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Abstract

For an integer k > 2, a spanning tree of a graph without vertices of degree from
2 to k is called a [2,k]-ST of the graph. The concept of [2,k]-STs is a natural
extension of a homeomorphically irreducible spanning tree (or HIST), which is a
well-studied graph structure. In this paper, we give a new strategy for finding [2, k]-
STs. By using the strategy, we refine or extend a known degree-sum condition for
the existence of a HIST. Furthermore, we also investigate a degree-product condition
for the existence of a [2, k]-ST.

Mathematics Subject Classifications: 05C05, 05C07

1 Introduction

For a graph G, let V(G) and E(G) denote the vertex set and the edge set of G, respec-
tively. For u € V(G), let Ng(u) and dg(u) denote the neighborhood and the degree of u,
respectively; thus Ng(u) = {v € V(G) : wv € E(G)} and dg(u) = |[Ng(u)|. For an integer
i 20, let Vi(G) ={ueV(G):dg(u) =1} and V5(G) = {u € V(G) : dg(u) > i}. We let
d(G) denote the minimum degree of G. We define

09(G) = min{dg(u) + dg(v) : u,v € V(G), u#v, uw ¢ E(G)}
if G is not complete; 09(G) = 0o if G is complete. Also, we define
mo(G) = min{dg(u)dg(v) : u,v € V(G), u# v, uv ¢ E(G)}

if G is not complete; mo(G) = oo if G is complete.

For a tree T, each vertex in Vg (resp., Vi(T)) is called a stem (resp., a leaf). For a
graph (G, a spanning tree of G without vertices of degree 2 is called a homeomorphically
irreducible spanning tree (or a HIST) of G; i.e., a spanning tree T of G is a HIST if and
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only if Vo(T') = 0. A structure of HIST' is sometimes used as an essential tool to construct
graph classes; for example, in an explicit class of edge-minimal 3-connected plane graphs
given by Halin [8], HISTs play a key role. Motivated by such uses, the existence of a HIST
(or a large subtree having no vertex of degree 2) has been widely studied (for example,
see [1-3,9,13]). It is well known that a number of sufficient conditions for the existence
of a hamiltonian path have been naturally generalized to those for the existence of a
spanning k-tree, which is a spanning tree in which every stem has degree lying between 2
and k. Similar to this, the concept of HISTs was naturally extended: A spanning tree T’
of G is called a [2,k]-ST of G if Uy, Vi(T)) = 0 (for further historical background and
related results, we refer the reader to [6]).

Our aim in this series is to refine and to extend some known degree conditions for the
existence of HISTs. In this paper,

(i) we give two results which essentially extend a known degree-sum condition assuring
us the existence of a HIST, and

(ii) we focus on a degree-product condition, which seems to be more reasonable for the
existence of a HIST, and find a [2, k]-ST using such a condition.

We start with a degree-sum condition for the existence of HISTs, which was recently
given by Ito and Tsuchiya [10].

Theorem 1 (Ito and Tsuchiya [10]). Let G be a connected graph of order n > 8. If
02(G) = n—1, then G has a HIST.

They also showed that the bound on o5 is best possible, i.e., for each integer n > 8,
there exists a graph G of order n with o9(G) = n — 2 having no HIST. Our first result is
a refinement of Theorem 1 with a characterization of sharp examples. For integers k > 2
and n > 2k 4+ 1, let G, be the family of graphs G of order n satisfying the following
conditions (see Figure 1):

(L1) V(Q) is the disjoint union of four non-empty sets L, Lo, Ly and Ly,

(L2) LU Ly and Ly are cliques of G,

(L3) for every uy € Ly, Ng(ui) N (Ls U Ly) = 0,

(L4) for every ug € Lo, Ng(uz) N Lz # 0, Ng(uz) N Ly = 0 and dg(us) < k, and

(L5) for every ug € L3, Ng(uz) N Ly # 0, Ly € Ng(u3) and dg(us) = n — |Ly U Ly| — 1.

Let k > 2 be an integer, and let ¢}, = \/k(k — 1)(k +2V2k + 2). Let ng(k) be the smallest,

positive integer such that n — 4cp\/n — 2k* — 4k — 4 > 0 for every integer n > ng(k). Our
first result is the following.

Theorem 2. Let k > 2 be an integer. Let G be a connected graph of order n = ng(k), and
suppose that 02(G) = n—2. Then G has a [2,k]-ST if and only if G is not isomorphic to
any graph i G .
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Figure 1: Graphs G belonging to Gy .
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Theorem 2 is a generalization of Theorem 1 for sufficiently large graphs. On the other
hand, one can easily calculate that ng(2) = 295, and so it in fact does not cover Theorem 1
when a target graph is small. Actually, in the previous paper [6] of this series, we obtained
the same result as Theorem 2 for the case where k = 2 and n > 10 in a different way. So
the order condition n > ny(k) in Theorem 2 is not best possible.

Recently, Shan and Tsuchiya [12] introduced a blocking set, which is a new concept
on cutsets closely related to the existence of a HIST. We extend the concept to a [2, k]-ST
version. Let k > 2 be an integer, and suppose that G is connected. A cutset U C V(G)
of G is k-blocking set of G if U C | Jye;), Vi(G). If a graph G has a [2,k]-ST T', then for
a cutset L of G, there exists a vertex u € L with dr(u) > k+ 1. In particular, if a graph
has a [2, k]-ST, then the graph has no k-blocking set.

If a graph G satisfies (L.1)—(L5), then Ls is a k-blocking set. Thus, considering The-
orem 2, one might expect that the degree-sum condition can be greatly improved if we
omit the existence of a k-blocking set. Our second result affirms the expectation. Let
ni(k) be the smallest positive integer such that ™22 — 2¢,\/n — k* — 2k — 1 > 0 for
every integer n > ny(k). Note that n;(2) = 1091.

Theorem 3. Let k > 2 be an integer. Let G be a connected graph of order n > ni(k), and
suppose that oo(G) = “2=2 Then G has a [2,k]-ST if and only if G has no k-blocking
set.

Our third result is to propose a new concept on degree conditions. To explain it in
detail, we start with two more natural results on degree conditions for the existence of
HISTs (or [2,k]-STs). The following theorem is the first result discussing a relationship
between a HIST and a degree condition.

Theorem 4 (Albertson, Berman, Hutchinson and Thomassen [1]). Let G be a connected
graph of order n, and suppose that 6(G) = 4v/2n. Then G has a HIST.

Note that ¢y = 4 because ¢, = \/k(k — 1)(k 4+ 2Vv2k + 2). Recently, Theorem 4 was
refined and extended in the previous paper of this series as follows.
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Theorem 5 (Furuya, Saito and Tsuchiya [6]). Let k > 2 be an integer. Let G be a
connected graph of order n, and suppose that §(G) = cxr/n. Then G has a [2,k]-ST.

The coefficient of y/n in Theorem 5 might be further improved. On the other hand, for
any integers k > 2 and d > k — 1 such that % is an integer, Furuya et al. [6] constructed
a connected graph G with §(G) = d = /4(k — 1)|V(G)| + (2k — 1)2 — 2k + 1 having no
[2, k]-ST. Therefore the degree condition in Theorem 5 is asymptotically best possible.

Now we focus on a large gap between Theorems 1 and 4. For example, the following
two theorems are well-known, and their degree conditions are best possible:

e Dirac’s Theorem [5]: If a graph G of order n > 3 satisfies 6(G) > %, then G has a
Hamiltonian cycle.

e Ore’s Theorem [11]: If a graph G of order n > 3 satisfies 03(G) > n, then G has a
Hamiltonian cycle.

In particular, Ore’s Theorem implies Dirac’s Theorem. On the other hand, a degree
condition in Theorem 1 is much bigger than one in Theorem 4. Considering the fact that
the root of the order of a graph appears in Theorem 4, one natural question occurs: Is
there a degree-product condition close to the order assuring us the existence of HISTs? We

give an affirmative answer for the problem. Recall that ¢, = \/k‘(k‘ — 1) (k+2V2k +2)
for an integer k£ > 2. For an integer k > 2, let

56 + 3/ + 4k + 8k +4

5 + k24 2k + 1.

Pk

Our third result is the following.

Theorem 6. Let k > 2 be an integer. Let G be a connected graph of order n > k + 2,
and suppose that mo(G) = prn. Then G has a [2,k]-ST.

As with Theorems 4 and 5, we do not know whether the coefficient of n in Theorem 6
is best possible or not. However, the degree-product condition, which is an unprecedented
work as we know, seems to be essential for the existence of HISTs (or [2, k]-STs).

The proofs of Theorem 2-6 depend on a common strategy. In Section 2, we introduce
key lemmas for the strategy. In Section 3, we prove Theorems 2 and 3 at the same
time, and discuss the sharpness of the degree-sum condition appearing in Theorem 3. In
Section 4, we prove Theorem 6.

1.1 Notations

In this subsection, we prepare the notation required for our proofs. For terms and symbols
not defined in this paper, we refer the reader to [4].

Let G be a graph. For F C E(G), let V(F) = {u,v : wv € F'}. For a subgraph H of G
and a subset F' of F(G), let H + F be the subgraph of G with V(H +F) =V (H)UV (F)
and E(H + F) = E(H)UF. Let compo(G) be the number of components of G. A vertex
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u of G is called a cut-vertex of G if compo(G — u) > compo(G). Note that cut-vertices
are defined in disconnected graphs. Let cut(G) be the number of cut-vertices of G.

Let £ > 2 be an integer. For a tree 7" and a subset U of V(T), T is (k,U)-good if
V(T)\U CVi(T) U Vo1 (T) and U C V5 (T). Note that a spanning (k, ))-good tree of
a graph G is a [2, k]-ST of G. If a tree is (k, {u})-good, then the tree is simply said to be
(k, u)-good.

2 Key lemmas

In this section, we introduce a key lemma for our argument (Lemma 8) and arrange it
for the existence of [2,k]-STs (Lemmas 9 and 10). Our strategy is that first we take
the vertex set S in a graph G consisting of all small degree vertices, where small means
half or the root of the degree condition (by the definitions of degree conditions, we can
show that S induces a clique). Then we can see that each component of G — S has
large minimum degree. In order to take [2,k]-STs of G, we guarantee the existence of
convenient structures in such components by proving Lemmas 9 and 10.

Lemma 7. Let G be a graph of order n, and suppose that 6(G) > 24/n. Then cut(G) +
compo(G) — 1 < 2¢/n.

Proof. We proceed by induction on n. If n < 5, then there is no graph G of order n with
d(G@) = 24/n, and hence the lemma holds. Thus we may assume that n > 6.

Since 0(G) > 24/n, every component of G contains more than 24/n vertices, and hence
compo(G) < 37= = \/TH In particular, if G has no cut-vertex, then cut(G) + compo(G) —

1<0+ \/75 — 1 < 2y/n, as desired. Thus we may assume that a component G; of G has
a cut-vertex.

Let L be an end-block of G, which is a block of GG containing exactly one cut-vertex.
Let u be the unique cut-vertex of Gy with u € V(L). For a vertex v’ € V(L) \ {u},
2v/n <6(G) <dg(u) < |V(L)\{v'} = |V(L)| — 1. Hence

V(L) = 2v/n+ 1. (1)

Since u is a cut-vertex of Gy, V(G;) \ V(L) # 0. Furthermore, since L is an end-block,
all cut-vertices of G other than w are contained in V(Gy) \ V(L). Let X be the set of
cut-vertices of G other than u such that they are not cut-vertices of G; — V(L).

Fix a vertex v € X, and let H be the component of Gy — V(L) containing v. Then
v belongs to exactly two blocks of G; and all neighbors of v in one of them have been
deleted in G — V(L). This implies that wv € E(G) and G;[{u,v}] is a block of G;. In
particular, V(H)NX = {v}. Since v is arbitrary, | X| = [{H : H is the component of G;—
V(L) containing a vertex in X}| < compo(G; — V(L)). This implies that

cut(G — V(L)) 4+ compo(G — V(L)) +1
= (cut(G — V(G1)) + cut(G1 — V(L))) + (compo(G) — [{G1}| 4+ compo(G1 — V(L))) + 1
> cut(G — V(G1)) + (cut(Gr) — [{u} U X|) + compo(G) — 1+ | X|+ 1
= cut(G) + compo(G) — 1. (2)

ot
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2
Since (2[—2)2—(2 n—2f—1> — 8> 0, we have

2WWn—2>2\/n—2vn— 1. (3)

By (1) and (3), 6(G=V (L)) = §(G)—1 = 2¢/n—1 > 2y/n —2\/n — 1 > 21/|[V(G — V(L))|.
Hence, by the induction hypothesis on G — V (L), (1) and (3), we have

cut(G—V(L))+compo(G—V (L)) < 2v/|[V(G — V(L))|+1 < 24/n — 2v/n — 141 < 2y/n—1,

This together with (2) leads to

cut(G) 4+ compo(G) — 1 < cut(G — V(L)) + compo(G — V(L)) +1 < (2v/n — 1) + 1,
as desired. ]

Lemma 8. Let m > 0 be an integer. Let G be a connected graph of order n, and let
u € V(G) and Y C V(G) \ {u}. If 5(G) = 2v/n+ m + |Y|, then there exists a set
X C Ng(u) \'Y with | X| =m such that G — X is connected.

Proof. We proceed by induction on m. If m = 0, then the desired conclusion clearly
holds. Thus we may assume that m > 1.

Since G is connected, it follows from Lemma 7 that cut(G) < 2v/n. Since dg(u) >
2y/n + m + |Y], this implies that there exists a vertex v € Ng(u) \ Y which is not a
cut-vertex of G. Let G’ = G —v. Then G’ is connected and §(G') > §(G) — 1 >
2yn+ (m—1)+ Y| > 2/|V(G")| + (m — 1) + |Y|. Hence by the induction hypothesis
on G, there exists a set X' C Ng/(u) \'Y (= Ng(u) \ (Y U{v})) with | X’| =m — 1 such
that G’ — X' (= G — ({v} U X)) is connected. Consequently, X := {v} U X" is a desired
subset of Ng(u) \ Y. O

In the remainder of this section, we implicitly use the fact that ¢, > 2 for every integer
k> 2.

Lemma 9. Let k > 2 be an integer. Let G be a connected graph of order n, and let
U CV(G) be a set with U # 0. If 6(G) = cp/n+ (k+ 1)|U| — 1, then there exists a
spanning forest of G consisting of exactly |U| components Fy, Fy, ..., Fjy| such that for
every integer i with 1 <1 < |U|, [V(EF;)NU| =1 and F; is a (k,V(F;) N U)-good tree.

Proof. Write U = {uy,us,...,u;} where t = |U|. Since (k+ 1)t — (k+t) =k(t—1) >0,
we have 0(G) Z ep/n+ (k+ 1)t —1>2yn+k+t—1=2n+k+ |U\ {u}| This
together with Lemma 8 with (m,u,Y) = (k,u;, U \ {u;}) implies that there exists a set
X C Ng(ug) \ (U\{u}) (= Ng(ug) \ U) with | X| = k such that G — X is connected.

We proceed by induction on t. Suppose that ¢t =1, i.e., U = {u;}. Then §(G — X) >
§(G) — k = cp/n > ¢\/|V(G — X)|. Hence by Theorem 5, G — X has a [2,k]-ST Tp.
Since X C Ng(uq), Fy :=To+ {uiv: v € X} is a [2,k]-ST of G, and in particular, Fj is
a spanning (k, u1)-good tree of GG, and hence it is a desired forest. Thus we may assume
that ¢ > 2.
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Let € be the family of components of G— ({u;}UX), and let €; = {C € C: V(C)NU #
(0} and Gy = €\ C;. Since ¢t > 2, we have C; # ().
Fix CeCy. Let Ic ={i:1<i<t—1, u; € V(C)}, and let t¢ = |I¢|. Then
0(C) 2 0(G) = Hu} U X]
>copv/n+ (k+1)t—1— (k+1)
=cp/n+ (k+1)(t—1)—1

> e/ |V(O)| + (k+ 1)te — 1.

By the induction hypothesis on €', C' has a spanning forest consisting of exactly ¢~ com-
ponents F; (i € I¢) such that for every integer i € Io, |[V(F;)) NU| = 1 and F; is a
(k,V(F;) NU)-good tree. Since C' is arbitrary, > ,ce tc (=t — 1) vertex-disjoint sub-
trees [y, Fy, ..., Fy 1 of G have been defined. Note that (J, o, V(Fi) = Ugee, V(C) =
VG ({u} UX U (Ugree, VIC))).

Remark that Gy might be empty. Assume that G, # () and fix C" € C,. Since G — X is
connected, there exists a vertex ver € Ng(u,) NV (C’). Since (k+ 1)t —1—(k+1)—k =
(k+1)(t—2) >0, (k+1)t—1—(k+1) >k, and hence

5(C") = 8(G) — HuyUX| = avn+ (k+ 1)t —1—(k+1) > e /|V(C)| + k.

By the induction hypothesis on C’,; C” has a spanning (k, ver)-good tree Ter. Let F' be
the subgraph of G with V(F') = {u;} U X and E(F') = {uww : v € X}. Then F’ is
a (k,u¢)-good subtree of G. Let Fy = (F' U (Ugree, Ter)) + {uwwer + C' € Ca}, where
Fy = F"if € = (). Then F; is a (k, u;)-good tree, V(F;) = {u;} U X U (Ueiege, V(C')) and
V(F)NU = {w}.

Consequently, the graph |, <i<t Ii 18 a desired spanning forest of G. O]

Lemma 10. Let k > 2 be an integer. Let G be a connected graph of order n, and let
U CV(Q) be a set with U # 0. If 6(G) = cx/n + k|U| — 1, then there exists a spanning
(k,U)-good tree of G.

Proof. Write U = {uy,us,...,u;} wheret = |U|. We recursively define ¢ sets X7, Xo,..., X}
such that for each integer ¢ with 1 <7 < ¢,

(A1) X; € No(ui) \ (U U (Uigjcio1 X5)),
(A2) |X;|=k—1, and
(A3) G — (U,<j<; Xj) is connected

as follows: We let i be an integer with 1 < 7y < ¢, and assume that we have defined iy — 1
sets X1, X, ..., X;,—1 satisfying (A1)—(A3) for every integer ¢ with 1 < i < ip — 1. Let
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Giy = G — (Uy<iciy—1 Xi)- Then Gy, is connected and

> X
1<j<io—1
> cv/n+kt—1—(ig—1)(k—1)
>2vn+kt—1—(t—1)(k—1)

=2vVn+k—14|U\ {u;}

This together with Lemma 8 with (G, m,u,Y) = (Gi,, k — 1, u;y, U \ {u;, }) implies that
there exists a set X;, C Ng, (ui,) \ (U \ {u;,}) (= Ng,, (u;,) \ U) with |Xj,| = k — 1 such
that Gy, — Xy, (= G — (Uj<icy, Xi)) 1s connected. Thus Xy, Xy, ..., X, satisfy (A1)-(A3)
for for every integer ¢ with 1 < < i5. Consequently, we obtain desired sets.

Let G' = G — (U <;<; Xi)- By (A3), G" is connected. Since Xi, Xs, ..., X; are pairwise
disjoint by (A1), it follows from (A2) that 6(G") = 6(G) — | X0 ey Xil = cov/n+kt —1—
t(k —1) > cx/|V(G")|. Hence by Theorem 5, G' has a [2,k]-ST 7. Then T' + {uv : 1 <
i <t, ve X;}is aspanning (k,U)-good tree of G. O

0(Giy) = 0(G) =

3 Proof of Theorems 2 and 3

Proposition 11. Let k > 2 and n > 2k + 1 be integers. Then for every G € Gy, G is a
connected graph of order n and satisfies 0o(G) = n — 2.

Proof. Let G € Gy,,. By the definition of Gy, it is clear that G is a connected graph
of order n. Let Ly, Lo, Ly and Ly be subsets of V(G) satisfying (L1)-(L5). Then the
following hold.

e For every uy € Ly, it follows from (L2) and (L3) that dg(uy) = |L1 U Ly| — 1.

e For every us € Lo, it follows from (L2) and (L4) that dg(us) = |L1U Le| — 14| Ng(uz) N
Ls| > |Ly U Ly|. Since dg(ug) < k for ug € Lo, this implies that |L; U Ly| < k.

e For every us € Ls, it follows from (L5) that dg(us) > n — |Ly U Ly| — 1.
e Forevery uy € Ly, it follows from (L1)—(L5) that dg(us) = |LsULy|—1 = n—| L ULy|—1.
Sincen — [L1ULs| — 1> 2k +1)—k—1=k > |L ULy| — 1, it follows that

o forue Ly ULy and v € LyU Ly with uv’ ¢ E(G), dg(u) +dg(v') = (|Ly U Ls| — 1) +
(n— Ly ULo| ~ 1) =n 2.

o foruy € Ly and ug € Ly, dg(uy) +da(us) = (|LiU Ly — 1)+ (n—|L1ULy| — 1) = n—2,
and

o for us, uy € Ly with ug # vy and uguly ¢ E(G), dg(us)+de(ufy) = 2(n—|LiULy|—1) >
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Consequently, we obtain 02(G) =n — 2.

Now we prove Theorems 2 and 3.

Proof of Theorems 2 and 3. Let k > 2 be an integer. For an integer n > ng(k), since
0 < n—A4dg/n—2k*> — 4k —4 <n — 2k, i.e., n > 2k + 1, it follows from Proposition 11
that each element of Gy, ,, satisfies the assumption of Theorem 2. Furthermore, if a graph
G satisfies (L1)—(L5), then Ly is a cutset of G, and so Ls is a k-blocking set of G by (L4).
As we mentioned in Section 1, if a graph has a k-blocking set, then the graph has no
2, k]-ST. Therefore, to complete the proof of Theorems 2 and 3, it suffices to show that

a connected graph G of order n satisfying one of the following has a [2, k]-ST:
(G1) n = no(k), 02(G) = n—2 and G is not isomorphic to any graph in Gy ,, or
(G2) (G1) does not hold, n = ny(k), 02(G) = 222 and G has no k-blocking set.

Since k > 2,

e =\ k(k = 1)(k + 22k +2) > VE(h— (k1 2) > VF2.
By the definition of ng(k) and n(k), we have
(N1) if n > no(k), then n > degy/n + 2k* + 4k + 4, and
(N'1) if n > ny(k), then 22=2 > 2¢,\/n + k? 4 2k + 1.
By (4), if k> > ny(k), then

) )
ogw—%k\/ﬁ—kﬁ—qu

4
3492k —2
<%_wﬁm_k2_%_1
_ TE 4k + 6k +6
N 4
< 0,

which is a contradiction. Thus ny(k) > k3. In particular, if n > ny(k), then

n+ 2k —2 3n—2k—|—2>3k3—2k:+2
n — _=
4 4 4

> 0,
and by (4),

ck\/ﬁ>\/ﬁ-\/ﬁ:k‘3>2k52.
Consequently, it follows from (N’1) that
(N°2) if n > ni(k), then n > “£25=2 > ¢\ /n 4 3k? + 2k + 1.
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(N’3) if n > ny(k), then 222 > 5k2 4 2k 4 1.

Let so = n — 2 if (G1) holds; and let sy = 222 if (G2) holds. Let S = {u € V(G) :
dg(u) < 32}. Then for vertices u,u’ € S with u # v/, we have dg(u)+da(v') < 5o < 02(G),
and hence uu’ € E(G). This implies that S is a clique of G.

If 6(G) > cx/n, then by Theorem 5, G has a [2,k]-ST. Thus we may assume that
5(G) < cxy/m. If (G1) holds, then by (N1), &2 — n=2 > Uen/mi2bedhid) 2 /o i
(G2) holds, by (N'1), % = 2252 > 9¢,\/n+ k* + 2k + 1 > ¢;/n. In either case, we have
2 > ¢py/n, and hence there exists a vertex ug € S such that dg(ug) = 6(G) (< cry/n).
In particular, S # ). Since S is a clique of G,

S| = |(Ng(uo) N S) U{ug}| < daluo) +1 < crpy/n+ 1. (6)

Let Q be the family of components of G—S. If Q = ), then by (6), n = |S| < ¢v/n+1,
which contradicts (N1) or (N’2). Thus Q # ). Furthermore, for each @ € Q,

. ' B S0 =2 9| (if (G1) holds)
a@>mM%mnwvwn|&>2|ﬂ—%ﬁﬁ_w i (G2) holds). 7
Claim 12. Foru € S and Q € Q, V(Q) \ Ng(u) # 0.
Proof. Suppose that V(Q) C Ng(u). Then [V(Q)| + S| — 1 = |[V(Q) U (S \ {u})| <
dg(u) < 2. On the other hand, for a vertex v € V(Q), we have [V(Q)| + |S| =1 =
(V(Q) \ {v}) US| = dg(v) > %, which is a contradiction. O

Take @1 € Q so that |V (Q1)| is as small as possible. Then

n— 15
19

V(@] <

Claim 13. (i) If (G1) holds, then |Q| = 1.
(i) If (G2) holds, then |Q| < 3.
(iii) If (G2) holds and |S| < 3k — 2, then |Q] < 2.

Proof. Recall that ug is a vertex in S with dg(ug) < cgy/n. By Claim 12 with (u, Q) =
(ug, @), there exists a vertex v, € V(Q1) \ Ng(up). In order to prove statements of the
claim, we show that d(ug) + d(u;) does not satisfy the degree-sum condition. By (8),

da(vr) <[V(Q1) \ {vi}| + 15\ {uo}]

<("g-1)+0si-v

_n+ (9 -S|
- o 2. 9)
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To prove (i), (ii) and (iii), we prepare three equations as follows. If n > ng(k), then by
(N1),
1 — -1
n—Q—(Ck\/ﬁ+—n+0k;/ﬁ+ —2):” 30’“2\/5

- (depy/n + 2K + 4k + 4) — 3ep/n — 1

g 2

- e/ + 2k% + 4k + 3

g 2

> 0. (10)

If n > ny(k), then by (N'1),

2k — 2
n+2k—-2 ck\/ﬁ+n+3ck\/ﬁ+3—2
2 4
n+2k—-2  Te/n—2k—3
T4 4

> (2c0v/n + K+ 2k + 1) —

_cy/n+ 4k 4+ 10k + 7
N 4
>0 (11)

2k — 2 k—4
n+__<wﬁ+%_2>

7Ck\/ﬁ—2]{7—3
4

and

2 3
2 n4+2k—2 3g/n+4k—38

3 4 3
22ck/n+ k* 4+ 2k +1)  3cp/n+ 4k — 8

3 B 3
_a/n+ 2K 410

3
> 0. (12)

WV

Suppose that (G1) holds and |Q| > 2. By (6), ”+(|(”‘)‘QTI)|S| < "’;‘S‘ < ”Jrc’“;/ml. This
together with (9) and (10) implies that

n+ cpy/n+ 1

03(G) < da(uo) + de(v1) < epv/n + ( 2

—2> <n-—2,

which contradicts the assumption on 05(G) in (G1).
Suppose that (G2) holds. If |Q| > 4, then it follows from (6) that “HIILIST "+Z’|S| <

Q]
%M, and hence by (9) and (11),

3 3 2k — 2
05(G) < ds(ug) + dg(vn) < e/ + (“* i + —2) LPHZE-2

4 2 ’
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if |S| < 3k — 2 and |Q| = 3, then n+(\£f|g—|1)|5| < ”+2(§k_2), and hence by (9) and (12),

3 2

+ 6k — 4 42k -2
05(G) < de(uo) + da(v1) < exv/n + (”— - 2> P el

In either case, we obtain a contradiction to the assumption on 05(G) in (G2). O

A set S C S dominates Q if for each @) € Q, there exists a vertex u € S such that
Ne(u) NV(Q) # 0.

Claim 14. If there exists a vertex u € S such that {u} dominates Q and dg(u) >k + 1,
then G has a [2,k]-ST.

Proof. Since [Ng(u) \ (Ugeo V(Q))| = [Na(u) N S| = [S] — 1, there exists a set X C
Na(u) N (Ugeq V(Q)) such that | X| =max{[Q[,k+1—(|S| - 1)} and X NV(Q) # 0 for
all @ € Q. Note that 1 < | X NV(Q)| < k+1 for every @ € Q. Fix Q € Q. If (G1) holds,
then by (N1), (6) and (7),

n—2
8(Q) > 5=~ 18|
ngz—ck\/ﬁ—l
4 2k% 4+ 4 4)—2
>(ckﬁ+ k* + 4k + 4) i1

2
:Ck\/ﬁ+(k5+1)2—1

> o/ V(@Q)+ (k+ DX NV(Q) - 1;
if (G2) holds, then by (N’1), (6) and (7),

n+2k—2
Q) > T2 g
2k —2
>HT—Ck\/ﬁ—1

= (QCk\/ﬁ+k2+2]€+1)—Ck\/ﬁ—1

= v+ (k+1)° =1

>/ |V(Q) + (+ 1) XN V(Q) - L.
In either case, §(Q) > cx/|V(Q)| + (k+1)| X NV (Q)| — 1. This together with Lemma 9
with (G,U) = (Q, X N V(Q)) implies that there exists a spanning forest of @) consisting

of exactly [ X NV(Q)| components Fg 1, Fga, ..., Foxnv(g) such that for every integer i
with 1 < <|XNV(Q)|, |[V(Fg:;)NX|=1and Fy, is a (k,V(Fg,;) N X)-good tree. Let

T, = U U Fo,i +{uv:ve (S\{u})UX}

QeQ \1<i<|XNV(Q)|

Then dp, (u) = (|S| = 1) +|X| = (|S|—-1)+k+1—(|S|—1)=k+1, and hence T} is a
2, k]-ST of G. O
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By Claim 14, we may assume that
if {u} dominates Q, then dg(u) < k. (13)

Note that S dominates Q because G is connected. Choose a set S C S dominating Q
so that

(S1) S is minimal, i.e., S\ {@} does not dominate Q for every @ € S,
(S2) subject to (S1), |S| is as large as possible, and
(S3) subject to (S2), Y . _sdg(u) is as large as possible.

acs
If (G1) holds, then by Claim 13(i), S| = 19| = 1; if (G2) holds, then by Claim 13(ii),
|S] < |Q| < 3. Write S = {ty,ay,...,Us} where s = |S].
For Q € Q,let Ag ={u € S: Ng(u)NV(Q) # 0}.
Claim 15. Let Q € Q. If (G2) holds and max{dg(u) : v € Ag} < k, then |Q| =1 and
Ag = 8.

Proof. If |Q] > 2 or Ag # S, then Ay is a cutset of G. Since G has no k-blocking set,
this leads to the desired conclusion. ]

Now we divide the proof into two cases.

Case 1: |S| =1.
Note that S = {a;}. By (13), de(u1) < k.

Claim 16. We have |Q| =1, i.e., Q ={Q1}.

Proof. Suppose that |Q| > 2. By Claim 13(i), we can assume (G2) holds. By Claim 15, for
each () € Q, there exists a vertex ug € Ag with dg(ug) > k+ 1. Note that {ug : @ € Q}
dominates Q. Take a minimal set Sy C {ug : Q € Q) dominating Q. Since |S| = 1, it
follows from (S1) and (S2) that |So| = 1. However, dg(@i;) < k and dg (i) > k+ 1 where @

is the unique element of Sy, which contradicts (S3). Thus |Q] =1, and so Q = {Q,}. O
Claim 17. We have Ag, = S.
Proof. Tt follows from (13) that

max{dg(u) : u € Ag, } < k. (14)

If (G2) holds, then by Claim 15 and (14), Ag, = S. Thus we may assume that (G1)
holds.

Suppose that Ag, # S. Let L1 = S\ Ag,, Ly = Ag,, L3 = UueAQl(NG(u) NV(Q1))
and Ly = V(Q1) \ Ls. Note that Ly, Ly and L are non-empty sets. By Claim 16, V(G)
is the disjoint union of Ly, Lo, L3 and Ly.

For uy € Ly (= Ag,), it follows from (14) that

[Ne(uz) NV(Q1)] < dg(uz) — [Ly| <k —1
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and
|Lo| < |LiU Lol — 1 < (|Ng(ug) U{up}| —1) =1 < ((k+1)—1) — 1. (15)

In particular, |Ls| < >, o
[La| = [V(Q1) \ Ls| =n— |L1 U Ls| — [Ls| Zn—k — (k-
Let u € Ly. For vs € Ls,

n—2 < 03(G) < du) + da(vs) = [(Ly U L) \ {u}]| + des(vs),

and hence dg(vs) > n — |Ly U Ly| — 1. For vy € Ly,

|Ng(u2) N V(Q1)| < (k— 1)%. Hence by (N1) and (15),
1) > 0. Hence Ly # 0.

n—2< 03(G) <dg(u) + dg(vy)

S (L1 U L) \ {uf| + [V(Q1) \ {va}]

=n—2,

which forces Ng(vy) = V(Q1) \ {va}. Since vz and vy are arbitrary, it follows from (14)
that (G, Ly, La, L3, Ly) satisfies (L1)—(L5). Consequently, G is isomorphic to a graph in
Gk.n, which contradicts (G1). O

By Claims 16 and 17, for each u € S, there exists a vertex v, € Ng(u) NV (Q1). Let
W ={v, :u € S}. Then

(W] <|S] =[S\ {a1}| +1 = (dg(ir) — [Ng(@) NV(Q)]) +1<k—1+1=k (16)
If (G1) holds, then by (N1), (7) and (16),

n—2

6(Q1) = — ||

S (depy/n + 2k + 4k + 4) — 2
= 2 -
>Ck\/ﬁ+]€2—1

> e/ |V(Q1)| + kW] = 1;

if (G2) holds, then by (N’2), (7) and (16),

k

n+2k—2
5(@1)2T—|S’
n+2k—2
>— " "k
4
> (epy/n+3k° +2k+1) — k
> cp/n+ k-1

> o/ |V(Q1)| + kW] — 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(3) (2025), #P3.23 14



In either case, we have 0(Q1) > cx\/|V(Q1)| + k|W| — 1. Hence by Lemma 10 with
(G,U) = (Q1,W), there exists a spanning (k, W)-good tree T of ;. Then T + {uv, :
u€ S}isa [2,k]-ST of G.
Case 2: |S| € {2,3}.

By Claim 13(i), we can assume (G2) holds. For the moment, we suppose that |S| >
(k —1)|S] + 2. Recall that s = |S|. Since |[S\ S| > (k —1)|S| — (|S| — 2), there exists a
partition {Sy,Ss,..., S} of S\ S such that

e if [S| =2, then |S;| >k — 1 for i € {1,2}, and
o if S| =3, then |S;| > k — 1 for i € {1,3} and |S,| > k — 2.

Fix Q € Q. Since S dominates Q, we can take an edge ugvg € E(G) with ug € S and
vg € V(Q). By (N'1), (6) and (7),

n+ 2k —2
5(@)2T—‘S|
2k — 2
Rk S
> 2cv/n+ kK +2k+1) —cp/n— 1
>Ck\/ﬁ+]€—1

> o/ V(Q) + k[{vg}] — 1.

Hence by Lemma 10 with (G,U) = (Q, {vg}), there exists a spanning (k, vq)-good tree
T of Q). Let P =ty - - - us be a path on .S, and let

Ty = ((UTQ> UP> + ({ugug : Q@ € Q} U{wu: 1 <i<s, ueS}).
Qe

For @; € S, |S;| + dp(@t;) > k and, by (S1), there exists Q € Q such that ; = ug, and
hence dr; (4;) = dp(t;) + [{Q € Q : % = ug}| + [Si] > k4 1. This implies that 77 is a
2, k]-ST of G. Thus we may assume that |S| < (k — 1)|S| + 1 (< (k — 1)|Q| + 1).

If |Q| = 3, then |S| < 3k — 2, which contradicts Claim 13(iii). Thus |Q| = |S| = 2. In
particular,

2=19|<|S| <2(k—1)+1=2k—1. (17)

Write Q\ {Q1} = {Q2}. We may assume that Ng(a;) N V(Q;) # 0 for each i € {1,2}.
Then by (S1),

for i € {1,2}, Ne (@) N V(Qsy) = 0, ie., Ne(@) C (S\{@}) UV(Q:).  (18)

Claim 18. Ifdg(u) < 2k — 1 for every u € S, then G has a [2,k]-ST.
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Proof. Tt follows from (18) that Ng(t2) NV (Q1) = 0. Hence by (17) and the assumption
of the claim, we have

UWNe(w) n V@) < D [Nalu) nV(Q)
uesS ueS\{az2}
< D (do(w) =[S\ {u}])
ueS\{u2}
< (IS =12k —1— (5] - 1))
= (IS =12k = [5])

< (2k —2)2
On the other hand, it follows from (N’3), (7) and (17) that

V(Q1)] = 6(Q1) +1

2k — 2
>”+T—|S|+1

2k — 2
>%—(2k—1)+1
> (5k* +2k+1)— (2k— 1)+ 1
> (2k — 2)2.

Thus V(Q1) \ (Uues Na(u)) # 0. Let v* € V(Q1) \ (U,es Na(w)). Recall that we choose
@1 so that |V(Q1)| is as small as possible. Then by (8), dg(v*) = |[Ng(v*) NV (Q1)| <

V@)\ {v} <37~ 1.
Fix i € {1,2}. Let pi = |Na(@;) N V(Q;)|. Since u,0* ¢ E(G),

n+ 2k — 2 n—|9S]

=2 < 0a(G) < dofi) + da(v) < dof) + 2~ 1,
and hence dg(@;) = k + @ This together with (18) implies that
= do(d) — 1S\ {a Ll B S
b= do(i) [\ ()] > b+ 20— (5]~ 1y =k~ 5 11 (19)

Let ) C S\ S be a set with || = [535] and let 8, = S\ (5US}). Note that
1S5 > 185 = [52] = | 552] > B2 Let Wi = (Ne () N V(Qs)) U S% Then by (19),

S| L IsI=3 |
Wil = pi | > _sl 1 =k—z.

Since |W;| is an integer, this implies that |W;| > k. By (18) and the assumption of the
claim, we have

[No(w) N V(@i)| = pi = da() — [Ne(@) 0 S| < (2k = 1) = Hasi}| = 2k — 2.
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Hence by (N’2), (7) and (17),

>n+2k—2

Q)= 2 g
> #H —(2k—1)

> (cpv/n+ 3k +2k+1) -2k +1
> copvn+ (k+1)(2k —2) -1
> o/ |[V(Q)| + (k+ 1)|Ng(;) N V(Q;)| — 1.

This together with Lemma 9 with (G, U) = (Q;, Ng(@;) NV (Q);)) implies that there exists
a spanning forest of Q; consisting of exactly p; components F} |, Fj,, ..., F}, such that for
every integer j with 1 < j <py, [V(F];) N Ng(@;)| = 1 and F}; is a (k, V(F};) N Na(a;))-
good tree. Then

U < U Fi/,j> + ({av 1€ {1,2}, ve W U{ajus})

ie{1,2} \1<j<p;
is a [2, k]-ST of G. O

By Claim 18, we may assume that max{dg(u) : v € S} > 2k. Since |S| < 2k —1, a
vertex v’ € S with dg(u') = max{dg(u) : u € S} satisfies Ng(u') \ S # (). This together
with (13) and (S3) forces dg(u;,) > 2k for some iy € {1,2}. Furthermore, it follows
from Claim 15 that max{dg(u) : v € Ag, ,,} > k+ 1. Hence by (13) and (52), we
have dg(t3—;,) = k + 1. Take a set Z3_;, C Ng(tus—i,) \ {@,} such that |Z5_;,| = k and
Z3-is NV (Qs—iy) # 0. Then by (18), [Na(iy) N Zs—iy| = | Z3—io| —|Z3-1s NV (@3- )| < k—1,
and hence |Ng(t;,) \ (Z5-i, U {t3—iy})| = 2k — ((k — 1) + 1) = k. In particular, we can
take a set Z;, C Ng(Ui,) \ (Z3—i, U{t3—i,}) such that 1 < |Z;,, NV (Qi,)| < k < |Z;,] and
S\ (Zs_4, US) C Zy,.

Fix ¢ € {1,2}. Then by the definition of Z;, we have ¢; := |Z; NV (Q;)| < k. By (N2),
(7) and (17),

n+2k—2
6<Qi)>T_|S’
2n—|—24k:—2_(2k_1)

> (cpy/n+ 3k +2k+1) -2k +1
> cpv/n+ (k+ 1)k —1
> o/ |[V(Qi)| + (k+1)[Z;NV(Q:)] — 1.

Hence by Lemma 9 with (G,U) = (Q;, Z; N V(Q;)), there exists a spanning forest of Q);
consisting of exactly ¢; components F;;, F o, ..., F;, such that for every integer ¢ with
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Figure 2: Graph G} ..

1<j<aq |[V(F,

)N Z;| =1and F,; is a (k,V(F;) N Z;)-good tree. Then

U ( U Eg) + ({ww i€ {1,2}, v e Z;} U{uus})

1e{1,2} \1<j<q

is a [2, k]-ST of G.
This completes the proof of Theorem 3. O

The degree-sum condition in Theorem 3 is best possible in a sense: Let k£ > 2 be an
integer, and let n be an odd integer with n > n; (k). Since n > 2k*+ 1 by (N’2), we have

nB (k1) = n2heb » GRHDIRS (L 1)(k—2) > 0, 1., %52 > k+1. Let Ay, Ay and
A be vertex-disjoint complete graphs with |V (4y)| = 3 and [V(A;)] = [V(Ay)| = %52
Write V(Ag) = {u, v1,v2}, and for each ¢ € {1, 2}, take aset W; C V(A4;) with |W;| = k—1.
Let Gy, = (Upcico 4i) + {uw = w € Wit U {vjw,vow : w € Wa}) (see Figure 2). Then
ln 15 a connected graph of order n and 05(G},,) = “3=2. Furthermore, G}, has no
k-blocking set. Thus the following proposition gives a sharpness of Theorem 3.

Proposition 19. There exists no [2,k]-ST of G, ,,.

Proof. Suppose that G, has a [2,k]-ST T. Since u is a cut-vertex of G}, we have
dr(u) = k+1; since {vy, v2} is a cutset of G}, ,, we have dy(v;) = k+1 for some i € {1,2}.
This implies that uv veu is a cycle of T', which contradicts the fact that 7" is a tree. [

4 Proof of Theorem 6
2
. c CQ 2
Since py, = <3 Kty o HARTSR , we have

2

3 2 1 4k? + 8k + 4
N Ck+\/ck+2 TOv > 2¢y,. (20)

By (20), we obtain the following:
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(M1) Since ¢, > 4, we have \/pg > ¢ + i, and hence

ck(\/p_k—ck)—1>ck((ck+l>—ck)—1:0.

Ck

C, C2
(M2) Since /py > 2V VA e have

2

R T T O )

Pr —
VPE = Ck VPE = Ck
C C2 C CQ
\/p_k< k+\/2k+4k ( k+\/2k+4k B Ck) B k:)
>
Dk — Ck
=0.

(M3) We have

(VP = 201) (Vi — cx)
<3ck+\/c§+4k2+8k+4 ) )(30k+\/ci+4k2—l—8k+4 )
= — 2Ck — Ck

2 2
= k> + 2k +1.

Let S = {u € V(G) : dg(u) < /pgn}. Then for vertices u,u € S with u # «/, we
have dg(u)dg(u') < prn < mo(G), and hence uu' € E(G). This implies that S is a clique
of G.

If 5(G) > cxy/n, then it follows from Theorem 5 that G has a [2,k]-ST. Thus we
may assume that 6(G) < cgy/n. This together with (20) implies that §(G) < /prn. In
particular, S # (). Since S is a clique of G, for a vertex uy € S with dg(ug) = 0(G), we
have

15| = [(Na(uo) N S) U {u}] < deluo) + 1 < epn/n + 1. (21)

Let Q be the family of components of G — S. If Q = (), i.e., G = G[S5], then G is a
complete graph of order at least k+ 2, and hence G has a [2, k]-ST. Thus we may assume
that Q # ). By (20) and (21), for each @ € Q,

5(Q) > min{da(v) - v € V(Q)} — 1] > v — (cev/i + 1), (22)
Claim 20. Foru e S and Q € Q, V(Q) \ Ng(u) # 0.

Proof. Suppose that V(Q) € Ng(u). Then |V(Q)| +|S| =1 = [V(Q) U (S \ {u})]
dg(u) < y/prn. On the other hand, for a vertex v € V(Q), we have |[V(Q)| +|S| — 1
[(V(Q)\ {v}) US| = dg(v) = \/prn, which is a contradiction.

(IR /AN

—_
©
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Take @1 € Q so that |V (Q1)| is as small as possible. Then

n— |5

|V(Q1)| < W < @

(23)

Claim 21. We have |Q| < \/ﬁ and in particular, /n > \/pr — Ck.

VPE—ck’

Proof. By Claim 20, there exists a vertex v € V(@) such that S € Ng(v), and hence

V(Q1) US| > da(v) +2 = /pen + 2. (24)
If Q| > \/{Ck then it follows from (21) and (23) that
\/PT Ck
which contradicts (24). O

A set 8" C S dominates Q if for each Q € Q, there exists a vertex u € S such that
Ne(u) N V(Q) # 0. Note that S dominates Q because G is connected. Take a minimum
set S C S dominating Q, and write S = {iiy, Uy, . . ., Uiy} where s = |S|. By Claim 21 and
the minimality of S,

s < Q| < _vn (25)
\/E—Ck

Claim 22. For each @i € S, dg() > sk + 1.

Proof. Suppose that dg(u) < sk. By Claim 20, there exists a vertex v E V(Q1) such that

vii ¢ B(G). By (23) and (25), do(v) < [V(@1) US| < " + (8] < 25 + || This
together with (M1), (M2), (21) and (25) leads to
7T( ﬂ)dG
n— |S| N |S|)
k(n+ (s —1)|S])
\/ﬁ
B Ck o (elype—ca) —1)yn )
—k((l—i——\/])_k_Ck) N 1
- k+\/prn
VPk —
< ppn,
which is a contradiction. O
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By Claim 22, |[Ng(@) \ S| > sk+1— (s — 1) = sk — s+ 2 for every u € S. Hence
there exist s disjoint subsets Wy, Wa, ..., Wy of V/(G)\ S such that for each integer ¢ with
1 <i<s, W; € Ng(4;) and

k+1 (ifs=1)
Wil =<k (if s > 2 and i € {1,s})
k—1 (fs>2and2<i<s—1).

Let W =, Wi. Note that |[W| = sk — s + 2.

By the minimality of S, for each integer i with 1 < ¢ < s, there exists D; € Q such
that (U,ecy(p,) Na(v)) NS = {i;}. We may assume that V(D;)NW # (). For each Q € Q,
fQe{D;:1<i<sh,thenl <|VQNW|<k+1(<k+(s—1)(k—2)+1);
otherwise, [V(Q) N W[ < [W| =3 ., IV(D;)) N W| < sk —2s + 2. In either case, we
have [V(Q)NW| < sk —2s+3. Let 91 = {Q € Q: V(Q)NW = 0}. For each Q € Qy,
it follows from the definition of S, there exists an edge tigug (iig € S, vg € V(Q)) of G.
Let W =W U{vg : Q € 9}

Fix @ € Q. Then 1 < |[W' NV(Q)| < sk —2s+ 3, and hence by Claim 21, (M3), (22)
and (25),

5(Q) > (Vir — i)y — 1
= eV + (/i — 20)v/n — 1
> e/ V@) + (v/pr — 20)v/n — 1

_. (k+1)*vn

= aV[V(Q)| + N 1

_. (k+D((k —2)vn+3yn)

= aV[V(Q)| + N 1

> e/ |V (Q)] + (k+ D((k —\2/)1)_”\/5_;3(\/]37 —) 1

>/ |V(Q) + (B+1)(s(k—2)+3)—1

> oV V@I + (k+ DIW N V(@) - 1.
This together with Lemma 9 with (G,U) = (Q, W' N V(Q)) implies that there exists a
spanning forest of () consisting of exactly |W'NV(Q)| components Fy 1, Foo, ., Fo wnv Q)
such that for every integer ¢ with 1 < < [W' NV(Q)|, |V(Fg;) N W'| =1 and Fg; is
a (k,V(Fq;) NW')-good tree. Let H be the graph obtained from the path @,y - - - s by
joining @ and all vertices in S\ (S UW’). Then

U U Fou| |UH |+ {aw:1<i<s, we W} U{igug: Q€ Q1))
Qe \1<is[W'nv(Q)]

is a [2, k]-ST of G.
This completes the proof of Theorem 6.
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