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Abstract

In a recent paper, J. Gaudio and E. Mossel studied the shotgun assembly of
the Erdés-Rényi graph G(n,p) with p = n~%, and showed that the graph is recon-
structable from its 1-neighbourhoods with high probability if 0 < o < 1/3 and not
reconstructable from its 1-neighbourhoods with high probability if 1/2 < a < 1. In
this article, we generalise the notion of reconstruction of graphs to the reconstruc-
tion of simplicial complexes. We show that the Linial-Meshulam model Yy(n,p)
on n vertices with p = n™% is reconstructable from its 1-neighbourhoods with high
probability when 0 < a < 1/3 and is not reconstructable from its 1-neighbourhoods
with high probability when 1/2 < o < 1.

Mathematics Subject Classifications: 05C80, 60C05

1 Introduction

In [21], Mossel and Ross introduced the shotgun assembly of graphs. The shotgun assem-
bly of a graph means reconstructing the graph from a collection of vertex neighbourhoods.
The motivation comes from DNA shotgun assembly (determining a DNA sequence from
multiple short nucleobase chains), reconstruction of neural networks (reconstructing a big
neural network from subnetworks), and the random jigsaw puzzle problem. See [20] and
references therein.

The recent development of random jigsaw puzzles can be found in [1] and [18]. The
graph shotgun assembly for various models was studied extensively. For example, random
regular graphs and labelled graphs were considered in [21] and [20], respectively. The
reconstruction of the Erdos—Rényi graph is well studied.

The Erd6és—Rényi graph [3] [4], denoted by G(n,p), is a random graph on n vertices,
where each edge is added independently with probability p € [0,1]. In [6], Gaudio and
Mossel showed that G(n,p) with p = n~® is reconstructable with high probability if
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0 < a < 1/3 and not reconstructable from its 1-neighbourhoods with high probability
if 1/2 < a < 1. Later, Huang and Tikhomirov showed that G(n,p) with p = n™® is
reconstructable with high probability if 0 < a < 1/2 and not reconstructable from its 1-
neighbourhoods with high probability if 1/2 < a < 1 [11]. The reconstructions of G(n, p)
from its 3 and 2-neighbourhoods are considered in [20, Theorem 4.5] and [6, Theorem
4] respectively. In [12], the authors have recently determined the exact thresholds for
r-reconstructibility for r» > 3, which also improves and generalises the known results for
r=3.

In this article, by generalising the notion of graph shotgun assembly, we introduce the
notion of shotgun assembly of simplicial complexes. See Section 2 for a precise definition.
The problem of shotgun assembly essentially tells us whether the local structure contains
all the information about its global structure. Here we only consider the shotgun assembly
problem for the Linial-Meshulam model. However, our notion of shotgun assembly of
simplicial complexes can potentially be used for other simplicial complexes, for example,
the multi-parameter random simplicial complexes [2, 5].

The Linial-Meshulam model [14], denoted by Y;(n, p), is a random d-dimensional sim-
plicial complex on n vertices with a complete (d—1)-skeleton, in which each d-dimensional
simplex is added independently with probability p € [0,1]. See Section 2 for details. In
[14], Linial and Meshulam introduced this model for d = 2. Later, it was extended for
d > 3 by Meshulam and Wallach [19]. After that this model has been studied extensively,
for example see [10, 7, 15, 13, 9, 22, 16, 8, 17]. Observe that Yi(n,p) = G(n,p). In other
words, d = 1 gives the Erdés—Rényi graph.

We show that Yy(n,p) for any d € N with p = n™® is reconstructable with high
probability if 0 < a < 1/3 and not reconstructable with high probability if 1/2 < o < 1
from its 1-neighbourhoods. See Theorems 1 and 3. The meaning of reconstruction of
a simplicial complex from its 1-neighbourhoods is given in Section 2. We believe that
the range 0 < a < 1/3 of reconstruction is not optimal, the optimal range should be
0 < a < 1/2. See Conjecture 2.

The outline of the proof in the graph case and the one presented here for the Linial—
Meshulam case are largely similar, but there are several important differences, particularly
in terms of computational complexities and new insights. For instance, in the proof of
Theorem 1, Lemma 6 plays a crucial role, and the idea of conditioning on the support of
the simplicial complex represents a novel approach. Additionally, the proof of Lemma 6
is both new and non-trivial. Similarly, the proof of Lemma 9, which is used in the proof
of Theorem 3, differs slightly in its computational approach from the version employed in
the graph case by Gaudio and Mossel.

The rest of the article is organized as follows. In Section 2 we introduce the definition
of the reconstruction of simplicial complexes, and relevant notation. The main two results
are stated in Section 3. The proofs of Theorems 1 and 3 are given in Sections 4 and 5
respectively.
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2 Preliminaries

Let Xy be a finite set. A finite abstract simplicial complex X on X, is a collection of
nonempty subsets of X such that

1. {z} € X for all z € X, and

2. iftrCoand o € X then 7 € X.

For example, X = {{1},{2},{3},{1,2},{2,3},{1,3},{1,2,3}} is an abstract simplicial
complex on {1,2,3}. Note that, throughout this paper, the empty set is always excluded
from the definition of a simplicial complex. We call a set ¢ € X with |o| = k+ 1 a
k-dimensional simplex (or simply k-simplex). For any finite set A, the notation |A| will
denote the number of elements in A. For ease of writing, we write complezr instead of
abstract simplicial complex in the rest of the article. The maximum of the dimensions of
all simplices in X is called the dimension of complex X, denoted by dim(X). That is,

dim(X) := max{dim(o) : ¢ € X},

where dim(o) = |o| — 1. Note if dim(X) = 1 then X can be viewed as a graph.
For 0 < j < dim(X), the set of all j-simplices of X is denoted by

X;:={oceX : dim(o) =j}.

Note that, with abuse of notation, Xy denotes the collection of 0-simplices as well as the
set of vertices. We say 0,0’ € X; are neighbour if 0 U ¢’ € Xj;;. Then we write o ~ o’
A similar notion was introduced in [22]. We say the distance of 0,0’ € X is k € NU {0}
if k is the least possible number such that there exist 0,01 ...,0, € X; with 0 = 0y and
o, = o' such that o; ~ 0,11 for 0 < ¢ < k—1. Then we write dist(c,0’) = k. For 0 € X},
we define

X,p:={0' € X; : dist(o,0") <k},

the set of all j-simplices which are within distance at most k from o. For example see
Figure 1. Clearly ¢ € X, for all & > 0. Note that if £ = 0 or dim(c) = dim(X)
then X,, = {0}, as there is no o'(# o) € X such that ¢’ ~ 0. Thus £ = 0 and
dim(o) = dim(X) are two trivial cases.

Let £ > 1 and j < dim(X). The k-neighbourhood of o € X is the (j + 1)-subcomplex
induced by X, x, denoted by N x (o). That is,

Nix(o):={re X : 1 Co' Ud” for some o¢',0" € X, }.

For example see Figure 1. In particular, if dim(X) = 1 and v € X then N; x(v) refers
to the sub-graph induced by v and its neighbours {w € Xy : v ~ w}. Note that
Ny, x(0) may contain j-simplices that are not contained in any (j 4 1)-simplices and may
be disconnected under the relation ~.
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Flgurel Here d = 2. For 0 = (2,3), for k = 1,2

Xow = {(2,3), (1,2), (2.4), (2,7), (1.3), (3,4), (3,7). (3,8)}.
XU,Q: {(273)7(172) ( ) ( ) (27 ) ( 3)3(3 4)7(3a7)>(378) (476)’(4 8)}
N1 x(0) = {all subsets of simplices (1,2,3),(2,3,4),(2,3,7)} and
N, x (o) = {all subsets of simplices (1,2,3),(2,3,4),(2,3,7),(2,4,6), (3,4,8)}

We say two complexes X and Y (on X, and Y respectively) are isomorphic (denoted
by X ~Y) if there exists a bijective function f : Xy — Y{ such that

{zo,x1,..., 26} € X <= {f(x0), f(z1),..., f(z)} €Y,

for 0 < k < dim(X) and for all xg,z1,..., 2, € Xo. It is clear that if X ~ Y then
| Xo| = |Yo| and dim(X) = dim(Y’). If dim(X) = 1 then X ~ Y means the two graphs X
and Y are isomorphic. B

We say two complexes X and X on Xg, with o € X if and only if 0 € X, have same
k-neighbourhoods if

Nix(0) =~ N, z(0) for all 0 € X, (1)

that is, the k-neighbourhoods of all simplices in both complexes are isomorphic. In this
case we write X ~ X. Observe that if dim(o) = dim(X) then (1) holds trivially. In
particular, if dim(X) = 1 then X =~ X implies that the k-neighbourhoods of v € X in
X and X are isomorphic as graphs.

A complex X on X is said to be k-reconstructable (in short, reconstructable) up to
isomorphism from its k-neighbourhoods if X =~ X implies X =~ X , for all complexes X
on Xy. Further, we say X is exactly reconstructable if X ~ X implies X = X. We study
whether the Linial-Meshulam model is reconstructable from its 1-neighbourhoods. The
Linial-Meshulam model is a random complex of the form (2) (see below).

In the rest of the article, for d € N, the complex will be of the form

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(3) (2025), #P3.41 4



where X, := {1,2,...,’]7,}, X = {{Zo,,lk} I << < < n}, for 1 <k <d,
and X% C X,. Note that X}, denotes the set of all k-simplices on Xj. In this model, X
is a complex with complete d — 1 dimensional skeleton. Observe that X is a graph when
d=1.

Note that if two complexes X and X on X are of the form (2) then

Ni,x(0) = N, 5(0), whenever dim(c) < d — 2.

The neighbourhoods can differ only if dim(c) = d — 1. Thus, in this case, the collection
of k-neighbourhoods of X will be denoted by

Nk(X) = {th(O') 10 € del}- (3)

We say a complex X of the form (2) is reconstructable from its k-neighbourhoods if, for
all X of the form (2),

X ~ X whenever Ni,x(0) = N, 5(0) for all 0 € Xy1.

Similarly, we say X is exactly reconstructable from its k-neighbourhoods if X = X
whenever Ny x(0) ~ N, (o) for all 0 € Xy;. Figure 2 gives an example of a complex
which is reconstructable but not exactly reconstructable.

Figure 2: Here X is reconstructable from its 1-neighbourhoods but not exactly recon-
structable because X ~ Y but X #Y.

The degree of a simplex ¢ € X;_; is denoted by

deg(o) = degy (o) := Z 1ocrys

Texd

the number of d-simplices containing o. Observe that a 7 € X? will contribute non-zero
value in the last equation if 7 = o U {v} for some v € Xy\o. The set of neighbours of
o € X4_1 is denoted by S, that is,

Sy ={0"€ Xq1 : 0 ~0}.
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Note that the number of elements in S, is d times deg(c), that is,

S, | = ddeg(0).

For an example see Figure 3.

Figure 3: Here d = 2, deg(1,2) = 3 and |S,| =6

Next we recall the Linial-Meshulam model, which is a random simplicial complex
Ya(n,p) on vertex set {1,2,...,n} with complete (d — 1)-dimensional skeleton, and where
each d-face appears independently with probability p.

It is easy to see that the degree of o € X, in Yy(n,p) is a Binomial random variable
with parameters (n — d, p), that is, degy. ,, ,, (o) ~ Bin(n —d, p). The use of the notation

~” will always be clear from the context as the same is also used for two neighbouring
simplices.

3 Main Results

In this section we state our main results, and give the key idea of the proofs. Let us define
the high probability events. We say a sequence of events A, occurs with high probability

if
P =o ().

for some s > 0. We write a,, = o(b,,) for two sequence of numbers {a,}3>, and {b,}5°, if
|an/bn| — 0 as n — oo.

In [6], it was shown that the Erdds-Rényi graph Yi(n,p) with p = n~% can be exactly
reconstructed from its 1-neighbourhoods with high probability when 0 < o < 1/3. We
extend this result to d € N.

Theorem 1. The Linial-Meshulam model Yy(n,p) where p = n=* for 0 < a < 1/3, is
exactly reconstructable from its 1-neighbourhoods with high probability.

A rough idea of the proof of Theorem 1 is the following. The Fingerprint Lemma
(Lemma 4) establishes a sufficient condition for reconstructability. A union bound is
taken over all events that cause the sufficient condition to fail. A failing event in our case
is one subcomplex being embeddable in another. In particular, for the graph case (for
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d = 1), a failing event is one subgraph being embeddable in another graph. We don’t
think the range 0 < a < 1/3 is optimal for the reconstruction of Yy(n,p). We have the
following conjecture.

Conjecture 2. The Linial-Meshulam model Yy(n,p) with p = n~* is exactly recon-
structable from its 1-neighbourhoods with high probability if 0 < o < 1/2.

One can try to prove Conjecture 2 using the method used in [11]. Another direction of
work would be considering the reconstruction problem from its 2-neighbourhoods using
the method used in [6]. These remain for future works.

The next result is about non-reconstructibility of Yy(n,p). For d = 1, the graph
G(n,p) = Yi(n,p) is non-reconstructible from its 1-neighbourhoods with high probability
when 1/2 < aw < 1. We show that the same result holds for all d > 1.

Theorem 3. The Linial-Meshulam model Yq(n,p) where p = n=* for 1/2 < a < 1,
cannot be reconstructed from its 1-neighbourhoods with high probability.

The failure of reconstructability in the above mentioned regime of p is established by a
counting argument. The counting argument treats the collection of neighborhoods as the
input to a given algorithm. Intuitively, the argument shows that the number of inputs
is far smaller than the number of graphs generating those inputs. Some care is taken to
account for the fact that the inputs are not uniformly distributed, although conditioning
on the number of random simplices yields a uniform distribution. The fact that there are
many more inputs than possible outputs implies that the probability that the algorithm
outputs the correct complex vanishes asymptotically.

4 Proof of Theorem 1

In this section we prove Theorem 1. The following lemmas will be used in the proof.
Throughout we use p =n~“, where 0 < a < 1.

We first state a generalization of the fingerprint lemma [6, Lemma 2]. Let 01,09 €
Xg4-1. We say there is an edge between oy and o3 in X, denoted by (01, 02), if o1 ~ 09 in
X. For 01 ~ 09, Hy, »,(X) denotes the subcomplex induced by the simplices of S,, N S,,,
that is,

Hy 5y = Hyy 6p(X):i={7€X : 7 CoUd for some 0,0’ € S,, NS,,}.

See Figure 4 for an example. If dim(X) = 1 and vy, vy € X such that vy ~ vy then H,, ,,
is the subgraph induced by the common neighbours of v; and vy. Two unordered edges
(01,02) and (o3,04) are said to be equal, denoted by (01,09) = (03,04), if either o1 =
03,09 = 04 OF 01 = 04,09 = 03. 1t is clear that if (o1, 02) = (03,04) then Hy, 5, >~ Hyy o,

Lemma 4 (Fingerprint Lemma). Let X be a complex with complete d — 1-dimensional
skeleton. If two edges (o1,02) and (0s,04) are equal whenever H,, 5, and Hy, ., are
isomorphic then X can be exactly reconstructed from the collection of its 1-neighbourhoods.
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In the next lemma, we give an upper bound (with high probability) on the number of
simplices that are connected with both 01,09 € X4 1.

Lemma 5. Let 01,09 € X4-1 such that oy U oy € Xy, that is, o1 ~ o9 in Yy(n,p). The
number of common neighbours of o1 and oo is denoted by

Wor oo : ={0 € Xao1 © 0~ 01,0 ~ 0y inYy(n,p)}.
Then there exists a positive constant C' such that
P(Wyy 0y =d—14+n(n—d—1)p*) < exp(—Cn'te2). (4)

In particular, if ¢ > 2a — 1, we obtain Wy, 5, —d + 1 < 72 with high probability.

X H(1,2),(1,3)

Figure 4: W(LQ),(L?’) = ‘{(17 4)7 (17 5)7 (17 6)7 (27 3)}| =4.

In the next lemma, for oy ~ o0y and o3 ~ 04, we derive a lower bound (with high
probability) on the number of simplices that are connected only with o1,09 € X4, not
with o3,04. We write a,, = O(b,) if there exist Cy,Cy > 0 such that C1b, < a, < Csb,
for all large n.

Lemma 6. Let 01,05,03,04 € X4_1 such that o1 ~ 09 and o3 ~ 04. Define

S = So1 0905040 =10 € X1 1 0~0; fori=1,2,3,4},

Z = 201,02,03,04 = 1{01 ~ 03,01 ~ 04} + 1{02 ~ 03,02 ~ (74}-

If (1 — 2a) > 0 then there exists ¢ > 0 such that, for large n,

P (Wal,oz —[S-Z < np2> < exp(—cn' ). (5)

N | —

The proofs of Lemmas 5 and 6 are given at the end of this section. We note down 6,
Lemma 3, Lemma 4] which will be used in the proofs.
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Lemma 7. [Chernoff’s bound] Let Ty, Ts, ..., T, be independent indicator random vari-
ables and call T =37 | T;. Then for any 6 > 0,

P(Ir<(1-96)E(T)) <exp <—%2E(T)) and

£ gun).

Lemma 8 (Gaudio and Mossel). [6, Lemma 1.11] Let X and Y be random variables such
that conditioned on' Y, X ~ Bin(Y,p). Let Z(m) ~ Bin(m,p). Then

P(T > (14 0)E(T)) < exp (—

P (X <t Y <t) < P(Z(ty) = tl) .

Y > t)) S P(Z(t) < tl) and P (X >t

Now we proceed to prove Theorem 1.

Proof of Theorem 1. Let 01,09 € X4 such that o, ~ 0,. Recall that H,, ,, denotes the
subcomplex induced by the vertices of S,, N'S,, in Yy(n,p). Note that the subcomplex
H,, -, is random. For o1, 09,03,04 € X4q_1 such that oy ~ 03, 03 ~ 04, we show that, for
some s > 0,

P(H,, 5y ~ Hyy o) = o(e_”s) whenever (o1, 09) # (03,04). (6)

Then the result follows by combining Lemma 4, (6) followed by an union bound argument.
It remains to prove (6).

Let S be as defined in Lemma 6 and Y; be the subcomplex induced by the simplices
of Sy, NSy, \(SU{0o3,04}), the shared neighbours of oy and oy (excluding o3 and o4) that
are not neighbours of both o3 and 4. Let Y3 be the subcomplex induced by the simplices
of S,, NS,,. Note that Y; and Y5 are disjoint by construction.

Observe that it H,, 5, ~ H,, », then Wy, ,, = W, ,, and Y7 can be embedded into Y5
as a subcomplex of Y5 (we write Y] C Y, with the abuse of notation). Thus

P(Hﬂl,ﬂz = HO'3,U4) < P(Yi C )/2)
We claim that there exists max{0,2a — 1} < ¢ <1 —3a and a,b,C' > 0 such that
P (}/1 C }/’2) < n4(nan1+cf2a_bn2*5a + eXp(_Cn1+c_2a))- (7)

The right hand side of the above equation will go to zero if 2 — 5a > 1 + ¢ — 2, which
is equivalent to say that ¢ < 1 — 3a. This is a consistent condition if o < % Applying a
union bound,
(30'1 ~ 09,03 ~ 04 . Hol,ag = H0'3,0'4)

d
n4 P (H0'170'2 = H0'3,0'4)
n4(d+1) (nan1+c—2a_bn2—5a + eXp(—Cn1+c_2a))

o(n”*),

N AN T

I

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(3) (2025), #P3.41 9



for any s > 0 as o < 1/3. Thus, for any (o1, 02) # (03,04), we have H,, 5, # Hy, , With
high probability if o < 1/3. This proves result.
The rest of the proof is dedicated to prove the claim stated in (7). We have

P(Y; CYs)

< Z P({Yi CYy : Woig, =Woyo, = A+ Z, 15| =, | Suppd(}/ld_lﬂ = k})a
Ak

where \ is the number of elements in the set S,, NSy, \ {03,004}, Z as in Lemma 6 and
Suppy(A) = {01 U0y € Xy,|o1,00 € A} for A C X,;_1. Note that, given |S| = p, at most
21+ 1 d-simplices are revealed in X, , because oy and o, are connected and each o € S
is connected with both o; and oy. Therefore

P(YiCYs : Woy gy =Woyo, = A+ Z,|S| = p, | Supp, (Vi) = k)
A2
< )\ _ | k—2p—1
(/\ N u>( w)'p
<(>\ + 2)/\_/1' (n_a)kf2)\71 :

as < A and p = n~“ The first inequality follows from the fact that A + Z < A+ 2, so

we can choose (A — p) simplices in at most (:\\J_ri) ways and their numbering is possible

in at most (A — u)! ways. The factor p*~2#~! appears because we need to add at least
(k — 2 — 1) many d-simplices in the complex. Since A — p < A we have

P(YyCYs : Wy =Wopoo = A+ Z,|S| = p,| Suppy (Y1) = k)

< exp (Alog(n) — alk —2X — 1) log(n))

< exp{((2a+ 1)\ + o — ak)logn}

_ n(2a+1))\+a—ak. (8)

Next we complete the proof of (7) using the following two claims, which estimate A and
k respectively,

P(|S¢71 N 502 \ {03704}| <
P

1+c—2a) >1-— exp(—C’an_Qa). (9)
P(| Supp, (V)| > 1

n
Cln2—5a>
where C, Cy and Cy are positive constants. Using (9) and (10) from (8) we get

P (Y'l C Yfz) < n4 . nanl+072°‘—bn2’5°‘ + TL4 exp(_cnl-‘rc—?a)’
as A\, u < n and k < n?
(10).
Proof of (9): Observe that (9) follows from Lemma 5.
Proof of (10): Clearly, given W, ,» — |S| — Z, | Suppy(Y*™)| ~ Bin(W, . — |S| — Z,p).
From Lemma 6, for some ¢ > 0, we have

This completes the proof of (7). It remains to prove (9) and

]_ —2a
PW,o —|S|—Z > 5np2) >1—e
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The right hand side goes to 1 if 1 —2a > 0. Lemma 8 and Lemma 7 imply that

P(ISUde(Yfi ! 1—6p< o ) Wo o — |S] - )/%np>
P<Bm(1np p) < (1—€)p (é 2p)>

2 /1,9
< exp <—%p (2T;p >>

— eXp(—C2n2_5a),
for some positive constant Cy. Thus we have
P(| Supp, (Y1) = Cin* ) > 1 — exp(—Con**%),

for some positive constant C. This complete the proof. |

Next we give the proofs of Lemmas 4, 5 and 6. The proof of Lemma 4 can be derived
from [6, Lemma 2], for sake of completeness we give a proof.

Proof of Lemma 4. Since X has complete (d — 1)-dimensional skeleton, in order to re-
construct X it is enough to check whether any two simplices 01,09 € X4_1 (01 # 02)
are connected in X. To determine that, we examine the neighbourhoods of ¢y, 09 by
observing the subcomplexes H,, ,, and H,, ,, for neighbours oy ~ 03 and 03 ~ 04. The
reconstruction algorithm is as follows: We conclude that o; ~ o5 in X if there exist
03,04 € X4-1 such that oy ~ 03, 03 ~ 04 and H,, ,, is isomorphic with H,, ,,.

Suppose o1 ~ o9 in X. We choose o4 = 01 and 03 = 03. Then, Hy, oy = Hpy oo =
H,, »,. Conversely, suppose there are some 03,04 € X4_; such that oy ~ o3, 02 ~ 04 and
H,, 5, is isomorphic with H,, ,,. Then, the hypothesis of the lemma says that (oy,03) =
(02,04). Therefore, 01 = 04 and 03 = 09 because o1 # 0y. Hence, (01,02) is an edge in
X or in other words o; ~ 05. So, continuing the process described in the algorithm, we

recover the complex. [ |
/ 1
Proof of Lemma 5. For oy ~ 03, define S,, 5, = S, ,, US], ,, where
/
Spioy =10 € Xa1 1 0~01,0~ 0,0 CorUos}
1" i
S ey =10€Xq1 1 0~ 01,0~ 03,0 Z o1 Uos}

Clearly, Wy, 5, = S5, 5,1 +157, 5,|. Observe that if 01,05 # 0 € X4_1 such that ¢ C 01U0y

01,02
then o ~ 01 and o ~ 0y. Therefore

|=d— 1. (11)

| 01,02

Again o, ~ oy implies that o1 N oy € X4_9. Therefore if 0 ~ o1, 05 but o QZ 01 U 09 then
o will be of the form (oy Noy) U {v} for some v € Xo\(01 Uoy). See Figure 5.
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Figure 5: simplices (1,5) and (1,3) are connected with both (1,4),(1,2), as
(125), (145), (134), (123) simplices are included in the complex.

Therefore S7 ,, can be written as

St ={(e1No2) U{v} : ve X\{o1Uoz}, (01 Noa) U{v} € Xy,}

01,02

Which implies that |S? | ~ Bin(n —d — 1,p?), as we need to add two simplices to get

01,02
an element in S) . See Figure 5. Let ¢ > 0. Using Lemma 7, we have

P(IS” .| >n(n—d—1)p%) < exp —M(n—d— 1)n 2
01,02 1 +TLC
< exp(—Cnlte2), (12)

for some constant C' > 0. We get the result by combining (11) and (12). Clearly, the
right hand side goes to zero if ¢ > 2a — 1. |

Proof of Lemma 6. Let 0 € S. Then o ~ 01,09 and ¢ ~ o3, 04. Therefore
o= (o1 Noz)U{v}and o = (03N acy) U{v'}
for some v,v" € Xy. Thus we get the following identity
(o1 Nog) U{v} = (o3 Noy) U{v'}. (13)

Case-I: Suppose | N, 0;| = d — 1, that is, (61 Noy) = (03N 0y). Then any v = v’ €
Xo\ (UL, 0;) satisfies (13). Thus
P((o1 Nay) U{v} €57, ,,\S) =p*(1 —p°),

01,02

where S is as defined in Lemma 6. Therefore we get |S” _ | —|S| — Z ~ Bin(n —d —

01,02
3,p*(1 —p?)). Fix 0 < € < 1/2. Lemma 7 implies that

62

P17, ol = 15| = Z < eln = d = 3)p*(1 = p*)) S exp(—5(n —d = 3)p*(1 = p%)).

01,02

If 1 — 2 > 0, then the last equation implies that

P(Wov, — IS~ 2 < gmp?) < exp(~6(n' ), (14)
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as |}, 5, =d—1.

Case-II: Suppose | N, 0;] = d — 2. Then there is only one choice of v, v’ which satisfies

(13), namely, v = (o1 No2)\(03Nay) and v = (o3N0oy)\ (01 Noy). Thus |S| < 1. We have
W01,02 - ‘S’ -7z g W01,02'

Next we give bound on W, We have

1,02°

1
0'10'2 ’ 0'10'2‘_'_‘30'102|

where S[,l s and Sy are as defined in the proof of Lemma 5. Since |S;, ,,| ~ Bin(n —

d — 1,p?), by Chernoff’s bound (Lemma 7), for 0 < € < 1/2,
2
P(|}, | < e(n = d = 1)p?) < exp(— (n—d = 1p?).
If 1 — 2 > 0 then the last equation implies that

1
2

| =d—1,|5] < 1,|Z| < 2. Thus we get, for large n,

P(Wm,az < np) eXp( @<n172a>)7

as | 01,02

Pomwfwﬂ— \1p) exp(—O(n!22)). (15)

\)

Case-III: Suppose | N, 0;| < d — 3. Then there is no v,v’ € X, which satisfies (13).
Thus |S| = 0. Hence the result follows as in Case II.

Similar analysis can be done when the edges are of the form (o1, 03) and (09, 03). It
can be shown that |S?” | —|S| —Z ~ Bin(n —d —3,p*(1 —p)) if | N}, 04| = d — 1.

01,02

Otherwise, |S| < 1. Thus, following the calculation as in Case-I,I1, if 1 — 2a > 0 we get

1
P <ng702 - |S| — 7 < §np2> < eXp<_@(TL1_2a)),

We skip the details here. Hence the result. [

5 Proof of Theorem 3

This section is dedicated for the proof of Theorem 3. Let X be a complex, where
X = {Xo,..., Xq1, X},

and X9 C X,. Recall S, denotes the the set of neighbours of o € X,_;. Define

D, =D,(S,):={cUd : o' €8,} and Supp,(S,) :={o1U0cs : 01,00 € S, }.
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Observe that each simplex in D, (S,) contains . However, not every simplex in Supp,(S,)
contains o. The set of d-simplices which do not contain ¢ is denoted by

D7 = D;(S,) = Suppy(S;)\Ds (S5 ).
Observe that |D,| = deg(o). The 1-neighbourhood of ¢ in X can be written as
Ny x(0) = (Sy, Dy, D).

An illustration of Ny x(o), D,, D is given in Figure 6.

D@2

Figure 6: An illustration for Ny x (o), Dy, D5.

Fix 0 < e <1 and g, = (14 ¢€)p. For ¢ > 0, suppose t, = (1 + n°)p. Define
1
S = {{NLX(J),U € Xg1} @ |Dy| < ng, |Di| < §n2q,,2ltn,V0 € Xd—l} , (16)

the set of all possible 1-neighbourhood collections where the degree of each central vertex
is less than nq, and each neighbourhood has fewer than %nzqfltn neighbouring d-faces
those are not counted in deg(o).

Lemma 9. Let N1(X) and S be as defined in (3) and (16) respectively. Let X € Yy(n,p)
withp=n="%and 0 < a < 1. If ¢ > 3ax — 2 then

PN (X)e8) =1—e™
for some positive constants a and b.

Lemma 10. Let I := {m eN: |m — (dzl)p| < c(dzl)p}, where p =n~%. Then

d

P(|Xapl€el) 21—,
where | Xg,| denotes the number of d-simplices in Yy(n,p).
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Lemma 11. Let S be as defined in (16). If ¢ < 2a — 1 then

nd|S| R
mer (k) =ole™),

m

for some s > 0.

Proof of Theorem 3. We consider a particular complex reconstruction algorithm which
outputs a complex when a collection of 1-neighbourhoods is given. Let S be a collection
of 1 neighbourhoods as defined in (16). The algorithm maps each element of S to an
isomorphism class, which corresponds to at most n?! labelled complexes. The algorithm
fails if X € Yy(n,p) such that N7(X) € S but the output of the algorithm of N;(X) is
not isomorphic to X.

We condition on the event |Xy,| = m for some m € N. Given this information,
there are ((dgzl)) possible labelled d-simplices which may be chosen with equal probability.
Therefore, conditioned on |X,,| = m, the algorithm fails when any complex X is not

achieved by the algorithm output. Let p,, denote the probability of failure given |Xg,| =
m. Thus,

pm = P( algorithm fails ’ | Xap| =m)

nd!|S|
P (Ni(X) € 8| Xap| = m) — ()
() —ntys| =
=Gy ) £ Siial = m).

Let I C {1, 2,..., (dil)} be as defined in Lemma 10. Let p* denote the overall failure

probability of the algorithm. Then

pr > me

mel

o5 G S ) — PUAGCY) €8} (Xl € 1)

mel d+1 )

(dzl) —nd'
P(1X,| € 1) min L)~ 1]

mel ((dil))

—PM(X) ¢ 8).

Therefore Lemmas 9, 10 and 11 implies that
pel—e™(1=—e™)—e " =1 -,
for some s,a,b,a’,b’ > 0, if the constant ¢ satisfies
max{0,3a — 2} < ¢ < min{a, 2a — 1}.
The above is satisfied when 1/2 < o < 1 as required. The proof is then completed by
choosing ¢ = 1/2(max 0, 3ac — 2 + 2 — 1) since min{«, 2a — 1} = 2 — 1. |
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The rest of the section is dedicated to prove Lemmas 9, 10 and 11.

Proof of Lemma 9. Recall S, denotes the set of neighbours of 0 € X, 1 in Yy(n,p).
Consequently we define D, and D? as defined above. Note that S, is a random set, hence
D, and D} are random. We show that if ¢ > 3a — 2 then

* 1 —anb
Pl () ({10l <na}n{ID;] < gnigta}) | 21—, (7)

ceXgq_1
for some positive constants a and b. Clearly (17) gives the result.
Proof of (17): Observe that |D,| = deg(o) ~ Bin(n — d,p). Recall g, = (1 + €¢)p. Then
Lemma 7 gives
P (|Ds| < ngn) = P (|Ds| < (n = d)gn)
=1=P(|Ds| = (1 +€)(n = d)qn)

>1—exp (—EZP("T_CZ)) . (18)

Next we derive a bound of |D¥| with high probability. We have
1

P (1051 g

1
<P (ID;! > 5ot

|Dy| < nqn)> + P(|Dy| = ngy). (19)
Note that, conditioned on |D,|, |Dk| ~ Bz’n(('%’l),p). Lemmas 7 and 8 imply
1
Dl <)) < P (1051 ot |10, = na)

nQC nQn
< _ . 20
eXp( 2+nc<2)p> (20)

Combining the bounds from (18) and (20) and substituting in (19), we obtain

1 n*  (nq e2p(n — d)
P (D] > =n2¢t,) ) <exp (- "\ ) 4 exp [ — 2 .
(’ o gt n )) P ( 2—i—nc( 2 )p) P ( 3 )

By the union bound, the required probability is given by

1
P (105> et

P N (000 <nad n{ID3] < Srdit})

O'GXd_l

> 1= (Z) exp (_ znj—cic (n;zn)p) ! (Z> o <_E2p(7+1))

>1—nexp (—Csn®***) — nlexp (—Cyn' ),

for some positive constants C3, Cy. The above will give us a high probability bound when
24 ¢ — 3a > 0. Hence the result if ¢ > 3a — 2, as a < 1. [ |
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Proof of Lemma 10. Note that | X,,| ~ Bin ((d+1) p). Then Lemma 7 gives

Pl ¢ 1) =P (Pl = (1 o= (1)) <2em (<5, )0)-

Using p =n"* and (7,) < n?*!, we get the result. |

d+1

Proof of Lemma 11. By the definition of S, we have |D,| € {1,...,ng,} and |D}| €
{1,...,in%¢2t,} for all 0 € X4_;. Again the choices for the number of neighbouring

d-simplices is upper bounded by ( (") ) for each o. Therefore

1 2q2

N 122\ (4)
1 ("q") () 1 e "
< 2,2 . 2 < 3 3 e

in the last inequality we use the fact that (%)k < (Z‘) < (%)k for positive integers n and
k with 1 <k < n. Now,

" i’ 1=9) (a1 )
wy ()= (i) () @

Therefore, using (21), (22) and the fact that n?! < exp (dnd log(n)), we get

1n2 Ztn (z)
|| exp (dn?log(n)) ( n3¢t, ( ) ! )
max ——— <

mel <(d7%1)) A ( 1 )Uf)(dil)p

(1—€)p

= exp {dnd log(n) + (Z> 1og(%n3qf;tn) + (Z) ;n Gty log ( :n))
~0=0y ) ()

< exp {dnd log(n) + Csn®log(n®*T4%) + Cen**T* 2 log(n) (23)

— Oy 1og(n) },

for some positive constants Cs, Cg, C7. The right hand side of (23) goes to zero exponen-
tially when d < d+ 1 — o (which is always true since & < 1) and c—3a+d+2 < 1+d—a.
In other words, the required condition is ¢ < 2o — 1. |
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