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Abstract
For any finite, connected poset P, we show that the f-vector of Galashin’s P-
associahedron o7 (P) only depends on the comparability graph of P. In particular,
this allows us to produce a family of polytopes with the same f-vectors as permu-
tohedra, but that are not combinatorially equivalent to permutohedra.

Mathematics Subject Classifications: 05A19, 52B05

1 Introduction

Recall that the comparability graph of a poset P is a graph C'(P) whose vertices are the
elements of P and where 7 and j are connected by an edge if 7 and j are comparable. A
property of P is said to be comparability invariant if it only depends on C'(P). Properties
of finite posets known to be comparability invariant include the order polynomial and
number of linear extensions [7], the fixed point property [1], and the Dushnik-Miller
dimension [10].

For a finite connected poset P, Galashin introduced the P-associahedron <7 (P) [2].
P-associahedra generalize Stasheff’s associahedron [8] to the setting of properadic compo-
sition. That is, instead of having a sequence of operations with one input and one output,
one may view a poset as a collection of operations with multiple inputs and multiple out-
puts “wired together” by covering relations. A vertex of a P-associahedron disambiguates
the order of composition. For more details, see [3, 6, 9].

The f-polynomial of a d-dimensional polytope () is

d
fa(z) == Zfz’zz
i=0
where f; is the number of faces of @) in dimension i. We call (fy, ..., fq) the f-vector of

Q. The following is our main result:
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Theorem 1. The f-vector of </ (P) is a comparability invariant.

Theorem 1 may lead one to ask if C'(P) ~ C(P’) implies that «7(P) and o/ (P’) are
necessarily combinatorially equivalent.

Definition 2. Let a = (ay,...,a,) € Z" with a; > 1 for each i¢. Define the complete
graded poset of type a to be the poset

Pa = {xlla' c oy X1y, X215 -+ -, L2a0y - - - }7
where z;; < xy; if and only if ¢ < 4'. That is, P, is the ordinal sum of antichains.

Observe that C'(P,) is invariant under permutation of a. This observation, together
with Theorem 1, yields an immediate corollary.

Corollary 3. For any a, fu(p,(2) is invariant under permutation of a.
This class of examples is sufficiently rich to answer our question in the negative.

Theorem 4. Let m,n > 2. Then o/ (Pyn1,) is combinatorially equivalent to the permu-
tohedron, but &/ (P mn)) is not.

Corollary 5. There exists a family of polytopes with the same f-vector as the permuto-
hedron, but which are not combinatorially equivalent.

2 Background

2.1 Flips of autonomous subsets

Definition 6. Let P and S be posets and let a € P. The substitution of a for S is the
poset P(a — S) on the set (P — {a}) LS formed by replacing a with S.
More formally, © =<p(a—s) ¥ if and only if one of the following holds:

e r,ye P—{a} and x <py

e r.ye Sandz <5y
erxcSyeP—{a}anda=py
e yc S,ze P—{a}and y <pa.

Definition 7. Let P be a poset and let S C P. The subset S is called autonomous if
there exists a poset @ and a € @) such that P = Q(a — 9).
Equivalently, S is autonomous if for all x,y € S and z € P — S, we have

(x<zey<z2)and (z & 2 <y).

Definition 8. For a poset S, the dual poset S°P is defined on the same ground set where
x =gy if and only if y <ge» 2. A flip of S in P = Q(a — S) is the replacement of P by
Q(a — S°P).
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(a) An autonomous subset S of a poset P. (b) A flip of S.

Figure 1
See Figure la for an example of an autonomous subset and Figure 1b for an example
of a flip. One can see that if two posets are related by the flip of an autonomous subset,

then they clearly have the same comparability graph. The following theorem shows that
these flips suffice to connect any posets with the same comparability graph.

Theorem 9 ([1, Theorem 1]). If P and P’ are finite posets such that C(P) = C(P’) then
P and P’ are connected by a sequence of flips of autonomous subsets.

In particular, a property is comparability invariant if and only if it is preserved under
flips.

2.2 P-Associahedra

We recall the definition of P-associahedra.

Definition 10. Let P be a finite connected poset. A subset 7 C P is called a proper pipe
if

e 27|

e T is conver, i.e. for all z,z € 7,y € S, we have
(z=y=2)=(yen)

e 7T is connected as a subgraph of the Hasse diagram of P.

A collection T of proper pipes is called a proper piping if the following two conditions
hold:
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e The pipes in T are pairwise either nested or disjoint. That is, for all o,7 € T', we
have either c C7, 7 C o, or TNo = .

e The directed graph Dr is acyclic, where T is the vertex set of Dy and where (o, 7)
is an edge if 0 N7 = () and there exist x € o,y € 7 such that z < v.

See Figure 2a for an example of a proper piping.

(a) A proper piping T' on P. (b) ®ps(T)

Figure 2: A piping and its image under ®p¢(7") from the flip in Figure 1

Theorem 11 ([2, Theorem 1.2]). Let P be a finite, connected poset on at least 2 elements.
Then the collection of proper pipings of P ordered by reverse inclusion is isomorphic to
the face lattice of a simple (|P| — 2)-dimensional polytope <7 (P). We call this polytope a
P-associahedron.

Lemma 12 ([2, Corollary 2.7]). The codimension of T' € </ (P) is equal to |T.

By an abuse of notation, we also use 27 (P) to refer to the set of proper pipings of P.
Our strategy for proving Theorem 1 is to give a bijection between the pipings of Q(a — S)
and of Q(a — S°P) that preserves the number of pipes in a piping. See Figure 2 for an
example of the map.

3 Proof of Theorem 1

3.1 Proof Sketch
Let P =Q(a — S) and P' = Q(a — S°P). Our goal is to build a bijection

Ops: A (P)— o (P)

such that for any T' € &7 (P), we have |T| = |®ps(T)|. Let T € o/ (P). We will describe
how to construct 7" := ®p (7).
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Figure 3: Thaq (left), Tyooa (middle), and Tyooq on P’ (right).

Definition 13. A pipe 7 € T'is good if r C P—S, 7 C S, or S C 7 and is bad otherwise.
We denote the set of good pipes by Tyo0q and the set of bad pipes by Thaq.

All good pipes are also good pipes in P’, and we add all good pipes to T”. See Figure
3 for an example of Ty0q and Tiaq. It remains to handle the bad pipes.

Definition 14. A sequence of sets (Ay,..., A,) is called nested if A; C A; for all i < j.
A decorated nested sequence is a nested sequence (A, ..., A,) paired with a function

Fo{l,...,r} = {01}

For brevity, instead of specifying f, we will instead mark A; with a star if and only if
fli) = 1.

The key idea for defining ®pg is to decompose Th.q into a triple (£, M,U) where
L and U are decorated nested sequences of sets contained in P — S and M is an ordered
set partition of S. In particular, we split T}.q into two disjoint subsets 77, (called lower
pipes) and Ty (called upper pipes), for details see Definition 15. Each of Tj, and Ty
form a nested sequence of pipes, so by taking the intersection of the pipes in 77, and
Ty with P — S, we get the nested sequences £ and Y. Furthermore, this decomposition
allows us to recover Ti,q (uniquely) from (£, M,U). See Figure 4 for an example of this
decomposition.

We then build 77, , by applying the recovery algorithm to the triple (£, M,U) where
M is the reverse of M. We then add Ty, to T". See Figure 5 for an example of the
recovery algorithm applied to (£, M,U). See Figure 2b for the image of T under ®pg
(including Tyo0d)-

3.2 Proof details

Definition 15. A pipe 7 € T}.q is called lower (resp. upper) if there exist x € 7 — S and
y € 7N S such that x <y (resp. y < ). We denote the set of lower pipes by 77, and the
set of upper pipes by Ty.
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U = ({13,15}*,{13,14,15})

M = ({6}, {5},{7},{8,9,10,11}, {12})

L= ({3}*,{3}*,{1,2,3}*,{1,2,3,4})

(a) T, is blue and Ty is red. (b) L is blue, M is purple, and U is red.

Figure 4: The decomposition of T}.q.

Lemma 16 (Structure Lemma). Teq is the disjoint union of Ty, and Ty. Furthermore,
Tr, and Ty each form a nested sequence.

Proof. We first show that T},.q is the disjoint union of 77, and Ty. Suppose that 7 is a
pipe such that 7 € T, NTy, i.e. there exist 1,29 € 7 — S and y1,y> € 7N S such that

r1 2y and Yo X xa.

Then as S is autonomous, for all y € S, we have 1 <y < 5. As 7 is convex, this implies
S C 1 and hence that 7 is good. Therefore T, and Ty are disjoint. Next observe that if
T € Thaq, then by connectivity there exist x € 7N .S and y € 7 — S such that  and y are
comparable. Hence 7 € T, U Ty, so Thaqa = 1 UTy.

Finally, we show that 77, is nested. The result on T} follows analogously. It suffices
to show that T}, is pairwise nested. Let o,7 € T;,. As T is a piping, if o and 7 are not
nested, then they are disjoint. Suppose, for the sake of contradiction, that c N7 = (), and
let 1 €7 =5, 2o €0 -8, y1 € TNS, and yo € 0 N S such that z; < y; and x5 < ¥s.
Then as S is autonomous, we have x1, x5 < y1,92. Thus (o,7) and (7,0) are both edges
in Dy, so Dr is not acyclic, a contradiction. O

We decompose T, (resp. Tyy) into a sequence of nested sets contained in P — S and a
sequence of disjoint sets contained in S as follows.

Definition 17 (Piping decomposition). Let Tj, = {r,...} where 7; C 7,41 for all i. For
convenience, we define 7o = (). We define a decorated nested sequence £ = (L4, ...) and
a sequence of disjoint sets My = (M}, ...) as follows.

e For each i > 1, let L; = 7; — S, and mark L; with a star if (1; — 7,_1) NS # 0.

o If L, is the j-th starred set, let M7 = (i —1i1)NS.
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We define the sequences U and My analogously. We make the following definitions.
elet M:=S— | 7

TEThad

e For sequences a and b, let the sequence a - b be b appended to a.
e For a sequence a, let a be the reverse of a.

e We define o X
M e My - My it M =0
T\ My (M) - My if M #D

where (M) is the sequence containing M.
e The decomposition of Ty,q is the triple (£, M,U).
See Figure 4 for an example of a decomposition.
Lemma 18 (Reconstruction algorithm). Tj.q can be reconstructed from its decomposition.

Proof. Let M = (M, ..., M,). To reconstruct T, we set 7, = L; U M; and take

Tic1 UL, if L; is not starred
TZ = . . . .
7,1 U L; UM; if L; is marked with the j-th star.

For Ty, we set 7 = U; U M, and

Ti-1 U U; if U; is not starred
7—1 = . . . .
Ti-1 UU; U M, ;1 if U; is marked with the j-th star.

In each case, the efficacy of the algorithm follows easily from induction on 7. O
Definition 19 (Flip map for pipings). Let T' = Tyo0d U Thaa. The flip map
Ops: A (P)— o (P)

sends T' to a piping 1" = T, 4, U T}, on P where Tyooa = Tj,,q and Ty, has the
decomposition (£, M,U).

In Lemma 23, we show that applying the reconstruction algorithm to (£, M, ) indeed
yields a proper piping 7} 4 of P’. In Lemma 24, we show that T,oeq U 1}, is & proper
piping on P’ and hence that ®p g is well-defined.

Observation 20. By construction, the decomposition of T}, is (L, M,U), so applying
Opr g returns T'. In particular, Ppg is a bijection.
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= ({13,15}*,{13,14,15})

M = ({12},{8,9,10,11}, {7}, {5}, {6})

L= ({3}, {3}*,{1,2,3}*,{1,2,3,4})

Figure 5: T}, and its decomposition.

Definition 21. Let A = (Ay,..., A,) be a sequence of disjoint subsets of P. We say A
is weakly increasing if for all ¢ < j we have (x € A; and y € 4;) =y £ x.

Lemma 22. M is weakly increasing.

Proof. First we show that M is weakly increasing. Indeed, suppose to the contrary that
1 <i<j < |Mpg| but that there exist € M; and y € M; such that y < z. As i < j,
there exists a pipe 7 € Tp, such that = € 7 but y ¢ 7. Furthermore, as 7 is a lower pipe,
there exists z € 7 — S such that z < y. Then since 7 is convex, y € T, a contradiction.

Next, we show that M - M is weakly increasing. Let x € M; and y € M such that
1 < i < |[My|. Then there exists a pipe 7 € Ty, such that € Ty. Again, there exists
z € 7 — S such that z < y. Then by the same convexity argument, if y < = we have
y € 7, contradicting the definition of M. Hence M - M is weakly increasing.

By symmetry, we have that M - My is weakly increasing. It remains to show that for
all 7 € Uyenq, A and y € Uyepy, A we have y A z.

Suppose to the contrary that there are such x and y. Then there exist 0 € T, and 7 €
Ty with x € 0 and y € 7. Furthermore, there exist a € ¢ and b € 7 such that

a=xand y <D

But then we have a cycle in Dp, a contradiction.

Lemma 23. T}, is a proper piping on P’ such that |T},;| = |Tsaal-

Proof. By construction, for all 0,7 € T} ,, 0 and 7 are nested or disjoint. Furthermore,
observe that in the construction of 77 = (7q,...), if L; is empty then it is necessarily
starred. Thus for all 4, we have 77 C 7/, ;. Then |T7| = |£| = |T|. Similarly, |T};| = |Ty|.
Hence

Thaal = |T2] + [Tu| = [Tbaal-
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It remains to show that Dy is acyclic. It suffices to show that A := UT’GTi 7" and
that B :=J,, er, 7/ do not form a directed cycle. Observe that as M is weakly increasing

in P, M is weakly increasing in P’. Hence (A, B) is weakly increasing, so A and B do
not form a directed cycle. O

Lemma 24. T,,qUT},, is a proper piping on P'.

Proof. This is most easily seen by observing how ®pg interacts with quotients of good
pipes. Galashin [2, Corollary 2.7] observes that faces of P-associahedra are products of
P-associahedra. In particular, given T € o/ (P) and 7 € TU{ P}, we define an equivalence
relation ~, on 7 by ¢ ~, j if there exists ¢ € T such that ¢,j € 0 and ¢ C 7. Then the
facet corresponding to 7" is combinatorially equivalent to the product [T, cppy & (7/~).

Let 7 € Tyooa U { P} be minimal such that S C 7. One may verify that ®pg on any
piping containing Tyoq is equivalent to applying ®7/., g/~ on the factor of T/~ in the
product decomposition. Then either T,,,q = () and ®pg is well-defined by Lemma 23 or
®p g is well-defined by induction on the size of P. O

We can finally prove Theorem 1.

Proof of Theorem 1. By Observation 20, ®pg : o/ (P) — </ (P’) is a bijection. Further-
more, for any piping T' € &/ (P), we have

|Pps(T)| = |Thad| + [Tgood| = |-

Hence the f-vectors of o7 (P) and o7 (P’) are equal. By Lemma 9, the f-vector of <7 (P)
is a comparability invariant.
U

4 Proof of Theorem 4

Observation 25 ([3, 4]). If the Hasse diagram of P is a tree, then </ (P) is combinato-
rially equivalent to the graph associahedron [5] of the line graph of the Hasse diagram of
P.

Proof of Theorem 4. By Observation 25, for any m,n > 1, &/(P,,1,) is combinatorially
equivalent to the permutohedron I1,,,,.

However, for m,n > 2, &/(Pyn,) has an octagon for a 2-dimensional face which
permutohedra never do. In particular, an octagon is a factor of the facet given by any
pipe isomorphic to P, . O
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A (Pu22)) A (Pa12))

Figure 6: o/ (P 2,9)) has an octagonal face, but &7 (P 2)) does not.

5 Open questions

Question 26. In [7], Stanley defines the order polytope and the chain polytope, with the
latter defined purely in terms of the comparability graph. He constructs a piecewise linear
volume preserving map between the two polytopes which sends vertices to vertices.

In particular, this shows that the number of vertices of the order polytope is a com-
parability invariant. Can a similar geometric map be defined on the realization of P-
associahedra in [6]7

Question 27. More generally, can we define f(p)(2) purely in terms of C(P)? It would
also be interesting to answer this question even for fj.

Question 28. It remains open to find an interpretation of

hﬂ(P)(Z) = fﬂ(p)(z — 1)
in terms of the combinatorics of P. Can h(z) be defined purely in terms of C'(P)?

Question 29. The flip map can be analogously defined for affine poset cyclohedra [2],
where an autonomous subset S has at most one representative from each residue class.
Again, it preserves the f-vector of the affine poset cyclohedron. Does Lemma 9 (and
hence Theorem 1) hold for affine posets?
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