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Abstract

Let I" denote a Q-polynomial distance-regular graph with diameter D and va-
lency £ > 3. In [Homotopy in @-polynomial distance-regular graphs, Discrete
Math., 223 (2000), 189-206], H. Lewis showed that the girth of I" is at most 6.
In this paper we classify graphs that attain this upper bound. We show that I' has
girth 6 if and only if it is either isomorphic to the Odd graph on a set of cardinality
2D + 1, or to a generalized hexagon of order (1,k — 1).

Mathematics Subject Classifications: 05E30

1 Introduction

Let I" denote a (Q-polynomial distance-regular graph with diameter D, valency k > 3, and
intersection numbers a;, b;, ¢; (see Sections 2 and 3 for formal definitions). In [7, Corollary
30], H. Lewis showed that the girth of T" is at most 6. Therefore, the problem of classifying
the @Q-polynomial distance-regular graphs that attain this upper bound arises naturally.
In the present paper we show that I" has girth 6 if and only if it is either isomorphic to the
Odd graph on a set of cardinality 2D + 1, or to a generalized hexagon of order (1,k — 1).
Our strategy for proving the above result is as follows. If I' has girth 6, then a; = ay =0
and co = 1. It follows from [8, Theorem 6.3] that in this case I' is either bipartite or
almost bipartite. We treat these two cases separately. We now briefly summarize what
was done so far for each of the above two cases.

The classification of almost bipartite Q-polynomial distance-regular graphs with D > 4
is given in [6, Theorem 1.1]. There it was shown that if I is almost bipartite with D > 4
and girth 6, then it is the Odd graph on a set of cardinality 2D + 1. Therefore, it remains
to consider the case D = 3. We do this in Section 4.

Assume next that T' is bipartite with diameter D > 3 and valency k > 3. In [4,
Theorem 1.1], Caughman showed that if D > 12, then I is the D-dimensional hypercube,
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or the folded 2D-dimensional hypercube, or the intersection numbers of I' satisfy ¢; =
(¢"—=1)/(g—1) (1 < i< D), where ¢ > 2 is an integer. In [10], this result was extended to
the case D > 9. Therefore, if D > 9, then ¢, > 2 (and so I' has girth 4). In [9, Theorem
6.1] we proved that if D = 4, then again ¢ > 2, hence also in this case the girth equals 4.
If D = 3, then I is clearly isomorphic to a generalized hexagon of order (1,k —1). In the
present paper we focus on the case 5 < D < 8. It turns out that the case D = 5 is the
most difficult one. Therefore, we treat the cases D > 6 and D = 5 in separate sections.
In Section 5, we show that if D > 6, then ¢y > 2, and so I' has girth 4. We show the same
result for the case D = 5 in Section 6.

2 Preliminaries

In this section, we review some definitions and basic concepts regarding distance-regular
graphs. See the book of Brouwer, Cohen and Neumaier [2] for more background informa-
tion.

Throughout this paper, I' = (X, R) will denote a finite, undirected, connected graph,
without loops or multiple edges, with vertex set X, edge set R, path length distance
function 0, and diameter D := max{0(x,y)|z,y € X}. For a vertex z € X define I';(x)
to be the set of vertices at distance i from x. We abbreviate I'(xz) := I';(z). Let k
denote a non-negative integer. Then I' is said to be reqular with valency k whenever
II'(z)| = k for all z € X. The graph I' is said to be distance-regular whenever for all
integers h,i,j (0 < h,i,7 < D), and all x,y € X with d(z,y) = h, the number

piy = Ti(z) N T;(y)l

is independent of x,y. The constants p?j are known as the intersection numbers of T.
For convenience, set ¢; := pj,; , for 1 <4 < D, a; := pj,; for 0 < i < D, b; := pj,;y, for
0<i<D—1,k:=p% for 0<i<D,and ¢y =bp =0. We observe ap = 0 and ¢; = 1.
Moreover, I' is regular with valency k = by = ky, and ¢; +a; + b; = k for 0 <i < D. It is

well-known that
. boby -+ - bi—y

P (1)
for 0 < i < D. Observe that I' is bipartite if and only if a; = 0 for 0 < ¢ < D. In this
case b; + ¢; = k for 0 <7 < D. We say that I' is almost bipartite, whenever a; = 0 for
0<i< D-—1andap # 0. The following families of distance-regular graphs will appear
in this paper: hypercubes (see [2, Section 9.2]), folded hypercubes (see [2, Subsection 9.2
DJ), Odd graphs (see [2, Subsection 9.1 DJ), and generalized hexagons (see [2, Section
6.5]). Observe that if D < 2, then the girth of I' is at most 5. Therefore, from now on we
assume [ is distance-regular with diameter D > 3 and valency k > 3. Throughout the
paper we will extensively be using the following result without explicitly referring to it.

ki

Lemma 1. Let I" denote a distance-reqular graph with diameter D > 3 and valency k > 3.
Then the following (i), (ii) hold.

(i) The girth of I' is at least 6 if and only if ay = ay =0 and co = 1.
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(ii) If T is isomorphic to the D-cube, or to the folded 2D-cube, or to the folded (2D +1)-
cube, then ay =0 and co = 2. In particular, the girth of T is equal to 4.

We recall the Bose-Mesner algebra of I'. Let Maty (C) denote the C-algebra consisting
of the matrices over C which have rows and columns indexed by X. For 0 < i < D let A;
denote the matrix in Matx (C) with z,y entry

)1t O(x,y) =4,

We call A; the i-th distance matriz of I'. We abbreviate A := A; and call A the adjacency
matriz of I'. The matrices Ay, Ay, ..., Ap form a basis for a commutative semi-simple C-
algebra M, known as the Bose-Mesner algebra, see for example [2, p. 44]. By [2, Theorem
2.6.1] the algebra M has a second basis Ey, F, ..., Ep, such that E;E; = §;;E; (0 <1,j <
D), Ey+FE +---+FEp=1I,and Ey = | X|'J, where I and J denote the identity and the
all 1’s matrix of Matx(C), respectively. The FEy, E1, ..., Fp are known as the primitive
idempotents of I', and we refer to Ey as the trivial idempotent of T'.

For 0 < i < D define a real number 6; by A = Eio 0;F;. Then AE; = F;A = 0,E;
for 0 < i < D. The scalars 6y,0y,...,0p are distinct since A generates M [1, p. 197].
The scalars 6y, 01, ...,0p are known as the eigenvalues of I'. We remark k > 6; > —k for
0<i< D,and 0y =k [2, p. 45].

3 The Q-polynomial property

In this section, we recall the @-polynomial property of distance-regular graphs. Let
I' denote a distance-regular graph with diameter D > 3 and valency k£ > 3, and let
Ay, Ay, ..., Ap denote the distance matrices of I'. Observe that A, 0 A; = 0,;4; (0 <
i,7 < D), where o denotes entrywise multiplication, and so the algebra M is closed under
o. Let Ey, Ey,...,Ep denote the primitive idempotents of I'. The Krein parameters
qu (0 < h,i,5 < D) of I' are defined by

D
EioE; = X[ qiEyn (0<i,j< D). (2)
h=0

We say T is Q-polynomial (with respect to the given ordering Ey, E, ..., Ep of the prim-
itive idempotents or with respect to the given ordering 6, 61, ..., 0p of the corresponding
eigenvalues), whenever for all distinct integers 4,7 (0 < 4,7 < D) the following holds:
qilj # 0 if and only if |i — j| = 1. The following result motivated the research presented
in this paper.

Theorem 2. ([7, Corollary 30]) Let I' denote a Q-polynomial distance-reqular graph with
diameter D > 3 and valency k > 3. Then the girth of I' is at most 6.

The following theorem and its corollary will be crucial in this paper.
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Theorem 3. ([8, Theorem 6.3]) Let I' denote a Q-polynomial distance-reqular graph with
diameter D > 3, valency k > 3, and intersection number a; = 0. Then exactly one of the
following (i)-(iii) holds.

(i) T is bipartite;
(i) T is almost bipartite;
(i1i) a; #0 for2 <i< D.

Corollary 4. Let I' denote a Q-polynomial distance-reqular graph with diameter D > 3,
valency k > 3, and girth 6. Then T is either bipartite or almost bipartite.

Proof. Recall that by Lemma 1 we have a; = a; = 0. The result now follows from
Theorem 3. 0

We now record several important results about @)-polynomial distance-regular graphs that
we will use later in the paper.

Theorem 5. ([6, Theorem 1.1, Remark 1.4]) Let I' denote an almost bipartite distance-
reqular graph with diameter D > 3 and valency k > 3. Then I' is Q-polynomial if and
only if at least one of (i)-(iii) below holds.

(i) T is the folded (2D + 1)-cube.
(ii) T is the Odd graph on a set of cardinality 2D + 1.

(i1i) D = 3 and there exists a complex scalar [3, such that the intersection numbers of I’
satisfy k = 1+ (82 =1)(B(B+2) = (B+1)ez) and ¢z = —(B+1)(B*+ B~ 1= (B+1)ca).

Suppose that (iii) holds but none of (i),(ii) do. Then B is unique, integral and less than
—2.

Lemma 6. ([4, Lemma 3.2, Lemma 3.3]|) Let I" denote a bipartite distance-reqular graph
with diameter D > 4, valency k > 3, and intersection numbers b;,¢; (0 < i < D). We
assume I is Q-polynomial with respect to Ey, Ey, ..., Ep. For 0 <1 < D let 0; denote the
eigenvalue associated with E;. Assume I is not the D-cube or the folded 2D-cube. Then
there exist scalars q,s* € R such that (i)-(iii) hold.

(i) |q| > 1, s*¢" # 1 (2<i<2D+1);

(ii) 0; = h(gP~" — ¢*) for 0 <i < D, where

1 —s%¢*
(- DA - s*gP?)

(iii) k = cp = h(q” — 1), and

hig =)A= s¢" ) hlg? — )1 —s"¢")

C;, = - -
1— 8*q2z+1 ’ 1— S*qu—l—l
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In the proposition below we collect some results about the scalars ¢ and s* from Lemma,
6 that we will need later in the paper.

Proposition 7. ([4, Theorem 4.1, Lemma 5.1], [5, Lemma 3.2, Lemma 3.3]) Let I' denote
a bipartite distance-reqular graph with diameter D > 4, valency k > 3, and intersection
numbers b;, ¢; (0 <1< D). We assume I' is Q-polynomial with respect to Ey, Er, ..., Ep.
For 0 < i < D let 6; denote the eigenvalue associated with E;. Assume I' is not the
D-cube or the folded 2D-cube. Let q,s* be scalars as in Lemma 6. Define = q+ 1/q.
Then the following (i)—(iv) hold.

(i) If D > 6, then q > 1.
(i1) If ¢ > 1, then —q Pl L g < g2

(iii) 01 # —1 and
o 9% + 0291 + bQ(k — 2)
ba(61 + 1)

(i) If D > 5, then 0y,01,...,0p are integers.
In particular, if D > 5, then g € Q.

B

4 T is almost bipartite

In this section we consider the case where I' is an almost bipartite ()-polynomial distance-
regular graph with diameter D > 3, valency k > 3, and girth 6. Our main result is the
following theorem.

Theorem 8. Let I" denote an almost bipartite Q-polynomial distance-reqular graph with
diameter D > 3, valency k > 3, and girth 6. Then I is the Odd graph on a set with
cardinality 2D + 1.

Proof. Consider first the case D = 3. We assume that I' is not the Odd graph on a
set with cardinality 7 and obtain a contradiction. Recall that I' is also not the folded
7-cube, as the folded 7-cube has intersection number ¢, = 2, and so its girth equals 4. As
co = 1, we therefore obtain by Theorem 5 that the intersection numbers of I' are given by
bo=1+(B2—1)(B*+B—1) and ¢ = —(8 + 1)(8* — 2), where 3 is an integer less than
—2. By (1) we find

2
_ bob1 b2 _ bo(bg — 1) 1 58478° 6875 45054387 285 5 30+4

C1C2C3 C3 52 — 27

ks

implying that (38 + 4)/(8? — 2) is an integer. However, this is a contradiction, since
% —2 > |38+ 4| as B < —3. This shows that I' is the Odd graph on a set of cardinality
7.

Next we consider the case D > 4. By Theorem 5, I" is either the folded (2D + 1)-cube,
or the Odd graph on a set with cardinality 2D + 1. Recall that the girth of the folded
(2D + 1)-cube is 4, and so the result follows. O
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5 T is bipartite: case D # 5

In this section, we consider the case where I' is a bipartite ()-polynomial distance-regular
graph with diameter D # 5 and valency k£ > 3. Our main result is that if I has girth 6,
then D = 3 and I is isomorphic to a generalized hexagon of order (1,%k —1). We split our
argument into a series of propositions.

Proposition 9. Let I' denote a bipartite QQ-polynomial distance-reqular graph with diam-

eter D = 3, valency k > 3, and girth 6. Then T is isomorphic to a generalized hexagon
of order (1,k —1).

Proof. Since ¢y = 1, the intersection numbers of I' satisfy k = by =c3 =0, +1 = by + 1.
It follows that I' is a generalized hexagon of order (1,k — 1), see [2, Subsection 6.5]. [

Proposition 10. ([9, Theorem 6.1]) There are no bipartite Q-polynomial distance-regular
graphs with diameter D = 4, valency k > 3, and girth 6.

We now consider the case D > 6 (although some of the results in the remainder of
this section hold for D =5 as well). We show that in such a graph we have ¢, > 2 (and
consequently the girth of I' is equal to 4). As already mentioned in the Introduction, if
D > 9 this follows from [4] and [10], but for the convenience of the reader we include the
case D > 9 in our treatment below.

Lemma 11. Let I' denote a bipartite Q-polynomial distance-reqular graph with diameter
D > 5 and valency k > 3, which is not the D-cube or the folded 2D-cube. Let s*,q be
scalars as in Lemma 6. Abbreviate o = 1 +q — ¢*> — ¢P71 + ¢P + ¢P*1. Then cy = 1 if

and only if
. a+/a?— 4qD+1
5= 2¢D+3 ‘
Proof. This follows immediately from Lemma 6(iii). O

Proposition 12. Let I' denote a bipartite Q-polynomial distance-reqular graph with di-
ameter D > 5 and valency k > 3, which is not the D-cube or the folded 2D-cube. Let
s*,q be scalars as in Lemma 6, and recall that |q| > 1. If ¢ > 1, then cy > 2.

Proof. Recall the scalar a =1+ q — ¢* — ¢! + ¢P + ¢P*! from Lemma 11 and observe
that a > 2 as ¢ > 1. We claim

2 D1
a — /o —4qPT —9D-1

2¢D+3 =4

First observe that (ag?™2—2)2 — ¢*P~4(a? —4¢P™) = 4(¢” + 1) (¢" = 1)(¢P2—1) > 0.
Therefore,
(an—Z _ 2)2 > q2D—4(a2 _ 4C]D+1)-
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Furthermore, since @ > 2 and ¢ > 1, we have that ag”?~? — 2 > 0 and o? — 4¢”*' > 0.
Therefore, the above inequality implies

an’Z —2> qD*Q\/Oz2 — 4¢P+,

and the claim follows.
If c; = 1, then the above claim together with Lemma 11 implies that s* > ¢=2P~1,
contradicting Proposition 7(ii). This shows that ¢ > 2. O

Theorem 13. Let I' be a bipartite QQ-polynomial distance-reqular graph with diameter D
and valency k > 3. If D > 6, then co > 2. In particular, the girth of I' equals 4.

Proof. If T' is the D-cube or the folded 2D-cube, then ¢, = 2 and the result follows.
Assume now that I' is not the D-cube or the folded 2D-cube. Let s*, g be scalars as in

Lemma 6. By Proposition 7(i), we have ¢ > 1. The result now follows from Proposition
12. ]

6 I is bipartite: case D =5

In this section, we consider a bipartite ()-polynomial distance-regular graph with diameter
D =5 and valency k£ > 3. Our main result is that such graphs have ¢y > 2.

Proposition 14. Let I' denote a bipartite QQ-polynomial distance-reqular graph with di-
ameter D =5 and valency k > 3, which is not the 5-cube or the folded 10-cube. Let s*,q
be scalars as in Lemma 6, and let 0y, 61, ...,05 denote a Q-polynomial ordering of the
eigenvalues of I'. If co = 1, then

g, = LHC T 1EV@H D@ et Dt + @ —2 +a+ 1)

q2

Proof. Eliminate s* in Lemma 6(ii) using Lemma 11, and then rationalize the denominator
of the obtained fraction. O

Corollary 15. Let I" denote a bipartite QQ-polynomial distance-reqular graph with diameter
D =5 and valency k > 3, which is not the 5-cube or the folded 10-cube. Let s*,q be scalars

as in Lemma 6, and let Oy, 04, ...,05 denote a QQ-polynomial ordering of the eigenvalues
of T. Define B =q+1/q, t = 3%+ B —2, and assume that c; = 1. Then

20, =+ 5 —2£/BE+ DB+ —4) =tV 4. (3)
Proof. Equation (3) follows immediately from Proposition 14 and from the definition of
parameter t. O

Lemma 16. Let I' denote a bipartite Q-polynomial distance-reqular graph with diameter
D =5 and valency k > 3, which is not the 5-cube or the folded 10-cube. Let s*,q be scalars
as in Lemma 6, and let 0y, 04, ...,05 denote a QQ-polynomial ordering of the eigenvalues
of T'. Define B=q+1/q andt = B>+ 3 —2, and assume that c; = 1. Then the following

(i)~(iii) hold:
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(i) t = (05 +1)/0s;
(i) VA +9 € Q;
(iii) 62 > 1.

Proof. (i) This follows directly from (3).
(i) Since 8% + 8 — (¢t +2) = 0, we have that

e ERVZuE

5 2

As f € Q, the result follows.
(iii) Note that t > 0 as || > 2, and so (i) implies that 65 > 0. The result follows since 6,

is an integer.
O

The following result is folklore and therefore its proof is left to the reader.

Lemma 17. Let m,n be positive integers, such that \/m/n € Q. Then there exist integers
a,b with ged(a, b) = 1 such that m = da® and n = db*, where d = ged(m,n).

Proposition 18. Let u be a non-negative integer. Then 4u? + 9u + 4 is a perfect square
if and only if u=0.

Proof. If u = 0 then it is clear that 4u® + 9u + 4 is a perfect square. Assume now that
4u? + 9u + 4 = o2 for some integer . Note that 4u? + 9u + 4 = o? is equivalent to the
equality

(8u+9)? — (4a)* = 17.
It is a well known fact that every odd prime number p can be written in a unique way as
a difference of two squares, namely

-(5) - (%)
p - 2 2 ’
see for example [3, p. 270]. Therefore 8u + 9 =9, and so u = 0. O

We are now ready to prove the main result of this section.

Theorem 19. Let I' denote a bipartite Q-polynomial distance-regular graph with diameter
D =5 and valency k > 3. Then co = 2. In particular, the girth of T is 4.

Proof. If T' is the 5-cube or the folded 10-cube, then ¢, = 2, and the result follows.
Assume now that I' is not the 5-cube or the folded 10-cube. Let s*, ¢ be scalars as in
Lemma 6, and let 6y, 04,...,60; denote a (Q-polynomial ordering of the eigenvalues of I'.
Define 8 = q + 1/q and t = 32 + 8 — 2, and assume that ¢, = 1. By Lemma 16(i) we
have t = (05 + 1)/6,, and so 4t + 9 = (4605 + 965 + 4)/65. Recall that \/4t +9 € Q by
Lemma 16(ii). Therefore, by Lemma 17, there exist integers a, b with ged(a,b) = 1, such
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that 402 + 905 + 4 = da® and 0y = db?, where d = ged(463 + 905 + 4, 05). Tt is easy to see
that d € {1,2,4}.

Assume first that d = 2. This implies that 6, is even and not divisible by 4. Recall
also that 6, = 20, and so b must be odd. We have

403 + 96, + 4 = 16b* + 18b* + 4 = 2a?,

and so
8b* + 9b* + 2 = a*. (4)

It follows that a is odd, which implies a®> = > = 1 (mod 4). But now (4) yields 11 =
94+ 2=1 (mod 4), a contradiction.

Assume next that d = {1,4}, and so Lemma 17 implies that 463 + 96, + 4 is a perfect
square. By Proposition 18 we get #; = 0, contradicting Lemma 16(iii). This concludes
the proof. O

We are now ready to state and prove the main result of this paper.

Theorem 20. Let I" denote a bipartite QQ-polynomial distance-reqular graph with diameter
D > 3 and valency k = 3. Then the girth of I is equal to 6 if and only if I' is isomorphic
either to the Odd graph on a set with cardinality 2D + 1, or to a generalized hexagon of
order (1,k —1).

Proof. If T' is isomorphic either to the Odd graph on a set with cardinality 2D + 1 or
to a generalized hexagon of order (1,k — 1), then it is easy to see that the girth of T’
is 6. Now assume that the girth of I' is equal to 6. By Corollary 4, I' is either almost
bipartite or bipartite. The result now follows from Theorem 8, Proposition 9, Proposition
10, Theorem 13, and Theorem 19. O
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