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Abstract

Let #(n) denote the number of overpartitions of weight n in which (i) the dif-
ference between the successive parts may be odd only if the larger part is overlined
and (ii) if the smallest part is odd then it is overlined. In this paper, by employing
fundamental generating function dissection techniques and various g¢-series identi-
ties, we prove several new infinite families of congruences modulo 81 for ¢(n). For
example, for « > 0 and n > 0,

(4>t (8n+5)) =0 (mod 81).

Consequently, we extend a result of Hirschhorn and Sellers to an infinite family,
namely, for « > 0 and n > 0,

t(4*(8n+5)) =0 (mod 9).

Mathematics Subject Classifications: 05A17, 11P83

1 Introduction

An overpartition of a nonnegative integer n is a partition of n in which the last (or first)
occurrence of each distinct part may be overlined. Denote the number of overpartitions
of n by p(n). For instance, there are fourteen overpartitions of 4:

4,4, 3+1,34+1,3+1,3+1,2+2,2+2, 24+1+1,
24141, 24+1+1,24+1+1, 14+1+1+1, 1+1+1+1.
Arithmetic properties of p(n) have been widely studied (see, for example, [3, 5, 10, 12]).

Recently, Bringmann, Dousse, Lovejoy and Mahlburg [2] defined the function ¢(n) to
be the number of overpartitions of n, in which (i) the difference between two successive
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parts may be odd only if the larger part is overlined and (ii) if the smallest part is odd
then it is overlined. For example, there are eight such overpartitions of 4:

4,4, 3+1, 341,242,242, 24+1+1, 1+1+1+1.

Using certain g-difference equations, Bringmann et al. [2] established the generating
function of £(n) that is given by

S in)g" = % (1)

n=0
where here and throughout this paper, f; is defined by

o0

i = (% 0% = [ (1 = "),

n=1

Subsequently, Hirschhorn and Sellers [6] demonstrated several congruences modulo 2,
4,5, 9 and 12 for #(n) by applying the elementary dissection techniques of generating
functions. For example, for n > 0,

t(8n+5)=0 (mod?9). (2)

By means of the theory of modular forms, Chern and Hao [4] obtained some congruences
modulo 2, 3, 6, 8, 9 and 12 for ¢(n), such as, for n > 0,

t(9n+6) =0 (mod9).

Lin, Liu, Wang and Xiao [9] proved two infinite families of congruences modulo 5 and 27,
namely, for « > 0 and n > 0,

7(9%(45n + 30)) =
7(9%(72n + 69)) =

(mod 5),

0
0 (mod 27).

Naika and Gireesh [11] showed an infinite family of congruences modulo 6 for ¢(n) by
using dissections of theta function identities, for a > 0 and n > 0,

t(8p*(pn+4) +3p™***) =0 (mod 6),

where p > 5 is any prime such that (_72) =—land 1< j<p—1.

In this paper, we aims to construct several infinite families of congruences modulo 81
for £(n). Using generating function dissection techniques and various g-series identities,
we establish the following two congruence relations modulo 81.

Theorem 1. Forn > 0,
t(4*'n) — 1(4*n) = 1(4°n) — t(4n) (mod 81). (3)
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Theorem 2. For a >0 andn > 0,
t(4°"3(8n+5)) =7 (4*"'(8n+5)) (mod 81). (4)

Combining the congruence relation (3) with two specific congruences a = 0 and o = 1
in (5), we arrive at a family of congruences modulo 81 for (n).

Theorem 3. For a > 0 andn > 0,
T (42" (8n+5)) =0 (mod 81). (5)

Based on the congruence relation (4) and the generating function of t (4%(8n + 5))
modulo 81, we obtain a family of generating functions modulo 81 for #(n).

Theorem 4. For a > 1,

i (4*(8n+5)) ¢" =72 f”}zfﬁ + 54¢=2-  (mod 81). (6)

n=0

In addition, combining the above two theorems with congruence (2), we find a gener-
alisation of (2) to an infinite family of congruences.

Corollary 5. Fora >0 andn > 0,

F(4°(8n+5)) =0 (mod 9).

2 Preliminaries

Recall Ramanujan’s bilateral theta function f(a,b) is given by:

o0

f(a,b) = Z an(n;l)bn(n;l), lab| < 1. (7)
In particular,
2
() = fla,¢%) = 7, (8)
fi
3
w(q) = f(a.9) = 557> (9)
fifi
;
o(—q) = f(—=q,—q) = . (10)
f2
Lemma 6. For positive integers k and r,
3= 37 (mod 37).
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Proof. See [8, Lemma 2.3]. O
Lemma 7. The following 2-dissections hold.

1 3 f4f16

T T (1)

1 14

i ally "

R_R B

h e S (13)

I

FAR T (1)

2 r2 3 £6

%::ﬁ%fg_q%f; )

ho_ fahefd f2f8f12f48 (16)

s fefsfss f4f6f16f24

I3 _ fafshefd | fefdfas

B Bhfiafs T (17)
hfifs f4f6f24

W= L (18)

1 — fgf& + f4f24 (19>

fifs  fofafs f3, f2f6f8f12

Proof. For (11)—(17), one may refer to [12, Lemma 2.2-Lemma 2.6]. For (18), see [7,
eq. (30.12.1)]. And (19) follows from (18) by replacing g by —¢q and using the fact

(~0 —Q)oe = 7. O
Lemma 8. We have

fi _f . i

TR 1 2
:

Zh ff;?ﬁ (s &
2 fi_ S fify (mod 9), (24)

THTERE T Rl
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BRIy g, B30

= mod 27), 25
T >
224 12 24 16 f8
= 37 5 +45 mod 27). 26
fi2fe 518 ( ) (26)
Proof. (20) follows directly from (13). Multiplying both sides of (13) by fsfi2/f7 fi, we

get (21).
From Jin and Zhang [8, Lemma 3.3], we have

Vo) e(=d")® _ ¥(¢*)’

- ) 27
o) el ) 0
Substituting (8)—(10) into (27) yields (22).
From Berndt [1, p.150, eq.(9.15)], we see
¥(q)° 2,1 ( 43)2 2P(¢°)° 4 2\4
—— + 18 =271 ——— = 16 . 28
o T8 U(g”) ) (q)" +16q1(q”) (28)
Taking modulo 3 on both sides of (28), and using (8), (9) and Lemma 6 deduce
f4 =1- 2 _ =1- fifs (mod 3).

W i f4 EES

Thus (23) is proved. Similarly, (24) follows by reducing modulo 9 on both sides of (28),
and applying (8), (9) and Lemma 6.

Cube both sides of (21) and take modulo 27, and then multiply both sides by f7/f3
to yield (25).

From Berndt [1, p.357, eq.(4.3)], we find

_3)3 3 3
o#=0)” ol q:))) _ 8¢(q?)) ' (20)
p(=a)  e(=¢®) ¥
Putting (8) and (10) into (29) deduces that
6 6 6
ofls - Ik _glih (30)
fife  fifs fifs
Multiplying both sides of (30) by 10f2/fs and calculating modulo 81 yield
6 £3 6 8
Jals _ g/t _ g fols (mod 81). (31)

BB R
Then raising both sides of (31) to the fourth power and reducing modulo 81, we arrive at

(26). O
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Lemma 9. We have

fife 15 fifolta

(I I
f3fh _f_1_|_3 fL I3 fi
f46f6 f3 fof 627
Fils _ LIS g 02" odom)

f2fs — ffe f1
£ls _ 315

5

+ 9¢q J"fs (mod 27)
12 42 11 :
T i e

(32)

(33)

(34)

(35)

Proof. (32) follows from (14). Multiplying both sides of (32) by f3 1%/ f3fSf8 yields

(33) immediately.
Multiplying both sides of (30) by f3fs/fif3 and then simplifying imply that
BE_RE o (RE__J)
s fifs

(AT
BB fsks (f§f3 B f2f§)
ik CRE\BRE T RR

B 1e .
=por, M (using (22))

= f%f3 — 9¢%2%- > (mod 27), (using Lemma 6)
WE /P

0 (34) is proved. Squaring both sides of (34) and reducing modulo 27, (35) follows.

Lemma 10. We have

o1

T—'— EJrq—:O (mod 3),

5 i

Foge = T gy (et
J}—?E}c—%— fj”? (mod 27),

ffa f3 f3f62 fz
Proof. Multiplying both sides of (24) by f§/fs and using Lemma 6, we get (36).

]

(36)

(37)

(38)

(39)

And multiplying both sides of (36) by f3/f$, then squaring it and taking modulo 3,

we conclude (37).
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Squaring both sides of (21), reducing modulo 27 and applying (21), we derive that

f_122 _ f_32_6 J3 15 s +9¢ o fo f3
5T R 1SS

_ B ~6q SERED (f12)+9 40

(using Lemma 6)

T g \fi 5
B BE
=75 — 6q I (mod 27),

o (38) follows.
Squaring both sides of (20), and reducing modulo 27, we deduce that

B I QW 317 Y i

o f3 fafafd fifs
_12 + 6qf13f22‘§4 +9q 2fi (mod 27). (using Lemma 6)
3 f3f6 f2

Hence (39) is proved.

Lemma 11. We have

Ve B 6 f§

e fofe = et S

Proof. Utilising (20), (25) and (26), we find that

VS B
3312 [l

SN SRS
_f§3f4 (E)‘ffff (f_)

(mod 81).

_ Ry ( 211 ) BB SIS (ff’ffa) 4 a LS (f{’ff’z)
) T nn s i B s \ i
5 fos} I N e
= (e~ iR e v
{27 2f2f3’.7f;6f12 — 97 2f1.f;2f;3f12} (mod 81)
In view of Lemma 6, it implies that
S8 _ BB od s R B edo)

337 T B FRfE T FifRfs
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B _ WA _ ffifi
ife B fafs
Plugging (42) and (43) into (41), then using (22) and (35), we obtain
R B
32162 fiz fihe
f3 13 f3 1517
— 36 -3
iR UHER R

(mod 3). (43)

fififs

= 36 17,

+ 3q

_ 56 13 {fffs 3 f2f§} fg f3 17 43 f2f3f4 (fffé)
iR R fRf TR 2o\ RS
= 36q fi 27q 2 J2 3 fi (mod 81). (44)

s fffg fi® fo
Applying Lemma 6 and (23), we derive that

[P L 5! ( f4)
2722 34_2722 4_27
9 f 0f4 5
=27 7 — 27 il
=Yg - M
f6 14
= — 27 d )
Mg g ot (%)
We thus get (40) by substituting (45) into (44). Hence the proof is finished. O
Lemma 12. We have
f1 013 [ 18 fia fifife e _ fe Jififs
36 = 27q 72q d 81).
Chir T Ty T han T g, et
(46)
Proof. By (21) and Lemma 6, we obtain
fifslfy f2fs iz L 16 fo
12¢q 36 5lq
Ll TR T
Y SO (f) Fis st (f_)
=R TR\ E) T e B
— f1f4f6 f1f216f4} f68 zflfffgfm 4q 2 f6f12
- {51q T Y G 757 A T A YT
f1f3 fe fe 2 fufi fi2 2 oS8
= 63¢q f2 7, +36qf1f§9’f§?’f4 + 9¢q Fufe + 54q f1f2f3 (mod 81). (47)
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Using (21) and (23), then reducing modulo 81, we find that

2f1f4 f12 2 f4f6 = 2f1 <fl2> < flf6 )
9 + o4 9 e

I3f6 fifof3 fafs \ f}
fit { 5 f3 140 fis e }
= —18¢* 54q + 27q
fi fo 18 fifafs
fit
= —18¢° mod 81), 48
Lo (mod 1) (49
where we use the fact from Lemma 6
fiof2f12 3 22 3 f422
54q° + 27q = 81q =0 (mod 81).
N TR
Applying (24) and Lemma 6, we see
fi [ f3 < f4)
—18¢ = —9q 2
f2fs  hs \UU
24
9 f1f2 f4 o 9 =
fs18 fhfb
hf2 s s
= 9q —9q mod 81). 49
B rnar et )
Combining (47)—(49), we arrive at (46) to complete the proof. O
Lemma 13. We have
1115 213 1 ¢S 13 2 f3fi
30 + 48 -3 + = 54q + 27q mod 81). (50
T T Ty B g (mod s OO
Proof. Substitute (32)—(34) into the left side of (50) and reduce modulo 81 to deduce that
30 fffg +48 23f3f12_3 1 2 _|_6f1f6

TS T A T R Y
_ fﬁg(h%) fﬂﬂ%(@@)_ 363<ﬁﬁ) ﬁﬁ(ﬁﬁ)
O ) T e ) P\ ) 0 e
bﬁﬁé_ ffﬁﬁg} . e rs I3 fafi {7 L f3 A ﬁ‘f}
‘{ 5y TP gy T A ey, TN g

(51)
In view of Lemma 6, it is easy to verify

fllgffgfg _ fé;zfg (mod 27)7 f42fﬁsf122 — f215f4%f122 (mod 9)7 (52)
3 1

1213 1118
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Bl _ B o IR
T T A S S T 7 B
Substituting (52) and (53) into (51), then using (32), (33) and Lemma 6, we derive that
P GBI P R
T L T TR T
R it fafitfe
ri R

g <f2 m) + gagl sl (ff’fé)

30

= T2

oo\ fifs o\
_ f5 13 f5 13 f4} { 2[5 fifis 2f3f410f6f12}
=17 Aq 4
{ Mg, O DM e M
6
= 54q];j2°;§ + 27 2f2f1 (mod 81).
Thus (50) is proved. O
Lemma 14. We have
1 fy° 1213 NENIEVAT 5 2 [311°
R R Ty Ty y My v U
=72 fl;zfﬁ + 54q% (mod 81). (54)
Proof. Using (37)—(39), we find that
215 [22 f3 11 50
U gy,
f6 f4 3f3 f12 4 10< 510 )
=247 (5) +6f1“f6<f4 ) 5455 (7
f1f6 f213f3 { f4f6 ]leLr)]C:’)zfzi5 fgff}
=24 6 472+ 163 4 54
i O T T\ eas T s TR
{54 2f46f6 >+ 5dq 2 f2 /i ! } (mod 81). (55)
1 fi
In light of Lemma 6, it is readily verifiable that
2 _ A e _RER B
i = fifs e mEE = Taym = g (med9. 66
6 £8 6 £8 16 2 r16
f2f1§4 = ;?2;1 (mod 3), j:j {63 = f2f154 (mod 3). (57)
10
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Plugging (56) and (57) into (55), then reducing modulo 81, we obtain

R SRR S

P13 1 11f46f6 P

PRAY; N 2 2 f311°
+ 6 + 54—+ 27q

B3 13 fr f

Applying (35) and Lemma 6, we are led to

ﬁ&_QMWe(ﬁﬁ)
BRI \BE

26
ﬁwe+&lﬁfé

10 13 26
+ 54— (mod 81). 59
f3 fﬁ & ( ) (59)

By (58) and (59), the left side of (54) becomes into

10 f6f5 f13f2f 50 f
69— +24 40 42812 4 5y +54“

f3 f6 T2 13 1y 19 fe f21f16 fr

110 213 210 226

18 + 542 } + 5dq=2.

{ f3fe fi i°

SIS JE 54q% (mod 81), (60)
13 1

where we use the facts from Lemma 6

O _RER e RS
G = med9 =T

So (54) follows. O

24

=24

(mod 81). (58)

=24

=24

=172

(mod 3).

3 Proof of Theorem 1

In this section, we give the proof of Theorem 1 based on the following two specific gener-
ating functions.

Theorem 15. We have

o0 1 8 6
Z — 1 4n)) = 27q o 1+ 63¢ Jo + T2q hiife

d .
2 P R Ty, (medsh (6
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Proof. We begin by rewriting (1) as

nf; - (2 (62)

Substituting (17) into (62), then extracting all terms of ¢*" and setting ¢ to ¢, we obtain

g fafsfh ( fo
1(2n)g" = L228012 (12 ) 63
21 i (71) (63)
Plugging (14) into (63), then extracting all terms of ¢*" and letting ¢ to ¢, we find that
= Bf2f Bfirf\3 h
nz:% ) f1 iz J12 (f13> <f3> (64)

Putting (14) and (16) into (64) and reducing modulo 81, then extracting all terms of ¢*"
and setting ¢? to ¢, we deduce that

Sottoni = Sl v gt o R sa SRR o
By Lemma 6, it is easy to verify that

fr = e woro, EREME AR e

BRI _ R a s, (67)

fPfshe — [P
Substituting (66) and (67) into (65) and reducing modulo 81, we arrive at

iZ(Sn)q” = %(%)7 + 72qf25;§ff;f24 <f11f3> +27 ;‘;;: (}2) 154 zf(}fs (fi{*f
(68)

Plugging (12), (14), (15) and (19) into (68), then extracting all terms of ¢°" and setting
q° to q, we get

= N 3 { 50, ﬁﬁﬁ}
260" = g+ TR s+ 5 s M g N

n=»

n—=

(69)

Thanks to Lemma 6, it leads to

PR _ IR _
e e O g = Tps (el 0
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[ A PR _ BB
f42f10 - f2f§ 410 ( od 3)7 fi(]félfm - f;ﬁ,lff ( od 3) (71>

Substituting (70) and (71) into (69), then reducing modulo 81, we deduce that

(16 — i fa f1f5 s o
t(16 == 1+ 72 + 54q 72
2100 = gz, TP gy g "
Combining (64) with (72), we obtain
— - . fi37f5“f4 B 5 fifife
t(4%n) —t(4n)) ¢ = + 54q 5 T 72q . 73
2 (m) = Tm) 4" = i = T TN pem + P s (1)
Applying Lemma 11, we thus get (61) to complete the proof. O
Theorem 16. We have
% 14
(E(4*n) — 1(4%n)) ¢" = 275 + 63¢ s + 72g fi 11 o mod 81). (74
2, (1 D=2 S T gy, (et s ()

n=0

Proof. Rewriting (72) as

- S R\ | 14 ]
>oitone = G (5)" () i (7) +ouiin(3) ()

n=

Substituting (11), (13), (15) and (16) into (75), then isolating the terms of ¢*" and setting
¢ to ¢, we derive that

AL T TRV 0o £ QPO a0 {4 S8 s f2f4}
2 HEmd" = iy + 3 s M o M e

fef3 fgfff6f24} { 2 fof8 2ff12f5’0f8}
27 9 27q 27 76
" { qfflfﬁlle * qf1f3f8f12 [22f5 fa * f3fuf (76)

By Lemma 6, it is straightforward to verify that

PR HUEE fifs R _ AT d 7
N T T T T A
fold  _ [ fifefo f2 8 _ PR _ BR
fifsfe— fifsfshe 20 SRR P

Putting (77) and (78) into (76) and reducing modulo 81 yield

0 _ 40
St = s (1) v L () (7) gl ()
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raont R () s (1)’ 7

Replacing (12), (13), (15) and (19) into (79) and extracting all terms of ¢*", then setting
q® to ¢, we find that

& 40 r41 16 6 7r3 44 3 £6
t(64n)q" = -T2 +{12 LEER E QY flf2f12}+{27 Soor -+ Bdg f1f2f6}
nZ% M= g T\ s A0 K 8f4 ! IE
24 41
5 f3 2RSS
+ 36 + 54q + 27q . 80
T 270 13 (50
In light of Lemma 6, it is easy to verify that
flsf _ fB°F7 1 RES
= mod 9), = mod 3), 81
YR A o7 By 1 A A
3 5 2 3 6
nAnh - nanr MY gEm S g ot ®
RERE _ 1
= mod 3). 83
f3 fifaf3 ( ) (83)
Substituting (81)—(83) into (80) and reducing modulo 81, we see

0 40 f f16f6 f8 14 f f

F(64n)q" = 22 4 48¢T 2 EY 1 36g——30 4+ 5dg 0 4+ 2742 A0

HZ:O f§4f4 fs 18 VESES I f2f3 fifafd
(84)

Rewriting (84) as

Zt (64n)q

(%) (f1>+48 f6f4<£)+36 fjf4 <J{;)(f>

ol @) (7)+ 72f4f56(2><f1) (83)

Plugging (11), (13), (15) and (16) into (85), extracting all terms of ¢** and setting ¢* to
q, we deduce that

[e.e]

_ 36f40f5 38f38f2 17f5f2f6f24 f2f3f2f2 f4f2
128 n— 1 J2 J4 1 J2 J8 33 1 J2J4 79 2 6J8 27 6/8
2 MBI = gy S i g YT fe PR T

f0 323 £ } { AP £ }
+{ Tpopz T | T\ g T g

IR o SRS f“fg}
{7 L TR R ey (86)
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By Lemma 6, it follows that

38 £38 11 £11 g2 17 £5 g2 2 £5 £2

fléii Jfg = }gfifﬁg (mod 27), hi gﬁfﬁfﬂ = f3£120];?8];if24 (mod 27),  (87)
R RE i

GRS TR (medd) Tpose = i Med ) (88)
B _REE o BRE B _RRE

FRER T RER fifsfd — FRACFR T RER

IS _ 182 _ PR KR

SR T IR T fEhgE g et (90)
Substituting (87)—(90) into (86) and reducing modulo 81 follow that

00 40 3. 19 1 2 0 9
2_tazsmg" fg4§;‘ () +7s f41£8 @,) (77) + 30 fg?:ﬁf G_%) (7)

R () () i () s () o

Putting (12)—(15) into (91), extracting all terms of ¢*", and setting ¢* to ¢, we obtain

o0 B 40 £41 16f7f3f12 24f5f12
1(256n)¢" = =122 4 51¢22 230402 4 36¢22 3
ZO 14ff 12 23f65 25']02.]06

{ WS s, lef;gJ;; Lot f2f3f4}
1

n—

f3f6 1
2 BRI R s }
{ g T e s
{54 2f1f2ff4f6 454 2f2f3f4f6f12}_ (92)
3 1
In light of Lemma 6, it is readily verifiable that
16 £7 £3 4 £3 r4 24 r5 2 r8
2 f3f4f12 o f]_f4f6f12 2 f3f12 _ f]_f6f12
= d 27 = d9 93
rin s M Ean = man )
[ _ AR L3S _ AR
= do9 = d3 94
LA VA =R M oy
24 8 2 r3 £6 15 £3 £2 8
3 _Js Tilsfe _ 1221506 fg
- d9), - = as3), (95
R TR (od 9). - “grp =T = fpgp etd )
U KR _ BEREH: _ LS

(mod 3), (mod 3). (96)

2 f4f6 T hBAR B A
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Substituting (93)-(96) into (92) and reducing modulo 81, we are led to

o 40 £41 4¢3 ¢4 2 £8 16 £6
I A v
8
g A o
Combining (84) with (97), we conclude that
iy 16 2 8 443 £4
> i) " = g P s < g e
fs N
+ 36qf1f§’f§f4 + 27quf3 (mod 81). (98)
Thanks to Lemma 12 and (98), we imply (74) to finish the proof. O
Proof of Theorem 1. From (61) and (74), we obtain that
t(4'n) — #(4°n) = t(4°n) — £(4n) (mod 81). (99)
Hence (3) follows from (99). And the proof of Theorem 1 is complete. O
4 Proofs of Theorem 2 and Theorem 3
In order to prove Theorem 2 and Theorem 3, we need the following two theorems.
Theorem 17. Forn > 0,
T(4(8n+5)) =0 (mod 81). (100)

Proof. In (64), substituting (14) and (16) into it and extracting all terms of ¢***!, then
dividing through by ¢ and setting ¢? to ¢, we find that

S _ LBfifa | (1B fsf 13 fs 15 fs I 13 151218 foa
nzzo Hon == fEH 18 fsfra Jr9f119f4f§’f24 2 fi% fafo ol T fshe
(101)

By Lemma 6, it is easy to verify that

PPRRS _ SiRSh ogg RIS _ B

P fafSfor — fif3f5 fafou fi®fafaa fif3

R e _ WIS
[ fshe  — f3fs
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(mod 3), (102)

(mod 3). (103)



Plugging (102) and (103) into (101), we derive that

itaen = R (R) o 2R () v one B ()
+ 54qf”;‘ifg2 (%) (104)

Putting (12), (14), (15) and (19) into (104), then extracting all terms of ¢°" and replacing
¢ by ¢, we deduce that

oo 44 r15 3 r7 4 r2 r6 36 r£11
2 Hln 1" = i fo’%ﬁffa e {orely it s li e
+274 2 fo 5 11" fg . (105)

7
Thanks to Lemma 6, it is readily verifiable that
3 7 4.3 £7 11 £7 £10 10 £4
S = DI (0a ), 2 Lo Dl
Rfafsfy  fsfafia 1 fafs
4.2 £6 36 £11 2 ¢5
f1§4{:6 = 2203 f? = flfgfﬁ (mod 3). (107)
VEVE 1 fafe fs
Substituting (106) and (107) into (105) and reducing modulo 81, we see

et =G R ) G o

Putting (13)—(15) into (108) and extracting all terms of
¢*"*1, then dividing both sides by ¢ and letting ¢* to ¢, we obtain

1(4(8n + 5))q" { szzf + 45f1§i:f62} + {27qff;f§i + 54qf12§§f66} . (109)

Following from Lemma 6, it is straightforward to verify

PP IO _ g S

(mod 3), (106)

NE

3
Il
=)

n=0

362 +45 =0 (mod 81), 110
f§9f625 2 2 ( ) (110)
3 118 115
27q +54 1220 =81¢g=2-5 =0 (mod 81). 111
f85f17 72 f1f3 ( ) (111)
Combining (109)—(111), we arrive at (100). This completes the proof. O
Theorem 18. Forn > 0,
t(4*(8n+5)) =0 (mod 81). (112)
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Proof. In (85), plugging (11), (13), (15) and (16) into it and extracting all terms of ¢*"*!,
then dividing both sides by ¢ and setting ¢ to ¢, we find that

S PP | (SIS (oI g IR S )
204G+ )" =2 pp i + 4SS 3 g VT O

g g } { fi 52 Ofﬁfg}
+{18q 16f fg + 9 f1f2f3f4 G flfzfgf4+54 5 fsfa

8f6f8 214f§f82 f1f3f8
By Lemma 6, it is easy to verify
17 £6 ¢ 2 26 £ £2 38 £36 £5 11 £9 £5
1 f2f8f12 — f3f2f8f12 (mOd 27)’ 1 f2 f4 — J1 f2f4 (mOd 27)7 (114>

FEN 0 O £

fifs _ HUER
(mod 9), s fifere ot (115)

fofi  _ IR

fifafos f1%fafou
B _ ABR
8 Bl
N

fofd  _ BUE _ ARISSE
L8 f3fs — ffsfa  fifa (mod 3), (117)
IR RIS _ B _ R (mod 3). (118)

BRE ~ BER ™ RER ™ RR
Substituting (114)—(118) into (113) and reducing modulo 81 lead to

i 6420 + 1))q" _ LR <f1)12+48f§f8f122<f3> <f1)

o “rh\ g, fifa \J}
+48§z§: G ()i (H) oo

Putting (12)—(15) into (119) and extracting all terms of ¢*, then replacing ¢ by ¢, we
derive that

= I 5 12 f0 ST
644 1 =2 48 48 18
Z (n+1))a T T T e T o,
FARE g ‘hfﬁ}
*‘{54q ff TN 0Ty
2 3 Jﬁ&}
+Pmﬁﬁﬁ+w%?ﬁm ' (120)
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In view of Lemma 6, it is straightforward to verify that
¢ s I
R Rfsfi Pfifehe B e
9 f4 £5 £2 55 2 16 27
f2.];%f4f6 = 2f42fﬁ (mod 9)7 f1f4f6 = f f4 :f1f4f6 (mod 3)’ (122>
Jiofi2 Jif3

1313 f§8f6 13

WIS R B RTRE _JE
f3fs f3 L1 A WA
Substituting (121)—(123) into (120) and reducing modulo 81, we deduce that

gt(m@n +1))g" fiii‘* (g) “y 48%4‘(};51 (fllﬁ) (]}1 )+ 18t gfm (g)

+18qf§1ig<g))<f)+63 f4f6(£)+54 f2f4(£> (JJ%’;) (124)

Putting (12)—(15) and (19) into (124) and extracting all terms of ¢*"™!, then dividing
through by ¢ and setting ¢* to ¢, we arrive at

(mod 27), (mod 27), (121)

(mod 9), (mod 3). (123)

= fife [ f3 1 o { ffe f;‘fgfé}
t(64(8n +5))q" 30f1f2f12 + 48 Iy + 78 T + 33f25f§ + 54 =

n=0

4 £2 13 5 7 10 41 £32
+{63f1f2f6 +18f2 f3}+{27qf2f6 + 54q— + 27qL L2 }

13 fifs fifs fi f2f3 TIER
(125)
Thanks to Lemma 6, it is easy to check that
37 10 £13 4
L =12 mod 27), fifs15 _ flfG mod 3), 126
fi =g ot SRR oay 20
13 57 10 32 26
fifs g = 2 IE (mod 9), J2Js =0 = L =22 (mod 3). (127)

i 2 fs FLE T RRE T R R
Putting (126) and (127) into (125) and reducing modulo 81, we are led to

—- 1215 EA N SRS YAV | 5
£(64(8n +5))¢" = 30 +48 ~3 + 6220 12722 (128
2 HOUSn +5))q" = 30 5 +AST I 87 i 4 O + 2Tag. (128)
By Lemma 13 and (128), we obtain
> #(64(8n + 5)) 27q +54qf2f4 +272f2
prt fr f

= 27¢ 10{ +2 f—4+ } (mod 81) (129)
S s g T sy OOEY

Substituting (36) into (129), we get (112). So the proof is finished. O
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Proof of Theorem 2. Define

b(n) :=t(43n) — #(4n). (130)
From (3), we see
b(4n) = b(n) (mod 81). (131)
And by (100) and (112), we imply
b(8n+5) =0 (mod 81). (132)

For any nonnegative integer «, setting n — 4%(8n + 5) in (131) leads to
b(4°tH(8n +5)) = b(4*(8n +5)) (mod 81). (133)
Combining (132) with (133), we arrive at for & > 0 and n > 0,
b(4*(8n+5)) =0 (mod 81). (134)
Substituting (134) back to (130), we derive that for a > 0 and n > 0,
1(4°13(8n +5)) = #(4“7(8n +5))  (mod 81).
So (4) is proved. O
Proof of Theorem 3. Combining (4) with (100), we find for « > 0 and n > 0,
14T (8n +5)) = t(4(8n +5)) =0 (mod 81).

Thus we arrive at (5). O

5 Proof of Theorem 4
Proof of Theorem 4. By Theorem 2, it suffices to show the case v = 1, that is

o 26
> E(16(8n +5)) ¢" = 72 W12 16 +54¢22-  (mod 81). (135)

= /3 I

In (75), substituting (11), (13), (15) and (16) into it, isolating all terms of ¢***!, then
dividing both sides by ¢ and setting ¢* to ¢, we derive that

& N IO { ffsfh o SO }
2 TA6(n+ 1) " = 2o + 42 s T2 e S

40 £34 2 5,12 42 £28 r5
) e e

RE

* 27q{f%f§f§f4 A

(136)
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In light of Lemma 6, it is easy to verify that
U _ RS
WO 5 fsf?

BRI RBER
fR 1513 30 fafs f3 s

fifs? _ PR RIS (mod 3). (139)

LU B P
Substituting (137)—(139) into (136) and applying modulo 81, we get

00 42
> taon-+ 1)a =2 (1) TR () (3r) + BB (1)

n=0
ol fs ( i Fafifd (13
+51g R 8(f3> + 274 fZQ 6 (f_i*> . (140)

Putting (12), (13), (15) and (19) into (140) and extracting all terms of ¢*", then replacing
¢* by ¢ yield that

fife _ J3fsf
AR fufsfafa

(mod 27), (mod 3), (137)

(mod 3), (138)

—- i { 5 flfffg} EREN
t(16(4n+1))q¢" =2—55 + 142——=— + 45 + 72¢q
2 T(16n +1)q" = 27+ R 7
fLIEfS 1 } 151 2 fo 511
+ 54 + 54 + 27
{ TR TR ThEE T
(141)
From Lemma 6, it is readily verifiable that
34 7 4 4¢3 ¢7 7 4
2 _ f2f6' (mod 27) f1f4f6 — f2f6 (mod 9)’ (142)

BRI~ B L BT RS

FSEE A R

Bl oo W T ST Ty et 08
Putting (142)(144) into (141) and reducing modulo 81, we find that
f% F(16(4n 1+ 1)) " = 20208 (?;)14%‘%3 <fif> (fllfg) +72qf4f6<£)
+54qf2}24 (%) 47 2f4f056 (fif)z (145)
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Plugging (12), (13), (15) and (19) into (145), and isolating all terms of ¢*"*!, then dividing
through by ¢ and replacing ¢* by ¢, we produce that

> 37 £40 f f4f2 f6f5 f13f2f2 50 £12
(16(8n + 5)) {781 2+72126}+24 16 o282y py 2 i3
g f5t 150 f3 RER s il
26 41 £32 12
+ {54qf2 /i +27¢ 55 } + 54 2%. (146)
f3 I 1
In view of Lemma 6, it implies that
57 40 10 £13 4 2 10 £13
1 1 J2 histe _ )
= mod 27), = mod 9), 147
f14f10 fg?fﬁ ( ) f32 f§f6 ( ) ( )
50 50 26 f4 41 £32 9
sofst 1 5 B T
= mod 3), = = mod 3), 148
S Y a7 B
2 £12 £16 2 £16
f2 3ol = / 2f54 (mod 3). (149)
1 1
Substituting (147)—(149) into (146) and reducing modulo 81, we conclude that
0 10 £13 f6f5 f13f2f2 50 f
(16(8n +5)) ¢" = 692 + 2420 + 62222 4 54 +54“
; f3 s 11 1112 fs 121 i 7
(150)
So (135) follows from Lemma 14 and (150). This finishes the proof. O
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