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Abstract

We show that if a set does not contain any non-trivial solutions to an invari-
ant equation of length k& > 4 - 3™ + 2 for some positive integer m, then its size
is at most exp(—clogl/(6+7m) N)N, where v, = 27™. We prove a lower bound
of exp(—C'log”(2/a))N*~! to the number of solutions of an invariant equation in
k > 4 variables, contained in a set of density a. To compliment that result in
the case of convex equations, we give a Behrend-type construction for the same
problem with the number of solutions of a convex equation bounded above by
exp(—clog?(2/a))NF-1,

Mathematics Subject Classifications: 11B30, 11K70

1 Introduction

Finding structure in dense sets of integers has been a challenge to mathematical research
since Van der Waerden proved his theorem on arithmetic progressions in 1927 [19]. Of
particular interests have been quantitative results. We would like to have an upper-
bound to the size of a set, which does not contain a certain structure. In the case of
Roth’s Theorem [12], we consider a set A C {1,2,..., N} which contains no non-trivial
solutions to the equation

T +y =2z

Roth proved that for a large constant C' we have
N

Al < Cr—re.

loglog N

After many improvements over the years, a sensational result of Kelley and Meka [9]
showed a near-optimal bound

Al < exp(—clog!/*? N)N,
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where c is a sufficiently small positive constant. The exponent was later improved to 1/9
by Bloom and Sisask ([4], [5]). Other variations of this problem have been considered,
for example, since Schoen and Shkredov [15] and the subsequent work of Schoen and
Sisask [16] we know that longer equations like

I1+$2+I3:3y

avoiding non-trivial solutions also restrict the size of the subset and even better bounds
than the one from Kelley and Meka are known, namely

|A| < exp(—clogT N)N.

In this paper we show that the exponent 1/7 here can be increased for similar equations
with at least 14 variables, for example in the equation

1+ T+ -+ 213 = 13714

we get the exponent 2/13. Below is a formulation of our result. By a trivial solution
there, we mean one where all variables are equal.

Theorem 1. Letm > 1, k>4-3"+2 and A C {1,2,..., N} be a set which contains no
non-trivial solutions to the equation

T+ T+ -+ apy = (k—1)zg.

Then |A| < exp(—clog/ ™) NYN  where ~,, = 27™. Here ¢ is a small constant that
depends only on the equation.

For the sake of readability, we state Theorem 1 for a specific equation of length k. Our
proof can be generalized to any invariant equation, in a similar way as in Theorem 3. We
say that a linear equation

a1x1+a2x2+---+akmk:0

with coefficients a; € Z is invariant when a; +ay + -+ + a; = 0.

Bloom [3] considered the counting version of the above problem. By using his result it is
possible to find an upper-bound not only if there are no non-trivial solutions, but also if
their count is abnormally small.

Theorem 2. (Bloom) Let A C {1,2,..., N} be such that |A| = aN and let ayxq + agxy +
-+ agrp = 0 be an invariant equation in k > 3 variables. Then for some large constant
C, which depends on the coefficients of the equation, there are at least

exp(—Ca~Y# D ogh(2/a)) NF1

solutions to the equation.
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Theorem 2 is still the best published bound for 3-term equations, however Kelly and
Meka [9] recently showed a much more efficient way of counting solutions to equations of
length 3. They gave a lower bound of

exp(—C'log'*(2/a)) N2,

We shall also establish counting results for equations in at least four variables, for which
Schoen and Sisask [16](Theorem 1.4) only established density results. That this is possible
was noted by Sanders and Prendiville [11], but the details were not provided. Here we
prove such a counting result in full generality; more precisely, we prove the following
theorem.

Theorem 3. Letk >4, A C{1,2,...,N} be a set of size N and let ayxy + agxy + - - -+
arxr = 0 be an invariant equation in k variables. Then there are at least

exp(—C'log’(2/a))N**

solutions to the equation, that is tuples (x1, o, ..., x1) € A*, for which
a1x1+asxo+- - -+agxy = 0. Here C is a large constant that depends only on the coefficients
of the equation.

The new bound can be used to boost results taking advantage of the Fourier Trans-
ference Principle [10]. For example, it could be applied to the result by Prendiville on
solving equations in dense Sidon sets [11]. It was noted by Prendiville that a counting
version of the result of Schoen and Sisask [16] yields improved bounds in his theorem.
More details are given in the “Applications” section.

Finally, we give a construction which complements our Theorem 3. By generalizing
[18] (Proposition 1.3) to the case of more variables, we show a lower bound similar to a
well-known Behrend’s construction [1], where a set has high density, but contains only a
few solutions to an invariant equation.

Theorem 4. Let k > 4 and let ¢ be a sufficiently small constant depending only on k. Let
a < exp(—1/c). There exist infinitely many integers N > 1 and sets A C {1,2,... N}
with |A| = aN, such that A contains no more than

exp(—clog?(2/a))N*1
solutions to the equation 1 + -+ + xp_1 = (k — 1)zg.

We will prove Theorems 1 and 3 by treating A as a subset of the group Z/pZ, with p
prime, instead of the interval {1,2,... N}. If we choose p (by Bertrand’s postulate) to
satisfy

2(Jax] + [az] + - + [ax)N > p > (Jas| + [az] + - - + [ax] )N,

then no solutions in the integer case imply no solutions in the Z/pZ case and therefore
one version implies the other. Clearly the density of A changes by the factor of |a;| +
las| + - - - + |ag| between these two setting, which can be neglected if we allow C' and ¢ to
depend on the coefficients of the equation.
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2 Notation

Let us fix some notation and recall a couple of well-known definitions. By ¢ and C we
mean real, positive constants, where ¢ is sufficiently small and C' is sufficiently large for
all of our uses. If we wanted to be really precise, we would have to call the constants
c1,Co, ... and C,C5, ... in various parts of different proofs, however for simplicity we
omit the indices. In the Theorems 1, 3 and 4 constants in the statements depend on the
coefficients of the equation ay, as, . ..ax, as well as the number k. It can be assumed that
the constants ¢ and C' appearing in the proofs are all chosen for a fixed equation.

We work in the group Z/pZ, however most of the definitions are given for a general, finite,
abelian group G of size N and then applied to Z/pZ. Let A be a subset of G. Define a
normalized indicator function to be

1

HnaA = ]-A YR
Al

where 14(z) is the function that gives 1 when x € A and 0 otherwise. Write pu4(X) for

the sum )\ pa(z).
By the convolution of two functions f, g : G — R we mean

frgle)=> fltyglz—1).

teG
We sometimes write f*)(x) to mean multiple convolutions, that is
f® () = f* fx---x f(z) where f appears k times.
Let 1 < p < oo, the L, norm of a function f : G — R is defined as
il = (S 1)
e
when p = oo we always mean ||f|| = max,cq |f(z)|. For a function f : G — R we define

expectation as
Eecf(z Zf
zEG

Denote the group of all characters (homomorphisms) v : G — C as G. Given a function
f : G — R we define a Fourier coefficient at v € G as

=Y flan()

zeG

We call the function fthe Fourier Transform of f.
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3 Tools for finding Almost-Periods

A common technique in Additive Combinatorics is solving a problem in the group Fy,
before stating it for a general group or an interval of integers. The advantage of I}, is that
we can make use of subspaces, which are not found in all groups. Fortunately, Bohr sets
act as approximate subspaces in any finite abelian group G. Translating the ideas from
the language of subspaces to the language of Bohr sets is usually possible, although quite
technical. In our work we immediately present the reasoning by using Bohr sets. The
paper by Schoen and Sisask [16] contains simpler proofs of their result in the case of Fy,
as well as the general proofs. A reader unfamiliar with Bohr sets, could consider reading
that paper as an introduction.

We record a couple of auxiliary definitions and propositions concerning the properties
of Bohr sets. For more background on Bohr sets we recommend to the reader a book by
Tao and Vu [17].

Let 0 < p<2andletI' C G for some finite abelian group GG. The Bohr set B = Bohr(T', p)
is defined as

B={zeG:|l—v()| <pforalyel}.

We refer to p as the width and to |I'| as the rank of B. We will only consider Bohr
sets of rank at least 1, in order to avoid special cases of the propositions below. This
does not restrict us in any way as the whole group can be trivially represented as G =
Bohr({1},2), where by 1 we mean the constant character. Note that often B does not
uniquely determine I' or p.

If § > 0 and B = Bohr(I', p) we write B; for B = Bohr(I', pd) and call it a dilate of B. A
Bohr set B with rank d > 0 is called regular when

| B1ys|
|B|

1—12d|6| < < 1+ 12d)4),

for every || < 1/12d.

Proposition 5. Let B be a reqular Bohr set of rank d > 0 and let B' C Bs where
d < €/24d, then we have

s * pp — pplly < e
Proof. Using the triangle inequality we notice that

1 1
s = sl = gl o = Ll < (11 = Ll o+ (L = 1)

Now, by regularity of B we obtain
N+ — 15[l = (B + B) \ B| < €|B]|/2.

Again by regularity of B we have

g * pp — 1piplh = Z =157 |B/ 1B*1B/( )=|B+B'|—|B|=
r€B+B’
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=[(B+B)\ B| < ¢[B|/2,
which ends the proof. O

We will make also use of the following three properties, for the proofs see the book by
Tao and Vu [17]. Another accessible source are the lecture notes by Thomas Bloom [2].

Proposition 6. Let B be a Bohr set. There exists § € [%, 1], such that Bs is reqular.
Proposition 7. Let B be a Bohr set of rank d and let 6 € [0,1]. Then we have

|Bs| > (6/2)*|BI.

Proposition 8. Let B be a Bohr set of rank d and width p contained in a group G. Then
we have
1B| > (p/27)°|G.

Here is a basic lemma, where we choose a translate of a Bohr set, on which A has high
density.

Lemma 9. Let A C B with |A| = «|B|, where B is a regular Bohr set of rank d > 0
and radius p. Let § be a positive constant with § < 5i0a- There exists x € G such that
|A N (l‘ + B(g)‘ = 090(|B§|

Proof. Applying Proposition 5 to Bs we have

B * ps — sl < /10,

and by the triangle inequality we get
a = pp(A) < [lppla — (ps * ps)Lall 4 |[(ps * ps;)Lalls
1
< /10 + @Z“Ba x 14(x).

zeB

Thus for some x € B we have
pss * 1a(x) = 0.9«

as required. O

We now generalize Lemma 9 to allow multiple factors J; and multiple coefficients a;,
for which we consider a; - A := {a;-a : a € A}. This will be crucial in working with many
variables. In this lemma we have to assume that our group is Z/pZ for p prime. The
reason is that we want to define the operation of multiplying a Bohr set by an element of
the group. Let B = Bohr(I', p) and a € Z/pZ be a non-zero element, we define

a-B:={x €Z/pZ: |1 —y(a"'x)| < pforall y € T}.

So if B = Bohr({71,...,74},p), then a-B = Bohr({ﬁ_l, o ,'yg_l},p). This way if v € B
then ax € a- B and a - B is a Bohr set of the same rank and radius as B.
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Lemma 10. Let B C Z/pZ, with p prime, be a reqular Bohr set of rank d > 0 and radius
p. Let A C B be its subset of size oo|B|. Let ay,as,...,ax be integers non-divisible by p.
Then there is a reqular Bohr set B, such that, for any 01,09, ... € (0,1] there are sets
Ay, Agy o Ay © A —x, where x is a translate, a; - A; € B, and either

7
|(a; - A;) N Bg,| > §a|B¢/5¢’ for all i

or
(a; - A;)) N By | > (14 1/16k)a|Bg | for some i.

Moreover, B' can be chosen so that its rank is d and its radius is py > p73, where ¢ is a
small constant that depends on aq,as, . .., as.

Proof. Let € := sz a(Il;|a;]) 7 /24d, B' := (H#iaj) -Bes, and B’ := (Hjaj> - B.. Clearly
B’ satisfies the conditions on the rank and the radius. Notice that it is chosen indepen-
dently of the widths ;.
B’ does not need to be regular, but by Proposition 6 there is some ¢ € [%, 1] for which Bj
is regular. Thus in the Lemma we could consider dd1, 09, ... 00, instead of 01,09, ..., 0%
to obtain a necessarily regular Bohr set B§. Because of this without loss of generality we
assume that § = 1 and so B’ is regular.
If we Notice, that from Proposition 1 we have

1
Tex®
Since ug(A) = o and by the application of the triangle inequality we get

| * ppi — palli <

k k k
<Y up(A) <D lsla — (s * pe)lalli + Y (15 * pp) Lalls
i=1

=1 i=1

|B[ ZZ,UBZ*lA

1=1 x€B

Thus, for some x € B the sum is at least equal to the average, so

ZuBi x 1a(x) = (k—1/16)a.

Set A; = (A — ) N B'. We clearly have a; - A; C a; - B' = Bj, for all i. If pgi x 14(x) >
(1 + 1/16k)c for some z, then the second conclusion holds immediately. On the other
hand if ||upi * 1al|eo < (1 + 1/16k)cv, then

e+ 1a(2) = (k= 1/16)a — > ppi * 14(2)

J#i
> (k — 1/16)a — (k—1)(1+ 1/16k)a
(1 BT 16_l<;>
> 7o

8
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and the first conclusion holds. O

All results which use Lemma 10 will be also stated for the group Z/pZ.
Going further, one of our main tools is the Croot-Sisask lemma, here is one of its versions,
coming from the paper of Schoen and Sisask [16](Theorem 2.1).

Theorem 11. (Croot-Sisask) Fiz constants e € (0,1), k € N and p > 2. Let A, L,S
be subsets of a finite abelian group and suppose that |A + S| < K|A|. There exists a set
T C S of size at least |T| > 0.99K~CP*/|S|, such that for every t € kT — kT we have

14 *1p(-+1) — 14 %11, < €|A||L|M?.

The set kT — kT is referred to as Almost Periods of 14 * 1, because this function does
not change by much when shifted by any one element of kT — kT
Next, we show a corollary to the Croot-Sisask Lemma that will enable us to consider
multiple sets instead of just two. In the proof we take advantage of Young’s inequality,
which we state here.

Theorem 12. (Young’s convolution inequality - special case) Let f,g : G — R be func-
tions and let ¢ > 1, then we have

1 * glla < [ f1lallgll1-

Corollary 13. Fiz constants e € (0,1) and k € N. Let Ay, As, ..., An, M, L, S be subsets
of a finite abelian group. Suppose that |Ay + S| < K|A4| and that n = |M|/|L| < 1. Then
we can find a set T C S such that

IT| = exp(—Ck?*e*log(2/n) log(2K))|S|
and for every t € kT — kT
[ 1a, - ok Lg, s Iypx1p(-41) — g k-5 1, * Ly * 17]oo < €|Ar] -+ |AL]|M].

Proof. Let f =14, %14, %---% 14, . By writing the definition of convolution and using
Holder’s inequality we see that for any ¢ € G and for any p, ¢ > 1 such that % + % =1 we
have

1A, # Tagx folp(c 1) — Ta, * Ty # fr1pf|oo <|[Ta, * Tag(- 1) — La, * Tagl[g] | f * 1],

Let us set p = log(2/n). Using Theorem 11 with €/3 we get a set T" of desired size such
that for any ¢t € T there is

1Ly Iag (- 8) = Lay e Dagllgl[f # Lellp < gelAd[MIY9) f 5 1],

<

Wl W+~

elAw||Az] - [Aul| ML
1
= gelAullAa] - [Au[[MI(|LI/| M),
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where the second inequality follows by applying Theorem 12. The Corollary is proved
because for our choice of p we have

1 1
SLUIMDY? = S(1/p) 1052 < 1.
O

Let us now state the version of the Croot-Sisask lemma that will allow us to find
almost periods which form a large Bohr set. This is a corollary of Theorem 5.4 from the
paper of Schoen and Sisask [16] with arbitrary number of sets.

Theorem 14. Fiz e € (0,1). Let Ay, As,..., Ay, M, L be subsets of G. Let B be a
reqular Bohr set of rank d > 0 and width p. Suppose that there exists S C B, such that
|A; + S| < K|Ay]. Denote the density of S in B as . Moreover, suppose that o > 0 and
n=|M|/|L| < 1. Then there exists a reqular Bohr set B' C B with the property that for
every t € B' we have

HlAl**1An*1L*1M(+t)_1A1**1An*1L*1MHOO<E‘A1||AnHM|

Furthermore, B' can be taken to have width at least pen'/? /(d*d’) and rank at most d + d’
where
d < e %log*(2/en) log(2/n) log(2K) + log(1/0).

Proof. We apply Theorem 5.4 from [16] to the sets Ay, M, L to obtain a regular Bohr set
B’ with appropriate rank and width, such that for every ¢ € B’ we have

H1A1 * 1L* 1M<+t) — 1A1 *x 1L* 1M||oo g €|A1HM‘

From here we can easily deduce the desired inequality because the left-hand side can be
rewritten as

(L, * 1y s Lpg(-+1) — Lay * Lp s Lpg(¢)) s Lay k- - % g, )|]oo
< ||1A1 *1L* 1M(+t> — 1A1 *1L* ]-M||oo|A2| |An| D

4 Improving the bound for many variables

Theorem 3 and the analogous result of Schoen and Sisask [16] give the relevant constant 7
in the bound (for example e~Cog"(2/e) NE=1 ip) Theorem 3). The Behrend-type construction
in Theorem 4 shows that this cannot be improved to less than 2 in the case of convex
equations. In this section we show how to bring the constant down almost to 6, provided
the considered equation is long enough. By the end of this section this is summed up as
the proof of Theorem 1. The main idea is Theorem 15 below, which allows us to find a
large Bohr set within wA — wA for some w. That could be looked at as a variation of the
Bogolyubov-Ruzsa lemma. After that a density increment can be obtained quite easily.
The approach builds on an idea by Konyagin. To our knowledge it was not published,
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but is mentioned by Sanders in his survey [14].

He observed that when applying Theorem 14 one can save on the K constant by choosing
S well: suppose that for some sets A and X and a positive integer k& we have |A+ kX| <
K|A|. Then by the pigeonhole principle there exists [ < k for which |A +1X| < KYF|A|.
Below we attempt to exploit this observation as much as possible. We apply Theorem 14
multiple times, which allows us to decrease the set of almost periods with each step gently
instead of getting a set of almost periods in one step and decreasing it dramatically.

Theorem 15. Let A C B with |A| = «|B| where B is a regular Bohr set of rank d > 0
and width p contained in a finite abelian group G. Let m > 1. There exists a Bohr set
BC2-3"A—2-3"A of rank d+ d and width ps. Moreover, B can be chosen so that

d < Clog®™(2/a) + Cmlog®(2/a),

where v = 27" and

COé7/2
5> )
PB plog(?/a)md5d’
Proof. The plan is to apply Theorem 14 on inductively constructed sets A/ and T,,. The
resulting Bohr set will have significantly smaller rank than the one we get by naively

applying Theorem 14 to the set A.
Without loss of generality assume 0 € A. Define constants kg, k1, ko, ..., k., to be

ki = [logl_w (2/a)],

for 0 < i < m. Notice that ko=1. Let k = 2(ko + k1 + - - + ky,), then k < mlog(Z/a)
We choose g7 < 0 < 5555 to get regular Bohr set 35 such that |Biias] < 2|B].
Lemma 9 there exists = such that Ay = AN (z+ B5) has density at least 0.9« Wlthln

x + Bs. Similarly, we choose C?cd2 < 480kd < v < 240kd to get regular Bohr set By, such

that |Bsatom)| < %|B5|. This implies 1 4+ 0(1 + kv) < 1+ 20, which we use later for
proving (6). Again, by Lemma 9 there exists ' such that Ty :== AN (2’ + Bs,) has density
at least 0.9« within 2’ + Bs,. We see that

3 2
|A+ Ayl < |B+ (z + Bs)| < |Biys| < 5Bl < 4]

and so .

A+ ALl/|A| € =

= A+ Ajl/14] < =
Similarly we have
_ 3
2:-09- -«

We will show how to inductively construct sets A; and T}, for which the following condi-
tions hold. As the base case we already have the sets Ay and T which satisfy (6) and (7)
(1 =1 is the first step of induction).

3 2
|4y + Ty = Tol < Bauon| < 51Bs| < 44] < =143,

1; CTi-1 € Bsy (4)
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Aiy C A C B (5)

2
A+ Al | < 5|A| (6)
/ 2 /1 1
: T < (Z
ALy + Tt = Tl < (5) (7)
'Ti| > eXp(—Ck‘?/ki—l log®(2/))|T;—1]| (8)

We apply Corollary 13 to the sets A, ;, A, —(A+ A,_;) and T;_; in place of (A, M, L,
S) with € = 1/2 and the chosen k; to obtain a set 7; C T;_; where condition (8) holds
such that for every t € k;T; — k;T; we have

1
Tax Lo *1 apa H() —Taxla  x1_(apa H(0)] < §|A||A§_1|-

Notice that 14 % 14 *1_(aya(0) = |A][A;_,|, thus by the triangle inequality

Law Lag_, * Lgaa_ (1) > glAIIALL| > 0
and so (9) holds. We also have by (4), (5) and the choice of v that
|A;_1 + ki(T; — T0)| < |Bsqarn) + ki(To — To)| < |Bs(r) + Borow)|
< Bl < 51531 < S1AY| < 2 1AL

Here comes the insight by Konyagin. Since by k; times adding 7; — T; we increase A;_;
by the factor of at most %, there must be an 0 < [; < k; such that

, 2 2\ Vki
A+ 101+ (@ -1y < (2) M a < (2) AL vua - m)

Define A := A!_, +1;(T; —T;) so that (7) is satisfied. Moreover, the first part of (5) holds
trivially and the second part is true because

Ai= A+ U(T = T) + -+ (Ti = T;) € Ay + k(T — To) € Bsa+hv)-

Let us also notice that

3 2
|A+ A} < |Biysrin| < [Bigas| < §|B\ < E|A|'

Therefore (6) holds and the inductive step is complete.
We now calculate the closed form of the recursive relation (9), making use of the fact
that we defined A} so that

Ai= A+ WG =T) C AL + k(T = T) C 245 + A= A=A
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By simple induction we can show that A, C 3'A — (3" — 1)A. That is certainly true for
t =0 and if 7 > 0 then

Al C2A) [+ A-—A—- A
C2.-37"A-2.- 3T -—DA+A-A-3TA+ (31 -1A
C3A-(3-1A.
Iterate the above inductive procedure m times to obtain the sets 13,75, ..., T,,. For

every ¢ > 1 we have

k2 (10,5.);172_2'(2/04ﬂ2 _ (log;1’2_lv(2/04)—|—1)2

kion ﬂogl_z'Q_i(Q/aﬂ \ 10g1_2'2_i(.2/a)
= log(2/a) + 2log® "(2/a) +log** ~1(2/a)
< 4log(2/a).

In the last inequality we assume that log(2/a) > 1. This is true if o < 1/2. We can
make that assumption because the theorem for larger values of alpha follows from the
case @ < 1/2 by a change of a constant.

We can thus give the lower bound

| Tn| = exp((—kf — k3 /b1 — k3 /ka — -+ = kpy K1) (C'log? (2/))) | To
> exp(—Cmlog®(2/a))|Ty).
Let us apply Theorem 14 to sets A/ A, —(A + Al)), T,,, Bs, in place of (A1, M, L, S, B)

and with € = 1/2, making use of the properties (6) and (7). This way we find a Bohr set
B such that for every t € B we have

Ly, * 1oara,) * 1a(t) — [AL[IAll < JAL[[A]/2.

Here we just considered the convolution from Theorem 14 at points ¢ and 0. We deduce
that the value of the convolution above can never be 0 and so t € A+ A;, — (A + A7)
The set B thus satisfies the following properties.

BCA+A,—(A+A4,)C2-3"A—2.3"4,
dim B =d+d < d+ Clog*(2/a)/km + Clog(1/0),
o = [T/ Bsy|
> exp(—Cmlog®(2/a))|To|/| Bsy|
> exp(—Cmlog®(2/a)) - 0.9a.

We notice that since k,, > log' ™ " (2/a), by setting v = 2~ we have
d < log®™(2/a) + mlog®(2/a),

moreover
(a)2)1/? cal/? ca’/?

20i2d = "kdd ~ log(2/a)mdsd’’
which are the desired bounds. O

pp = pov
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Notice that Theorem 15 works also when A is contained in a translate of a Bohr set
g+ B, for some g € G. To see that it is enough to consider A — g C B.
The corollary we prove next shows that a Bohr set can be found also in a translate of a
sumset t + (4 -3™)A as well as in 2-3mA —2-3"A.
The strategy is simple and used frequently - for example a very similar argument is
presented in [15]. If A was symmetric the conclusion of Corollary 16 would be trivial as
2-3mMA4+2-3mMA=2-3"A—-2-3"A.
We search for a subset of A, which is symmetric around some point x. Because z is not
necessarily 0 there is a shift we have to take into account. We cannot quite maintain the
density of « in the subset, but /2 is shown to be possible with an averaging argument.
It is worth mentioning that if we wanted to deal with more general equations and not only
T1+xo+- - +xk_1 = (k—1)x) we could modify Corollary 16 to take into account coefficients
other than 1 and -1 by considering the intersection (x+ay-A)N(z+az-A)N---N(x+ay-A)
instead of AN (A — x).

Corollary 16. Let A C B with |A| = «|B| where B is a regular Bohr set of rank d > 0
and width p contained in a finite abelian group G. Let m > 1 and w > 2 -3™. There
exists a Bohr set B C (2w)A —wz of rank d+ d' and width P, where x € By. Moreover,
B can be chosen so that

d < Clog®™(2/a) + Cmlog®(2/a),

where v =27 and

CO[7

2 > )
PB plog(?/a)mdﬁd’

Proof. Let us choose é < 0 < 1, so that |By4s| < 1.01|B|. By an averaging argument,
we find a translate of By, in which A is dense. Specifically we write

> ANt + Bs)| = |A||Bs].
t€B14s

Thus for some t € By ,5 we have

A
1.01|B]

|AN(t+ Bs)| > 4]

Bs| >
g ]Bl+5|‘ il 2

| Bs| > 0.99a|Bs|.
Denote A" := AN (t + Bs), then A+ A’ Ct+ Byys and

o laxla(x)= > |AN(z—A)| = A[A].

$€t+Bl+5 IEGAJrA/

Thus we know that for some x € t + By, 5 C B4 we have
1
AN (@ = 4)] > |A|A/|Buss] > 5071 Bl
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Define A* := AN (x — A’), clearly A* € x — t 4+ Bs, moreover
wA* —wA* C wA* + wA — wz.

By Theorem 15 applied to A* and z — ¢t + Bs we find a Bohr set
T CwA" —wA* C 2w)A — wzx

of the desired width and rank. Notice that width changes by additional factor of d
comparing to Theorem 15 because of the factor § and since relative density was o, now
the term o appears. The rank changes only by a constant as the density is now %az. O]

We now show how to use the Bohr set from Corollary 16 to obtain a density increment
for solution free sets. The strategy is very similar to the one suggested by Schoen and
Shkredov [15]: we observe that approximately half of the translates of the obtained Bohr
set cannot intersect A, as this would lead to a non-trivial solution. By an averaging
argument, A must have higher density in the remaining translates.

Lemma 17. Let m > 1, k > 4-3™ + 2 and p be a prime. Let A C B C Z/pZ, where

3d
|A| = «|B| and B is a Bohr set of rank d > 0 and width p with |B| > 04_1<CTd2>
Suppose that A does not contain any non-trivial solutions to the equation

$1+I2+"'+1}k_1:(k3—1)1’k.

Then, there is a Bohr set B of rank d + d' and radius pg, such that for some y we have
|BN (A —y)| > 1.01a|B|. It is possible to choose it in such a way that

d < Clog*™2 " (2/a)

and

CO_/7

~ > .
PB Z Plog(2/a)dsd

Here the constants ¢ and C' depend on m.

Proof. Choose 6§ = m > &. Then by the definition of regularity, any regular Bohr

set B’ of rank at most d satisfies
| B 515l < 1.01|B7].

We apply Lemma 10 to obtain a regular Bohr set B’ of rank d and radius p > <'p and
sets Dy, Dy, D3 C A —t, such that (k — 1) - Dy, Dy, D3 have densities at least %a inside
B', B', Bj, or there is a density increment 1 + 1/48 on one of these sets. We would like
to have D; U D disjoint from D3 so we adjust the sets slightly. Let us select arbitrarily
Az C Dy so that the density of A3 in By is between {55 and 555. Now defining A; := D1\ A3
and Ay := D, \ A3 we have the desired property and moreover the densities of (k—1)- Ay

and A, are still at least %a inside B’. Because our equation is translation-invariant and
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Ay, Ay, A3 € A —t we have no solutions to our equation in the set A; U Ay U A3. We can
require that |As| > 1 because by our assumption on the size of B we have

1 7 a \3d
45| > gggalBsl > g ) 181> 1

Set w = {%J This way we have w > 2-3™. We initially assume that k is even and the

floor function is unnecessary, which gives 2w+ 1 =k — 1. By Corollary 16 we find a Bohr
set T of the required width and rank, such that 7' C (2w)As; — wz and = € By (notice
that we allow C' to depend on m).

Suppose that b € A; and a € Ay. Then we must crucially have

Qu+1)b—a¢T+wx

as otherwise we would have (2w + 1)b — a € (2w)A3z and that would mean a non-trivial
solution to the equation

T1+ X+ Towyr = (QIU + 1)-T2w+27

where x1, 25 ..., Ty € A3; X911 = a and To,10 = b. Because a,b ¢ Az we such solution
is non-trivial.

Consider a larger Bohr set B* = B, ,,s, we have |B*| < |Bj 4, < 1.01|B’|. Thus
(k—1)- Ay, Ay have densities at least 0.8« inside B* — wz as it contains B'.

At this point let us remark what happens if k is odd. Let z be an arbitrary element of
AN Bj. Then instead of (2w+1)b—a ¢ T +wzx we assert that (2w+2)b—a ¢ T +wz + 2,
thus adding one extra variable to our equation, which we set immediately to z. If we
choose B** = B 5,5, we still have B" € B** + (w + 1)z and the rest of the argument
remains the same (with B** instead of B*).

By the above observation about non-inclusion we notice that for any y € G either
(y—Tij2) N Az or (y+T12 —wz)N((k—1)-A;) must be empty. Otherwise we have found
be Ai,a € Ay where

Qu+b—a=(k—1)b—aeT+ wx,
which is a contradiction. Summing over all y € B* we have

160l B[ Tyal < 37 19— Tuja) N Aol 4 [(y + Tojo +we) 0 (k= 1) - A,

yeB*

because every element of A, N B’ and ((k — 1) - A;) N B’ appears exactly |1} 2| times.
Indeed, because T' C (2w)As + wz we have

y+ T +we CB +T+wr C B+ (2w)A; € By y,; € B
and for the other term
y—Ty» C B+ B,; € Bj,,; € B".
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Because one element in the sum is always equal to 0 we must have some y € B* for which
1.6a| Ty o] < [(y — Tij2) N As
or
L6a|Ty o) < [(y +Tije —wz) N ((E—=1)- Ay))|

That is a density increment on a translate of 7' ;. In the second case we have to multiply
the set of characters of 11/ by k — 1 or —1 we obtain a density increment of 1.6 on the

resulting Bohr set B. O
We are now in position to prove Theorem 1.

Proof. Let us pick a prime kN < p < 2kN. Let A® = A and B = Bohr({1},2) =
Z|pZ. Define a = %‘. We iterate Lemma 17 on these sets, obtaining (A®M, BM),
(A® B®@) .. .. Foreachi>1wehave A® = (A1) ++,)N B® where t; is some element
of Z/pZ. As a crucial consequence of Lemma 17 the density increases by at least a factor
of 1.01 with each step. We know that after, say, s steps it is no longer possible. That is
because the density of A® cannot exceed 1. Clearly

s < Clog(2/a),
where the constant C' depends on m. We easily calculate that
d, < Clog"™™(2/a),
ps = (ca)®.

3ds
The only reason for density increment not possible is that |B®)| < o~ (ch2> . On

the other hand we can lower-bound the size of B®*) by Proposition 3. Comparing the
lower-bound and the upper-bound we have

Cd§>3ds,

L4y < —1<
(ps/4)°“p < a -

which implies

log(p) < 4dslog ( Zf ) :

Substituting the bounds for ds and p, that is equivalent (again up to a constant) to
log(p) < Clog®™™™(2/a).

Rearranging we obtain
—clogl/(6+7m) p

a<se
and using the fact that kN < p < 2kN, where we treat 2k as a constant we have
‘A| < efclogl/(6+vm)NN' O
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5 Counting solutions to invariant equations

Our next result is Theorem 3 - a counting version of the Theorem of Schoen and Sisask [16].
In the proof of Theorem 3 we will follow a classical paradigm of finding density increments.
The main tool is the Croot-Sisask lemma, more precisely its version for Bohr sets proved by
means of the Chang-Sanders lemma. Similarly as in [16], we combine this powerful result
with the fact, that for Bohr sets, almost-periods of convolutions and density increments
are very closely related. That is depicted by the following lemma. In the applications
will be typically some multiple of é, for example % and B a Bohr set.

Lemma 18. Let e > 0, f : G — R and let A C G. Suppose that B is a set symmetric
around 0, such that for everyt € B

I[f *1a(- 4+ 1) — f % 14]|oe < € holds.

Further assume that ||f||1 < 8 where > 0 and f *14(0) > 1 — €. Then there exists a
translate of A (say x+ A), such that BN (x + A) has density at least %(1 — 2¢) inside B.

Proof. We notice that since B = —B, we have

> (£ #1aC=0) - pat) = £+ La

te—B

<N 1aC 1) = f# Lallow - ps(0)
teB

<e

[[f*1axpup — f*1lallee =

o0

By the triangle inequality it follows that f % 14 % ug(0) = 1 — 2e. We now notice that

Blla* palloe = [[fI1I11a * pBllsc = f* 1a* pp(0) =1 = 2e.

Therefore, for some = we have 14 * ug(x) > %(1 — 2¢) and we have proved the result as
1A*MB(:E):|T£||(z+A)ﬂB|. O

So far we have shown in Lemma 18, that a large Bohr set of almost periods lets us find
a density increment inside of this Bohr set (upon translating the original set). We also
know how to find such Bohr set using Theorem 14. It remains to show how to proceed
so that the assumptions of Theorem 14 are satisfied. This will require some non-trivial
manipulations on Bohr sets, Lemma 10 will be key to keeping our equation under control
with more variables. In the next lemma we prove a density increment on a Bohr set
with rank and width slightly smaller than the initial one. A new idea here is applying
Theorem 14 to the set of Popular sums, as suggested by Sanders and Prendiville [11].

Lemma 19. Let B C Z/pZ, with p prime, be a reqular Bohr set of rank d > 0 and radius
p and let A C B be its subset of size a|B|. Suppose that non-zero numbers ay,asg, . .., ay
are such that the sum of their absolute values is smaller that p. Let

a1x1+a2x2+---+akxk20
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be an invariant equation in k > 4 variables and suppose that the number of solutions to
the equation in A does not exceed

exp(—Cd(log(d/a)))| A"~

Then we can find a reqular Bohr set B* of rank d + d' and radius py, such that for some
x we have B*N (A —x) > (1 + 1/16k)a|B*|. Moreover, B* can be chosen so that

d < Clog(2/a)

and
p2 = cpa®? [ (dd'),

where the constants C' and ¢ depend on the equation.

Proof. We will set up the proof by using Lemma 10 with a; - the coefficients of the
equation. Let B’ be the Bohr set deﬁned at the beginning of the proof of the Lemma,
explicitly B’ = (H-aj>B for ¢ := La(IT;|a;|)"1/24d. By Proposition 2 it is possible
to choose 77 < § < 1 so that Bl k35l < 1.01{B'| and B; is regular. We are ready to
use Lemma 10, specifying ¢; = d3 = 1 and 0g =04 = 05 = -+ =0 = 0. It gives us sets
Ay, Agy .o, Ay © A= such that a;- A; € By, of appropriate density. The translate x does
not matter as if A is free from solutions then A — z is free from solutions as well. If the
second conclusion of the is true, that is for some i there is |(a;- A;)NBj | > (1+1/16k)a| By |
we immediately finish the proof, as we have the desired density increment with B* = By .
Otherwise we continue the proof, keeping the first conclusion. We now define a set of
Popular sums P. Consider the function

f(x) = Logas * Laga, %% 1g,.a,(2).
We see that
suppf = az - Az +ay- Ay + -+ ap - Ay € B+ (k= 3)Bs € By, h_3)5-

We fix a threshold to be o
Q = §|A4||A5|"'|Ak|

and finally define P C B H(k—3)s BS

P:={xe Bi+(k73)5 fz) = QF.

Notice that in the definition of @) we do not have the |A3| term, because instead we wrote
$» which is proportional to the density of A3 in Bj +(k—3)5" We will consider two cases,
depending on the size of P.

Case 1 (|P| = |B{, (x—_3)5|/2): We will apply Theorem 14 to the sets, M := a; - Ay,

Ai=ay- Ay and L = P° = By, ; 3, \ P. We define S to be ay - Bj, where v := 1/Cd, to
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get a regular Bohr set with radius at least p/Cd®, such that |1 B5114)]
to verify the assumptions of Theorem 14, let us start by calculating

< 2|Bj|. We have

8 16
jaz - Az + S < [Bja4)| < 20B5] <2 | Ao = 2 as - A,
and so K = ;—2 is sufficient. To calculate n, let us see that

8 3
L] < (1= 1/2)|Biy gyl S LOL-[B]/2< 101~ 5 2-as - Ar| < pan - Aul

1
2
son = a.
Therefore from Theorem 14, we get a Bohr set B*, such that for every ¢t € B* we have
||1¢11'A1 * 1a2~A2 * 1L< + t) — 1a1~A1 * 1a2~A2 *x 1L||oo < €|A1HA2|

Later we will see that € = % suffices therefore the rank and the radius of Bx are appropri-
ate. We now show that Lemma 18 can be used with § = % to obtain a density increment.
We easily see that

3
[[Tay-a, * 1ol[1 = [A2]|L] < @\A1HA2|

and so we take our function to be 1,,.4, * 15/|A;]||A2]. To show that the remaining
assumption is satisfied we need

1a1-Al * 1a2-A2 * 1L(O> > (1 - 6)‘141“‘42‘

Let us use what we know about the number of solutions in A. Since our equation is
invariant the number of solutions in A — x is the same. We notice that

]‘al'Al * 1a2~A2 * 1P(O> ’ Q < exp(—Cleg(d/Oé))|A1||A2||A|k_3. (3)

By Proposition 3 we also see that

T a3
4l > S1B| > () 18]

for ¢ > 2. Simplifying the constants we get
|Ail > exp(—=C"dlog(d”/a))|A| > exp(—Cdlog(d/a))|Al.
Applying this inequality multiple times to lower bound ) and then rearranging (3) gives
!
Tayay * Loya, x 1p(0) - §|A]k’3 < lgya, * Loy, % 1p(0) - Q - exp(Cadlog(d/a))
!
< —|Aq||As|| A3

Al )4,

where the last inequality follows from the restriction on the number of solutions, provided
the constant C' has been chosen large enough. Thus we have

1
Loy, * 1gp.a, ¥ 1p(0) < §|A1||A2|-
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Because 1; = 1Bi+(k_3)5 — 1p we have

1 1
o * Lopeas # 10(0) 2 (1= ) |Arl|As] > (1= ) 14| As.

Thus we can apply Lemma 18 with € = % to finish the first case of the proof. Here the
density increment was 2(1 — %)a = 3a.

Case 2 (|P| < |Bj (4_3s//2): We will proceed in a similar fashion, however this
time we will apply Theorem 14 to the sets a4 - A4, ..., ax - Ap, M := a3 - A3z and L :=
—1-P C Z/pZ. The Bohr set will be B* = Bi+(k—36) as previously. We use almost the
same S as in the previous case. We only swap as - Ay for ay - Ay, that is S := a4 - Bj,.

Arguing in exactly the same way we have

W~

16
lag - Ay + S| < %la4-A4|.

This time we have |L| < [B], ;_3)//2 < 2 laz - As, again arguing in the same way, just
swapping a; - Ay for az - A3. We apply Theorem 14 with € = % and so the rank and the
radius of B* are as needed. We also estimate the || - ||; norm, notice that

[ Tagoay * Lagas * - % g, * 1opl|y = [Ag]|As] - - |Ar[| L]
3
< 5—\A3\|A4\|A5\ s [ Ayl
(e}

So this time our function in the application of Lemma 18 (again with § = £) will be
Lagag * -Lagag * -+ % Lag.a, * 1—P/‘A4||A5‘ T |Ak|

and the set will be a3 - Az, sufficient ¢ will turn out to be 1/6. It remains to estimate
(using g defined above) g * 1,,.4,(0). We see that

g * 1a3'A3(0) = Z 1a3~A3 * '1a4-A4 Koo X ]‘ak'Ak(p) = |A3||A4| T |Ak| - Zf(p)7
peP pé¢P
however, by the definition of P, we have

o
Zf(p) < g’Bi+(k—3)5\|A4\|A5\ AR <
pgpr

- 1.01 - |As||Ag] - - - | Akl

~J|

where we use the fact that density of az - A3 in B’ is at least %a. Combining the two
previous lines we obtain

1
9% Layaa (0) > (1= 2 ) 1AsllAul - | A,

which finally lets us apply Lemma 18 with € = %. Here the density increment of Az on

(a3) LB, o5 18 2(1 — 2)a = La,

We actually considered 3 possible cases, one being the second conclusion of Lemma 10.
That one had by far the worst density increment, which we record in the current lemma.
This finishes the proof. O
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We can finally prove Theorem 3.

Proof. As mentioned before, we pick
(lar] + a2 + - + |an[)N < p < 2(|ar| + [az] + - + |aa )N

Let ap = 141,

P
By Proposition 6 and Lemma 9 there exists a number § € [1/240, 1] such that there for
some translate z € Z/pZ we have B() := Bohr({1}, §) regular and

(A—2)N B? > 090, BY).

Let A® = (A—2)NB©. We iterate Lemma 19 on the sets A B obtaining (AM, BW),
(A® B®@) .. .. For eachi > 0 we have AW = (A —t;) N B, where t; is some translate.
We know that after, say, s steps it is no longer possible. That is because the density of
A® cannot exceed 1. Since Lemma 19 cannot be applied to A®) and B®) we know that
A®) contains at least e Cds log(ds/‘”)|A(5)|"“_1 solutions of aix1 4+ asxs + -+ + apxy = 0,
where C' depends on the equation. We easily calculate that

s <
d, < Clog®(2/ay),
Ds 2( )Cs_

Clearly as and « differ only by a constant depending on the equation, so do N and p.
Therefore by Proposition 8 we have

|A(s)| = a2|B(S)| = az(Ps/Qw)dSp > e~ Clog™(2/a) \y.

We also note that log(d,/a) < loglog®(2/a) < log(2/a). Putting all of these bounds
together with the estimate on the number of solutions in A®) we have

edeS log(ds/a)|A(s)’kfl > 67010g7(2/a)Nk71‘

So A contains at least e~Cl8"(2/a) Nk=1 glutions to a171 + agxs + - - - + apxy = 0, since
AB) 4 ¢, C A and the equation is invariant. O

6 Behrend-type construction for the lower-bound

In this section we prove Theorem 4, which gives an analogous lower bound to what we
have proved in the last section. We modify the argument of Tao ([18], Proposition 1.3)
to show a Behrend-type bound for convex equations.
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Proof. Let N = M%? where d’ > 0 is an arbitrary integer (to constuct infinitely many
N) and M, d will be chosen later. Define a map D : [N] — [M]? to be the mapping that
sends a number to the vector of its last d digits in base M. To be precise, we define D as

n

To put it in yet another way, if n = ap M* + ap_ M* 1 + - + ay M + ay then D(N) =
(ag, ax, . ..,a;). Define T C [N] by including all n such that for all ¢ one has D(n); < 4£.
Clearly |T| > N - k=¢. Among the numbers 1,2,. d]\/_/2 choose r such that the sphere
||D(z)||? = r, which we call A, has at least ‘ML > 23 L M¥+4=2 points inside T. Suppose
that xy,29,...,2, € A are such that oy + -+ + 24,1 = (k — 1)zg. Since there is no
carry-over in base M for the last d digits when adding elements of A up to k times, we
have
D(zy)+ -+ D(zr_1) = (k— 1)D(zy).

This however, can only be the case when D(z1) = -+ = D(x-1) = D(xx) by convexity,
since all of the points belong to a sphere of radius r.

Let us now carefully count the total number of solutions. We pick z; to be an arbitrary
element of A. As a consequence of the above observations x, x3, ..., z,_1; must have the
same last d digits as x;. That leaves out d’ digits to choose from for each of the k — 2
variables. Since z;, is determined by the rest of the variables we conclude that there is at
most |A|M®*=2) solutions to the equation x; + - —|— zr—1 = (k — 1)z inside A. Now we
choose ¢ = ¢(k) > 0 to be a small constant, ¢ = - suffices. We set d := [clog(2/a)]

4+21
and M := |a~¢], then we have
M +d—2 1
A|/N > =
Al Ndk? dkIM?

1
P
c 10g<2/a)kclog(2/a)a—20

= Q.

The last inequality follows after simple rearranging. We also note that d > 1. That is
because we assumed o < exp(—1/¢), thus we have log(2/a) > 1/c and so

d=|clog(2/a)] > 1
Further, bounding the size of A by N we have

|A|pre (+=2) < |A| < pdHd—(k=1)d—d

—(k—2)d —c(k—2)log?(2/a)
NFk-1 = M k=1d+d’ S =M Se * ’

which is the desired maximal number of solutions as ¢(k —2) is a constant depending only
on k. n

7 Applications

Theorem 2 of Bloom has been used in a number of papers employing the Fourier Trans-
ference Principle. Examples of such results are papers from Prendiville [11], Chow [7],
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Browning and Prendiville [6]. We think that substituting Theorem 2 by our Theorem 3
for equations of length 4 and more, could bring quantitative improvements. We briefly
recall the first of the results [11] and state how the bound improves.

Let S € {1,2,..., N} and suppose that the only solutions to the equation

T1+ Y1 = T2+ Yo

for z1,x9,y1,y2 € S are trivial (by which we mean x; = y; and xo = yo or x; = ys and
Ty = y1). Then S is called a Sidon set and it is known that |S| < (1 + o(1))N'/2. The
problem of finding solutions to invariant equations in Sidon sets was considered by Conlon,
Fox, Sudakov and Zhao [8]. They give a weak upper bound of |S| < o(N'/2), providing
a comment about how to use their methods to obtain a stronger bound. Prendiville [11]
used the method of Fourier Transference Principle to get an improvement on the work of
Conlon, Fox, Sudakov and Zhao.

Theorem 20. (Prendiville) If N > 3 and S C {1,2,... N} is a Sidon set lacking solutions
to an invariant equation a1xy, + asxy + - - - + agxyr = 0 in k = 5 variables, we have

S| < CNY2(loglog N)~".

Prendiville already mentions that the result could be boosted by a counting version of
the theorem of Schoen and Sisask [16]. Indeed, after we have proved Theorem 3, we can
apply it in Prendiville’s proof intstead of Theorem 2. As a result, the following statement
is obtained.

Theorem 21. Let S C {1,2,..., N} be a Sidon set, which contains no non-trivial solu-
tions to an invariant equation a1x1 + asxs + - - + agxr = 0 in k > 5 variables. Then we
have

1S] < N2 eXp(—C’(loglogN)l/7)7

where the constant C' depends on the equation.

References

[1] F. A. Behrend, On the sets of integers which contain no three in arithmetic progres-
sion. Proc. Nat. Acad. Sci., 23:331-332 (1946).

[2] T. F. Bloom, Additive Combinatorics - part III lecture notes. http://thomasbloom.
org/teaching/AC2021.pdf.

[3] T.F. Bloom, Translation invariant equations and the method of Sanders. Bull. Lond.
Math. Soc. 44 (2012), no. 5, 1050-1067.

[4] T.F. Bloom, O. Sisask, The Kelley-Meka bounds for sets free of three-term arithmetic
progressions. arXiv:2302.07211.

[5] T. F. Bloom, O. Sisask, An improvement to the Kelley-Meka bounds on three-term
arithmetic progressions. arXiv:2309.02353v1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(3) (2025), #P3.24 23


http://thomasbloom.org/teaching/AC2021.pdf
http://thomasbloom.org/teaching/AC2021.pdf
https://arxiv.org/abs/2302.07211
https://arxiv.org/abs/2309.02353v1

[6] T. Browning, S. Prediville, A Transference Approach to a Roth-Type Theorem in the
Squares. International Mathematics Research Notices, Volume 2017, Issue 7, April
2017, Pages 2219-2248 (2016).

[7] S. Chow, Roth-Waring-Goldbach. International Mathematics Research Notices, Vol-
ume 2018, Issue 8, April 2018, Pages 2341-2374 (2017).

[8] D. Conlon, J. Fox, B. Sudakov, Y. Zhao, The regularity method for graphs with few
4-cycles, J. London Math. Soc. 104; 2376-2401 (2021).

[9] Z. Kelley and R. Meka, Strong bounds for 3-progressions. IEEE 64th Annual Sym-
posium on Foundations of Computer Science (FOCS). Santa Cruz, CA, USA 2023,
933-973 (2023).

[10] S. Prendiville, Four variants of the Fourier-analytic transference principle. Online
Journal of Analytic Combinatorics (2015).

[11] S. Prendiville, Solving equations in dense Sidon sets. Math. Proc. Cambridge Philos.
Soc. 173 (2022), no. 1, 25-34.

[12] K. F. Roth, On certain sets of integers. J. London Math. Soc. 28 (1953): 104-109. 1,
3.

[13] T. Sanders, Additive structures in sumsets. Math. Proc. Cambridge Philos. Soc. 144
(2008), no. 2, 289-316.

[14] T. Sanders, The structure theory of set addition revisited. Bulletin of the American
Mathematical Society 50 (2012).

[15] T. Schoen, I.D. Shkredov, Roth’s theorem in many variables, Isr. J. Math. 199 (2014)
287-308.

[16] T. Schoen and O. Sisask, Roth’s theorem for four variables and additive structures
in sums of sparse sets. Forum Math. Sigma 4 (2016) eb, 28.

[17] T. Tao and V. H. Vu, Additive Combinatorics. Cambridge University Press (2006).

[18] T. Tao, The ergodic and combinatorial approaches to Szemerédi’s theorem,
arXiv:math/0604456 (2006).

[19] B. L. van der Waerden, Beweis einer Baudetschen Vermutung. Nieuw Arch. Wisk.,
15 (1927), pp. 212-216.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(3) (2025), #P3.24 24


https://arxiv.org/abs/math/0604456

	Introduction
	Notation
	Tools for finding Almost-Periods
	Improving the bound for many variables
	Counting solutions to invariant equations
	Behrend-type construction for the lower-bound
	Applications

