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Abstract

The two combinatorial formulas for modified Macdonald polynomials given by
Haglund, Haiman, and Loehr (2005) and by Ayyer, Mandelshtam, and Martin
(2023) give two combinatorial interpretations of q-Whittaker functions and mod-
ified Hall-Littlewood functions. The main result of this paper is a combinatorial
proof of the equality between these two formulas, using weighted Dyck path sym-
metric functions (introduced by Carlsson and Mellit, 2018) as intermediate objects.
In the final section, we remark on the Schur positivity of these weighted Dyck path
symmetric functions.

Mathematics Subject Classifications: 05E05

1 Introduction

The q-Whittaker functions Wλ(q) and the modified Hall-Littlewood functions H̃λ(q) are
symmetric functions depending on a parameter q. They are respectively the highest
degree term and the lowest degree term with respect to the parameter t in the modified
Macdonald symmetric functions H̃λ(q, t):

H̃λ(q, t) = Wλ(q) · tn(λ) + . . .+ H̃λ′(q) · t0. (1)

The combinatorial formulas for monomial expansions of H̃λ(q, t) given in [HHL05] by
Haglund-Haiman-Loehr and in [AMM23] by Ayyer-Mandelshtam-Martin gives two dif-
ferent sets of formulas for each of the symmetric functions mentioned above. In this
note we give an explanation of the fact that the two sets of formulas for the q-Whittaker
functions and the modified Hall-Littlewood functions agree, through the use of weighted
Dyck path symmetric functions introduced by Carlsson and Mellit in their proof of the
Shuffle conjecture [CM18]. Following their Example 3.10, for a partition λ, we define
a Dyck path πInv

λ that captures the Haglund-Haiman-Loehr formulas with the q-weight
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given by the Inv statistic, (22). Analogously, we define another path πQuinv
λ that captures

the Ayyer-Mandelshtam-Martin formulas with the q-weight given by the Quinv statistic,
(24). Corollary 5 shows that these two paths on a partition λ are related by the maps
ζ, ζ−1 and the reversal maps. The maps ζ and ζ−1 are fundamental in the theory around
Dyck paths and related symmetric functions (see for example [Hag08]). The equality of
the two sets of formulas for q-Whittaker and modified Hall-Littlewood functions in Theo-
rem 8 then follow from simple transformation rules of the path symmetric functions. An
alternate proof is obtained in [BRV24]. A similar result was obtained in [Rat24], where
the author fixes the inv and quinv weight to be 0 or n(λ′), and obtains a bijection be-
tween fillings that preserves x-weight and maj. In another direction, in [JL24] the tuple of
statistics (inv,maj) and (quinv,maj) are shown to be equidistributed for certain classes
of fillings.

We recall the notations related to Dyck paths, and refer the reader to [Mac95] and
[HHL05] for undefined terminology concerning partitions and symmetric functions.

2 Main Content

A Dyck path of semilength n is a lattice path from (0, 0) to (n, n) consisting of unit length
north steps N and unit length east steps E such that the path always stays weakly above
the diagonal x = y. We write the cell co-ordinate of each box in the n×n grid from (0, 0)
to (n, n) inside Z⩾0×Z⩾0 as the co-ordinate of its north-east corner. Area(π) is the set of
cells below π above the diagonal. The Dyck path π is uniquely determined by Area(π).
Denote by xi(π) the x-co-ordinate of the cell immediately right of the i-th N step. The
set of corners c(π) of π are the cells which are above the path but both its eastern and
southern neighbors are below the path. Figure 1 illustrates these notions.

The reversal map rev on the set of Dyck paths is defined by reading the Dyck path
from right to left and interchanging the E and N steps. Figure 2 gives an example. If π
has semilength n then

Area(rev(π)) = {(n+ 1− j, n+ 1− i) | (i, j) ∈ Area(π)}. (2)

Now we recall the definition of ζ map on the set of all Dyck paths defined in [HX17,
§2.4]. First, write a reading label on the cell to the right of each N step of π as follows:
label the N steps in the lowest diagonal from left to right first, then label the N steps in
second lowest diagonal from left to right and so on. The box with reading label i dinv-
attacks the box with reading label j if i < j and they are in the same diagonal or the box
with label j is in one diagonal above and to the left of the box with label i. Write i → j
if in the reading label, the box labelled i dinv-attacks the box labelled j. Construct the
path ζ(π) such that

Area(ζ(π)) = {(i, j) | i → j in π}. (3)

Figure 3 gives an example. The reading label of π determines a permutation σπ obtained
by reading the labels of each column from bottom to top starting with the leftmost column.
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Area(π) = {(1, 2), (2, 3), (4, 5), (5, 6)}, c(π) = {(1, 3), (3, 4), (4, 6)},
x1(π) = 1, x2(π) = 1, x3(π) = 2, x4(π) = 4, x5(π) = 4, x6(π) = 5.

Figure 1: Example of a Dyck path

For a word w ∈ Zn
>0, let

inv(π,w) = #{(i, j) ∈ Area(π) |wi > wj}, (4)

and
dinv(π,w) = #{(i, j) | i → j and wi > wj}. (5)

Let K be a ring containing q and for a weight function wt : c(π) → K, [CM18, (3.4)]
defines the weighted characteristic function

χ(π, q,wt) =
∑

w∈Zn
>0

qinv(π,w)

( ∏
(i,j)∈c(π)
wi⩽wj

wt(i, j)

)
xw,

where for w = (w1, . . . , wn) ∈ Zn
>0, xw = xw1 . . . xwn . [CM18, Proposition 3.7] says that

χ(π, q,wt) is a symmetric function with coefficients in K.
In particular, we will focus on the case when wt is the constant function t:

χ(π, q, t) =
∑

w∈Zn
>0

qinv(π,w)t#{(i,j)∈c(π) |wi⩽wj}xw. (6)

Let

WPπ(>) = {w ∈ Zn
>0 |wj > wj+1 whenever xj(π) = xj+1(π)}, (7)

WP ′
π(>) = {w ∈ Zn

>0 |wi > wj whenever (i, j) ∈ c(π)}, (8)

WPπ(⩽) = {w ∈ Zn
>0 |wj ⩽ wj+1 whenever xj(π) = xj+1(π)}, (9)

WP ′
π(⩽) = {w ∈ Zn

>0 |wi ⩽ wj whenever (i, j) ∈ c(π)}. (10)
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(b) rev(π)

Figure 2

We picture elements of WPπ(>) (resp. WPπ(⩽)) as fillings with positive integers on
the boxes immediately right of every north step in the Dyck path π, such that in every
column the entries decrease (resp. weakly increase) from bottom to top. Similarly, the
elements of WP ′

π(>) (resp. WP ′
π(⩽)) are fillings with positive integers on the boxes on

the diagonal x = y, such that if (i, j) is a corner then the entry in the ith column is
strictly bigger (resp. weakly smaller) than the entry in the jth row.

Then we can extract the lowest and highest t-degree terms in χ(π, q, t) as

χ(π, q, 0) =
∑

WP ′
π(>)

qinv(π,w)xw and χ(π, q, t)
∣∣
t#c(π) =

∑
WP ′

π(⩽)

qinv(π,w)xw. (11)

Define
χ(π, q, t) = χ(ζ(π), q, t). (12)

[CM18, §2.4], [HX17, §2.4] says

inv(ζ(π), w ◦ (σπ)−1) = dinv(π,w)

and [HX17, Proposition 2.2] says

c(ζ(π)) = {(σπ
r , σ

π
r+1) | 1 ⩽ r < n, xr(π) = xr+1(π)}. (13)

Then

inv(ζ(π), w) = inv(ζ(π), w ◦ σπ ◦ (σπ)−1 ) = dinv(π,w ◦ σπ),

and

{(i, j) ∈ c(ζ(π)) |wi ⩽ wj} = {r ∈ [n− 1] |xr(π) = xr+1(π) and wσπ
r
⩽ wσπ

r+1
}.
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(a) π with reading labels,
σπ = 134256
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(b) ζ(π)
c(ζ(π)) = {(1, 3), (2, 5)}

Figure 3

Hence,

χ(π, q, t) = χ(ζ(π), q, t) =
∑

w∈Zn
>0

qinv(ζ(π),w)t#{(i,j)∈c(ζ(π)) |wi⩽wj}xw

=
∑

w∈Zn
>0

qdinv(π,w◦σπ)t
#{r |xr(π)=xr+1(π) and wσπ

r
⩽wσπ

r+1
}
xw◦σπ (14)

=
∑

w∈Zn
>0

qdinv(π,w)t#{r |xr(π)=xr+1(π) and wr⩽wr+1}xw.

In particular we can extract the lowest and highest t-degree terms in χ(π, q, t) as

χ(π, q, 0) =
∑

w∈WPπ(>)

qdinv(π,w)xw and χ(π, q, t)
∣∣
t#c(ζ(π)) =

∑
w∈WPπ(⩽)

qdinv(π,w)xw.

(15)
Let Par denote the set of integer partitions. For λ ∈ Par with ℓ(λ) = ℓ, define

πInv
λ = Nλℓ · (EN)λℓNλℓ−1−λℓ · (EN)λℓ−1Nλℓ−2−λℓ−1 · . . . · (EN)λ2Nλ1−λ2 · Eλ1 , (16)

and

πQuinv
λ = Nλℓ ·Nλℓ−1−λℓ(EN)λℓ ·Nλℓ−2−λℓ−1(EN)λℓ−1 · . . . ·Nλ1−λ2(EN)λ2 · Eλ1 . (17)

Figure 4 illustrates the two paths when λ = (3, 2).
For λ ∈ Par, define the inversion reading order to be the ordering of the boxes of λ

with reading left-to-right within each row and bottom to top among rows. The quinversion
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(b) πQuinv
(3,2)

Figure 4

3 4 5

1 2

(a) inversion reading order of (3, 2)

5 4 3

2 1

(b) quinversion reading order of (3, 2)

Figure 5

reading order is the ordering of the boxes with reading right-to-left within each row and
bottom to top among rows. Figure 5 illustrates the two reading orders for λ = (3, 2).

A box inv-attacks all the boxes in the same row to its right and all the boxes in the
row above to its left. A box quinv-attacks all the boxes in the same row to its left and
all the boxes in the row above to its right. Figure 6 illustrates the inv- and quinv-attack
relations.

u

(a) boxes inv-attacked by u

u

(b) boxes quinv-attacked by u

Figure 6

Let Inv(λ) (resp. Quinv(λ)) be the set of pairs (i, j) such that the ith box attacks the
jth box in the inversion (quinversion) reading order of λ.

If the box labelled j in the inversion reading order (resp. quinversion reading order)
is immediately above the box labelled i we write j = upInv(i) (resp. j = upQuinv(i)).
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Lemma 1. Let λ ∈ Par. Then

Area(πInv
λ ) = Inv(λ) and Area(πQuinv

λ ) = Quinv(λ), (18)

and
c(πInv

λ ) = {(i, upInv(i))} and c(πQuinv
λ ) = {(i, upQuinv(i))}. (19)

Proof.

(1) Let π be a Dyck path of semilength n. Let the height of a E step be the number of N
steps before it. If the height of the ith E step is hi then

Area(π) = {(i, j)|1 ⩽ i ⩽ n, i < j ⩽ hi}.

Then the explicit expressions for the paths gives the first statement.

(2) Corners of a Dyck path π correspond to every occurrence of EN in π, such a corner
has x-co-ordinate equal to the number of E steps before it +1 (since our co-ordinates
start from 1) and y-co-ordinate equal to the number of N steps before it +1. Then the
explicit expressions for πInv

λ and πQuinv
λ gives the second statement.

In particular, this implies

#c(πInv
λ ) = #c(πQuinv

λ ) =

λ1∑
i=1

(λ′
i − 1) = |λ| − λ1. (20)

The q-Whittaker functions Wλ(q) and the modified Hall-Littlewood functions H̃λ′(q)
are the highest and lowest t-degree terms of the modified Macdonald functions Hλ(q, t),
where we have [Ber20, (3.1)]

Hλ(q, t) = Wλ(q) · t0 + . . .+ H̃λ′(q) · tn(λ). (21)

Here λ′ denotes the conjugate partition. For definitions of modified Macdonald functions
and arm, leg, coleg used below we refer the reader to [HHL05]. Note that here we use
Hλ(q, t) without the ·̃, which is obtained from the one used by [HHL05] and [AMM23] by

Hλ(q, t) = tn(λ)H̃λ(q, t
−1).

There seems to be some difference in conventions in the literature, some authors write
H̃λ(q) in place of our H̃λ′(q) above. We use the definition that H̃λ(q) = H̃λ(q, 0), together
with the identity

H̃λ(q, t) = H̃λ′(t, q)

explains (21).
Extracting the lowest and highest t degree terms in Hλ(q, t) from [HHL05] and

[AMM23] formulas corresponds to taking fillings where maj is maximum or descent set
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is full and maj minimum or descent set empty respectively. Then [HHL05, Theorem 2.2]
says

Wλ(q) = q−αInv(λ)χ(πInv
λ , q, 0) and H̃λ′(q) = χ(πInv

λ , q, t)
∣∣
t
#c(πInv

λ
) , (22)

where
αInv(λ) =

∑
u∈λ

coleg(u)̸=0

arm(u). (23)

[AMM23, Theorem 2.6] says

Wλ(q) = q−αQuinv(λ)χ(πQuinv
λ , q, 0) and H̃λ′(q) = χ(πQuinv

λ , q, t)
∣∣
t
#c(π

Quinv
λ

)
, (24)

where
αQuinv(λ) =

∑
u∈λ

leg(u)̸=0

arm(u). (25)

In particular, both the Inv and Quinv statistics on fillings of partitions can be realized
as inv statistic on words on Dyck paths.

The main purpose of this article is to prove the equality between the right hand sides
of (22) and (24), this is achieved in Theorem 8.

For a partition λ, the symmetric functions χ(πInv
λ , q, t) and χ(πQuinv

λ , q, t) are two fami-
lies of symmetric functions that has as its lowest t-degree term and highest t-degree terms
the q-Whittaker functions and the modified Hall-Littlewood functions respectively:

χ(πInv
λ , q, t) = qαInv(λ)Wλ(q) · t0 + . . .+ H̃λ′(q) · t#c(πInv

λ ),

χ(πQuinv
λ , q, t) = qαQuinv(λ)Wλ(q) · t0 + . . .+ H̃λ′(q) · t#c(πQuinv

λ ).

This is analogous to (21) for the modified Macdonald functions.
For use in Theorem 8 we calculate the difference between αQuinv and αInv below.

Lemma 2. Let λ ∈ Par and m′
i = mi(λ

′) be the multiplicity of i in the conjugate partition
λ′. Then

αQuinv(λ)− αInv(λ) =
∑
i>j

m′
im

′
j.

Proof. Since

αQuinv(λ) =
∑
u∈λ

arm(u)−
∑
u∈λ

leg(u)=0

arm(u),

and
αInv(λ) =

∑
u∈λ

arm(u)−
∑
u∈λ

coleg(u)=0

arm(u),
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so

αQuinv(λ)− αInv(λ) =
∑
u∈λ

coleg(u)=0

arm(u)−
∑
u∈λ

leg(u)=0

arm(u) =

(
λ1

2

)
−
∑
i⩾1

(
m′

i

2

)

=

(∑
i⩾1m

′
i

2

)
−
∑
i⩾1

(
m′

i

2

)
=

1

2
·
(
(
∑
i⩾1

m′
i)(

∑
i⩾1

m′
i − 1)−

∑
i⩾1

m′
i(m

′
i − 1)

)
=

∑
i>j

m′
im

′
j.

The next lemma shows that we can view the right hand side from Lemma 2 as the
length of the smallest permutation that makes λ′ into an antipartition.

Lemma 3. Let λ = (nmn , . . . , 1m1) ∈ Par. The smallest permutation that takes λ to
rev(λ) has length =

∑
i>j mimj.

Proof. Recall that length of a permutation is the smallest number of simple transpositions
required to write it. Starting from λ, first we move the last n all the way across n −
1, . . . , 1s. This requires mn−1 + . . . + m1 many simple transpositions. Then we move
the second last n all the way across n − 1, . . . , 1s, this also requires mn−1 + . . . + m1

many simple transpositions. So to move all the n across all the n − 1, . . . , 1s we require
mn(mn−1 + . . .+m1) many simple transpositions. Then we move all the n− 1s across all
the n − 2, . . . , 1s and so on. Finally we move all the 2s across all the 1s. So the whole
procedure involves

mn(mn−1 + . . .+m1) +mn−1(mn−2 + . . .+m1) + . . .+m2(m1) =
∑
i>j

mimj

many simple transpositions.

Now we will analyze the relation between πInv
λ and πQuinv

λ using the maps ζ, ζ−1 and
rev.

Proposition 4. For λ ∈ Par with λ′ = (λ′
1, . . . , λ

′
k), k = λ1, let

πλ = Nλ′
kEλ′

k · . . . ·Nλ′
1Eλ′

1 . (26)

. Then
rev ◦ ζ(πλ) = πInv

λ and rev ◦ ζ ◦ rev(πλ) = πQuinv
λ . (27)

Proof.
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(1)

|λ|+ 1− j → |λ|+ 1− i in πλ if and only if (i, j) ∈ Inv(λ).

To see this, place the columns of πλ with reading labels in reverse order, with gravity
working upwards so that we get a partition shape, and reverse the reading-label inside
each column. Then the box labelled |λ|+ 1− j inv-attacks the box labelled |λ|+ 1− i in

this new diagram if and only if |λ|+ 1− i → |λ|+ 1− j in πλ. Changing each label i

to |λ|+ 1− i produces λ with inversion reading order. For example if λ = (3, 2), π(3,2) is
pictured in Figure 7. In this case placing the columns of π(3,2) in reverse order with gravity

1 2 3 4 5

1

2

3

4

5

1

2

4

3

5

(a) π(3,2)

1 2 3 4 5

1

2

3

4

5

(b) ζ(π(3,2)) = rev(πInv
(3,2))

Figure 7

upwards produces 5 4 1

3 2
. Then reversing label within each column gives 3 2 1

5 4
,

finally replacing each i with 6 − i gives 3 4 5

1 2
, which is the inversion reading order

of (3, 2).
Then (3) gives

Area(ζ(πλ)) = {(|λ|+ 1− j, |λ|+ 1− i) | (i, j) ∈ Inv(λ)}.

Applying (2) and Lemma 1 gives

Area(rev ◦ ζ(πλ)) = Area(πInv
λ ),

which is the first statement.

(2)

|λ|+ 1− i → |λ|+ 1− j in rev(πλ) if and only if (i, j) ∈ Quinv(λ).
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To see this, write the columns of rev(πλ) with reading labels left-to-right, with gravity
upwards, so that we get a shape of a partition, and reverse the labels in each column from
bottom to top. Then the box labelled |λ|+1− j quinv-attacks the box labelled |λ|+1− i

in this new diagram if and only if |λ|+ 1− i → |λ|+ 1− j in rev(πλ). Changing each

label i to |λ|+1− i produces λ with quinversion reading order. For example if λ = (3, 2),
π(3,2) is pictured in Figure 7. In this case placing the columns of π(3,2) in reverse order

1 2 3 4 5

1

2

3

4

5

1

4

2

5

3

(a) rev(π(3,2))

1 2 3 4 5

1

2

3

4

5

(b) ζ(rev(π(3,2))) = rev(πQuinv
(3,2) )

Figure 8

with gravity upwards produces 4 5 3

1 2
. Then reversing label within each column gives

1 2 3

4 5
, finally replacing each i with 6 − i gives 5 4 3

2 1
, which is the quinversion

reading order of (3, 2).
Then (3) gives

Area(ζ ◦ rev(πλ)) = {(|λ|+ 1− j, |λ|+ 1− i) | (i, j) ∈ Quinv(λ)}.

Applying (2) and Lemma 1 gives

Area(rev ◦ ζ ◦ rev(πλ)) = Area(πQuinv
λ ),

which is the second statement.

Corollary 5. Let λ ∈ Par. Then

rev ◦ ζ ◦ rev ◦ ζ−1 ◦ rev(πInv
λ ) = πQuinv

λ . (28)

Now we will analyze the change in χ and χ under the reversal map.
The following lemma generalizes [CM18, Proposition 3.3].
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Lemma 6. Let π be a Dyck path. Then

χ(π, q, t) = χ(rev(π), q, t).

Proof. Let π be a Dyck path of semilength n. Then

c(rev(π)) = {(n+ 1− j, n+ 1− i) | (i, j) ∈ c(π)}.

For a word w = (w1, . . . , wn) ∈ Zn
>0 let m = max{wi|i ∈ [n]} and w̃i = m + 1 − wn+1−i.

Then w̃ ∈ Zn
>0. If (i, j) ∈ c(π) then wi > wj if and only if w̃n+1−j = m + 1 − wj >

w̃n+1−i = m + 1− wi. Therefore, inv(π,w) = inv(rev(π), w̃) and xw̃ = w0(xw), where w0

is the longest permutation in Sm. Therefore, for α ∈ Zn
>0, coefficient of xα in χ(π, q, t) is

same as coefficient of xw0(α) in χ(rev(π), q, t), but since χ(rev(π), q, t) is symmetric, it is
same as coefficient of xα.

If π is balanced, i.e, π can be broken into a composition of blocks of the form NkEk

then we can calculate the change in the lowest and highest t-degree terms of χ after a
permutation of the blocks as follows.

Lemma 7. Let π = N ℓ1Eℓ1 · . . . · N ℓnEℓn. Suppose ℓi < ℓi+1. Let π′ = N ℓ1Eℓ1 · . . . ·
N ℓi+1Eℓi+1 ·N ℓiEℓi · . . . ·N ℓnEℓn be the Dyck path with ith and i+1th blocks interchanged.
Then

χ(π′, q, 0) = q · χ(π, q, 0), and χ(π′, q, t)
∣∣
t#c(ζ(π′)) = χ(π, q, t)

∣∣
t#c(ζ(π)) .

Proof. Call a word w = (w1, . . . , wm) a column decreasing (resp. weakly increasing) word
if w1 > . . . > wm (resp. w1 ⩽ . . . ⩽ wm). Denote by len(w) the length m of the word w.

(1) Recall from (15) that χ(π, q, 0) is a sum over WPπ(>), which means we have a n-tuple
of column decreasing words of lengths ℓ1, . . . , ℓn.

We recall the splice operation from [BRV24] on a pair of column decreasing words
(F,G) where len(F ) < len(G). Let F = (f1, . . . , fa), G = (g1, . . . , gb) with a < b. Let f0 =

∞ and m = min{j ∈ {0, . . . , a} | fa−j > ga−j+1}. Then define F̃ = (f1, . . . , fa−m, ga−m+1,

. . . , gb) and G̃ = (g1, . . . , ga−m, fa−m+1, . . . , fa). By definition fa−m > ga−m+1 so F̃ is
decreasing. If m > 0 then the lengths of F and G differ by atleast 1, so b ⩾ a −m + 2.
Since m was minimum, fa−m+1 ⩽ ga−m+2 < ga−m so G̃ is decreasing. The operation
(F,G) 7→ (F̃ , G̃) therefore defines a map on a pair of column decreasing words with

len(F ) = len(G̃) < len(G) = len(F̃ ).
Let w ∈ WPπ(>). This determines a tuple of column decreasing words (F1, . . . , Fn).

Perform the splice operation on the pair (Fi, Fi+1). Since splice does not change which
diagonal a particular entry belongs to, the only difference in dinv is contributed from
the two column decreasing words Fi and Fi+1. Hence, it suffices to consider the case
when π has only two bounce blocks, i.e, n = 2, with ℓ1 = a and ℓ2 = b and a < b.
We will analyze the difference in dinv from the pair (F,G) and (F̃ , G̃). As before let
m = min{j ∈ {0, . . . , a} | fa−j > ga−j+1}.
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gb
...

ga+1

fa ga
...

...

f1 g1

gb
...

ga+1

fa ga
...

...

f1 g1

(a) m = 0

gb

...

fa ga

...
...

fa−m+1 ga−m+1

fa−m ga−m

...
...

f1 g1

gb

...

ga fa

...
...

ga−m+1 fa−m+1

fa−m ga−m

...
...

f1 g1

(b) m > 0

Figure 9

Case 1: m = 0. Then F̃ = (f1, . . . , fa, ga+1, . . . , gb) and G̃ = (g1, . . . , ga), so one new
dinv is introduced by the inequality ga > ga+1.

Case 2: m > 0. Since the lengths of F and G differ by atleast 1, b ⩾ a − m + 2.
Since m is minimum, ga−m+i > ga−m+i+1 ⩾ fa−m+i for i = 1, . . . ,m. So ga−m+i > fa−m+i

for i = 1, . . . ,m are dinvs for (F̃ , G̃). The dinvs ga−m+i−1 > fa−m+i for i = 1, . . . ,m in

(F,G) are replaced by the dinvs ga−m+i > fa−m+i for i = 1, . . . ,m for (F̃ , G̃). The dinv

ga−m > ga−m+1 for (F̃ , G̃) is extra.
Since both cases we have 1 extra dinv, this proves the first statement.

(2) Note that by (13), #c(ζ(π′)) = #c(ζ(π)) = #{r |xr(π) = xr+1(π)}. Recall from (15)
that χ(π, q, t)

∣∣
t#c(ζ(π)) is a sum over WPπ(⩽), which means we have a n-tuple of column

weakly increasing words of lengths ℓ1, . . . , ℓn.
We use a variation of the above splice map. Let F = (f1 ⩽ . . . ⩽ fa), G = (g1 ⩽ . . . ⩽

gb) with a < b. Let f0 = 0 and m = min{j ∈ {0, . . . , a} | fa−j ⩽ ga−j+1}. Then define
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F̃ = (f1, . . . , fa−m, ga−m+1, . . . , gb) and G̃ = (g1, . . . , ga−m, fa−m+1, . . . , fa). By definition

fa−m ⩽ ga−m+1 so F̃ is weakly increasing. Since m was minimum, fa−m+1 > ga−m+2 ⩾
ga−m so G̃ is weakly increasing. The operation (F,G) 7→ (F̃ , G̃) therefore defines a map

on a pair of column weakly increasing words with len(F ) = len(G̃) < len(G) = len(F̃ ).
As before, the change in dinv is only on the pair of columns on which splice is applied,

and it suffices to consider π with two bounce blocks and two column weakly increasing
words F and G as above.

Case 1: m = 0. Then F̃ = (f1, . . . , fa, ga+1, . . . , gb) and G̃ = (g1, . . . , ga). Since
ga ⩽ ga+1, no new dinv is produced.

Case 2: m > 0. Then fa−m+i > ga−m+i+1 for i ∈ {1, . . . ,m} are dinvs for (F̃ , G̃)
which are not present in (F,G). If fa−m+i ⩽ ga−m+i then since G is weakly increasing,
fa−m+i ⩽ ga−m+i+1, a contradiction. Hence fa−m+i > ga−m+i for i ∈ {1, . . . ,m}, and these

are dinvs of (F,G) which are not present in (F̃ , G̃). Hence the total dinv is constant.
Since both cases we have no change in dinv the second statement is proved.

We can now prove the equality between the right hand sides of (22) and (24).

Theorem 8. Let λ ∈ Par. Then

q−αQuinv(λ)χ(πQuinv
λ , q, 0) = q−αInv(λ)χ(πInv

λ , q, 0),

χ(πInv
λ , q, t)

∣∣
t
#c(πInv

λ
) = χ(πQuinv

λ , q, t)
∣∣
t
#c(π

Quinv
λ

)
.

Proof. Let m′
i = mi(λ

′) be the multiplicity of i in λ′.
Since by Proposition 4,

rev ◦ ζ−1 ◦ rev(πInv
λ ) = Nλ′

1Eλ′
1 · . . . ·Nλ′

mEλ′
m ,

then by Lemma 7 and Lemma 3,

χ(rev ◦ ζ−1 ◦ rev(πInv
λ ), q, 0) = q

∑
i>j m

′
im

′
j · χ(ζ−1 ◦ rev(πInv

λ ), q, 0),

where m′
i = mi(λ

′). Then using Corollary 5, Lemma 6 and (12),

χ(πQuinv
λ , q, 0) = χ(rev ◦ ζ ◦ rev ◦ ζ−1 ◦ rev(πInv

λ ), q, 0) = χ(ζ ◦ rev ◦ ζ−1 ◦ rev(πInv
λ ), q, 0)

= χ(rev ◦ ζ−1 ◦ rev(πInv
λ ), q, 0) = q

∑
i>j m

′
im

′
j · χ(ζ−1 ◦ rev(πInv

λ ), q, 0)

= q
∑

i>j m
′
im

′
j · χ(rev(πInv

λ ), q, 0) = q
∑

i>j m
′
im

′
j · χ(πInv

λ , q, 0).

The first statement now follows from Lemma 2.
By (20), #c(πQuinv

λ ) = #c(πInv
λ ) = |λ| − λ1. Using Corollary 5, Lemma 6, (12) and

Lemma 7,

χ(πQuinv
λ , q, t)

∣∣
t|λ|−λ1

= χ(rev ◦ ζ ◦ rev ◦ ζ−1 ◦ rev(πInv
λ ), q, t)

∣∣
t|λ|−λ1

= χ(ζ ◦ rev ◦ ζ−1 ◦ rev(πInv
λ ), q, t)

∣∣
t|λ|−λ1

= χ(rev ◦ ζ−1 ◦ rev(πInv
λ ), q, t)

∣∣
t|λ|−λ1

= χ(ζ−1 ◦ rev(πInv
λ ), q, t)

∣∣
t|λ|−λ1

= χ(rev(πInv
λ ), q, t)

∣∣
t|λ|−λ1

= χ(πInv
λ , q, t)

∣∣
t|λ|−λ1

.
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3 Remarks on Schur positivity

For a partition λ, the symmetric functions χ(πInv
λ , q, t) and χ(πQuinv

λ , q, t) specialize to
the q-Whittaker and modified Hall-Littlewood functions at lowest t-degree and highest
t-degree respectively, this is analogous to the modified Macdonald functions Hλ(q, t). We
know that the modified Macdonald functions are Schur positive. As explained in [CM18,
Remark 3.6], χ(π, q, 0) and χ(π, q, 1) are both examples of LLT polynomials, which are
known to be Schur positive. Is χ(π, q, t) is Schur-positive for any Dyck path π? We have
verified that this is the case for all Dyck paths of semilength ⩽ 9. If π is a Dyck path of
semilength n, then

χ(π, 1, 1) = sn1 . (29)

Therefore, there should be statistics qstat and tstat on the set of standard Young tableaux
such that

χ(π, q, t) =
∑

T∈SYT(λ)

qqstat(π,T )ttstat(π,T )sshape(T ).

Example 9. If π = (NE)n, then

χ(π, q, t) =
∑

w∈Zn
>0

t#{(i,j)∈c(π)|wi⩽wj}xw =
∑

w∈Zn
>0

t#{i∈[n−1]|wi⩽wi+1}xw

=
∑

w∈Zn
>0

tn−1−#{i∈[n−1]|wi>wi+1}xw =
∑

w∈Zn
>0

tn−1−des(w)xw.

For a standard Young tableau T , let des(T ) be the number of i such that i+1 occurs
in a row strictly below i in T (English notation). Then using RSK and row bumping
lemma [Ful97] we get ∑

w∈Zn
>0

tdes(w)xw =
∑
λ⊢n

sλ
∑

T∈SYT(λ)

tdes(T ).

Then
χ(π, q, t) =

∑
λ⊢n

sλ
∑

T∈SYT(λ)

tn−1−des(T ).

Example 10. If π = NnEn, then

χ(π, q, t) =
∑

w∈Zn
>0

q#{1⩽i<j⩽n |wi>wj}xw =
∑

w∈Zn
>0

qinv(w)xw

= H̃(n)(q, t) =
∑
λ⊢n

sλ
∑

T∈SYT(λ)

qmaj(T ),

where the last equality can be seen in [Hag08, Example 2.9] and maj(T ) =
∑

i∈des(T ) i.
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Now we calculate the Schur coefficients corresponding to single row and single column
partitions. Firstly,

⟨χ(π, q, t), s(n)⟩ = ⟨χ(π, q, t), hn⟩ = χ(π, q, t)
∣∣
m(n)

= t#c(π). (30)

If S ⊆ c(π), let πS denote the path obtained by flipping the corners that are in S.
Then [CM18, (3.7)] can be generalized to get

χ(π, q, t) =
∑

S⊆c(π)

(
qt− 1

q − 1

)#c(π)−S(
1− t

q − 1

)#S

χ(πS, q, 1). (31)

For a symmetric function F with coefficients in Q(q, t) let ωF [X] = F [−X] in plethys-
tic notation, where F is obtained by applying the Q-algebra homomorphism on coef-
ficients: q = q−1, t = t−1. Then [CM18, Proposition 3.4] gives for a Dyck path π of
semilength n,

ω(χ(π, q, 1)) = (−1)nq−#Area(π)χ(π, q, 1). (32)

Combining the last two equations and using

#Area(π) = #Area(πS)−#S for all S ⊆ c(π),

we get

ω(χ(π, q, t)) =
∑

S⊆c(π)

(
q−1t−1 − 1

q−1 − 1

)#c(π)−S(
1− t−1

q−1 − 1

)#S

ω(χ(πS, q, 1))

=
∑

S⊆c(π)

(
qt− 1

q − 1

)#c(π)−S(
1− t

q − 1

)#S

t−c(π)q#Sq−#Area(πS)(−1)nχ(πS, q, 1)

= q−#Area(π)t−#c(π)(−1)n
∑

S⊆c(π)

(
qt− 1

q − 1

)#c(π)−S(
1− t

q − 1

)#S

χ(πS, q, 1)

= q−#Area(π)t−#c(π)(−1)nχ(π, q, t). (33)

Then

⟨χ(π, q, t), s(1n)⟩ = ⟨ω(χ(π, q, t)), ω(s(1n))⟩
= ⟨q−#Area(π)t−#c(π)(−1)nχ(π, q, t), (−1)ns(n)⟩ = q#Area(π). (34)
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