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Abstract

Tan et al. conjectured that connected co-edge-regular graphs with four distinct
eigenvalues and fixed smallest eigenvalue, when having sufficiently large valency,
belong to two different families of graphs. In this paper we construct two new
infinite families of connected co-edge-regular graphs with four distinct eigenvalues
and fixed smallest eigenvalue, thereby disproving their conjecture. Moreover, one of
these constructions demonstrates that clique-extensions of Latin Square graphs are
not determined by their spectrum.

Mathematics Subject Classifications: 05C50, 05B15

1 Introduction

For undefined notions we refer to the next section and [3, 4, 5].

Over the past fifty years, strongly regular graphs have attracted a lot of attention,
see [4]. Notice that a connected non-complete regular graph G is strongly regular if and
only if it has exactly three distinct eigenvalues. In particular, Neumaier classified strongly
regular graphs with fixed smallest eigenvalue in [13].

Theorem 1 (cf. [13, Theorem 5.1)). Let X > 2 be an integer. Exzcept for finitely many
exceptions, any strongly reqular graph with smallest eigenvalue —\ is a Steiner graph, a
Latin Square graph, or a complete multipartite graph.

In this paper, we study co-edge-regular graphs with four distinct eigenvalues and fixed
smallest eigenvalue. We will show that for this class of graphs a result like Theorem 1 is
difficult to obtain.

Notice that clique-extensions of strongly regular graphs are co-edge-regular graphs
with at most four distinct eigenvalues. Hayat et al. [9] and Tan et al. [15] gave spectral
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characterizations of clique-extensions of Square grid graphs and triangular graphs under
the assumption that graphs are co-edge-regular.

Theorem 2 (cf. [9, Theorem 1.1]). Let G be a co-edge-reqular graph with spectrum
{(S<2t + 1) - 1)17 (St - 1)2t7 (_1)(871)(t+1)27 (_8 - 1)t2} )

where s > 2 and t > 1 are integers. If t > 11(s + 1)3(s + 2), then G is the s-clique
extension of the (t +1) x (t + 1)-grid.

Theorem 3 (cf. [15, Theorem 1]). Let G be a co-edge-reqular graph with spectrum

{(m ~ 35— 1) (st — 35 — 1)L (=1) (—s— 1)

(s—1)t(t—1) t(t—3) }

2 )
where s > 2 and t > 1 are integers. If t > 48s, then G is the s-clique extension of the
triangular graph T'(t).

Theorems 2 and Theorem 3 suggest that similar results may hold in the general case.
Based on these results Tan et al. [15] conjectured the following:

Conjecture 4 (cf. [15, Conjecture 3]). Let G be a connected k-regular graph with
n vertices and co-edge-regular with parameters p having four distinct eigenvalues. Let
t > 2 be an integer. There exists a constant n; such that, if 6,,,,(G) > —t, n > n; and
k<n—2-— (t_41)2, then either G is the s-clique extension of a strongly regular graph for
2<s<t—1orGisapxqg-grid with p > q > 2.

However, we will show that Conjecture 4 is false, by providing two infinite families
of co-edge-regular graphs. This demonstrates that the class of co-edge-regular graphs is
much more complicated than previously thought. The first family is based on results of
Haemers and Tonchev [8]. The graphs in this family do not have —1 as an eigenvalue.

The second family is much more surprising since they have —1 as an eigenvalue and
cospectral with certain clique-extensions of certain Latin Square graphs. In order to state
the following result we will need to introduce co-edge-regular graphs of level ¢. For a pair
x,y of adjacent vertices in a graph G, let A(x,y) be the number of common neighbours
of x and y. We say that a co-edge-regular graph is of level t if #{\(z,y) | x,y are
adjacent vertices } = t. Note that, in the literature, see for example [6], the notion of a
quasi-strongly regular graph of grade ¢ exists. Such a graph is just the complement of a
co-edge-regular graph of level ¢.

Theorem 5. Let q be a prime power. For any positive integer s = 2, such that q is a
factor of s, there are infinitely many integers n for which there exists a co-edge-reqular
graph with level at least 3 exists that is cospectral with the s-clique extension of each Latin
Square graph LS,11(gn) and hence has exactly four distinct eigenvalues.
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Note that the s-clique extension of any non-complete connected strongly regular graph
has exactly four distinct eigenvalues and is co-edge-regular with level 2.

Theorem 5 demonstrates that to give a spectral characterization of the
clique-extensions of strongly regular graphs with smallest eigenvalue at most —3 is im-
possible, even if one assumes that the graphs are co-edge-regular.

This paper is organized as follows. In Section 2, we provide definitions and prelimi-
naries. Section 3 presents a combinatorial characterization of connected co-edge-regular
graphs with exactly four distinct eigenvalues. In Section 4, we discuss a result from
Haemers and Tonchev [8] and, as a consequence, construct an infinite family of connected
co-edge-egular graphs of level 2 with exactly four distinct eigenvalues. Finally, in Section
5, we will construct co-edge-regular graphs of level 3 that are cospectral certain clique-
extensions of certain Latin Square graphs. The existence of this family shows Theorem 5.

2 Definitions and Preliminaries

2.1 Graphs
A graph G is an ordered pair (V(G), E(G)), where V(G) is a finite set and E(G) C

(V(2G)>. The set V(G) (resp. E(G)) is called the vertex set (resp. edge set) of G, and

the cardinality of V(G) (resp. E(G)) is called the order (resp. size) of G and is denoted
by n(G) (resp. e(G)). The adjacency matrix of G, denoted by A(G), is a symmetric
(0, 1)-matrix indexed by V(G), such that (A(G)),, = 1 if and only if 2y is an edge in G.
The eigenvalues of G are the eigenvalues of A(G), and the spectral radius, i.e. the largest
eigenvalue, of G is denoted by p(G). Two graphs are called cospectral if they have the
same spectrum.

If = is a vertex of G then Ng(z) := {y € V(G) |  ~ y}. The subgraph induced on
N¢(z) denoted by Ag(z), is called the local graph at x. If it is clear what the graph G is,
we omit G in the notation. A clique (resp. co-clique) in a graph G is a set of vertices such
that each pair of distinct vertices in it are adjacent (resp. non-adjacent). We sometimes
consider a clique (resp. a co-clique) of G also as an induced subgraph of G.

Let G be a graph. Let m := {V4,...,V,,} be a partition of vertex set V' (G), and, for
1<i,5 <mandu eV, let b;(u) be the number of neighbors of u in V;. Then partition
7 is called equitable if b;;(u) is independent from the concrete choice of u € V;. In this
case, the m x m matrix B := (b;;) is called the quotient matriz of m. It is well known
that for an equitable partition of G with quotient matrix B, the eigenvalues of B are also
eigenvalues of A(G), see for example [5, Theorem 9.3.3].

2.2 Edge-regular and co-edge-regular graphs

For an edge zy in a graph G we denote by A(x,y), the number of common neighbours of
x and y in G. For two non-adjacent vertices x and y we denote by p(z,y), the number of
common neighbours of z and y in G.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32 (2025), #P00 3



A regular graph is edge-reqular with parameter X if A(z,y) = A for all edges zy of G.
An edge-regular graph has level t if #{u(x,y) | x,y are non-adjacent distinct vertices} = t.
This notion is also known as a quasi-strongly regular graph with grade ¢, see for example
6].

A regular graph is co-edge-reqular with parameter p if any two distinct non-adjacent
vertices have exactly p common neighbors. We say that a co-edge-regular graph has level
t if #{\(z,vy) | =,y adjacent vertices} = ¢t. Note that the complement of an edge-regular
graph is co-edge-regular and vice versa and that the complement of an edge-regular graph
which has level ¢ is co-edge-regular and has level ¢ and vice versa.

A graph G is called strongly regular with parameters (n, k, A, ) if it has n vertices, is
k-regular, is edge-regular with parameter A and co-edge-regular with parameter pu.

The following result is well-known, see [5, Lemma 10.2.1].

Lemma 6. A connected non-complete reqular graph G is strongly reqular if and only if it
has exactly three distinct eigenvalues.

This means that a connected non-complete regular graph is a co-edge-regular graph
of level 1 if and only if it has exactly three distinct eigenvalues.

Goldberg [6] conjectured a possible extension of a result from Jurisi¢ et al. [11] who
showed it for distance-regular graphs.

Conjecture 7 (cf. [6, Conjecture 1]). Let G be a k-regular and edge-regular graph with
parameter A, and let 6,6 be two distinct eigenvalues of GG, different from k. Then

koo ok KAk — A —1)
<9+—)<9+>\+1>>_ A+1)2

A+1
However, it is worth mentioning that, for any integer s > 2 and any integer ¢ > 3,
the complement of the s-clique extension of a Latin Square graph LS;(n) (see Subsec-
tion 2.5 for a definition) disproves this conjecture, if n is sufficiently large. Moreover,
the complement of our construction in Section 5 also provides counterexamples to this
conjecture.

2.3 Designs

A pair (P, B) is a 2-(v, k, \)-design if the following conditions are satisfied:
L |P|=w;
2. For all B € B, we have B C P and |B| = k;

3. For each pair of distinct elements x,y of P there are exactly A elements B of B such
that both x and y are in B.

We call the elements of P points and the elements of B blocks.

A 2-(v, k, \)-design D = (P, B) is called resolvable if we can partition the block set
B into parts B, Bc,...B; such that B; partition P for all : = 1,2,...,t. We call the
partition {Bw, Be, ..., B} a resolution of D.
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The block graph of a 2-(v, k, 1)-design (P, B) is the graph with vertex set B and two
distinct blocks are adjacent if they intersect. Note that the block graph of a 2-(v, k, 1)-
design is a strongly regular graph with smallest eigenvalue —k, see [4, Section 8.5.4A].

2.4 Association schemes

In this section, we introduce the definition of symmetric association schemes. We will
not introduce the Bose-Mesner algebra for them. The reader is referred to [1, 5] for more
information.

Let X be a finite set and let { Ry, Ry, ..., Rp} be a set of non-empty symmetric binary
relations on X which partition X x X. For any i (0 < i < D), define the matrix A; with
entries 0 and 1 such that (A;),, = 1 if and only if (z,y) € R;. The pair X = (X, {R;},)
is called a (symmetric) association scheme with D classes if the following conditions hold:

1. Ay = Ix|, which is the identity matrix of order |X|,
2. P A = Jix|, the all-ones matrix of order |X|,
3. Al = A, for alli € {0,1,..., D}, where A/ is the transpose of A;,

4. AjA; = Ztho P,thh, where pzhj are nonnegative integers, such that for all z,y € X
with (z,y) € R, the number of z € X with (z,2) € R; and (z,y) € R; equals pf]

We call Ry the trivial relation and the other relations are called non-trivial. The integers
plhj are called the intersection numbers of X. Any association scheme in this paper is a
symmetric association scheme. We also call X a D-class association scheme. The matrices
A;, 1 =0,1,...,D are called the relation matrices of the association scheme X, and the
graph G; = (X, R;), with adjacency matrix A;, is called the relation graph for the relation
R; fori=0,1,...,D. Note that G; is k;-regular where k; = p?, and we say that k; is the
valency of the relation R;. Note that any relation graph in an association scheme X with
D classes has at most D + 1 distinct eigenvalues.

Van Dam gave a characterization of edge-regular graphs of level 2 with four distinct
eigenvalues in [18].

Theorem 8 (cf. [18, Theorem 5.1]). Let G be a connected regular graph that has four
distinct eigenvalues. Then G is edge-regqular of level 2 if and only if G is one of the classes
of a 3-class symmetric association scheme.

2.5 Orthogonal arrays

An orthogonal array O of order (n,t), denoted by OA(n, t), is a t x n? array such that each
entry is an element of [n] and #{(r;(¢),r;(¢)) | £ =1,2,...,n*} =n? for 1 <i < j < ¢,
where 7; is the i-th row of O. Note that from an OA(n,t), we can construct ¢t — 2
mutually orthogonal Latin Squares of order n for t > 3, and vice versa. A group-divisible
orthogonal array O of order (n, s,t), denoted by GOA(n, s,t) with groups G1, G, ..., Gy,
each consisting of distinct s rows is an st x n?-array such that #{(r;(¢),r;(¢)) | £ =
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1,2,...,n%} = n? whenever r; belongs to a different group than r;. We allow repeated
rows in a group.

If there exists an OA(n,t), then, for all s > 2, there exists a GOA(n, s, t).

The following theorem is the well known MacNeish’s Theorem [12].

Theorem 9. If n = pi" - p2 where py,...,p, are distinct primes. Then there ezists an
OA(n,r) with r = min; p" + 1

Now we will define the Latin Square graphs.

Definition 10. Let O be an OA(n,m) with columns ¢;, s, ..., c,2. The Latin Square
graph LS,,(n) with respect to O is the graph on V' = {¢y,¢o,...,¢cp2} and for i # j,
¢; ~ ¢; if there exists an integer ¢ such that ¢;(¢) = ¢;(¢).

Each Latin Square graph LS,,(n) is a strongly regular graph with parameters
(n?, (n — Dm, (m —1)(m —2) +n — 2,m(m — 1))

and has spectrum Spec(LS,,(n)) = {[(n — 1)m]}, [n — m]=1m [—m]r-D0+l=m]1 = For
more background about Latin Square graphs, we refer to [4, 5]

For a positive integer s, the s-clique extension of a graph G is the graph G obtained
from G by replacing each vertex x € V(G) by a clique X with s vertices, such that & ~ §
(for 7 € X, g€ 37) in G if and only if  ~ y in G. Note that G has adjacent matrix
A(G) = J,@ (A(G) +1,) — I, where I is the identity matrix, .J is the all-ones matrix, and
v is the number of vertices in G. In particular, if Spec(G) = {[0o]™®, [0:]™,...,[0-]""},
then

Spec(G) = {[s(fo + 1) = 1™, [s(01 + 1) = 1™, ..., [s(0, + 1) — 1], [-1]¢7D],

Note that if G and H have the same spectrum, then the s-clique extension of G has the
same spectrum, as the the s-clique extension of H. For more background about s-clique
extensions, we refer to [9].

2.6 Parallel classes

Let ¢ be a prime power and F, be the finite field of order q. A plane P is an affine plane
in IFZ. Two planes P, and P are parallel if they are disjoint. A parallel class S is a set
of ¢ mutually parallel planes in Fg. Bose first considered these sets in [2] to construct
certain designs. In the next result we show that there are special parallel classes in IFZ.
The following result may be known, but we could not find a reference for it.

Theorem 11. There are g + 1 parallel classes S, ..., Sg41 in Iﬁ‘g’ satisfying:
1. |PNQ|=qforPesS and Qe S; ifi#j,
2.IPNQNR|=1forPeS,, QeSS and ReS;, if I<h<i<j<qg+1.
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Proof. Let vy := (0,0,1) and v, := (1,z,z(x + 1)) for each z € F,. Let z,y, z be three
distinct elements of F,. Then

00 1
det ({1 z z(xz+1) | =y—=
Ly yly+1)
and
1 z z(x+1)
det |1 v yly+1) | =(—-y)(y—2)(2—2)
1 z z(z+1)

This means that any three distinct vectors of {v, | z € F,} U{v} are linear independent.
Let P} :={u € F3 | u"v, = b} for a € F,U{q+1} and b € F,. Then S, :={P? | b e F,}
is a parallel class as these planes are all orthogonal to v,. Let a1, as,a3 € Fy U {vs} be
pairwise distinct. Then we have |P2' N P2| = ¢ for by, by € Fy, as v,, and v,, are linear
independent, and |P?* N P2 N P%| = 1 for by, by, by € Fy, as v, va, and v,, are linear
independent. O

3 A combinatorial characterization of co-edge-regular graphs
with four distinct eigenvalues

In this section we will study connected co-edge-regular graphs with at most four distinct
eigenvalues. Note that by Lemma 6, we have a characterization of connected regular
graphs with 3 distinct eigenvalues. We will generalize this to four distinct eigenvalues.

Let G be a connected k-regular graph on n vertices with exactly four eigenvalues
Oy =k >0, > 0y > 03. Let A:= A(G) be the adjacent matrix of G, n := |V(G)|, and
0= (k_el)(kzez)(k_ei‘). Hoffman [10], see also [17], showed (A—611)(A—021)(A—051) = £.].
It follows that

A% — (01 + Oz + 03) A% + (0102 + 0105 + 0203) A — 0105051 = (.. (1)
Definition 12.

1. A co-edge-regular graph with parameter u is a (u,7)-strongly co-edge-reqular, if
every pair of non-adjacent vertices {z,y} satisfies Yy A@: 2) = 7.

2. A regular graph is («a, §)-weakly edge-regular if every pair of adjacent vertices {z,y}
satisfies aA(2,y) = D c vy M 2) + 5.

Note that a non-complete strongly regular graph with parameters (n, k, A, 1) is (u, y)-
strongly co-edge-regular with v = A2, and (a, 3)-weakly edge-regular for any pair (o, 3)
satisfying f = (o — A)A.
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Theorem 13. Let G be a connected non-complete k-reqular and co-edge-reqular graph on
n vertices with parameter p. Then G has at most 4 distinct eigenvalues if and only if
it is (o, B)-weakly edge-regular and (u,y)-strongly co-edge-regular for some reals «, [3,7.
Furthermore, if G has exactly 4 distinct eigenvalues k > 01 > 0y > 03, then o — p =
81 + 92 + 93, /J(Oé - 1) + k— ,6 -7 = 91(92 + 6163 + 9293, and ,u(k; — Oé) +’}/ = (k=61)(k=0>)(k=63) .

n

Proof. Let G be a k-regular and co-edge-regular graph with parameter pu.

As G is non-complete, G has at least three distinct eigenvalues. If G has exactly three
distinct eigenvalue, then we have already seen that G is strongly and hence («, 3)-weakly
edge-regular and (u,y)-strongly co-edge-regular for some reals a, 3,7v. Now assume that
G has at least four distinct eigenvalues.

Notice that (A%),, = 2e(A,) = k(k—1) — u(n — k — 1), where e(A,) is the number of
edges in A, the local graph at x. For a vertex z of G, let N(x) be the set of neighbours
of z in G.

Let x and y be two distinct non-adjacent vertices. Then

(A%)0y = (k — )+ Z A, z) and (A%)y, = p.

z€N(z)NN(y)

Similarly, if u and v are two adjacent vertices, then

(A= > AMuyw)+ (k=1 = Au,0))p+ k and (A%)uy = A, v).

weN (u)NN (v)

Assume that G has exactly four distinct eigenvalues 6y = k > 6, > 6y > 65. By
Equation (1), for two distinct non-adjacent vertices x and y, the sum

> Maz) =0y + s+ 05— k+p) +(

zEN(z)NN (y)

does not depend on the choice of x and y, where ¢ := (k—01)(k—02)(k—03) Hence, G is strongly
co-edge-regular with v = pu(0; + 02+ 63 — k + pu) + £.

Also by Equation (1), for two adjacent vertices u and v, the sum

(01 4 02 + 03 + p)A(u,v) = Z AMu,w) + (k= 1)p+k+ 0105 + 6,03+ 0205 — ¢

weN (u)NN (v)

does not depend on the choice of u and v. Hence, G is weakly edge-regular with o =
61+02+03+/J aIld,BZ (k?—1)#-{—]{7—’—0192—’—0193—’—0283—6

Now let G be a (u,y)-strongly co-edge-regular and («, 5)-weakly edge-regular graph.
Let fii=pla—1)+k—=B~7, far=a—p, fs:=klk—1-a)+pa—vy—pn—k-1),
and fy == u(k —a) + .

Let « be a vertex of G. Then (A%),, = k(k—1) —pun —k—1) = fs+kfo+ f1 =
(fLA+ foA? + +f3] + faT)za-
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Let x and y be two distinct non-adjacent vertices. Then

(A%)ay = (k — p)p + Z A, z) and (A%)4, = p.

z€N(z)NN(y)

As G is a (u,7)-strongly co-edge-regular graph, we see that (A%),, = (k — p)u +~ =
f4 + fZM = f4me + f2(A2>xy = (flA + f2A2 + f3I + f4‘])zy'

Using the fact that G is («, §)-weakly edge-regular, it can be checked in a similar way
that (A3)y, = (1A + foA%2+ f3I + f1J)u, for adjacent vertices u, v of G. This means that
A3 = f1A2 + f2A + f3] + f4J This 1mphes that A4 - (l{? + fl)A3 + (k’fl — fg)AQ + (k’fg —
f3)A+ kfsl =0, since AJ = kJ. Therefore, the degree of the minimal polynomial of A
is at most four, and thus G has at most 4 distinct eigenvalues. O]

Of course the above theorem also gives a characterization of edge-regular graphs with
four distinct eigenvalues, by looking at their complements. Note that this characterization
generalizes the following result of Van Dam [18], as relation graphs from d-class association
schemes have at most d 4+ 1 distinct eigenvalues.

Theorem 14 (cf. [18, Theorem 5.1]). Let G be an edge-regular graph of level 2. Then
G is the relation graph of a 3-class association scheme if and only if it has exactly four
distinct eigenvalues.

4 On a theme of Haemers and Tonchev

In strongly regular graphs, the cliques and co-cliques with the property that every vertex
outside is adjacent with the same number of vertices inside are characterized by the fact
that they satisfy with the equality so-called Hoffman bound:

Theorem 15 (cf. [4, Proposition 1.1.7]). Let G be a strongly reqular graph with parame-
ters (n,k, A\, ) and smallest eigenvalue —m.

1. If C is a clique of G, then |C| < ™EE with equality if and only if every vertez x ¢ C
has the same number £ of neighbors in C.

2. If D is a co-clique of G, then |D| < oz, with equality iof and only if every vertex
x & D has the same number m of neighbors in D.

3. If a clique C and a co-clique D both meet the bounds of (i) and (ii), then |CND| = 1.

In 2021, Haemers wrote a note [7] clarifying the history of the Hoffman bound. We
call a (co-)clique that meets the Hoffman bound a Hoffman (co-)clique. Note that in the
literature a Hoffman clique is also called a Delsarte clique.

Definition 16. 1. A Hoffman coloring in a strongly regular graph G is a partition of
the vertex set into Hoffman co-cliques;
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2. A Hoffman spread in a strongly regular graph G is a partition of the vertex set into
Hoffman cliques.

Note that a Hoffman coloring in a strongly regular graph G is the same as a Hoffman
spread in its complement G.

In [8], Haemers and Tonchev showed the following result, generalizing a result of
Brouwer.

Theorem 17 (cf. [8, Proposition 4.1]). Let G be a connected non-complete strongly
regular graph with n vertices and spectrum Spec(G) = {[k]', [r]/,[s]?} having a Hoffman
spread S = {C1,Cy,...,C}. Let E be the edge set of G and F; be the edge set of C; for
1=1,2,...,t. Let G’ be the graph with the same vertex set as G and edge set E\U§:1 E;.
Then G’ is the relation graph of a 3-class association scheme. In particular, G' is reqular
and edge-reqular with spectrum

n—k—1

=1, s = 172 [s + ﬁ]m?’}»

N n—k—1
Spec(G') = {[k + 1

sn
s—k

where my = f — +1, mg =g, and mz = =2 — 1.

s—k

Note that the complement G of G of Theorem 17, is co-edge-regular and has at most
four distinct eigenvalues. Therefore, each strongly regular graph with a Hoffman spread
can construct a counterexample of Conjecture 4. There are many examples of strongly
regular graphs with Hoffman spreads, see [8, 16].

By using resolvable 2-(v, t, 1)-designs, we give an infinite family of counterexamples of
Conjecture 4 by the above theorem. The complements of these examples were obtained
by Haemers and Tonchev [8]. For the convenience of the reader, we give the details.

Let D = (P,B) be a resolvable 2-(v,t,1)-design, say, with resolution
p = {Bw,Be,...,B¢}. This means that the block graph G of D is a strongly regular
graph with parameters (n, k, A, 1) having smallest eigenvalue —t, see [4, Section 8.5.4A],
where n = 2(3:11))7 k= %, = t(t —2) + £, and p = ¢*. Note that each B; is a
co-clique of é with order 2. By Theorem 15, each B; denotes a Hoffman co-clique of G.
Hence, the resolution p gives a Hoffman coloring of G.

Now construct the H with vertex set B such that, for two distinct blocks By, By, we
have B; ~ By if they were adjacent in G or there exists ¢ such that By, Bs € B;. Then,
by Theorem 17, we see that H is a co-edge-regular graph with smallest eigenvalue —¢ — 1

having exactly four distinct eigenvalues.

Theorem 18. The graph H 1is regular with valency f%lt(t + %) and co-edge-regqular of
level 2 with parameter t(t 4+ 2). Moreover, the spectrum of H is

v—1
t—1

v—t t—1

—t
(t + =
t—1

t

Spec(H) = {] — )0

I =2, [t — 1],

where fi = 2L, fo=v—1, and fy = “F(2=t — 1),

t—1
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Proof. By Theorem 8 and Theorem 17, it suffices to show that H is co-edge-regular
with parameter t(t + 2). Let x,y € V(H) be two non-adjacent vertices. Without loss
of generality, assume that x € B; and y € Bs. Since B; is a Hoffman co-clique of G
for each i, Theorem 15 implies that = (resp. y) has exactly t neighbors in By (resp.
Bi). Note that G is co-edge-regular with parameter t*>. Therefore, |[Ny(z) N Ng(y)| =
|Ne(2) N Ne(y)| + |Nu(z) N Ba| + [Ny (y) N By| = t(t + 2). This completes the proof. [

Note that for fixed ¢ > 2, there are infinitely many v such that there exists a resolvable
2-(v,t,1)-design, see for example [14]. These give infinitely many counterexamples to
Conjecture 4.

5 Another construction

In this section, we construct a new family of co-edge-regular graphs with four distinct
eigenvalues of which one is —1. We will use group-divisible orthogonal arrays for this
construction. We will call these new graphs the twisted Latin Square graphs. In the rest
of this section, let ¢ be a prime power and n be a positive integer such that there exists
a GOA(n,q,q + 1), say O with groups Gi,Gs,...,Gq41. Note that, for a given prime
power ¢, there are infinitely many n such that exists a GOA(n,q,q + 1), by MacNeish’s
Theorem [12]. For i € [g 4 1], order the rows in G; as r} where j € [q], since there are
exactly ¢ rows in Gj.
By Theorem 11, there are ¢ + 1 parallel classes Sy, ...,S5,41 in IFZ satisfying:

1. |[PNQ|=gqfor Pe S and Q € S; if i # j,
2.1 PNQNR|=1forPe§,, QeSS and Re S, if I<h<i<j<qg+1l

Let S; = {P{, P3,..., P} for i € [g+ 1]. We consider the planes P} as subsets of order
q* of F} for i € [¢+ 1] and j € [q].

Now we are ready to define the twisted Latin Square graphs. As we will see later they
have the same spectra as certain clique-extensions of certain Latin Square graphs.

The twisted Latin Square graph with parameters (g, n) with respect to O, abbreviated
with TLS(q,n), is the graph with vertex set F> x [n*]. Two distinct vertices (x,7) and
(y,j) of TLS(q,n) are adjacent if i = j or if there exists a plane P, such that x and y
both lie on and 7 (i) = r}(j).

For s € [¢ + 1], t € [q] and ¢ € [n] define the set C(s,t,{) as the set consisting of the
vertices (x,7) such that x € P? and r§(i) = £. It is clear that the set C(s,t,¢) induces a
clique in TLS(q,n) of order ¢*n.

5.1 Structure of TLS(q,n)

We denote F(i) := {(x,1) | x e F3} for i = 1,2,...,n* and P/ (i) := {(x,7) | x € P}} for
s€lg+1], t €lqg], and i € [n?.

THE ELECTRONIC JOURNAL OF COMBINATORICS 32 (2025), #P00 11



Lemma 19. Let s1,80 € [q + 1], t1,t2 € [q] and (1,05 € [n]. Assume C(s1,t1,01) #
C(sg,ta,0s). If s1 # s9, then there exists an integer i such that C(s1,t1,01)NC(sa,te, ls) =
PH@)NP (i) C F(i). and |C(s1,t1,0)NC(s2,t2,02)| = q. If 51 = 52, then |C(s1,t1,41)N
C(s2,t2,02)| = 0.

Proof. Assume sy # s,. By Theorem 11, the planes F{' and P} intersect in ¢ vectors x;,
Xg,. . ., X, There exists exactly one position i € [n?] such that rfll( i) = {1 and r;7 (i) = Lo,
by the definition of O. This shows that C'(s1,t1,¢1) N C(sa,t2,02) = P;'(i) N P* (i) and
|C(51,t1,01) N C(s9,t2,05)| = ¢ in this case. Now assume s; = s9. If t; # t5, then the
planes P;' and P;? are parallel and disjoint, and thus |C'(sy,t1,61) N C(s2,t, 2)| = 0. If
t1 = to, then ¢; # (5 and again it is clear that |C(sy,t1,01) NC(sg,ta, €3)| = 0. This shows
the lemma. O

Lemma 20. Any twisted Latin Square graph TLS(q,n) is reqular with valency k = ¢* —
1+ (¢g+1)(n—1)¢%

Proof. Let (x,i) be a vertex of TLS(q,n). Then it has ¢> — 1 neighbours in F'(z). The
vector x lies in the unique plane, say P, in the parallel class S, for s € [q + 1] So
(x,1) has exactly ¢*(n —1) neighbours in C(s, t,, 75 (1)) — F(i) = C(s, ts, 75 (1)) — P (i). 1

$1 # Sz, then, by Lemma 19, C(s1, t,,, (1) NC (82, Ls,, (=) = P (i) NP2 (i) C F (i), as (x, z)
is one of them. Tt follows that the valency of (x,1) is exactly ¢ — 1+ (¢ +1)(n—1)¢*>. O

Lemma 21. Let s € [g+1],t € [q] and £ € [n]. Let v = (x,1) be a vertez not in C(s,t, ().
Assume that x lies in planes P}, for j € [q+1]. If rj(i) = {, then C(s,t,£) NN (v) = P7(i)
holds. If r{(i) # ¢, then there exists pairwise distinct m, with p € [q + 1] — {s} such that

C(s,t,£) N N(v) qCJ P} (my,) N PE(my).

p=1,p#s
In particular, v has exactly ¢* neighbours in C(s,t,?).

Proof. Assume that v = (x, 7). The vector x lies in a unique plane, say Pt]], in the parallel
class S; for j € [¢ + 1]. Hence, (x,1) lies in the clique C(j, tj,rzj(i)) for j € [q + 1].

If 75(i) = ¢, then P7(i) = C(s,t,£) N F(i) C C(s,t,) N N(v). So v has at least ¢?
neighbours in C(s,t,£), and t, # t as otherwise v € C(s,t,/). As (x,1) lies in the clique
C(7, tj,rfj(i)) for j € [¢+ 1] and, by Lemma 19, C(s,t,£) N C(j, t;, 7, (1)) = P7(i )ﬂPJ
Pg(i) if j # s. This means that |C(s,t,¢) N N(v)| = |P(i)| = ¢* holds.

If rf(i) # ¢, then C(s,t,0) N N(v) = C(s,t,£) N (U#S C’(j,t],rt (7))). By Lemma 19,
there exists an integer m; such that C(s,t,€) NC(j,t;,77,(i)) = P7(m;) ﬂP] (m;) if j # s.
As ri(i) # ¢ and r{(m;) = ¢, we have i # m,; for all j # s.

Now we show that m; # mj for distinct j,j' € [¢ + 1] — {s}. In fact, we have
(r{j (m;), r,{;, (m;)) # (rfj (1), r{;, (i), by the definition of O, as ¢ # m;. Thus, m; # m; for
distinct 7, ' € [¢ + 1] — {s}.
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This implies that

C(s,t,0) NN (v)] = C(s,t,0) N (| JCU s, (0)))]
i#£s
= @ (my) 0 P (my))]
i#£s
=Y (B (my) N Pl (my))] = ¢°
i#£s
by Theorem 11. ]
Lemma 22. Each twisted Latin Square graph TSL(q,n) has ¢*(n—1)—1 as an eigenvalue.

Proof. Let V be the vertex set of TSL(q,n). By Lemma 20, TLS(q,n) is regular with
valency k = ¢* — 1+ (¢ +1)(n — 1)¢*>. By Lemma 21, for s € [¢ + 1], we have a equitable

2 _ 2
partition {C(s,t,¢),V — C(s,t,¢)} with quotient matrix (nqq2 1k kn_qq;—l

eigenvalues ¢*(n —1) — 1 and k. Therefore, ¢*(n —1) — 1 is an eigenvalue of T'SL(gq, s). [

having

Lemma 23. Let u = (x,4) be a vertex in TLS(q,n) where x € F) and i € [n?]. If u has
neighbours in F(m) where m # i and m € [n*]. Then there exists s € [q+ 1] and t € [q]
such that F(m) N N(u) = Pf(m).

Proof. Let v = (y,m) be a neighbour of w in F'(m). This means that there exists s €
[ +1],t € [¢] and ¢ € [n] such that u,v € C(s,t,¥), which implies £ = r7(i) = r{(m). It
follows that N(u) N F(m) 2 P?(m). Let s; € [¢ + 1],t; € [g] such that s; # s. Then
r;1 (i) # ril(m) by the definition of 0. As a consequence, we find that N(u) N F(m) =
P7(m). This shows the lemma. O

5.2 Local graphs of TLS(g,n)

Let u = (x,m) be a vertex of the graph T'LS(q,n), where x € F2 and m € [n?]. The

vector x lies in the unique plane, say P, in the parallel class S, for s € [g + 1]. This

means that (x,m) lies in the clique C(s,t,,7; (m)) for s € [¢ + 1]. We define the set

A;; = A;j(u) as follows: Let A;; := P (m) N Pt]] (m) — {(x,m)} for distinct i, j € [¢g + 1].
For i € [q 4 1], we define the sets B; = B;(u), C; = Cj(u) and R = R(u) by

Bi := P} (m)—=U,, Pl (m), C; := C(i,t;,r}, (m)) = P (m), and R := F(m)=UjL, P/ (m).
We first give the Cardlnalltles of these sets and also show that they are mutually

disjoint.

Proposition 24. Let A;;, B;, C;, and R be the sets as defined above. These sets satisfy

the following properties:

1. The sets A;j, By, Cp, and R are mutually disjoint fori,j,h,p € [¢+ 1] and i # j;
2. |Aijl =q—1 fori,j €lqg+1] and i # j;
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3. |Bi|=q—1 forie[qg+1];
4. |Ci| = (n—1)¢?* fori € [q+1];

_1)2 .
5. |R| =YX fori € [g+1].
Proof. As Ajj, By, R are all subsets of F'(m) and C, N F(m) = 0 for 4,5, h,p € [q + 1],
i # j so C, is disjoint from By, R and A;;. For distinct ¢,j € [¢ + 1], by Lemma 19, we
have A A

C(i, ts,r,(m)) N C(3, tj,rij (m)) C F(m).

So C; N C; = (. Clearly the B; and B; are disjoint if ¢ # j, and A;; N B, =0 if i # 5. It
is also clear that the set R is disjoint from the sets A;; and Bj,.Let 1,142, j1,J2 € [q¢ + 1]
such that i; # ji, io # jo and {41, 1} # {i2,J2}. Then A, ; N A, , is contained in the
intersection of at least three planes all containing (x,m). This means that A;, ; NA;, j, =
(), by Theorem 11. These show that all the sets in (i) are disjoint.

Now we will determine the order of the sets A;;, B;, C; and R. For i # j € [¢+ 1] the
set A;; = P} (m)N Pti_ (m) \ u, and hence |A;;| = ¢ — 1 by Theorem 11. It follows that
|Bi| = |P}| — Z#i |Aij| —1=¢*—q(¢g—1)—1=¢q—1fori€ [g+ 1], and thus

g+1 g+1

7l = qg_z Bil=) > [Aul-Hu} = q3_(q+1)(q_1)_(q+21)q(q_ =1 — a(q ; )

i=1 j=i+1

Note that |C;| = |C(i,t;, 7 (m))| — |P}(m)| = (n — 1)¢* for i € [¢+ 1]. This shows the
proposition. O

As F(m) induces a clique and A;;, By, R are subsets of F'(m), any two distinct vertices
in any pair of these sets are adjacent.
Now we determine the number of neighbours of w € C; where i € [¢ + 1].

Lemma 25. With the above notation, let w € C; where i € [qg+ 1]. Then w has ezxactly
1. q(q — 1) neighbours in C; for j € [¢+ 1] — {i},
2. q — 1 neighbours in Ap; if i € {h,j} and 0 otherwise,
3. q — 1 neighbours in B; if t = j and 0 otherwise,
4. 0 newghbours in R.

Proof. Note that A;;, B; and C; are subsets of C(i,t;,r} (m)) for i,j € [¢+ 1] and 7 #
j. This shows (iii) and (ii) for ¢ € {h,j}. Assume that w = (y,p). By Lemma 23,
N(w) N F(m) is the plane P/ (m), and hence w has no neighbours in A, if i & {j,,h}
by Theorem 11. This finishes the proof of (ii). It also follows that w has no neighbours
in R, showing (iv). To show (i), let j € [¢ + 1] \ {i}. We have r} (p) = r{ (m), and thus
'r’fj (p) # rgj(m) by the definition of TLS(¢q,n) and O. We have N(w) N F(m) = P} (m),
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by Lemma 23, of which exactly ¢ are in CtJJ (m), namely the elements of P/ (m) N Pti, (m).

As w has ¢* neighbours in C(j, t;,7/,) by Lemma 21, it follows that w has exactly ¢* — ¢

neighbours in C;. This finishes the proof of the lemma. O

Proposition 24 and Lemma 25 implies that there are four kinds of vertices in the local
graph A(u). To make this precise:

Proposition 26. With the above notation, let a € A;;, b € B;, c € C;, and v € R for
i,7 € [q+ 1]. Then we have:

1. Mu,a) = |F(m) — {u,a}| + G| + G| = ¢* — 2+ 2(n — 1)g*;
2. Au,b) = [F(m) — {u,b}| +|Ci] = ¢* — 2+ (n — 1)g*:

8. Mu,c) = >0, IN(e) N Cif + |C(i, ti, i, (m)) — {u,c}] = q(¢® —q) +ng® =2 =
3—24—(71—1)(]2;

Q

4. Mu,v) = [F(m) —{u, 0} = ¢* - 2.
This gives immediately the following:

Proposition 27. With the above notation, let A := |, U#i A, B =, Bi, and C :=
\U; Ci. Then the partition {A,B,C, R} is an equitable partition of the local graph A(u)
with quotient matriz

@N@-1—-1  (g+1)(q—1) 2 — 1) o
o=| (-1 (@+D-1-1 (n— 1)¢? o 12
qlg—1) q—1 (n—1)¢" +q(¢> —q) — 1 0
(-1 (g+1)(g—1) 0 1P

As a consequence of the above two propositions we have the following result.

Proposition 28. Fach twisted Latin Square graph T'LS(q,n) is («, B)-weakly-edge-regular,
where a +1=(n—1)¢" +¢* =2 and = (2—-¢’) = ¢*(n — 1)(¢* — ¢ + 1).

Proof. It can be directly confirmed by calculation, by using Propositions 26 and 27. [

Proposition 29. Fach twisted Latin Square graph TLS(q,n) is (u,y)-strongly co-edge-
reqular, where = (q+ 1)¢* and v = p(q® — 2+ (n — 1)¢?).

Proof. Let u = (x,m) be a vertex of the graph TLS(q,n), where x € F3 and m € [n?].
We use the above notations A;;, and so on. Let w = (y,m’) be a non-adjacent vertex
to u. Then m’ # m. We have to consider two cases for w: either N(w) N F(m) = 0 or
N(w) N F(m) # (. In the first case, we have N(w) N N(u) = N(w) N (V2] C;). This
implies |N(w) N N(u)| = (¢ + 1)¢* and

Y Awv)=(g+ D¢ (¢ =2+ (n—1)¢%)

vEN (w)NN (u)
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by Lemma 21 and Proposition 26.

If N(w)N F(m) # 0, then, by Lemma 23, there exists s € [¢+ 1] and ¢ € [¢] such that
N(w) N F(m) = P?(m). We obtain that |A;; N P’(m)| =1 for 4,j € [¢ + 1] — {s}, and
hence |B; N Pi(m)| = 1 for i € [¢ + 1] — {s}. So that means | AN Pf(m)| = ‘](qT_l) and
|BN Pf(m)| = q. We obtain that |[RN Pf(m)| = ¢* — @ —q= q(qT_l). Also this implies
that w has exactly ¢* — q neighbours in C; if ¢ € [g + 1] — {s} and exactly ¢* neighbours
in C,, by Lemma 21 and Proposition 26. As w has exactly ¢? neighbours in F(m), we see

that

[N (w) NN (u)| = [N(w) N F(m))| +Z|N(w) NGl =¢*+q* +a(¢® —q) = (¢ + 1)¢*.

Now we have

Z Mu,v) = Z AMu,v) + Z Au,v) + Z Au,v) + Z Au, v)

vEN (w)NN (u) veEN (w)NA vEN (w)NB veEN (w)NC vEN(w)NR
-1
:q(q2 N 24200 - @) +a(d® — 2+ (n— D)+
-1
(4(® =)+ )@ =2+ (n—1)¢*) + q(qQ)(q?’ -2)
=(g+ 1)’ (¢° =2+ (n— 1)¢%).
This shows the proposition. O

Corollary 30. Fach twisted Latin Square graph TLS(q,n) is a co-edge-reqular graph of
level 3 with spectrum

{14+ (q+ 1) (n—1)" (¢F(n—1) = 1)) (_qyla=Da*n® (2 q)an—)n-1)a}

Proof. By Proposition 26 and Proposition 29, T'LS(q,n) is a co-edge-regular graph of
level 3.

By Lemma 20 and Proposition 28, each twisted Latin Square graph T'LS(q,n) is k-
regular where k = ¢ — 1 + (¢ + 1)(n — 1)¢?, and weakly-edge-regular with o = (n —
D@2 +¢*—3and 8= (2—¢%) — ¢*(n—1)(¢* — ¢+ 1). By Proposition 29, TLS(q,n)
is strongly co-edge-regular with u = (¢ + 1)¢® and v = u(¢* — q)q + ng®> — 2. Note
that TLS(q,n) is not a strongly regular graph as there are three different valencies in
any local graph of T'LS(q,n). Therefore, T'LS(q,n) has exactly four distinct eigenvalues
k =60y > 60, > 0y > 05 by Theorem 13.

It follows from Lemma 22 that 6; = ¢*(n—1)—1. By Theorem 13 and Equation (1), we
obtain a—p = f; = 01+05+03 and p(a—1)+k—F—~ = fo = 0102+0105+0505. Therefore,
0, = —1 and 03 = —¢®> — 1. The multiplicities can be determined by using Tr(A4) = 0,
Tr(A?) = ¢®>n*k, and that the sum of multiplicities is equal to ¢*n? = |V(T'LS(q,n))|. O

As a consequence of the above corollary and Theorem 9, we have the following result
which provides a proof of Theorem 5.
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Theorem 31. For a prime power q, there exist infinitely many integers n such that a
twisted Latin Square graph T'LS(q,n) exists. The graph TLS(q,n) is a co-edge-reqular
graph with level 3 and cospectral with the q-clique extension of each Latin Square graph
LSg1(qn).

It worth mentioning that T'LS(q,n) is not switching equivalent to the g-clique exten-
sion of LS, 41(gn) if n > 6.

The smallest example of a twisted Latin Square graph is T'LS(2,2), which has 32
vertices. Van Dam and Spence [19] provided tables of connected regular graphs with four
distinct eigenvalues and at most 30 vertices.

In particular, we can also consider cliques-extensions of twisted Latin Square graphs.
As a consequence, for any positive integer s > 2, there exist infinitely many co-edge-
regular graphs that are non-isomorphic but cospectral with the s-clique extension of cer-
tain Latin Square graphs

Theorem 32. Let q be a prime power. For any positive integer s > 2, such that q is a
factor of s. If q # s, then there exist infinitely many integers n for which a co-edge-reqular
graph with level 4 exists that is cospectral with the s-clique extension of each Latin Square
graph LS,41(qn).

Proof. By Theorem 31, there exists infinitely many integers n such that a twisted Latin
Square graph T'LS(q,n) exists. Then the 2-clique extension of T'LS (g,n) is a co-edge-
regular graph of level at least 3 with the same spectrum as the s-clique extension of
LSy+1(gn). Moreover, if s # ¢, then the -clique extension of T'LS(q,n) is a co-edge-
regular graph of level 4. [

Remark 33. Recently we were able to generalize the construction in this paper to obtain
an infinite family of co-edge-regular graphs with unbounded level that are cospectral with
clique-extensions of Latin square graphs. A detailed exposition of these results will be
given in a forthcoming work.

We conclude with some open problems:
Problem 34. 1. Let G be a connected co-edge-regular graph with level ¢ and with

four distinct eigenvalues and smallest eigenvalue —6. Is ¢ bounded by a function of
07

2. Is it possible to construct infinite families of cospectral graphs of certain clique
extensions of certain Steiner graphs in a similar manner as in Section 57

3. Is it possible to generalize Theorem 1 to the class of co-edge-regular graphs of level
2 with exactly four distinct eigenvalues?
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