation. Then d(u) = 4
or d(u) = 6, and each edge of O({u}) \ {wv,uu;} is b-invariant.

Proof. Let S be a 2-separation of G — uv. Assume that G; and G5 are the components
of G —uv — S, where u € V(G;) and v € V(Gz). Then |V(G;)| = 2 by Corollary 22, for
i € {1,2}. By Lemma 26, d(u) > 4. By Lemma 31, u; ¢ S and then u; € V(Gy).

As wu; is removable but not b-invariant, assume that S’ is a 2-separation of G' — uu;
and G} (i € {1,2}) is the components of G —uu; — S, where v € V(G)) and u; € V(GY).
By Corollary 22, we have |V(G})| > 2 for i € {1,2}. If N(u) NS =0, then G[N(u) \ {v}]
is complete by Lemma 29. By Lemma 28, N(u) NS # (). Now we consider the following
two cases.

Case a. [N(u)NnS|=1

Let N(u) NS = {ug}. Assume that ugv ¢ E(G). By Lemma 29, G[N(u) \ {v}] is
complete. Then uu, is b-invariant by Lemma 28, a contradiction. So we consider the case
when usv € E(G). By Lemma 29, G[N(u) \ {u2,v}] is complete. Then N(u) NV (Gy) \
{u1} € N(uy) N N(u). By Corollary 24, |[N(u) NV (G1) \ {u1}| < 2. As |[N(u) N S| =1,
d(u) < 5. Assume that d(u) = 5. Then ujuy ¢ E(G). Otherwise, |[N(uy) N N(u)| = 3,
contradicting Corollary 24. So N(uy) N N(u) = {us, us} and hence S = {us, us}. Then
{ug, v} C V(G)). As |[V(G)] is even, |V(G})| > 3. By Lemma 25, N(u;) NV (G)) \ {u} C
N(u) N V(Gy) for i € {3,4}. Note that usv ¢ E(G) and uqv ¢ E(G). So (N(us) U
N(uq))NV(G)) = {u,us}. Hence G — {u,uy} is disconnected, a contradiction. Therefore,
d(u) = 4. Recall that N(u)NV(G1)\{u1} € N(uy) N N(u). Then us € N(u;)NN(u) and
hence ug € S'. If uy € 5, then v € V(G'). By Lemma 23, N(u3) NV (G)) \ {u} = {v} as
d(u) = 4. However, ugv ¢ FE(G). Hence uy ¢ 5, thereby us € V(G)) and ujus ¢ E(G).
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Now we claim that uus is removable. Suppose, to the contrary, that wus is non-
removable. By Lemma 23, N(ug) NV (G1) \ {u} # 0 and N(uz) NV (Gy) \ {v} # 0. So
d(ug) = 4 (note that {uus,usv} C E(G)). By Lemmas 7 and 9, there exists a nontrivial
barrier By of G — uus containing a forbidden edge of G — uuy and |By| < 3. As N(u) N
N(ug) = {us,v} C By and uzv ¢ E(G), |By| # 2. So |By| = 3. Then the components
of G — uus — By containing u and us are singletons, respectively, by Lemma 9. Hence
By = N(u) \ {ua} = {u,us,v}. Note that {ugus, usv} C E(G) and ujus ¢ E(G). Then
d(ug) = 3, contradicting the fact that d(us) > 4. Therefore, uus is removable.

Suppose, to the contrary, that wus is not b-invariant. As N(u) N N(uz) # 0, all the
2-separations of G —uus have a common vertex by Lemma 30. Assume that D’ is a vertex
2-cut of G — uug. As N(u) N N(ug) = {us,v}, D' = {us,v}. By Lemma 31, v ¢ D', a
contradiction. Thus, uus is b-invariant. Similarly, uwug is b-invariant.

Case b. |[N(u)N S| =2

Let S = {ug,us}. Assume that usus ¢ E(G). By Lemma 33, uu; is b-invariant, a
contradiction. Now we consider the case when usus € E(G). By 3) of Lemma 32, we have
d(u) =5 and uy ¢ N(u;) for i € {2,3}.

Suppose, without loss of generality, that usv ¢ E(G). By Lemmas 23 and 25, N (u2) N
V(Gy) \ {u} = N(u) N V(Gy) # 0. Then u; € N(uz), a contradiction. Therefore,
upv € E(G). Similarly, usv € E(G). By Lemma 25, N(u;) NV(Gy) \{u} C N(u)NV(Gy)
for i € {2,3}. Note that ujus ¢ E(G) and ujuz ¢ E(G). As G is 3-connected, |(N(ug) U
N(u3)) NV (Gy1)| > 2. So d(u) > 6. By Lemma 29, G[N(u) N V(G,)] is complete. As
N(u)NV(Gy) € N(uy) N N(u), we have d(u) < 6 by Corollary 24. Therefore, d(u) = 6.

Now we claim that uus is removable. Suppose, to the contrary, that wus is non-
removable. By Lemmas 7 and 9, there exists a nontrivial barrier By of G —uus containing a
forbidden edge of G—wuus and |By| < 3. By Lemmas 23 and 25, 0 # N (uz)NV (G1)\{u} C
N(u) N V(Gy), thereby [(N(uz) N N(u)) N V(Gy)| = 1. As {us,v} C N(uz) N N(u),
|N(u2) N N(u)] > 3. Since N(ug) N N(u) C By, we only need to consider the case
when |By| = |N(ug) N N(u)| = 3. By Lemma 9, N(u) \ {us} C By. Then d(u) = 4, a
contradiction. Therefore, uuy is removable. Recalling that |N(u2) N N(u)| > 3, uugy is
b-invariant by Corollary 24. Similarly, wus, uuy and uus are b-invariant. O

Proof of Lemma 15. By Lemmas 34, 35 and 36, u is incident with at least d(u) — 3
b-invariant edges when d(u) > 4. If d(u) = 3, all the removable edges incident with u are
b-invariant by Corollary 27. m
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