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Abstract

Let t(H; G) be the homomorphism density of a graph H in a graph G. Sidorenko’s
Conjecture states that for any bipartite graph H, t(H;G) > t(Ko; G)'E(H)| for all
graphs G. It is already known that such inequalities cannot be certified through
the sum of squares method when H is a so-called trivial square. In this paper, we
investigate recent results about Sidorenko’s Conjecture and classify those involv-
ing trivial versus non-trivial squares. We then present some computational results.
In particular, we categorize the bipartite graphs H on at most 7 edges for which
t(H;G) > t(Ky; G)EUD| has a sum of squares certificate. We then discuss other
limitations for sums of squares proofs beyond trivial squares.

Mathematics Subject Classifications: 05C35

1 Introduction

One important conjecture in extremal graph theory is Sidorenko’s Conjecture [Sid93],
which has garnered a lot of attention throughout the years [LS11, Szel4, CL21, CKLL18,
HKLL16]. Many wondered whether the Cauchy—Schwarz method (which is equivalent
to the sum of squares method ([BPT12])) was the right tool to attack this problem (see
|[GL15] for some context). In [BRST20], the authors showed that there are instances of
Sidorenko’s Conjecture that cannot be verified with sums of squares. In particular, they
showed that it cannot be verified in the case of trivial squares (defined below).

In this paper, we analyze the possibility of sum of squares proofs of Sidorenko’s Con-
jecture for multiple graphs and graph families. We first show that many families of graphs
for which Sidorenko’s Conjecture is known to hold involve non-trivial squares. Therefore,
these could potentially be recovered using sums of squares.

However, we also show that trivial squares are not the only obstacle for sum of squares
certificates. We compute a poset of all (unlabeled) bipartite graphs with k edges for k <7
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ordered by the relation = where Hy = Hs if t(Hy; G) —t(Hs; G) > 0 is valid for all graphs
G, and can be certified with a sum of squares. If Sidorenko’s Conjecture could be proven
through sums of squares, Ik would be the unique minimal element of that poset. If
trivial squares were the only “important” obstacle to having sum of squares certificates
for Sidorenko’s Conjecture, all minimal elements would involve trivial squares. However,
we demonstrate that there are minimal elements that are not trivial squares, for example,

e
1.1 Preliminaries

A graph G has vertex set V(G) and edge set E(G). All graphs are assumed to be simple,
without loops or multiple edges. The homomorphism density of a graph H in a graph G,
denoted by t(H; G), is the probability that a random map from V(H) to V(G) is a graph
homomorphism, i.e., that it maps every edge of H to an edge of G.

We now introduce the gluing algebra of graphs (see [Lov12] for a broader exposition).
A graph is partially labeled if a subset L of its vertices are labeled with elements of
N:={1,2,3,...} such that no vertex receives more than one label and no label is assigned
to more than one vertex. If no vertices of H are labeled, then H is unlabeled. Let
¥: L — V(G) be an injective map. Then for a partially labeled graph H, t(H;G) is the
probability that a random map that extends ¥ is a graph homomorphism.

Let A denote the vector space of all formal finite R-linear combinations of partially
labeled graphs without isolated vertices, including the empty graph with no vertices which
we denote as 1. We call an element a = > o, H; of A a graph combination, and each «; H;
a term of a.

The vector space A has a product defined as follows. For two labeled graphs H; and
H,, form the new labeled graph H;H, by gluing together the vertices in the two graphs
with the same label, and keeping only one copy of any edge that may have doubled in

2 . . .
the process. For example, % 3., SN =3 a-sy Equipped with this product,
1 2

Lol

A becomes an R-algebra with the empty graph as its multiplicative identity. Note also
that any polynomial can be viewed as a graph combination.

For a fixed finite set of labels L C N, let A, denote the subalgebra of A spanned by
all graphs whose label sets are contained in L. Then Ay is the subalgebra of A spanned
by unlabeled graphs. The algebra A admits a simple linear map into Ay that removes the
labels in a graph combination to create a graph combination of unlabeled graphs. We call
this map unlabeling and denote it by [ - ]. We view elements a € Ay as functions that can
be evaluated on unlabeled graphs G via homomorphism densities. An element a = > «o; H;
of Ay is called nonnegative if >  o;t(H;; G) > 0 for all graphs G. In this setting, a sum
of squares (sos) in Ay is a finite sum of unlabeled squares of graph combinations a; € A,
namely, > [a?]. Note that unlabeling corresponds to symmetrization, and so this is truly
a sum of squares. It can be easily seen that an sos is a nonnegative graph combination.

In the language of the gluing algebra, Sidorenko’s Conjecture states that for every

bipartite graph H, the graph combination H — I'E(H)‘ is nonnegative. Further, for a
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particular graph H, if H — I'E(H)‘ > 0, we say that H is Sidorenko.

Example 1. One can show that H = A~ is Sidorenko with the following sos proof:

(R B PSS R 3

It turns out that H — I‘E(H) is not sos for every bipartite graph H. One definition

that is important to partially characterize what cases of Sidorenko’s Conjecture cannot
be written as an sos is the following. An unlabeled graph H is called a trivial square if
whenever H = [F?] for some partially labeled graph F, then F is a fully labeled copy of

2
H. For example, [ ]is a trivial square but A\ is not since A\, = H(l 1 > H . If a graph

H is not a trivial square, i.e., there is some F' that is not a fully labeled copy of H such
that H = [F?], we call F a square root of H. Note that F is not necessarily unique; for
instance, in Section 2, we construct multiple square roots for several classes of graphs.
From [BRST20, Lemma 2.8], we know that H is not a trivial square if and only if
there is an involution ¢ of H that fixes a non-empty proper subset of V(H) such that
the vertices v that are not fixed by ¢ can be partitioned into two groups, each group
consisting of one vertex from each pair {v, ¢(v)}, such that there are no edges between
vertices in the two groups. (Note that such ¢’s are also called cut-involutions in [CL17].)
The proof relies on the effect squaring has on labeled and unlabeled vertices.
From [BRST20], we also know that if H is a trivial square, then H — I‘E(H” is not an
sos. This is the case for example when H is a path of odd length, the so-called Blakley-
Roy inequalities. In that case, H cannot be shown to be Sidorenko using the sos method
(even though it has been verified with other techniques). This is also the case for the
smallest unresolved instance of Sidorenko’s Conjecture: Kj55\Cio. In Sections 3 and 4,

TIE(H)\

we give additional scenarios in which H — is not an sos even though H itself is a

non-trivial square.

1.2 Organization of the paper

In this paper, we show in Section 2 that many of the cases for which Sidorenko’s Con-
jecture is known to hold involve bipartite graphs that are not trivial squares; we also
give constructions of square roots for these graphs. In particular, we show that the recent
Cartesian product and subdivision constructions of [CKLL18] and the degree construction
of [CL21] are all non-trivial squares. In the case of the Cartesian product construction
in [CKLL18], we also give a detailed classification of all possible square roots. The clas-
sification and construction of square roots in this way is a key first step in analyzing the
potential for an sos proof.

However, non-trivial squares are just one of many obstacles to sos proofs: even if H is
a non-trivial square, there is no guarantee that H — I‘E(H” has an sos proof. In Section
3, we look at which graphs H with at most seven edges are such that there is an sos proof

for H — IIE(H)l. We then discuss in Section 4 some additional road blocks to sos proofs.
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2 Previous results and sums of squares

We first go over a few lemmas about non-trivial squares before considering different past
results and reframing them within the lens of non-trivial squares.

As explained in the introduction, Lemma 2.8 of [BRST20] shows that a non-trivial
square is a graph H for which there exists an involution ¢ of H that fixes a non-empty
proper subset of V' (H) such that the vertices v that are not fixed by ¢ can be partitioned
into two groups, each group consisting of one vertex from each pair {v, p(v)}, such that
there are no edges between vertices in the two groups. This definition is not always the
easiest to work with. We thus note a few simple types of graphs that are always squares.

Lemma 2. If there exists two (non-adjacent) vertices v,v' € V(H) such that v,v’" have
the same neighborhood, then H 1is a non-trivial square.

Proof. Let L be the graph H\v' where all the vertices are labeled except v. Since [L?] =
H, H is a non-trivial square and L is (one of) its square root(s).
]

In this case, the involution described earlier is simply the ¢ which fixes H\{v, v’} and
partitions the remainder into {v} and {v’}. Note that, in fact, this proof approach can be
expanded to generate multiple square roots if the graph satisfies certain conditions. For

any Si,S2,...,5r C V(H) such that
e the S; are disjoint sets of even size,
e for every i, each vertex in 5; has the same neighborhood in H, and

e no vertex in | J,_, S; neighbors any other vertex in (J;_, S,

and for any subsets S! C S; such that 2|S!| = | S|, the graph L = H\ (Uf:1 s;) with all
vertices labeled except those in Ule S; is a square root of H. Now the involution is the one
which fixes H\ (Ule Si) and partitions the remainder into (J*_, S/ and J_, S;\ UL, S

Lemma 3. If H contains two or more isomorphic connected components, then H is a
non-trivial square.

Proof. Let C7 and Cy be isomorphic connected components of H and let L be the graph
H\C, where all the vertices are labeled except those in Cy. Since [L?] = H, H is a
non-trivial square and L is (one of) its square root(s). O

As before, this construction also gives an involution of H, this time fixing H\ (C; U Cs)
and partitioning the remainder into C; and C5. Furthermore, this construction can also
be generalized to arbitrary subsets of isomorphic connected components by treating the
sets of connected components as the sets of isomorphic vertices were treated above.

We now focus on more complex graph families that have been shown to be Sidorenko
by methods other than sos. We will show that since they are non-trivial squares, they
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could potentially admit sos proofs. Furthermore, we offer square root constructions that
could be used to start building such proofs and in some cases fully classify all square
roots.

2.1 Square roots of graphs satisfying degree conditions

We start with Theorem 1.1 from [CL21], which states that Sidorenko’s Conjecture holds
for bipartite graphs H = (AU B, E) with the following property: ('fl) (;) divides dj, for
each 1 < k < r, where dj, is the number of vertices of degree k in B and r is the maximum
degree of vertices in B.! We show that all such graphs are non-trivial squares and give
explicit constructions of square roots for these graphs. In fact, to be a non-trivial square
it is sufficient that d; > ('Q') forsome kordi = ---=d,_y =0and d, = (‘f‘). These two
conditions include all cases in [CL21].

Lemma 4. Let H = (AU B, E) be a bipartite graph, let dy be the number of vertices of
degree k in B and let v be the maximum degree of vertices in B. If there exists k < r
such that dj, > (‘2‘), then H = [G?] for some graph G with |V (H)| — 1 vertices that are
all labeled and one unlabeled vertex.

Proof. 1If there exists £ < r such that d, > (l’,j'), then since there are ('Ql) different
potential neighborhoods for the d vertices of degree k, this implies that at least two of
those vertices must have the same neighborhood, say v and v'.

By Lemma 2, H is a non-trivial square and the square root construction in Lemma 2
may be used. O

There are at least three possible proof techniques for the following lemma. It was
first presented in [CL17] using the fact that H is cut-percolating and a generalization of
it appeared in [Cor22| using the fact that H is left-cut-percolating.? We choose instead to
present a direct proof here for its insight into the graph structure.

Lemma 5. Let H = (AU B, E) be a bipartite graph, let dy be the number of vertices of
degree k in B and let r be the maximum degree of vertices in B. If dy = ---=d,_1 =0

and d, = ('f‘), then H is a non-trivial square.

Proof. Here we have a graph where |B| = ('fl) and every vertex in B has degree r. Note
that if any two of them have the same neighborhood, then by Lemma 2, we have that H is
a non-trivial square. So we may assume that each vertex of B has a distinct neighborhood
in A, in other words each of the ('f‘) subsets of r vertices in A is a neighborhood of exactly
one vertex in B. Call such a graph an (|A|,r)-graph. Note that one can think of (|A],7)-
graphs as the incidence graphs of complete r-hypergraphs on |A| vertices. To lighten the
notation, let A = {1,2,...,m}, so |A| = m.

Note that recent work [Cor22, Theorem 3.6] has strengthened the theorem [CL21, Theorem 1.1] by
weakening its conditions. Our results apply there as well. We thank the anonymous reviewer for this
observation.

2We thank the anonymous reviewer for this observation as well.

ot
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If r =1, then |B| = | A| and every vertex in B has degree 1, and no two have the same
neighborhood. Thus, H is a collection of disjoint edges. If H contains more than one
edge, by Lemma 3, H is a non-trivial square. Note that if H is a single edge, then H is a
trivial square. However, Sidorenko’s Conjecture is trivially true in that case: I— I > 0.

If m = 1, then » = 0 (and the graph consists of two isolated vertices, and is a non-
trivial square by Lemma 3) or » = 1 (and the graph is a single edge, which is not a
non-trivial square, but for which Sidorenko’s Conjecture is trivially true as seen above).

If m = 2, either r = 0 (and the graph consists of three isolated vertices, and is a
non-trivial square by Lemma 3), 7 = 1 (and the graph is two disjoint edges which is a
non-trivial square by Lemma 3) or r = 2 (and the graph is a path of length 2 which is a
non-trivial square as seen in the introduction).

If m > 3, we build a square root for H as follows. Consider the following partially
labeled bipartite graph G = (AU B, E) in Figure 1. Let A contain m — 2 vertices labeled
as, ..., a, and one unlabeled vertex which we will call a*. Let Lj = {as,...,an} be the
set of labeled vertices in A. Let B contain a set of (mr_Q) labeled vertices, called L, an
additional set of (T:;) labeled vertices, called Lo, and a set of (T:f) unlabeled vertices,
called Ug. The set of edges E is partitioned into five types. The first type is composed
of edges between Lj; and L; to form an (m — 2,r)-graph, that is, every vertex in L; is
adjacent to a different set of r vertices in L 5. The second type is composed of (:’f:f) edges
between vertices in Ly and a*. The third type is composed of edges between L ; and Up
so to form an (m — 2,r — 1)-graph, i.e., every vertex in Ug is adjacent to a different set
of r — 1 vertices in L ;. The fourth type are the (T:f) edges between Uz and a*. The
fifth type is composed of edges between Lz and Ly to form an (m — 2,7 — 2)-graph, that
is, every vertex in Lo is adjacent to a different set of » — 2 vertices in Ljz. We claim that
[G?] gives us an (m,r)-graph, i.e., [G?] = H.

First note that G2 is still a partially labeled bipartite graph. In the square, the A? part
is now the original m — 2 labeled vertices with two unlabeled copies of a*, which for ease
of notation, we will call a; and a,. The B? part is now the original sets of labeled vertices
L and L, and two additional copies of Ug, which for ease of notation we will call Ug,
and Up,. This gives a total of m vertices in the A? part and (mr_Q) + (7:22) —1—2(:7:12) = (’;’f)
vertices in the B? part.

Furthermore, the edges are assigned correctly. It is enough to show that each r-subset
of A? is the neighbor set of exactly one vertex in B2?. Any r-subset of as,...a,, is still
the neighbor set of exactly one vertex in L; and no other vertices, since other vertices all
neighbor at least one of {ay,as}. Any r-subset of {as,as,ay,...,a,} containing asy is a
neighbor set of the vertex in Ug, whose neighbors in G were that same set with a* instead
of ag. Similarly any r-subset of {aj,as,ay4,...,ay} containing a; is a neighbor set of the
vertex in Up, whose neighbors in G were that same set with a* instead of a;. Finally, any
r-subset of {ay, as,as,...a,} containing both a; and as is a neighbor set of the vertex in
Lo whose neighbors in G were that same set with a* replacing both a; and as,. O

These two lemmas cover every case in Theorem 1.1 of [CL21]:

Corollary 6. Let H = (AU B, E) be a bipartite graph such that (lAl) (,:) divides dy, for

r
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Figure 1: Cartoon of G and G?.

each 1 < k < r where dy is the number of vertices of degree k in B and r is the maximum
degree of vertices in B. Then H is a non-trivial square.

Proof. For k < r, ('f') (Z) divides dj, implies either d, = 0 or d}, > (“f‘) (Z) > (“2'). If there
exists k for which the latter is true, Lemma 4 applies. If the former is true for all £, then
since d, is non-zero by definition we either have d, = (lf‘) (:) = ('f') or else d, > ('f‘). If

the first, then Lemma 5 applies. If the second, then Lemma 4 holds.
]

2.2 Square roots of subdivisions of graphs

For an unlabeled graph H, let H be its subdivision where every edge becomes a path
of length two. Theorem 1.3 in [CKLL18] states that Sidorenko’s Conjecture holds for the
subdivision of K}, for k > 2. Furthermore, it states that if Sidorenko’s Conjecture holds
for arbitrary H, then it also holds for H4V. (Note that [CKLL18] uses the notation H;
for H4".) In this section, we show that the subdivision of K}, is a non-trivial square, and
that if H is a non-trivial square, then H4" is a non-trivial square too. Thus the Sidorenko
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results for these classes of graphs could potentially be proved using sos.

We thank the anonymous referee who pointed out that it was already shown in [CL17]
that K1V is a non-trivial square. Indeed, K" is the (0, 1)-incidence graph of the k-
dimensional simplex which they show is cut-percolating, and therefore has a non-trivial
fold when k& > 2. We include our own short proof for completion.

Lemma 7. K,giv is a non-trivial square for all k > 2.

. 2 .
Proof. First observe that K&V = A = |[<I 1 ) ﬂ and KdV is a 6-cycle, which is equal

to ﬂ<1ﬁ2)2ﬂ‘

We now give a construction for when & > 4. For convenience, we call the vertices
in the non-subdivided graphs the original vertices, and we call the remaining vertices of
K the new vertices. We construct a square root of K" as follows.

Start by labeling completely Ko,. Then add one unlabeled vertex u. Put a path of
length two (i.e., a subdivided edge) between u and each original vertex of KI,. Further-
more, add a labeled vertex ¢ that is adjacent to u. Call this graph G. For example, here
are the constructions for K and Kgv:

2

1
< = KM and

2 3 4

_ div
— K5 .

Looking at G2, the labeled K, remains, and we see that u and its copy, say u’, have
become the last two original vertices of KV since there is a subdivided edge from every
original vertex in K, and u and v’ respectively, and {u, [} and {/, v’} forms a subdivided
edge between u and «/. Thus [G?] = K. O

Before the next lemma, we make an observation about subdivisions of labeled graphs
in general. For a labeled graph F, let F'Y" be its subdivision where a vertex is added
between any two vertices of F' to create a path of length two, as before. The difference
here is that some of these new vertices will be labeled, namely the ones that are added
between two labeled vertices of F'. The new labeled vertices have a label that consists of
the pair of labels of the two adjacent vertices.

It’s easy to see that if H; = [F?], then H!V = [(F{V)%]. Moreover, by labeling
new vertices consistently, cross-products are also consistent with this idea: [F}Fp]4" =
[FES.

Example 8. Here is an example of this observation:

m-ri= [ e <= [0
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We are now ready to state and prove the second subdivision lemma.

Lemma 9. If H — I‘E(H)l is sos (and thus H is Sidorenko), then HYY — I2|E(H)| is also
sos (and thus HY is Sidorenko).

Proof. 1f H— I'E(H)l is sos, then without loss of generally we can assume that H — I‘E(H” =

S ai[(Fi — Fip)?] for some set of graphs { Fy;, Fyp}. Then, HIV — A JEUDI = S~ [(Fdiv
FgV)?]. Since A, — []= [ 1 _ I 22], this is enough to show that F4v — IQ‘E(H” is

SOS. O

2.3 Square roots of Cartesian products

We now discuss the family of graphs described in Theorem 1.4 of [CKLL18]. They consider
the Cartesian product of an arbitrary Sidorenko graph H with an arbitrary even cycle
Cyy, denoted as HOCy,. In other words, the vertex set is {(v,7) : v € V(H),1 < i < 2k}
and there is an edge between (u, ) and (v, j) when i = j and u is adjacent to v in H, or
u=wvandi—j=1 mod 2k. (See Figure 2 for an example.) Theorem 1.4 states that if
H is Sidorenko, then so is HUC5,. Here we prove that any graph of the form HUCY is
a non-trivial square (regardless of the properties of H).

Figure 2: The Cartesian product Cy[Cs.

We also fully classify square roots of these types of graphs. If H is a trivial square we
show that H[JC5; has a unique square root for k > 2. For k > 3, if H is a non-trivial
square we show that all square roots of H[1Cy, are constructed from square roots of H,
apart from the construction used for trivial square H. We believe this holds also for k = 2,
but the proof would require even more technical details.

Theorem 10. For any arbitrary (not necessarily Sidorenko) H, and any k > 2, HOCy
is a non-trivial square. A square root construction is given which holds for any arbitrary
H and k > 2.

Theorem 11. If [A%*] = HOCyy, where k > 3 and H is connected, then A is the square
root construction from Theorem 10 or else A = BOCyy, for some B such that [B*] = H.
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In fact, Theorem 11 has the following corollary:

Corollary 12. If H is a trivial square that is connected, the only possible square root of
HUOCy, for k > 3 is the graph constructed in Theorem 10.

Taken together, these greatly restrict the possibilities for an sos proof of Theorem 1.4
in [CKLL18]. Any such proof would have to rely on square roots for H, or the construction
given in Theorem 10. Expanding a Sidorenko graph H to a Sidorenko graph HUICy in
fact adds very little to the proof possibilities.

In the following discussion, we use some general notation for squaring graphs. Suppose
we are interested in some graph A and its square A%. Consider the labeled and unlabeled
vertices in A. The labeled vertices in A give rise to labeled vertices in A2 while each
unlabeled vertex in A gives rise to two unlabeled twin vertices in A2. In fact, the labeled
vertices correspond to the vertices fixed by the involution of Lemma 2.8 of [BRST20]
(discussed earlier). The twin unlabeled vertices each belong to the two separate groups
in the partition generated by the involution. Observe that vertices in one part of the
partition only neighbor other vertices within that part or vertices fixed by the involution.
We will call these two parts of the partition unlabeled odd and unlabeled even.

If we want to discuss an odd vertex and even vertex that arise from the same unlabeled
vertex in A, i.e., a pair of twin vertices in A% we will call them wug; 1 and uy; for some
convenient j. In particular, any labeled vertex neighboring us;_; must then also neighbor
ug; and vice-versa. At times it will be useful to think of the unlabeled vertices in A? as
originals and copies; we will assume the odd unlabeled vertices are the originals.

We also standardize some notation for H[C5,. Recall that HUCy, is made up of 2k
copies of H, which we call H;, Hs, ... Hy;. Let ¢, be the canonical isomorphism between
H; and Hj that sends (v,7) to (v, ). In this language, HOCy, then has cross-edges
between v € H; and ¢;;41(v) in H;1q, and between v € H; and ¢;;—1(v) in H;y. For
convenience, we also assume that all indices in H; and ¢;; are taken modulo 2k, e.g.,
there is an edge between v € Hy and g 95 (v).

With this notation in hand, we are ready to prove the two theorems. First we prove
Theorem 10 with an explicit construction.

Proof of Theorem 10. Start with HUCy;. Label the vertices in H; and Hy.q, leave the
vertices in H, through Hj unlabeled, and remove the vertices in Hj,o through Ho.
Squaring the remaining graph and unlabeling it yields HOCy. (See Figure 3 for an
example.) ]

As Theorem 11 is a negative result, its proof is more involved and uses the following
lemma.

Lemma 13. For some connected graph H and k > 3, if [A%] = HOCYyy,, then either the
sets of labeled, unlabeled odd, and unlabeled even vertices of A are identical on each H;,
or else A is the construction from Theorem 10.

Proof of Lemma 13. Suppose not, i.e., suppose we have an A such that [A%] = HOCy,
and the labelings of H; and H;_; are not identical for some i. We have discussed above
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8 7

Figure 3: The square root construction of C4[JCq from Theorem 10.

that odd and even vertices may not neighbor each other; therefore if the labelings do not
match there must be a labeled vertex ¢, in H; such that ¢;;_1(¢,) is unlabeled, without
loss of generality say us. In this case, its twin u, is also a neighbor of ¢,. Note that it’s
not possible that u; € H; 1 since ¢, already has a neighbor in H; ;. Therefore u; € H;
or u; € Hi-{—l'

First suppose u; in H;. Since ¢, neighbors u; in H;, we know that uy must neighbor
@ii—1(u1) and by construction so must u;. The unlabeled vertices only neighbor other
unlabeled vertices of the same parity; therefore ¢;;—1(u1) must be a labeled vertex. Call
it 0p.

Now consider ;1 ;o(u2). This must be an unlabeled vertex, since if it were labeled
it would also neighbor u; which is in H;. As discussed above, it must be even since it
neighbors uy. Call ¢;_1;-2(us) =: uy. Then we know that its twin, us, must neighbor
uy. Therefore us € H;yq or uz € H;. We also know that uy neighbors ¢; 1, o(6). If
©i—1i—2(lp) were labeled, it would have to neighbor wug, which is impossible since, given
that k > 3, they are in H; 5 and H;;, or H;. Therefore ¢;_1;2(¥;) is unlabeled, and must
be even again, call it ug. Again its twin, us, must neighbor uz. Since ¢, neighbors ug, it
must also neighbor us. The only way for this to happen, since ¢, € H; | and ¢, already
neighbors w; € H;, is that ug € H; and us = ¢;;—1(u3). This subgraph is illustrated in
Figure 4.

Note that us, 5, and ug are exactly in the same configuration as wuq, £,, and uy that
we originally began with. Therefore the same argument can be repeated to generate a
larger subgraph as in Figure 5, then using /., u9, and ug generates Figure 6; using /g4,
u13, and w4 generates Figure 7. Observe that at each iteration images of earlier vertices
are added; for example, H; o contains newly constructed vertices ug, uy, £, ug while H; 3
contains newly constructed vertices us, u1g, {4, u13 as well as p;_o;_3(uy). Similarly H; 4
contains newly constructed vertices uyg, U4, e, w17 as well as ;o ;—4(us) and ;_3;4(us).
Note that ¢;_o;-3(us), pi—2i—a(us) and ¢;_3,_4(us) are unlabeled which ensures that they
are indeed new vertices. In general, each H,_; contains at least j + 3 distinct vertices.
Therefore repeating this process |V (H;)| times leads to a contradiction. (Note that if
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ug

Uy

Hi o Hiy H;

Figure 4: Configuration of vertices in H;, H; 1, H; ».

necessary this may be repeated beyond 2k by using modular arithmetic for indexing.)

Ug Uy

Ug Oy

Uy U

His His Hi, ,
Figure 5: Configuration of vertices in H;, H;_1, H; o, H; 3.

The only remaining case is ¢, € H;, u; € H;y1, up € H; 1. Our goal now is to show
that all vertices of H;,; are odd, all vertices of H; ; are even and all vertices of H; are
labeled. If H = K, this is already done. Thus suppose that H # K;. Since H is
connected, u; must have a neighbor in H;,;. Note that this vertex cannot be labeled,
as then it would have to neighbor uy € H;_; as well. Therefore it is odd unlabeled, for
convenience, call it uz. Now observe ¢;.1,_1(us) neighbors uy since @;y1,-1(u1) = us.
Therefore it is even or labeled; if it were labeled it would have to neighbor u; € H;,q,
so it must be even. Note that ;1 ;(us) neighbors ug and ¢;+1,;-1(u3). Since this vertex
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Ly Ug w7

U1 l. Uus

ug Ug by

Uy [

Hi_y H;_3 H;_» H; H;

Figure 6: Configuration of vertices in H;, H; 1, H; o, H; 3, Hi — 4.

neighbors both odd and even vertices, it must be labeled. Call it 4,.

We have now shown that any vertex in the neighborhood of u; in H;,; must be
unlabeled odd, and by symmetry any vertex in the neighborhood of uy in H; ; must
be unlabeled even, and any vertex in the neighborhood of ¢, in H; must be labeled.
Furthermore these vertices in H;,; must be twins of these vertices in H; ;. Repeating
this argument D times where D is the diameter of H shows that in fact all of H; is labeled,
all of H;,; is unlabeled odd, and all of H; ; is unlabeled even. Furthermore, H;,; is the
twin of Hi—l-

Now consider H; 5. If any vertex v in H;,o were labeled, it would have to neighbor
both ¢;12,41(v), which is in H;yq, and that vertex’s twin ;11,1 (@ir2+1(v)) in H;_4.
This is only feasible if 2k = 4, in which case we have the construction from Theorem 10.

Otherwise H;,. o must be fully unlabeled odd, and similarly H; » must be fully unla-
beled even. Furthermore, since H;,; and H; ;| are twins, H;,» and H; 5 must also be
twins. Repeating this argument k£ — 1 times shows that in fact we have the construction
from Theorem 10. O

With Lemma 13 in hand, we are now ready to prove Theorem 11.

Proof of Theorem 11. Suppose that some A such that [A?] = HOCYy;, is in the first cat-
egory, i.e., where each copy of H has identical labelings. Consider A restricted to the
vertices in H;. Recall our convention that the odd unlabeled vertices in H are the orig-
inals from A while the even unlabeled vertices are the copies. Thus, A restricted to the

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(4) (2025), #P4.54 13



Lle U3 U1

(0i—3,i—aus) ug Ug Oy

Figure 7: Configuration of vertices in H;, H;_1, H;_o, H;_3, H;_4, H; 5.

vertices in H; consists of the labeled and odd unlabeled vertices in H;. Call this subgraph
Al.

Now consider [A?]. (For an image of the following argument, see Figure 8.) Suppose
there is some vertex outside of Hy in HUC5;,, without loss of generality, say in Hy. Any
such vertex must be even by construction. Choose a vertex in [A}] N H, that neighbors
a vertex in H;. By the above and the fact that all H; are identically labeled, we already
know that this vertex and its neighbor in H; must both be even. Call the even vertex in
[A%] N Hy w4, and its neighbor in Hy us.

Now consider the shortest path between us and wy in H;. By construction, we know
it must consist of even vertices ug;,, Ui, ... U2, then a labeled vertex ¢, then the odd
vertices Ug;, 1, U2iy—1, - - - U2i,—1, then uy. In other words, it arises from the shortest path
between u; and any labeled vertex in A;.

Look at what ¢; o does to this path. We know that ¢; o(u2) = ug and

901,2(1621‘1): @1,2(“21'2), . 901,2(U2id)

is a path of even vertices between uy and ¢ 2(¢). The twins of these vertices must form a
path of odd vertices between 1 5(¢) and us. Furthermore, this path can be used to create
a shortest path from ¢q 5(¢) to uz using only odd vertices in Hy: if there are vertices of H;
in the path, there must be a transition of the form {1 2(u), ¢12(v)}, {p12(v), v}, {v, w},
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H; Hy

Figure 8: Subgraph from the proof of Theorem 11.

where u, v, w € Hy. In this case, the transition can be replaced by

{e12(uw), @12(v)} {e12(v), pra(w)},

where u,v,w € H;. Continue to apply @12 to any vertices in H; in the original path
and remove edges of the form {¢; 2(v), v} up to the penultimate edge {1 2(us) = us, us}.
This gives an even-vertex path of length d between ¢ 2(¢) and ¢; 2(u2) contained entirely
within Hy but an odd-vertex path of length at most -1 between ¢q2(¢) and ¢ 2(us)
contained entirely within Hs (see Figure 8). Therefore, there must be an odd-vertex path
of length < d — 1 between ¢ and ug contained entirely within H;. But then repeating this
argument shows there must be an even-vertex path of length at most d — 1 between ¢ and
uy, contained entirely within H; except for the last edge {ug, us}. However, this gives a
path between ¢ and us of length at most d — 1, which is a contradiction.

This proves that [A?] C H; for all i. Therefore [A?] = H;; if it were true that [AZ?]
were properly contained in H; for some ¢, then there would have to be some j such that
[A?] N H; is nonempty, which contradicts the above. We have now shown that [A7] = H;
for all i, so in fact A = BOCy, for B such that [B?] = H, and the theorem is proved.
(See Figure 9 for an example of the construction in this theorem.) O

3 Computational results

We now provide some computational results to classify cases on at most 7 edges for which
there is an sos proof for Sidorenko’s Conjecture. We will see that trivial squares are not
the only obstacle to sos certificates.

Let Py, denote the poset of all k-edge bipartite graphs ordered by the relation > where
H, > H, if H; — H5 can be written as an sos. We explain in Section 3.1 how to compute
such posets. Figures 10 and 11 give the Hasse diagrams of P5; and Pg. The Hasse diagram
for P; is too big to be printed, and so can be viewed online instead: https://drive.
google.com/file/d/1TJyJ-j90npGBgj jB81BwJf7NkHoRqDr-/view?usp=sharing. In Figures
12 and 13, we give the Hasse dia%rams of the subposets of P; containing elements com-
parable and incomparable with I respectively.
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Figure 9: The square root construction of C4[1C¢ from Theorem 11.

Observe that if H; = Hy and Hy > Hs, then H; > Hs. Indeed, if H; » Hy and
Hy = Hs, then Hy—Hy = ), [af] and Hy— Hz = ) [b7] where the a;’s and b;’s are graph
combinations, which implies that H, — Hy = (Hy — Hy) + (Hy — Hz) = 3, [a] + >, [V7],
and so H; = Hs.

Therefore, a graph H with k edges is such that H — Ik has an sos proof if and only if

there is a chain from Ik to H in Py.

Let Q) denote the poset of all k-edge bipartite graphs ordered by the relation > where
H,> H, it Hi— H, > 0 is valid when evaluated on all target graphs GG. Note that H; = H,
implies that H, > H», i.e., > is a subrelation of >, but the converse isn’t true. Sidorenko’s
Conjecture claims that Ik is the unique minimal element of Q.

In P5, we see that there are five bipartite graphs H with five edges for which H — I5
cannot be writtenasansos: [ | LT 11 1,11 N\ .{ and >_< From [BRST20],

it was already known that ITJ — I5 cannot be written as an sos since TLI is a trivial
square. It is also unsurprising that IT I I— I5 and ﬁ AN I5 cannot be written as

sums of squares since IT is also a trivial square and so it is known that IT — IS has no

sos certificate. On the other hand, .{ and >_< are not trivial squares since
2
—e 2
<= |(irn)]
2
1
e SRR (P
4 3

THE ELECTRONIC JOURNAL OF COMBINATORICS 32(4) (2025), #P4.54 16

and
2



Figure 10: Hasse diagram of Ps.
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Figure 11: Hasse diagram of Pg.
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Figure 12: Hasse diagram of the subposet of P; containing graphs that can be shown to

be Sidorenko with an sos.
19
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Figure 13: Hasse diagram of the subposet of P; containing graphs that cannot be shown
to be Sidorenko with an sos.
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However, note that there is a chain from I to <:H and H, that is, we

have sos certificates for .{ - TIJ and H - ITJ This means that if there is

some other type of certificate of nonnegativity for IiIHT — I5 (which in this case there
is, see for example [BR65], [Lon66] and [MS59]), then we still have a way of showing the

. 5 5 . .
nonnegativity of {' — I and H — I by combining that other type of certificate

with sums of squares.
Problem: Characterize the minimal elements of P.
Having a characterization of the minimal elements of P, would make clear what classes

of graphs other proof techniques should focus on. We give the minimal elements for k = 6
and k= 7.

In Pg, besides I6, the minimal elements are ﬁ I I I, I I r’, TI I I, IjH
which all contain at least one connected component that is a trivial square.

In P7, besides 17, the minimal elements are

PITIRTTT TR T b ]

LR e T e

Note that is not a trivial square, but all other graphs contain at least one

connected component that is a trivial square. This tells us that the characterization of
minimal elements of P, will not simply rely on trivial squares.

3.1 Sum of squares certificates of cover relations

To compute the posets in the previous section, we had to check whether H; — Hs had an
sos certificate for every pair of bipartite graphs Hy, Hy with k edges. This could have
been done with a semidefinite program, but we instead chose to use Proposition 2.10 from
[BRST20] (rephrased below) to have a linear program.

Proposition 14 (Blekherman, Raymond, Singh, Thomas, 2020). A graph combination
H, — Hy where Hy and Hy have the same number of edges can be written as an sos if and
only if it has an sos certificate of the form Hy — Hy = > Nj[(Fi — F};)?] where A\ij = 0
and where |E([F?])| = |E([F7])| = |E([FiF;])| for each i,j, i.e., where F; and F; have

the same fully labeled edges and the same number of edges.

We first produce all partially labeled graphs whose squares have k edges. We then
produce their squares as well as the cross-products of any pair of partially labeled graphs
that have the same fully labeled edges: these are the pairs corresponding to possible Fj,
F;. We can then create a linear program where the variables are the )\;; and where we
simply check whether there exist nonnegative \;;’s that yield H; — Hy. To do so, we have a
constraint for every graph H with k edges where we add \;; if [F7’] = H, \;; if [F}] = H
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and —2)\;; if [F;F;]] = H. We then set this expression to be equal to 1 if H = H;, —1 if
H = H, and 0 otherwise.
In the Appendix are the sos certificates for the cover relations of the posets of the

TIE(H)

previous section. To get an sos proof for some H — |, add the sos certificates for

all cover relations on a chain from I‘E(H)l and H (again, if there is no such chain, then

o — 1PN cannot be written as an sos). In the next section, we discuss further why
sums of squares fail in certain instances beyond trivial squares.

In the tables in the Appendix, we give sos certificates for A — B where A and B are
both bipartite and with 5, 6 or 7 edges, and where A is connected. From the posets,
we see that an sos for any case where A and B are both not connected graphs can be
retrieved through the sos certificates of some smaller graphs. The first column contains
A, and the second column contains B. A particular A, B might have more than one row.
Each row corresponds to some «a;[(H;; — Hi2)2]]7 where the third column contains «;, the
fourth H;; and the fifth Hj,, and so that A — B = Y, oy[(Hi1 — Hi2)?]), where we are
summing over the rows corresponding to a particular A, B in the table.

4 Obstacles to sums of squares certificates

From our computations, we see that certain inequalities cannot be certified with sos. We
now give some ideas as to why that is the case. We already know from [BRST20] that
Sidorenko’s inequality for trivial squares cannot be written as an sos. However, as seen
from the posets, there are other obstacles to sos proofs as we found non-trivial squares
for which there was no sos proof.

First recall from Proposition 14 that we only need to consider sums of binomials
squared where the two graphs in any given binomial have exactly the same fully labeled
edges and the same number of edges.

Lemma 15. Let A and B be bipartite graphs with the same number of edges and let
a > 0. Consider a square root of A, say H, and consider a graph F that has the same
fully labeled edges as H and the same number of edges as H. If there exists a graph G
such that (1 — @)t(A; G) + 2at([HF]; G) — at([F?]; G) — t(B; G) < 0, then there exists
no sos q such that A — B = of(H — F)?] + q.

Proof. Suppose not. Then A — B = a[(H — F)?] + ¢ which implies that ¢ = (1 — a)A +
2a[HF] —a[F?] — B. Since q is sos, this means that (1—a)A+2a[HF]—a[F?*]—B >0
no matter on what graph we evaluate this expression. But we know that there exists a
graph G such that (1 — a)t(A; Q) + 2at([HF]; G) — at([F?]; G) — t(B; G) < 0, so this is
not the case. L

We now consider a specific case of the previous lemma using the partition(s) of the
vertex sets of the bipartite graphs we are considering.

Definition 16. For a bipartite graph G, let
b(G) = max{|Vi| : V(G) =V UV, and E(G) C Vi x Vo} — |[V(G)|.
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In other words, b(G) = —c¢(G) where ¢(G) is the smallest size of a part among all bipar-
titions of G.

Observe that t(G; K1) = ©(n*“)) as n — oo, where K, ,, is the star with n branches.

Lemma 17. Let A and B be bipartite graphs with the same number of edges and let o > 0.
Consider a square root of A, say H, and consider a graph F that has the same fully labeled
edges as H and the same number of edges as H. If max{b([HF]),b(A)} < b([F?]), then
there exists no sos q such that A — B = o[(H — F)?] + q.

Proof. From Lemma 15, let’s see what happens to (1—a) A+2a[HF]—a[F?]—B > 0if we
evaluate on K, as n — co: we obtain (1 — a)0(n?™) + 220 (n*FFD) — 4@ (ntIFD) —
O(n*®)). Since max{b([HF]),b(A)} < b([F?]), for n large enough, we see that this
expression is negative. Thus no sos certificate can contain o[(H — F)?]. O

We now add another helpful lemma.

Lemma 18. Let A and B be graphs with the same number of edges. If A— B is sos, then
there exists an sos certificate of the form >, ax[(Hix — Hax)?] where

1. a > 0 for every k,

2. for each k, Hy and Hsy, have the same number of edges and the same fully labeled
edges, and

3. there is at least one k such that Hyy is a square root of A and [Hy,Hay] is not a
trivial square.

Proof. By Proposition 14, we know that if A — B is sos, then there is an sos certificate
of the form >, ay[(Hix — Hax)?] where conditions (1) and (2) hold. We partition these
squared binomials according to whether or not they involve a square root of A. Without
loss of generality, we assume that if only one of Hy; and Hsy squares to A, it is Hyy. Let
K :={k|[H%] = A}. From Lemma 2.4 of [BRST20], we know that K cannot be empty
and that there is no & (in K or otherwise) such that [HyyHax]] = A. Now suppose that
condition (3) doesn’t hold. This implies that [Hy,Ha] is a trivial square for each k € K.
So we have that

A—B= Z ap[(Hu — Hop)?] + Z a[(Hix — Ha)?l,

keK T
which implies that
Z a[(Hix — Hor)’] = A— B — Z ar[(Hu — Har)?].
T keK

We know that A disappears in the right-hand side. So the only terms with positive
coefficients in the right-hand side will be cross-products [HiyHax] for some k € K, i.e.,
they will be trivial squares. By Theorem 1.3 of [BRST20], this implies that the right-hand
side is not a sum of squares, and we have reached a contradiction. O
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Example 19. Consider <:H — 15. We show how the previous ideas restrict the

existence of an sos. First observe that H<H only has, up to labeling, a single square

root, namely H<H = [( ? 1 )’]. Also note that b({') = —3. We now list all

graphs F' on three edges that have the same fully labeled edge as

b([F1?) and b([F 71T -

? ["] and compute

F [FEITT|0IF2IT D | [F2 | (F?D)
1] L R O
e N e
= - o< 7
A | T 3| A
AL J\I 3 A
, AT T -3 LI -
IS S I DG
1Ls AL | TIA -3 1] | -3
Iy s | TIA -3 | I.l| -3
Iy A | A -3 L
LA | TIA -3 AN -3
%1% | T N P N
130 | I I NS S
1511 | T 4 i s

By Lemma 17, we can remove some F’s, namely the ones for which the third and fifth

column are in red. Further, from Lemma 18, we know that [( % Il - ; ['1 )] cannot
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be the only binomial remaining present as its cross-product is a trivial square. These
considerations restrict the search space for an sos proof.

5 Conclusions and Future Work

Using ideas from past work on gluing algebras as a jumping-off point, we have analyzed
the prospects of sos proofs for Sidorenko’s Conjecture in many settings. We gave a few
general categories of graphs that are guaranteed to have square roots. We also showed
that many graphs already known (by other methods) to be Sidorenko are non-trivial
squares, and therefore may admit an sos proof. Furthermore, we described square roots
for these graphs, which are the necessary building blocks for such a proof.

Complementing this work, we gave some computational results. Using a linear pro-
gram, for m < 7, we computed a poset containing all bipartite graphs with m edges that
shows exactly which bipartite graphs Hy, H, on m edges are such that H; — Hy has an sos
certificate. These computations yielded many examples where there is no sos certificate
even though H; is not a trivial square. We believe that better understanding this poset
would be beneficial to making progress on Sidorenko’s Conjecture. In particular, charac-
terizing what the minimal elements of this poset are would make clear for what classes
of graphs other techniques will be needed to solve the conjecture. We also discussed
theoretical barriers to sos-provability that rely on the structure of a graph.

Taken as a whole, these results give some ideas of when and how to apply sos methods
in attempting to prove Sidorenko’s Conjecture for different families of graphs. We hope
that those interested in Sidorenko’s Conjecture will be able to use these ideas in deciding
which proof techniques are promising. Furthermore, as each new Sidorenko graph family
is discovered, its properties can again be analyzed as we have done here to determine
whether or not an sos proof is at all possible, as well as where to begin such a proof.
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6 Appendix

See the last two paragraphs of Section 3 on how to read the following tables. For example,
the top left sos certificate is

KAVl -59)]

Sums of squares certificates for five edges
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