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Abstract

Let G be an edge-colored graph on n vertices. For a vertex v, the color degree
of v in G, denoted by d°(v), is the number of colors appearing on the edges incident
with v. Denote by §°(G) = min{d®(v) : v € V(G)}. By a theorem of H. Li, an
n-vertex edge-colored graph G contains a rainbow triangle if 6¢(G) > "T‘H Inspired
by this result, we consider two related questions concerning edge-colored books
and friendship subgraphs of edge-colored graphs. Let k > 2 be a positive integer.
We prove that if 0¢(G) > "= where n > 3k — 2, then G contains k rainbow
triangles sharing one common edge; and if §¢(G) > % where n > 2k 4+ 9, then
G contains k rainbow triangles sharing one common vertex. The special case k = 2
of both results improves H. Li’s theorem. The primary novelty in our proof of the
first result lies in the integration of the recent technique for identifying rainbow
cycles, which was developed by Czygrinow, Molla, Nagle, and Oursler, with certain
counting methods from Li, Ning, Shi, and Zhang [J. Graph Theory, 107(4), 2024].
The proof of the second result is facilitated by the implicit use of the machinery
underlying the work on Turdn numbers for matchings, as established by Erdés and
Gallai.

Mathematics Subject Classifications: 05C15, 05C38

1 Introduction

In 1907, Mantel [25] proved that every triangle-free graph on n vertices has size at most
L"TQJ Rademacher (see [11, pp.91]) showed that there is not just one triangle, but indeed at
least | 5] triangles in a graph G on n vertices and at least % +1 edges. The k-fan (usually
called friendship graph), denoted by F}, is a graph which consists of & triangles sharing a
common vertex. The book By is a graph which consists of £ triangles sharing a common
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edge. Erd6s [10] extended Mantel’s theorem and conjectured that there is a B rz1 in G if

e(G) > %2, which was later confirmed by Edwards in an unpublished manuscript [8], and
independently by Khadziivanov and Nikiforov [20]. Erdés, Fiiredi, Gould, and Gunderson
[11] also studied Turédn numbers of Fj, and proved that ex(n, Fy) = ["TQJ +k? — Kk if k is
odd; and ex(n, Fy) = L"IZJ + k? — 3% if k is even, for n > 50k?. These results immediately
imply the fact that every graph on n vertices with minimum degree at least ”T“ contains
a By, for n > 6k and also a F}, for n > 50k%. In this paper, we consider edge-colored
versions of these extremal problems.

A subgraph of an edge-colored graph is properly colored (rainbow) if every two adja-
cent edges (all edges) have pairwise different colors. The rainbow and properly-colored
subgraphs have been shown closely related to many graph properties and other topics,
such as classical stability results on Turdn functions [27], Bermond-Thomassen Conjecture
[13], and Caccetta-Héaggkvist Conjecture [1], etc. For more rainbow and properly-colored
subgraphs under Dirac-type color degree conditions, we refer to [14, 15, 9, 5, 7].

The study of rainbow triangles has a rich history, and there are many classical open
problems on them. In some classical problems, the host graph is complete. One conjecture
due to Erdds and Sés [12] asserts that the maximum number of rainbow triangles in a 3-
edge-coloring of the complete graph K,,, denoted by F'(n), satisfies F'(n) = F'(a)+ F(b) +
F(c)+F(d)+abc+abd+acd+bed, where a+b+c+d = n and a, b, ¢, d are as equal as possible.
By using flag algebras, Balogh, Hu, Lidicky, Pfender, Volec, and Young [2] confirmed this
conjecture for n sufficiently large and n = 4* for any k > 1. Another example is a recent
conjecture by Aharoni (see [1]), which would imply Caccetta-Haggkvist Conjecture [4],
a fundamental open problem in the theory of digraphs. Aharoni’s conjecture says that
given any positive integer r, if G is an n-vertex edge-colored graph with n color classes
and each of size at least n/r, then G contains a rainbow cycle of length at most r. For
more recent developments on Aharoni’s conjecture, we refer to the work [6, 17, 18] and
more references therein. A special case of Aharoni’s conjecture is about rainbow triangles.
The relationship between directed triangles and rainbow triangles has been extensively
used before (see [24, 21, 22]).

To illustrate this connection, we introduce a construction by Li [21]. Suppose that
D is an n-vertex digraph such that the out-degree of every vertex is at least n/3. Let
V(D) = {v1,v,...,v,}. We construct an edge-colored graph G such that: V(G) = V(D);
for each arc 171); € A(D), we color the edge v;v; with the color j. In this way, the number of
colors appearing on edges incident with v; different from i equals to df(v;). Thus, finding
a directed triangle in D is equivalent to finding a rainbow triangle in such a corresponding
edge-colored graph. More importantly, the idea of constructing an auxiliary digraph will
also play a crucial role in the proofs presented in this paper.

Our theme of this paper is closely related to the color degree conditions for rainbow
triangles. Let G be an edge-colored graph. For every vertex v € V(G), the color degree
of v, denoted by d¢,(v) (or in short, d°(v)), is the number of distinct colors appearing on
the edges which are incident to v. The minimum color degree of G, denoted by 6(G)
(or in short, 6¢), equals to min{d°(v) : v € V(G)}. It is an easy observation that every
graph on n vertices contains a triangle if the minimum degree is at least ”T“ H. Li and
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Wang [24] considered a rainbow version and conjectured that the minimum color degree
condition 0°(G) > ™t ensures the existence of a rainbow triangle in G. This conjecture
was confirmed by H. Li [21] and also independently by B. Li-Ning-Xu-Zhang in [22].

Theorem 1 (H. Li [21], B. Li-Ning-Xu-Zhang [22]). Let G be an edge-colored graph on n

vertices. If 6°(G) = "+ then G contains a rainbow triangle.

Indeed, B. Li, Ning, Xu and Zhang [22] proved a weaker condition }_, .y g d°(v) >
@ suffices for the existence of rainbow triangles, and moreover, characterized the ex-
ceptional graphs under the condition §°(G)) > %. Very recently, X. Li, Ning, Shi, and
Zhang [23] established a counting version of Theorem 1. Specifically, they demonstrated
that in any edge-colored graph G, there exist at least $6°(G)(26°(G) — n)n rainbow tri-
angles, where this bound is best possible.

Hu, Li and Yang [19] proposed the following conjecture: Let G be an edge-colored
graph on n > 3k vertices. If §¢(G) > "T*k then G contains k vertex-disjoint rainbow
triangles. Besides the work on Turan numbers of books and k-fans mentioned before,
our other motivation is to study the converse of Hu-Li-Yang’s conjecture, i.e., rainbow
triangles sharing vertices or edges. We shall study the existence of rainbow triangles
sharing one common vertex or an edge under color degree conditions.

Our original result is the following one which improves Theorem 1. In fact, we can go

farther.

Theorem 2. Let G be an edge-colored graph on n vertices with 6°(G) > £+

(i) If n = 4 then G contains two rainbow triangles sharing one common edge.
(ii) If n > 13 then G contains two rainbow triangles sharing one common vertez.

Our main results are given as follows.

Theorem 3. Let k > 2 be a positive integer and G be an edge-colored graph onn > 3k —2
vertices. If 6¢(G) > %’H then G contains k rainbow triangles sharing one edge.

Theorem 4. Let k > 2 be a positive integer and G be an edge-colored connected graph on
n = 2k + 9 vertices. If §°(G) > %H then G contains k rainbow triangles only sharing
one common vertez.

Setting 0°(G) = %’H in Theorem 3, the following example shows that the bound
“n > 3k —27 is sharp. Furthermore, it follows from Example 1 that the tight color degree
should be at least §¢ > ”T*k when n < 3k — 3.

Example 1. Let G be a properly-colored balanced complete 3-partite graph G[V;, V5, V3]
with |V(G)| = 3k — 3 and V| = |Va| = V3] = k — 1, where k > 1 is a positive integer.
Then for each vertex v € V(G), d°(v) = d(v) = 2k — 2 = “2=1 while G contains no By,
and Fj, (see Figure 1).

The main novelty of our proof of Theorem 3 is a combination of the recent new
technique for finding rainbow cycles due to Czygrinow, Molla, Nagle, and Oursler [5] and
some recent counting technique from [23]. In particular, Czygrinow et al. [5] extended
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Figure 1: An extremal graph for Theorem 3

Theorem 1 by proving that for every integer ¢, every edge-colored graph G on n > 432¢
n+1

many vertices satisfying 0°(G) > ™= admits a rainbow /-cycle C;. One novel concept
introduced in [5] is the notion of a restriction color, which will be utilized in our proof.

Meantime, both Theorem 3 and Theorem 4 improve Theorem 1 as they imply Theorem
2 by setting & = 2. On the other hand, Theorem 4 slightly improves Theorem 9 in [23]
by a different method.

This paper is organized as follows. In Section 2, we introduce some necessary notations
and terminology. In Section 3, we prove some lemmas and general versions of Theorem
2, i.e., Theorems 3 and 4. We conclude this paper with some more discussions on the

sharpness of our results, together some propositions on F}, and By on uncolored graphs.

2 Notations

In this paper, all graphs considered are simple and connected graphs. Let G be an edge-
colored graph. Let C(G) be the set of colors appearing on E(G). For two disjoint subsets
V1, Vo C V(G), the set of colors appearing on the edges between V; and V5 in G is denoted
by C(V1,V2). Some of our notations come from [5, 23]. For a vertex v € V(G), let C(v)
be the set of colors appearing on the edges incident with v. For a color o € C(G) and a
vertex v € V(G), define the a-neighborhood of v as

Na(v) = {u € N(v) | c(uv) = o},
and a-neighborhood in X of v as
No(v, X)={ue Nv)NnX | c(uv) = a},

where X C V(G), and N(v) is the neighborhood of v in G. Define

Niw) = (J {Na(v) | [Na(v)| = 1}.

a€eC(G)
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For the sake of simplicity, let d,(v) = |N,(v)| and dy (v, X) = |N,(v, X)|. Moreover, let

N{v] be the closed neighborhood of v in G, that is, N[v] = N(v)U{v}. The monochromatic
degree of v, denoted by d™"(v), is the maximum number of edges incident to v colored
with a same color (i.e., d™*"(v) = max{d,(v) | « € C(G)}.) For a graph G, we denote the
monochromatic degree of G by A™"(G) = max{d™"(v) | v € V(G)}.

The following concept of restriction was first introduced in [5, Section 3].

Definition 5 (Restriction color [5]). Let G be an edge-colored graph. Fix v € V(G) and
X C N(v). Fory € V(G)\{v} and o € C(FE), we say (v, X) restricts color « for y if there
is some x € N(y) N X such that a = c¢(zy) # c(vz) and o ¢ C({y}, N(y) \ X). Denote by
0y, x (y) the number of colors a € C(FE) restricted for y by (v, X).

Denote by rt(v) the number of rainbow triangles containing v; by rt(v, ) the number
of rainbow triangles containing both v and z (i.e., containing the edge vz); and rt(v, X) =

erX Tt(va '17)

3 Edge-colored books and friendship graphs

According to the definition of restriction color, we have the following proposition.

Proposition 6. Let v be a verter of G, x € N(v), X = Newa)(v), and Y = N(v) \ X.
Then rt(v,x) = oyy(x) and rt(v, X) = Y ¢ ouy ().

Proof of Proposition 6. For y € Y N N(z), we have c(vx) # c(vy). If (v,Y) restricts
c(xy) for x, then c(zy) # c(vy) and c(xy) ¢ C({x}, N(z) \ V), which also implies that

c(xy) # c(vr). Thus, vryv is a rainbow triangle. It follows rt(v,z) > o,y (x) and
rt(v, X) = >N )0'1}7}/(513').

e(va) (v
Remark 7. We say that an edge-colored graph G is edge-minimal if §°(G — e) < §°(G)
for every e € E(G). In the proofs of Theorem 3 and Theorem 4, it is assumed that G is
a counterexample with e(G) as small as possible with respect to n and ¢, which implies
that G — e must be a graph with 6°(G — e) < ¢¢ for every e € E(G), otherwise G — e is
a counterexample with a smaller size respect to n and 0 than G. Moreover,such edge-
minimal graphs G do not contain monochromatic paths of length 3 or monochromatic
triangles.

The form of the following lemma is motivated by [23], but its proof is a mixture of
techniques from [5, 23].

Lemma 8. Let G be an edge-colored graph which is edge-minimal. Then for anyv € V(Q)
and o € C(v), we have,

rt(v, No(v)) = Z (dc(x) + d°(v) — n)

€N (v)

+da(0) Y2 (ds(0) = 1) = dalw) (da() = 1) = D" dutu (. Na(v)).

BEC(v) yEN,(v)

o
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Proof of Lemma 8. Fix a vertex v € V(G) and o € C(v). For convenience, let X = N, (v),
Y = N(v)\ X. Define a directed graph D on V(D) = X UY as follows: the arc yf exists
if and only if ¢(zy) = c(vy) for x € X and y € Y. Since G is edge-minimal, the
existence of Ty gives de(oy)(v) = 1 and then y € Ni(v). (Indeed, since the arc ¥y exists,
we have c(zy) = c(vy). If dewy)(v) > 2, there exists a monochromatic path of length 3, a
contradiction!) Evidently, d},(y) = de(uy)(y, X ). Thus,

2 (@ =2 o) = 3, d)= 3 deonX). 1
zeX yey yEN (v yEN(v)

In addition, as for x € X, there are o,y (x) colors that are restricted by (v,Y") for .
Hence, there are at most d(z) + o,y (z) colors that appear on edges from x to Y but
no edges from z to N(x) \ Y. Then there are at least d°(z) — d(x) — 0,y (x) vertices in
V(G)\ (Y U{z}). Therefore,

n—|Y|—12>dx)—dy(z) — opy(2)

= oyy(x)2d(@)+|Y|+1—-dy(z)—n (2)

Note that [Y| = d(v) — da(v) = > scc) ds(v) — da(v) = d°(V) + 3 gec(y)(da(v) — 1) —
da(v). According to Proposition 6 and combining Inegs (1) and (2), we can get that

rt(v, X)

P Z UU,Y(J})

zeX

>Z(d0(x)+lY|+1—n)— > ey X

zeX yEN(v)

— Z (dc + dc Z (dﬁ(’[}) — 1) — da(’U) +1-— TL) — Z dc(vy)(y7X

zeX BeC(v) yEN,(v)

> (@) + d@) = n) + da(@)( Y (da(v) = 1)) = da(v)(d Z ooy (v, X

reX BeC(v) yEN (v

The proof is complete. O

Since rt(v) = %ZaEC(v) rt(v, No(v)), we have the following corollary.

Corollary 9. Let G be an edge-colored graph which is edge-minimal. Then we have,

rt(v) = % ( Z (d°(z) + d°(v) — n)
€N (v)
+d@)( Y [@da(®) = 1) = D da(v)(da = Y ey N ().
a€eC(v) a€eC(v) yEN(v)
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For each vertex v € V(G) and o € C(v), let
Bo(v) = da(@)( D2 (ds(0) = 1)) = da(0)(da(0) = 1) = Y doguy (3 Na(0)- (3)
BeC(v) yeN(v)

Then by Lemma 8,

rt, Na(v) =S <dc(a:) + () — n) + Ba(v). (4)

€N (v)

Moveover, let o be the color such that d,,(v) = d™"(v). Set

B(v)
= Z Ba(v)
a€eC(v)
=dw)( Y (dalo)=1)) = D dal —1) = Y ey (5 N ().
a€eC(v) aGC(u yEN(v)
= (d(v) — d™™(v)) (d™"(v) — 1) — Z de(uy) (Y, N(v)) + Z (d(v) = da(v)) (da(v) —1).
yENI(v) acC(w)\{ao}
) @

Then by Corollary 9,

rt(v) >

( 3 (@) +do(v) —n) + B(U)). (6)

€N (v)

N | —

We say an edge zy € E(G) is a rainbow triangle edge of v if vryv is a rainbow triangle.
Denote by ®(v) the edge set of rainbow triangle edges of v.
First we prove a result on a vertex with maximum monochromatic degree, i.e., a vertex

v € V(Q) with d™"(v) = A™"(G).

Lemma 10. Let G be an edge-colored graph which is edge-minimal. Then for a vertex
v € V(G) with d™"(v) = A™"™(G) we have B(v) > 0. Let ag be the color such that
Aoy (V) = d™™(v). If A™"(G) > 2 and B(v) = 0 then there hold:

(a) Ni(v) = N(v) \ Nuy(v) and do(v) =1 for a € C(v) \ {ao};

(b) degoy(y) = d™"(y) = A™(G) for all y € Ni(v); and

(¢) if Bay(v) = 0, then E[Ny,(v), Ni(v)] C ®(v).

Proof of Lemma 10. If A™°"(G) = 1, then obviously B(v) = 0. Suppose that A™"(G) >
2. Since de(py) (y, N(v)) < A™(G) — 1 = d™"(v) — 1 for all y € Ni(v), we have part (I)
in Eq (5) is more than or equal to 0. It guarantees that B(v) > 0.

Moreover suppose B(v) = 0 and A™"*(G) > 2. Then the following two equalities hold.

(d(v) — d™(v)) (™" (v) = 1) = > deoy (. N(v)) =0, (7)

yEN, (v)
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Y () = da(v)) (da(v) = 1) = 0. (8)
aeC(v)\{ao}
If there exists a vertex y € Ni(v) such that de(y) (y, N(v)) < d™"(v) — 1, then (d(v) —
dmen(v)) (dmom(v) — 1) > > yeni(v) de(oy) (Y; N (v)), a contradiction to Eq (7). Hence for all
y € Ni(v) we have dey)(y, N (v )) = d™"(v) — 1, which implies that (b) holds. Then

0= B(v) = (d(v)—d™"(v)—|N(v)]) (d""(v)—1)+ Z (d(v)—dqa(v)) (da(v)—1) > 0.

aeC(v)\{ao}

Since A™"(G) = d™™(v) = 2, we have d(v) — d™"(v) — |N)(v)| = 0 and d,(v) = 1 for
a € C(v)\ {ap}. Therefore, (a) holds.

We prove (c) in the following. Since d(v) — d°(v) = dmon( )—1land dyo(v) —1 =0
for « € C(v) \ {ao} by (a), we have B,,(v) = Z de(oy) (Y Nap(v)) by Eq (3).
Suppose that By, (v) = 0. Then de(uy) (¥, Nay(v)) = 0 for all y € NI( ). Since G is edge-
minimal and d™°"(v) > 2, we have ag ¢ C(Ny, (v), ( )); indeed, if g € C(Ny, (v), Ni(v)),
then there exists a monochromatic path of length 3. Furthermore, for any edge xy €
E[Ny, (v), Ni(v)], c(xy) & {c(vz),c(vy)}. Thus xy is a rainbow triangle edge of v. Hence
E[N,,(v), Ni(v)] € ®(v). This proves (c). The proof is complete. O

3.1 Edge-colored books

We first give a lemma on By in an uncolored graph G with restriction on the standard
minimum degree §(G).

Lemma 11. Let k > 2 be a positive integer and G be a graph on n > 3k — 2 vertices. If
§(G) > =L then G contains a By,

Proof of Lemma 11. Suppose to the contrary that there is no By in G. If there exists a
vertex v € V(G) with d(v) > 2% then |N(v) N N(u)| > [25] + [25=1] —n > k where
u € N(v). In this case, there is a By. Suppose d(v) = =L for all v € V(G). (If 2=
is not an integer, 6(G) > "= guarantees that §(G) > “t%))

Claim.

Proof. As there is no By in G, we have |[N(v) N N(u)| < k — 1. Thus,

k—=1>=|N(w)NN(u)| =dw)+du)—|N(v)UN(u)|
n+k—1 n+k-1

2 * 2
k—1.

WV

—n

WV

Hence |[N(v)NN(u)| = k—1 > 1 and N(u)UN(v) = n. It follows that V(G)\N(v) C N(u)
and V(G) \ N(u) C N(v). O
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Let wv € E(G) and w € N(v) N N(u). According to Claim, we have V(G) \ N(v) C
N(w). Hence, V(G)\ N(v) € N(u)NN(w). Since each vertex in V(G) is of degree “+2=1,
we have |[V(G) \ N(v)| = =% Then |N(u) N N(w)| > [*=%+] > k, a contradiction.
This proves Lemma 11. O

Now we are ready to prove Theorem 3.

Proof of Theorem 3. We prove the theorem by contradiction. Let G be a counterexample
such that e(G) is as small as possible respect to n and §°. By Lemma 11, we can assume
A™™(G) > 2. By Remark 1, G is edge-minimal.

Claim 1. For any vertex v € V(G) with d""(v) = A™"(G), let o be the color such
that du,(v) = d™™(v). Then B(v) = B,(v) = 0 for a € C(v) and rt(v,z) = k — 1 for
xr € N(v).

Proof. We use d,, instead of d,(v) in the following. If there exists a color @ € C(v)
such that rt(v, No(v)) = (k — 1)d, + 1, then there exists a vertex xo € N,(v) satisfying
rt(v,xo) = k, a contradiction. Thus, for all a € C(v), we have

rt(v, No(v)) < (k= 1)da < Y (d°(2) + d°(0) — 1),

ZEN (V)

where the second inequality holds as the condition that d°(z) 4+ d°(v) > n+ k — 1 due
to our assumption on 6°(G) in the theorem statement. It follows that B,(v) < 0 for all
a € C(v) by Ineq (4). Then by Lemma 10, 0 < B(v) = >_ ¢, Ba(v) < 0. That is,
B(v) = B,(v) =0 for @ € C(v). Then we have rt(v, No(v)) = (k — 1)d, for all o € C(v)
and d, = 1 for a € C(v) \ {ap} by (a) of Lemma 9. Since G contains no k rainbow
triangles sharing one common edge, rt(v,x) = k — 1 for all z € N(v). O

Let v be a vertex with d™"(v) = A™"(G) and I" be the subgraph of G induced by
NJv]. Then we have the following claim.
Claim 2. df(z) < k for x € Ni(v).
Proof. For any x € N(v), since B(v) = 0, dewe) () = A™"(G) by b) of Lemma 10.
Thus, B(x) = Beuge)(z) = 0 by Claim 1 and N(x) = Ni(x) U Newg)(z) by (a) of Lemma
9. For any vertex u € N(v), if u € Ni(v) then uv € ®(z) as v € Negg)(x). Thus uvru

is a rainbow triangle, which means that zu € ®(v). Hence for any u € N(v) N N(x),
U € Negwg)(x) or zu € ®(v). Therefore,

di(z) < rt(v,z) +1=k. O
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Then, we infer for x € Ny(v),

kE—1
o < (@) < i) + |G - T
< df(z) + n— (A"(G) + d°(v))
<k+4+n—A""G) — d(v)
(PEEHL pmen,
2
that is, A™"(G) = 1, a contradiction. O

3.2 Edge-colored friendship graphs

The aim of this subsection is to prove Theorem 4.

A covering of a graph G is a subset K of V(G) such that every edge of G has at least
one end vertex in K. A covering K* is a minimum covering if G has no covering K with
|K| < |K*|. The number of vertices in a minimum covering of G is called the covering
number of G, and is denoted by 7(G).

Lemma 12. For a graph G on n vertices, we have 7(G) < n — 1. Furthermore, G is
complete if and only if T(G) =n — 1.

Proof of Lemma 12. The sufficiency of condition is clear. Now we establish its necessity.
Suppose that G is not complete. Then there exist two vertices u,v € V(G) such that
wv ¢ E(G). Hence V(G) \ {u,v} is a covering of G. Thus, 7(G) < n — 2. O

A matching in a graph is a set of pairwise disjoint edges. The matching number of a
graph G is the maximum number of pairwise disjoint edges in GG, denoted by v(G). The
Tutte-Berge Formula [26, 3] is very useful when we study the problem related to matching
number. A partition of G is a family of pairwise disjoint subsets Vi, Va,...,V, of V(G)
satisfying U1<¢<p Vi =V(G).

Definition 13. (Ap-partition) Let Ay be a subset of V(G). We say (Ag, 4;,...,A4,) is a
Agp-partition of G if (Ay, Ay, ..., A,) is a partition of G such that G[4;] is a component of
G—Apfor1 <i<p.

Theorem 14 (Tutte-Berge Formula). A graph G satisfies v(G) = s if and only if G
contains a Ag-partition (Ao, Ax, ..., Ap) with |A;| odd for 1 <i < p, and

p
Al —1
s= g+ Yo AL
i=1

Now we will get a useful lemma which shows the relationship between the covering
number and the matching number of a graph.
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Lemma 15. Let G be a connected graph on n > 2v(G) + 2 vertices. Then G contains a
Ao-partition (Ao, A1, ..., Ay) with |A;] odd for 1 <i<p, Ag# 0, and

7(G) < 2v(G) — |Ao] < 2v(G) — 1.

Furthermore, if 7(G) = 2v(G) — 1, then

(1) G[A;] is complete for 1 < i < p;

(2) T(G) = n—p and there exists a minimum covering K of G satisfying Ay C K and
|IKNA;)|=]A;)| —1 forall 1 <i<p.

Proof of Lemma 15. By Tutte-Berge Formula, G contains a Ay-partition (Ag, 4;,..., A4,)
with |A4;| odd for 1 < i < p. By Lemma 12, we have 7(G[A4;]) < |A4;| — 1 for 1 <i < p.

Let K be a subset of V(G) consisting of Ay and |A;| — 1 vertices in A; for all 1 < i < p.
Apparently, K is a covering of G and |K| = [Ag| + >, (|Ail = 1) = n — p. Since G
is a connected graph and G[A;] is a component of G — Ay, we have E[Ag, A;] # () for
1 <7 < p. Then,

7(G) < |K| =4+ Y 7(GIA]) < Aol + Y (|4l = 1) = n—p =20(C) — | Ao, (9)

1<i<p 1<i<p

where the last equality holds by Theorem 14.

If Ag =0, then v(G) = %! as G is connected by Theorem 14. Then n = 2v(G) + 1,
a contradiction. Thus Ay # 0. Since |Ag| = 1, if 7(G) = 2v(G) — 1, then all inequalities
become equalities in Ineq (9). Hence 7(G[A;]) = |A;] — 1 for all 1 <i < p. From Lemma
12, G[A;] is complete. Since 7(G) = |K| = [Ao| + >, (|4l — 1), K is a minimum

covering of G. O]

Now we are ready to prove Theorem 4.

Proof of Theorem 4. We prove the theorem by contradiction. Let G be a counterexample
with e(G) is as small as possible respect to n and 0°. Choose v € V(G) such that
d""(v) = A™"(G). Recall ®(v) is the edge set of rainbow triangle edges of v. Let I'
denote the subgraph induced by the edge set ®(v). Then v(I') < k — 1. By Lemma 10,
B(v) = 0 as d™"(v) = A™"(G). Since d(v) > 2k + 3 from the facts n > 2k + 9 and
5 > M3 we have 1t(v) > 5 o (d°(v) + d%(z) — n) > %22 by Eq (6). Thus,

e(l") = rt(v) > (ka_l), which gives that |V/(I")] > 2k > 2v(I") + 2 and I is not complete.

Then by Lemma 15

() <2v(l) —1<2k—-3. (10)
Let ¢ be a color satisfying d™"(v) = d.(v). Let Y = N (v) if A™"(G) > 2, otherwise
Y =10.

Claim 1. For any minimum covering K of I, let X be a maximum rainbow neighborhood
of vin N(v) \ (K UY), i.e., all vertices in X have a unique color to v. Set U = X UY
and T'= K UU. Then we have

(1) 7(T) = 2k — 3;

(2) For all uw € U, K is a rainbow neighbor set of u and c(vu) ¢ C(u, K); and

(3) de(ow) (w) = d™(u) = A™(G) for u € X and E[X,Y] =0.
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Proof. We have | X| > d°(v) — 7(I') — 1, and
|T| > d™"(v) +d°(v) — 1. (11)

For u € U, define an index ¢(u) which refers to the number of colors which appear on
the edges between u and K other than appear on the edges between u and U U {v}. That
is, g(u) = |C(u, K) \ C(u, U U {u})].

For all uw € U, we have

(12)

Since each rainbow triangle edge of v is incident to at least one vertex in K, and X
is a rainbow neighbor set of v, for uy,us € X or uy € X and up € Y, if ujus € E(G) we
have

c(urug) € {c(vuy), c(vug)}. (13)

Now we distinguish two cases to show that (1)-(3) hold respectively.

Case 1. A"™"(G) = 1.

In this case, G is properly-colored and Y = (). By (13), G[U] consists of isolated
vertices. Thus for u € U, we have d7,(,,(u) = |c(uv) UC({u}, K)| <1+ g(u). Hence by
Ineq (12), we have

d(u) < 1+q(u) +n—d(v) —1
< q(u) +n —d°(v).
Thus, 2k — 3 < d°(u) + d°(v) —n < q(u) < |K| < 2k — 3 by Ineq (10) (following from
our bound on §%(G)), which gives that q(u) = | K| = 2k — 3 for all u € U. Therefore, (1)
holds in this case. According to the definition of ¢(u), (2) also holds in this case. Since
G|U] consists of isolated vertices, (3) is implied straightly.

Case 2. A™"(G) > 2.

We can obtain an oriented graph D[X] on X as follows: orient each edge zz5 in G[X]
by :Tx% if c(x129) = c¢(vzy). Then for z € X, all out-arcs from z are assigned pairwise
distinct colors which are different from c(vzx), we have

C(x, X) \ {e(ve)}| = dpy ().
Since all in-arcs for x are assigned the color ¢(vz), we have
px(E) i dp(r) =1

aix(x) =91 if dpy () = 0 and djy y (x) > 1

0 otherwise

It guarantees that dp () < A™(G) — 1 for any z € X.
Moreover for x € X andy € Y, ¢(xy) = c(vx) if zy € E(G) by (13) (otherwise, there is
a monochromatic P3 as A™"(G) > 2, a contradiction to the fact that G is edge-minimal).
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Thus for x € X, we have

A7y () = [C(z, X)\ {c(vr)}| + [C(a, K)\ C(a, X U{v})] +1
< dpx (@) + 1+ q(2).

By Ineq (12), we have d°(z) < djyy(7) + 1+ g(z) +n — d°(v) — A™"(G). Hence

q(z) = d°(z) + d°(v) — n — dD[X (x) + A™™(G) — 1
>2k—3— dE[X]( x)+ A™(G) — 1.

Since ¢(x) < |K| < 2k — 3, we have dD[X (x) = A™"(G) — 1 for x € X. It is clear that
dpix) (@) = dp x(x) = A™(G) — 1,

as dp g (z) < A™(G) — 1 for 2 € X. Then g(z) =2k — 3 for all z € X.
By Ineq (12), for y € Y,

MEPTE ) < VI 1 I K)\C( U U {})] 4 14— ATE) — ()
< A™(G) + gly) +n — AN(G) — d'(v)
n—2k+3
< ——— +aly).

2
(14)

Then q(y) = 2k — 3forally€Y

To sum up, q(u) = |K| = 2k — 3 for all u € U. Note that |K| = 7(G) as seen in
Lemma 15. Therefore (1) holds in this case.

According to the definition of ¢(u), K is a rainbow neighbor set of u and c(vu) ¢
C(u, K) for all w € U. Then (2) holds for u € U in this case.

Meanwhile dfy(z) = A™(G) — 1 implies that deqe) () = d™"(z) = A™"(G) and
E[X,Y] =0 as c¢(zy) = c(vz) if zy € E(G). Hence (3) holds for this case. O

Claim 2. I' contains a Ag-partition (Ao, Ay,...,A4,) with v(I') = k — 1, |Ap] = 1 and
p=3.

Proof. Since V(I') > 2v(I")+2, A is not empty by Lemma 15. Since 2k—3 = 2(k—1)—

7(I') < 2v(T") — |Ap| by (1) of Claim 1 and Lemma 15, we have v(I') = k—1 and |Ay| = 1.
Thus 7(I') = 2v(I") — 1, which gives that 7(I') = |V(I")] — p by (2) of Lemma 15. Then
we have p > 3. O

W.lo.g., we assume that Ky is a minimum covering satisfying (2) of Lemma 15. Let
X be a maximum rainbow neighborhood of v in N(v) \ (Ko UY). Set U = X UY and
T = KyUU. Now we distinguish two cases.

Case 1. Kj \ Ap # 0. That is Ky N A; # 0 for some i € [p].
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For such w € Ky N A;, there exists at most one vertex u’ € A; \ Ky, such that wu' €
E(T) = ®(v) as |4, \ Ko| = 1. Since |X| > d°(v) — |Ko| —1 > "2Eel=8 9 —3) 1> 3,
there must exist one vertex u € X\ A; such that ¢(vu) # c(vw). If w,v € V(I'), since w and
v are in different components of I'— By, we have wu ¢ E(I"). Then c¢(wu) € {c(vw), c(vu)}.
By (2) of Claim 1, ¢(wu) = c¢(vw). Thus, c(vw) ¢ C(v,U) as G is edge-minimal. Thus
(1) > dyguy () > |U U {0} — [{a'}]. Since U] = |T| — K| > d*(v) + A™(G) —
1 — (2k —3) by (1) of Claim 1, we have the following inequality:

2% —
HTS LATONG) — (2% —3) — 1

2 Amon(G> ‘l’l

4" (w)

WV

as n > 2k + 1. This is a contradiction.

Case 2. Ky = Ay.

Since |Ag| = {w}| = 1 and |Ky| = 2k — 3 by (1) of Claim 1, we have £k = 2. By
Claim 2, p > 3 implies that there exist at least three vertices uq,us and wus such that
wu; € ®(v) for 1 < i < 3. If u; € X, then u; is also a vertex with d™"(u) = A™"(G)
by (3) of Claim 1, we have |®(u;)| > 2. Since vwu,v are rainbow triangles for i = 1,2, 3.
If there exists a rainbow triangle containing vu; or wu;, there exist 2 rainbow triangles
sharing one common edge. Therefore there exist two rainbow triangles with exactly one
common vertex u;, a contradiction. Thus, u; € Y for 1 < i < 3. Since E[X,Y] = () and
| X| > d?(v)—2 > %52, Y is properly colored as 6°(G) > 2+, Thus, ujususuy is a rainbow
triangle. Therefore there exist two rainbow triangles with exactly one common vertex wu;,
a contradiction. O]

4 Concluding remarks

One may wonder the sharpness of Theorems 3 and 4. For Theorem 3, by Example 1, we
know when k > % +1 (in this case, the subgraph B, is with order ©(n)), the color degree
guaranteeing a properly colored Bj should be larger than %’H

For uncolored friendship subgraphs, we first prove the following result.

Proposition 16. Let k > 2 be a positive integer and G be a graph on n > 3k —1 vertices.
If §(G) > =L then G contains a Fy,.

Proof of Proposition 16. We proceed the proof by induction on k. The basic case k = 2 is
easily derived from Theorem 4. Let k£ > 3 and suppose the result holds for £ —1. Suppose
to the contrary that there is no Fj, in G. Let v be the center of a Fj,_; and S = V(F}, —v).
Since §(G) > ”*';_1, each edge is contained in at least k — 1 triangles. As n > 3k — 1,
there exist k vertices in N(v) \ S. According to pigeonhole principle, there exists a Fj in

NTv]. 0

As we have already mentioned in the introduction, as corollaries of the result of Erdés
et al. [11] on k-fans and Erdds’ conjecture on books (see [10, 8, 20]), respectively, the
following results hold.
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Proposition 17. Let k > 2 be a positive integer and G be a graph on n > 50k? vertices.
If §(G) = “* then G contains a F,.

Proposition 18. Let k > 2 be a positive integer and G be a graph on n > 6k vertices. If
6(G) = £ then G contains a By,

So by reasoning the above results, Theorems 3 and 4 should be at least asymptotically
tight when k& = o(n).
For Theorem 4, the corresponding color degree condition may be acceptable when one
considers a nearly spanning Fj. One evidence is that, if we consider the color degree
n—1

condition for the spanning Fj (that is, & = "5=), then the sufficient condition is that

6¢ = n — 1 which equals to 2£25 4+ O(1) (see the following).

Fact 19. Let G be an edge-colored graph on n vertices where n is odd. If 6¢(G) > n — 1
then G contains a properly-colored FnT—l.
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