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Abstract

A random permutation Πn of {1, . . . , n} follows the Mallows(n, q) distribution
with parameter q > 0 if P (Πn = π) is proportional to qinv(π) for all π. Here
inv(π) := |{i < j : π(i) > π(j)}| denotes the number of inversions of π. We consider
properties of permutations that can be expressed by the sentences of two different
logical languages. Namely, the theory of one bijection (TOOB), which describes
permutations via a single binary relation, and the theory of two orders (TOTO),
where we describe permutations by two total orders. We say that the convergence
law holds with respect to one of these languages if, for every sentence ϕ in the lan-
guage, the probability P(Πn satisfies ϕ) converges to a limit as n→∞. If moreover
that limit is ∈ {0, 1} for all sentences, then the zero–one law holds.

We will show that with respect to TOOB the Mallows(n, q) distribution satisfies
the zero–one law when 0 < q < 1 is fixed, and for fixed q > 1 the convergence law
fails. (In the case when q = 1 Compton [J. Combin. Theory Ser. A, 1989] has
shown the convergence law holds but not the zero–one law.)

We will prove that with respect to TOTO the Mallows(n, q) distribution satisfies
the convergence law but not the zero–one law for any fixed q 6= 1, and that if
q = q(n) satisfies 1 − 1/ log∗ n < q < 1 + 1/ log∗ n then Mallows(n, q) fails the
convergence law. Here log∗ denotes the discrete inverse of the tower function.

Mathematics Subject Classifications: 68Q87, 05A05, 03B10

1 Introduction

Throughout the paper, we denote by [n] := {1, . . . , n} the first n positive integers and
by Sn the set of permutations on [n]. A pair i, j ∈ [n] is an inversion of the permuta-
tion π ∈ Sn if i < j and π(i) > π(j). We denote by inv(π) the number of inversions of a
permutation π.

For n ∈ N and q > 0, the Mallows distribution Mallows(n, q) samples a random
element Πn of Sn such that for all π ∈ Sn we have

P(Πn = π) =
qinv(π)∑
σ∈Sn

qinv(σ)
. (1)
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In particular, if q = 1 then the Mallows distribution is simply the uniform distribution
on Sn.

The Mallows distribution was first introduced by C.L. Mallows [44] in 1957 in the
context of statistical ranking theory. It has since been studied in connection with a
diverse range of topics, including mixing times of Markov chains [7, 18], finitely dependent
colorings of the integers [34], stable matchings [5], random binary search trees [1], learning
theory [12, 58], q-analogs of exchangeability [25, 26], determinantal point processes [10],
statistical physics [56, 57], genomics [22] and random graphs with tunable properties [20].

Properties of the Mallows distribution that have been investigated include pattern
avoidance [16, 17, 49], the number of descents [30], the longest monotone subsequence [6,
8, 46], the longest common subsequence of two Mallows permutations [37] and the cycle
structure [24, 31].

In the present paper we will study the Mallows distribution from the perspective
of first order logic. Given a sequence of random permutations (Πn)n>1, we say that the
convergence law holds with respect to some fixed logical language describing permutations
if the limit limn→∞ P (Πn |= ϕ) exists, for every sentence ϕ in the language. Here and
in the rest of the paper the notation π |= ϕ denotes that the sentence ϕ holds for the
permutation π. If this limit is either 0 or 1 for all such ϕ then we say that the zero–one
law holds. Following [2], we will consider two different logical languages for permutations:
the Theory of One Bijection (TOOB) and the Theory of Two Orderings (TOTO). Here
we give an informal overview of them. More precise definitions follow in Section 3.3.

In TOOB, we can express a property of a permutation using variables representing the
elements of the domain of the permutation, the usual quantifiers ∃,∀, the usual logical
connectives ∨,∧,¬, . . . , parantheses and two binary relations =, R. Here = has the usual
meaning (x = y denotes that the variables x, y represent the same element of the domain
of the permutation) and R(x, y) holds if and only if π(x) = y. We are for instance able
to query in TOOB if a permutation has a fixed point by

∃x : R(x, x).

As is shown [2] (Proposition 3 and the comment following it), we cannot express by
a TOOB sentence whether or not a permutation contains the pattern 231. (A permuta-
tion π contains the pattern 231 if there exist i < j < k such that π(k) < π(i) < π(j).)

The logical language TOTO is constructed similarly to TOOB. Instead of the rela-
tion R there now are two relations <1, <2. The relation <1 represents the usual linear
order on the domain [n] of π ∈ Sn and the relation <2 represents the usual linear order
of the images π(1), . . . , π(n). That is, x <1 y if and only if x < y, while x <2 y if and
only if π(x) < π(y). In TOTO we can for instance express that a permutation contains
the pattern 231, via

∃x, y, z : (x <1 y) ∧ (y <1 z) ∧ (z <2 x) ∧ (x <2 y).

See Figure 1.1 for an illustration. We can also express that π(1) < π(2) by:

∃x, y : (x <1 y) ∧ (x <2 y) ∧ (∀z : (z <1 y)→ (z = x)) .

See Section 3 of [2] for generalizations of pattern containment that can be expressed
in TOTO. On the other hand, in TOTO we cannot express whether or not a permutation
has a fixed point, as shown in Corollary 27 of [2].
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(c) does not contain 231.

Figure 1.1

It is not hard to see that for a uniform random permutation the probability that
π(1) < π(2) equals 1/2. So in particular, for uniform permutations TOTO does not
satisfy a zero-one law. See also the remark following Question 1 in [2]. What is more, in
TOTO uniform permutations do not even satisfy the convergence law as was first shown
by Foy and Woods [23]. Let us also mention two very recent results on logical limit
laws for random permutations. In [3] it is shown the uniform distribution on the set
of permutations in Sn that avoid 231 admits a convergence law in TOTO, and in [11]
it is shown the same result holds for the uniform distribution on the class of layered
permutations.

Both TOOB and TOTO fall under the umbrella of first order logical languages, as they
only allow quantification over the elements of the domain. In contrast, second order logic
also allows us to quantify over relations. Second order logic is much more powerful than
first order logic. It is for instance possible to express in second order logic the property
that the domain has an even number of elements. In particular, the convergence law will
fail for second order logic, for trivial reasons.

The study of first order properties of random permutations is part of a larger theory of
first order properties of random discrete structures. See for instance the monograph [54].
Examples of structures for which the first order properties have been studied include the
Erdős-Rényi random graph (see e.g. [36],[54]), Galton-Watson trees [50], bounded degree
graphs [39], random graphs from minor-closed classes [32], random perfect graphs [47],
random regular graphs [29] and the very recent result on bounded degree uniform attach-
ment graphs [45].

Let us also mention some work on random orders that is closely related to the topic
of the present paper. The logic of random orders was introduced in [59] and has a single
binary relation <. To sample a “k-dimensional” random order on [n] pick k random
orderings <1, . . . , <k on [n] and set x < y if x <i y in each of the orders i = 1, . . . , k.

Non-convergence was proven for two-dimensional random orders in [53] by construct-
ing a first–order sentence ϕ for which no limit probability exists. Replacing every oc-
currence of < in this sentence by (x <1 y) ∧ (x <2 y) yields an alternative proof of
non-convergence also in TOTO for uniformly random permutations. Many properties of
random orders are known [4, 9], see [13] and [14] for surveys of different models of random
partial orders and also their relation to theories of spacetime [14].

An appeal of TOTO is that it allows one to express pattern containment. Permutation
patterns arise naturally in statistics. Let (X, Y ) be drawn from a continuous distribution
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on R2 and suppose we have n random samples (Xi, Yi). Many statistical tests rely only
on the relative ordering in the two dimensions, i.e. on the permutation induced by the n
points. For example the Kendall rank correlation coefficient is τ = 1− 2 inv(π)/

(
n
2

)
and

indeed there is a test for independence of X and Y using only counts of permutations of
length 4 [40, 60]. See [21] for a combinatorial account of the use of permutation patterns
in statistics.

1.1 Main results

The main results of this paper are collected in the following two theorems:

Theorem 1.1. In TOOB the following holds:

(i) [Compton, [15]] For q = 1 the Mallows(n, q) distribution satisfies the convergence
law but not the zero–one law;

(ii) If q < 1 is fixed then Mallows(n, q) satisfies the zero–one law;

(iii) If q > 1 is fixed then Mallows(n, q) does not satisfy the convergence law.

(Part (i) of Theorem 1.1 was already shown by Compton [15] in 1989, who in fact proved
a much stronger statement.)

The function log∗ n equals the number of times we need to iterate the base two loga-
rithm to reach a number below one (starting from n ∈ N).

Theorem 1.2. In TOTO the following holds:

(i) If q 6= 1 is fixed, then the convergence law holds for Mallows(n, q) but not the
zero–one law;

(ii) If q = q(n) satisfies 1 − 1
log∗ n

< q < 1 + 1
log∗ n

, then the Mallows(n, q) distribution
does not satisfy the convergence law.

Part (ii) of Theorem 1.2 extends the previously mentioned result of Foy and Woods [23].
The log∗ n term is a very slowly growing function. As will be clear from the proof of

Theorem 1.2 Part (ii), it is certainly not best possible and can be replaced by even more
slowly growing functions, such as log∗∗ n defined in Section 3.4, with little effort.

We will in fact show that there exists a single TOTO formula ϕ such that for all
sequences q = q(n) satisfying 1− 1

log∗ n
< q < 1 + 1

log∗ n
, the quantity P (Πn |= ϕ) does not

have a limit as n→∞.

1.2 Organization of the paper

To aid the reader, in the next section we give an informal, intuitive synopsis of the proofs
of our main results. In Section 3 we collect definitions and results from the literature that
we will rely on in our proofs. We also provide some short proofs of relatively elementary
observations that we need but are not readily available in the literature. In Section 4 we
give the full proof of Theorem 1.1. In Section 5 we prove Part (i) of Theorem 1.2. As
a preparation for the full proof of Part (ii) of Theorem 1.2, we first give a proof in the
special case when q = 1, in Section 6. In Section 7, we then extend the result to the full
range of q stated in Part (ii) of Theorem 1.2.

Finally, in Section 8, we offer some additional discussion and some suggestions for
further work.
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2 Overview of proof methods

Proof Sketch of Theorem 1.1: The proof of Theorem 1.1 will rely on the following
observations: Firstly, given any sentence ϕ ∈ TOOB and π ∈ Sn the vector of cycle counts
(C1(πn), . . . , Cn(πn)) completely determines whether or not πn |= ϕ (where Ci(πn) denotes
the number of i–cycles in πn). Secondly, it follows from the Hanf-Locality Theorem for
bounded degree structures (stated as Theorem 3.18 below) that for any fixed ϕ ∈ TOOB
there exists an h ∈ N such that for any t ∈ N and n,m > h, the sentence ϕ cannot
distinguish between the disjoint union of n cycles of length t and the disjoint union of
m cycles of length t. Moreover, this h can be selected such that ϕ additionally cannot
distinguish between two cycles both of length at least h.

For Πn ∼ Mallows(n, q) with 0 < q < 1, we use a result given in [31] by Jimmy He
together with the first and last author of the current paper. They show that there are posi-
tive constantsm1,m2, . . . depending on q such that 1√

n
(C1(Πn)−m1n, . . . , C`(Πn)−m`n)

converges in distribution to a multivariate normal with zero mean. This implies in par-
ticular that Πn will contain more than h cycles of each of the lengths 1, . . . , h with
probability tending to 1, giving the zero–one law for 0 < q < 1.

For fixed q > 1, another result (stated as Theorem 3.11 below) from [31] implies the ex-
istence of a value x = x(q) such that for Πn ∼ Mallows(n, q) the quantity P(C1(Πn) > x)
does not have a limit as n → ∞. This property can be queried by a TOOB sentence,
establishing that Mallows(n, q) does not satisfy the convergence law w.r.t. TOOB for
fixed q > 1.

Proof Sketch of Theorem 1.2 Part (i): The proof of Theorem 1.2 Part (i) is inspired
by the approach taken by Lynch in [43] to show a convergence law for random strings
having certain letter distributions. We consider some TOTO sentence ϕ having quantifier
depth d (quantifier depth will be defined in the next section). Writing π ≡d σ if π and σ
agree on all TOTO sentences of depth at most d, we note that ≡d is an equivalence relation
with only finitely many equivalence classes (Theorem 3.17). We now rely on a sampling
procedure for generating a sequence Π1,Π2, . . . of Mallows(n, q) distributed permutations
from a sequence Z1, Z2, . . . of independent Geo(1−q) random variables (The details of the
construction will be given in Section 3.2.) Taking a dynamic viewpoint, we can imagine
exposing the values Z1, Z2, . . . one by one and following the sequence of permutations that
arises. Foregoing complicating details, we can define in this manner a Markov chain on a
countably infinite state space that follows the equivalence class under ≡d of this sequence
of permutations. We show that we can the state space have finitely many recurrent
classes, each of them irreducible, aperiodic and positive recurrent, and that the chain will
hit such a class a.s. Standard results on the convergence of Markov chains will give the
convergence of the quantity P(Πn |= ϕ) as n→∞.

Proof Sketch of Theorem 1.2 Part (ii): The proof of Theorem 1.2 Part (ii) proceeds
in several steps. We start by determining a sentence ϕ ∈ TOTO such that for Πn ∼
Mallows(n, 1) we have

P(Πn |= ϕ) =

{
1−O(n−100) if log∗∗ log∗∗ n is even,

O(n−100) if log∗∗ log∗∗ n is odd.
, (2)

for n in a certain set that contains both an infinite number of odd and an infinite number
of even values. We do not mention the additional technical conditions on the values of n
in this sketch.
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We stress that for the q = 1 case both Foy and Woods [23] and Spencer [53] have
constructed first order sentences whose probability of holding does not converge with n.
We have however not found a way to use their proofs “off the shelf” as an ingredient to
prove our Theorem 1.2 Part (ii).

We will show (2) by associating pairs of intervals in Πn ∼ Mallows(n, 1) to directed
graph structures having N = Θ(log log n) vertices. See Figure 6.2 for an example per-
mutation and pair of intervals corresponding to a directed cherry. The directed graph
corresponding to the permutation is random, and the number of pairs of intervals is suf-
ficiently high so that with high probability we will be likely to find any directed graph
on N vertices. We then adapt the method developed by Spencer and Shelah in [52] of
using graphs to model arithmetic on sets to find a sentence about these graphs that os-
cillates between being true and false depending on N , which will provide the dependency
of P (Πn |= ϕ) on the parity of log∗∗ log∗∗ n.

We then show that if q = 1 ± O(n−4) then the total variation distance between
Mallows(n, q) and Mallows(n, 1) is O(n−2). This allows us to extend the previous result
from q = 1 to q = 1−O(n−4), replacing the O(n−100) terms in (2) by O(n−2). We extend
the result several more times but now we will have to work a little harder each time.

Next, we consider the range q = 1±O(1/n). We are able to define (in TOTO) a random
variable Zn such that n.1 6 Zn 6 n.2 with an appropriately high probability. Then, we
restrict attention to the permutation induced by Πn (using the rank function defined in
the next section) on {1, . . . , Zn}. Rewriting q in terms of Zn, we have q = 1± o(|Zn|−4),
which will allow us to exploit the previous case.

We subsequently extend again, now to the (asymmetric) range 1 − 1/ log∗ n < q 6
1 + O(1/n). Here we consider the permutation induced on {1, . . . ,Π−1

n (1) − 1}. It will
turn out that the quantity N := Π−1

n (1) − 1 is of the order Θ (min(n, 1/|1− q|), in an
appropriate probabilistic sense. Rewriting q in terms of N tells us q = 1±O(1/N), which
will allow us to exploit the previous case.

Finally, we will extend to the full range. Here the key will be that the (TOTO-
expressible) property that Πn(1) < Πn(n) is able to distinguish, in an appropriate prob-
abilistic sense, between the cases q < 1− Ω(1/n) and q > 1 + Ω(1/n).

3 Notation and preliminaries

We use the notation N = {1, 2, . . .} and Z>0 = {0, 1, . . .}.

3.1 Requisites from probability theory

We collect some results from probability theory that we will use in the sequel.

Theorem 3.1 (Chernoff’s inequality). Let X1, . . . , Xn be independent such that
0 6 Xi 6 1 for i ∈ [n]. Define Sn := X1 + · · ·+Xn and µ := ESn. Let 0 < ε < 1, then

P (Sn > (1 + ε)µ) 6 exp

{
−µε

2

3

}
,

P (Sn 6 (1− ε)µ) 6 exp

{
−µε

2

2

}
.

We denote by Bi(n, p) the binomial distribution. We will need the following crude
bound:
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Lemma 3.2. Let X ∼ Bi(n, k/n) for 0 6 k 6 n. Then P (X = k) > 1/(n+ 1).

Proof. If k = n then the result is clear, so assume that k 6= n. Setting p = k/n we have
for all 1 6 j 6 n that

P (X = j)

P (X = j − 1)
=

(
n
j

)
(1− p)n−jpj(

n
j−1

)
(1− p)n−j+1pj−1

=
(n− j + 1)p

j(1− p)
.

The right–hand side above is less than one if and only if

j − jp > (n− j + 1)p ⇐⇒ j >
(n+ 1)k

n
⇐⇒ j > k + 1,

the last equivalence holding due to j being an integer and k 6= n. Thus P (X = j) is
maximized at j = k. As there are only n+ 1 possible outcomes for X we therefore must
have P (X = k) > 1/(n+ 1).

Given two discrete probability distributions µ1 and µ2 on a countable set Ω, their
total variation distance is defined as

dTV(µ1, µ2) = max
A⊆Ω
|µ1(A)− µ2(A)|.

This can be expressed alternatively as

dTV(µ1, µ2) =
1

2

∑
x∈Ω

|µ1(x)− µ2(x)| =
∑

x:µ1(x)>µ2(x)

µ1(x)− µ2(x). (3)

(See for instance Proposition 4.2 in [41] for a proof.) As is common, we will interchange-
ably use the notation dTV(X, Y ) := dTV(µ, ν) if X ∼ µ and Y ∼ ν.

A coupling of two probability measures µ, ν is a joint probability measure for a pair of
random variables (X, Y ) satisfying X=d µ, Y =d ν. We will also speak of a coupling of X, Y
as being a probability space for (X ′, Y ′) with X ′=d X, Y ′=d Y .

Lemma 3.3. Let µ and ν be two probability distributions on the same countable set Ω.
Then

dTV(µ, ν) = min{P (X 6= Y ) : (X, Y ) is a coupling of µ and ν}.

(See for instance [41], Proposition 4.7 and Remark 4.8 for a proof.)
For n ∈ N and p ∈ (0, 1) we define the TruncGeo(n, p) distribution where Y ∼

TruncGeo(n, p) means

P(Y = k) =
p(1− p)k−1

1− (1− p)n
, k ∈ {1, . . . , n}. (4)

Observe that, setting X ∼ Geo(p), the probability mass in (4) is exactly equal to
P (X = k |X 6 n). Therefore we shall refer to the TruncGeo(n, p) as the truncated geo-
metric distribution.
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3.1.1 Markov chains

We give a brief overview of some of the concepts related to Markov chains which will
be used in Section 5. The definitions and results that follow are widely known and can
be found in most books on Markov chains or more general stochastic processes, see for
instance [41], [28] or [48].

LetXn be a Markov chain with state space S. Given i, j ∈ S, if P (Xn = j |X0 = i)> 0
for some n ∈ Z>0 we say that j is reachable from i. We denote this by i → j. If i → j
and j → i then we say that the states i and j communicate and we write i ↔ j. The
relation ↔ is an equivalence relation, the equivalence classes under ↔ will be called
communicating classes. For every state i ∈ S we have i↔ i. In the case that the entire
state space is a single communicating class we call the Markov chain irreducible. The
evolution of a Markov chain depends on the initial distribution over the states. We use the
notations Pi(·) and Ei(·) for probabilities and expectations with respect to the Markov
chain started in state X0 = i. If X0 is distributed according to some distribution µ0

over S then we write Pµ0 and Eµ0 .
For any i ∈ S we define the hitting time τi := inf{n > 0 : Xn = i} to be the

first time that the Markov chain is in state i, and we define the first visit time τ+
i :=

inf{n > 1 : Xn = i} to be the first time after zero that the Markov chain is in state i.
If Pi(τ+

i < ∞) = 1 then we say that the state i is recurrent, otherwise we say that it
is transient. If additionally Eiτ+

i < ∞ then we say that i is positive recurrent. If S
is finite then recurrence implies positive recurrence. If i is transient, then all j in the
communicating class containing i are transient, and similarly if i is (positive) recurrent.
Thus we will talk about positive recurrent classes, etc. If Xn is in a recurrent class for
some n, then Xn+k is contained in this class for all k > 0. The period of a state is the
greatest common divisor of the set {n > 1 : Pi(Xn = i) > 0}. A state is aperiodic if
the period equals one. A communicating class or chain is called aperiodic if all of its
states are. Proofs for the following two results are given in Theorem 4 and Lemma 5,
respectively, in Section 6.3 of [28].

Theorem 3.4. The state space S of a Markov chain can be partitioned uniquely as

S = T ∪ C1 ∪ C2 ∪ . . .

where T is the set of transient states, and the Ci are recurrent communicating classes.

Lemma 3.5. If S is finite, then at least one state is recurrent and all recurrent states
are positive recurrent.

Lemma 3.6. If S is finite then with probability 1 the chain Xn will be in a recurrent
state for some n > 0.

Proof. Let S = T ∪C1∪C2∪ . . . be as in Theorem 3.4. For each of the finitely many i ∈ T
there is a positive probability that the chain moves from i to a state in S\T in at most |T |
steps. Then P (Xn ∈ T ) 6 Kcn for some constants K > 0 and 0 < c < 1. By the Borel–
Cantelli Lemma, Xn is in T for only finitely many n with probability one, so that it must
visit a recurrent state.

The following theorem is the Markov chain convergence theorem, see e.g. [19] The-
orem 7.6.4 for a proof (note that in [19], what we call irreducibility is called strong
irreducibility).
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Theorem 3.7 (Markov chain convergence theorem). Consider an irreducible, aperiodic
and positive recurrent Markov chain on a countable state space S. There exists a unique
invariant probability measure π over S such that for every probability measure µ0 over S:

dTV(Xn, π) −−−→
n→∞

0

where X0 =d µ0 and (Xn)n>0 denotes the evolving sequence of states of the Markov chain.

We will need the following result in Section 5. It is alluded to in many texts on
Markov chains when discussing the convergence behavior of a Markov chains that are not
irreducible. We have not found an appropriate reference however. So we present a short
proof.

Lemma 3.8. Let Xn be a Markov chain on a countable state space S, and let M⊆ S be
an aperiodic and positively recurrent communicating class. Then the limit

lim
n→∞

P (Xn ∈ A)

exists for all A ⊆M.

Proof. We define τM := inf{n > 0 : Xn ∈M}. We have

P (Xn ∈ A) =
∞∑
j=0

P (Xn ∈ A | τM = j)P (τM = j) .

(We use that Xn ∈ A can only happen if the chain entersM at some point.) Conditioning
on τM = j induces a probability distribution νj over the states inM where for B ⊆M we
have νj(B) = P (Xj ∈ B | τM = j). Consider the Markov chain we get by discarding all
states outside ofM and leaving the transition probabilities insideM as is. This is a valid
chain, since states inM can only reach states insideM, asM is recurrent. This “reduced
chain” is clearly aperiodic, irreducible and positive recurrent. So by Theorem 3.7 there
exists a unique distribution π over M such that for all j ∈ Z>0

lim
n→∞

P (Xn ∈ A | τM = j) = lim
n→∞

Pνj (Xn−j ∈ A) = π(A).

Now

|P (Xn ∈ A)− π(A) · P(τM <∞)| 6
∞∑
j=0

|P (Xn ∈ A | τM = j)− π(A)|·P(τM = j) −−−→
n→∞

0,

where the limit follows by dominated convergence (each term of the summand tends to
zero separately, and the sum is bounded by

∑
j P(τM = j) = P(τM <∞) 6 1).

3.2 Mallows permutations

It is a standard result in enumerative combinatorics (see Corollary 1.3.13 in [55]) that
for q 6= 1 the denominator in the definition of the Mallows distribution (1) satisfies

∑
σ∈Sn

qinv(σ) =
n∏
i=1

1− qi

1− q
.
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We define for n > 1 the permutation rn : i 7→ n− i+ 1. For every π ∈ Sn we have

inv(rn ◦ π) = inv(π ◦ rn) =

(
n

2

)
− inv(π),

inv(π−1) = inv(π).

From this it can be seen that, if Πn ∼ Mallows(n, q), then

Π−1
n =d Πn and rn ◦ Πn=d Πn ◦ rn=d Mallows(n, 1/q).

For X = {x1, . . . , xn} a set of distinct numbers and x ∈ X we define the rank rk(x,X) of
x in X as the unique i such that x is the i-th smallest element of X. For x = (x1, . . . , xn)
a sequence of distinct numbers, let us write

rk(x1, . . . , xn) := (rk(x1, {x1, . . . , xn}), . . . , rk(xn, {x1, . . . , xn})) . (5)

With some abuse of notation we will sometimes write π = rk(x1, . . . , xn) to mean that
π ∈ Sn is the permutation satisfying π(i) = rk(xi, {x1, . . . , xn}) for all i ∈ [n].

Lemma 3.9 ([8], Corollary 2.7). If Πn ∼ Mallows(n, q) and 1 6 i < j 6 n then

rk(Πn(i),Πn(i+ 1), . . . ,Πn(j − 1),Πn(j))=d Mallows(j − i+ 1, q).

In [26] Gnedin and Olshansky introduced a random bijection Σ : Z → Z which in
a suitable sense is an extension of the finite Mallows(n, q) model with 0 < q < 1. We
denote this distribution by Mallows(Z, q) where 0 < q < 1. We will not need the details
of the construction and refer the reader to the original paper for a detailed description.

In [31], Jimmy He together with the first and last author of the current paper studied
the limit behavior of the cycles counts of Mallows(n, q) distributed random permutations
for fixed q 6= 1. Given a permutation π ∈ Sn we define Ci(π) to be the number of i–cycles
of π for i > 1. We will use the following results:

Theorem 3.10 ([31], Theorem 1.1). Fix 0 < q < 1 and let Πn ∼ Mallows(n, q). There
exist positive constants m1,m2, . . . and an infinite matrix P ∈ RN×N such that for all
` > 1 we have

1√
n

(C1(Πn)−m1n, . . . , C`(Πn)−m`n)
d−−−→

n→∞
N`(0, P`),

where N`(·, ·) denotes the `–dimensional multivariate normal distribution and P` is the
submatrix of P on the indices [`]× [`].

We define the bijections r, ρ : Z→ Z by r(i) = −i and ρ(i) = 1− i.

Theorem 3.11 ([31], Theorems 1.3 and 1.7). Let q > 1 and Πn ∼ Mallows(n, q) and
Σ ∼ Mallows(Z, 1/q). We have

(C1(Π2n+1), C3(Π2n+1), . . .)
d−−−→

n→∞
(C1(r ◦ Σ), C3(r ◦ Σ), . . .)

and
(C1(Π2n), C3(Π2n), . . .)

d−−−→
n→∞

(C1(ρ ◦ Σ), C3(ρ ◦ Σ), . . .).

Moreover, the two limit distributions above are distinct for all q > 1. In particular, there
exists a value x = x(q) such that P(C1(ρ ◦ Σ) > x) 6= P(C1(r ◦ Σ) > x).
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The following result is due to Bhatnagar and Peled.

Theorem 3.12 ([8], Theorem 1.1). For all 0 < q < 1, and integer 1 6 i 6 n, if
Πn ∼ Mallows(n, q) then

E|Πn(i)− i| 6 min

(
2q

1− q
, n− 1

)
.

The following method of sampling a Mallows(n, q) distributed permutation for 0 <
q < 1 goes back to the work of Mallows [44]. Let Z1, . . . , Zn be independent with Zi ∼
TruncGeo(n− i+ 1, 1− q). We now set

Πn(1) := Z1, (6)

Πn(i) := the Zi-th smallest number in [n] \ {Πn(1), . . . ,Πn(i− 1)}, for 1 < i 6 n.

Then Πn follows a Mallows(n, q) distribution. If in this construction we replace the Zi
with independent uniform random variables on the the set [n − i + 1], then the above
procedure samples a uniformly distributed permutation from Sn.

A natural adaptation of the sampling procedure generates a random bijection
Π : N→ N, as follows. We let Z1, Z2, . . . be i.i.d. Geo(1− q) and set:

Π(1) := Z1,

Π(i) := the Zi-th smallest number in N \ {Π(1), . . . ,Π(i− 1)}, for i > 1.

The distribution on permutations of N generated by this procedure will denoted by
Mallows(N, q). It was first introduced by Gnedin and Olshanki in [25].

To avoid confusing the reader we stress that, while the Mallows(Z, q) distribution
that features in Theorem 3.11 above was also introduced by Gnedin and Olshanski, it is
very much distinct from the Mallows(N, q) distribution. (In particular, one is a random
permutation of N and the other a permutation of Z.) At least as far as we are aware,
there is no simple iterative procedure for generating Σ ∼ Mallows(Z, q) available in the
literature.

Remark 3.13. For any finite sequence i1, . . . , in of distinct positive integers we can uniquely
associate a sequence z1, . . . , zn such that if Π ∼ Mallows(N, q) is constructed from an
i.i.d. sequence Z1, Z2, . . . of Geo(1 − q) random variables as described, then {Π(1) =
i1, . . . ,Π(n) = in} = {Z1 = z1, . . . , Zn = zn}.

The following result was obtained by Basu and Bhatnagar ([6], Lemma W) and inde-
pendently by Crane and DeSalvo ([16], Lemma W):

Lemma 3.14. For q < 1, if Π ∼ Mallows(N, q) and Πn := rk(Π(1), . . . ,Π(n)) then Πn=d

Mallows(n, q).

This gives us a natural coupling of Π ∼ Mallows(N, q) and a sequence Π1,Π2, . . . with
Πn ∼ Mallows(n, q).

Given Π ∼ Mallows(N, q) we can define a sequence of regeneration times T0 < T1 <
T2 < . . . as follows:

T0 := 0,

Ti := inf{j > Ti−1 s.t. Π([j]) = [j]} (i = 1, 2, . . . ), .

We have
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Lemma 3.15 ([31]). ET k1 <∞ for every k ∈ N.

Although this last result is not spelled out explicitly in [31] – or anywhere else in the
literature as far as we are aware – it readily follows by applying Lemma 2.11 in [31] to
the (∞, q)-arc chain as defined there. See also the proof of Lemma 4.3 in [31]. Basu and
Bhatnagar [6] had previously shown that T1 has finite second moment.

We also define the interarrival times

Xi := Ti − Ti−1,

Looking at the sampling procedure generating Π, it is not difficult to see that conditional
on the event T1 = t, the bijection i 7→ Π(i+ t)− t is distributed like Π. It follows that the
interarrival times X1, X2, . . . are i.i.d. Moreover, writing Xi := {Ti−1 + 1, . . . , Ti} we see
that Π maps Xi bijectively onto Xi, and in fact the permutations Π̃1 : [X1] → [X1], Π̃2 :
[X2]→ [X2], . . . given by

Π̃i(j) := Π(Ti−1 + j)− Ti−1 for j = 1, . . . , Xi,

are i.i.d. as well.
For permutations π ∈ Sn and σ ∈ Sm we define π⊕σ to be the permutation τ ∈ Sn+m

satisfying

τ(i) =

{
π(i) if i 6 n,

σ(i) + n if i > n.

With this definition, we can write

Π = Π̃1 ⊕ Π̃2 ⊕ . . . .
For n ∈ N let us write:

N(n) := max{i : Ti 6 n}.
We have the identity

Πn =

{
Π̃1 ⊕ · · · ⊕ Π̃N(n) if TN(n) = n,

Π̃1 ⊕ · · · ⊕ Π̃N(n) ⊕ rk(Π̃N(n)+1(1), . . . , Π̃N(n)+1(n− TN(n))) otherwise.
(7)

3.3 First–order logic

Here we briefly cover some of the concepts from logic and model theory that we will need
in our proofs. For a more complete descriptions, see for instance Chapter 1 of [35].

Given a set of relation symbols R1, . . . , Rk with associated arities a1, . . . , ak, we define
LR1,...,Rk

as the first–order language consisting of all first–order formulas built from the
usual Boolean connectives together with R1, . . . , Rk. As an example, for a single binary
relation R, we may consider the formula ϕ0(x) ∈ LR defined as

ϕ0(x) := R(x, x) ∧ ¬∃y : (¬(x = y) ∧R(y, y)).

A free variable of a formula ϕ is a variable that does not have a quantifier. A formula
with no free variables is called a sentence. Given R1, . . . , Rk with arities a1, . . . , ak, a
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(R1, . . . , Rk)–structure A is a tuple (A,RA
1 , . . . , R

A
k ) where A is a set, called the domain

of A, and each RA
j is a relation of arity aj over A. We will routinely write simply Rj

for RA
j and talk about structures instead of (R1, . . . , Rk)–structures. If a structure A

satisfies a sentence ϕ then we write A |= ϕ. Similarly, if i1, . . . , ik are elements in the
domain of A and ϕ(x1, . . . , xk) is a formula whose free variables are x1, . . . , xk then we
write (A, i1, . . . , ik) |= ϕ if ϕ is satisfied by A under the assignment xj 7→ ij. We have for
instance that (A, i) |= ϕ0 precisely when the element x is the unique element satisfying
R(x, x) in A. An atomic formula is a formula without quantifiers and Boolean connectives.

Two (R1, . . . , Rk)–structures A,B with domain A and B respectively are called iso-
morphic if there is a bijection f : A→ B such that

(i1, . . . , ik) ∈ RA
j ⇐⇒ (f(i1), . . . , f(ik)) ∈ RB

j for all i1, . . . , ik ∈ A and all Rj.

The following is a well–known result on isomorphic structures, see e.g. Theorem W of [51]
for a proof.

Lemma 3.16. If A and B are isomorphic, then for all first–order sentences ϕ we have
A |= ϕ if and only if B |= ϕ.

We recursively define the quantifier depth of a first–order sentence ϕ, denoted D(ϕ),
as follows:

• For any atomic formula ϕ we set D(ϕ) = 0;

• For any formula ϕ we set D(¬ϕ) = D(ϕ);

• For any two formulas ϕ, ψ we set D(ϕ ∧ ψ) = D(ϕ ∨ ψ) = max{D(ϕ), D(ψ)};

• For a formula ψ(x) with a free variable x we set D(∃x : ψ(x)) = D(∀x : ψ(x)) =
D(ψ(x)) + 1.

We say that two structures A and B are d–equivalent (notation : A ≡d B) if A and
B agree on all sentences ϕ with D(ϕ) 6 d. The relation ≡d is an equivalence relation.
The following lemma will be crucial in the proof of Theorem 1.2 Part (i). A proof can
be found for instance following Corollary W in [42].

Lemma 3.17. The equivalence relation ≡d has only finitely many equivalence classes.

For a structure A over domain A we define the Gaifman Graph of A, denoted GA, as
the graph (A,EA) where EA is the collection of all pairs {a, b} ⊆ A such that a and b
occur together in an element of at least one relation RA. For an element x ∈ A we define
its r–neighborhood N(x, r) as

N(x, r) = {y ∈ A : dGA
(x, y) 6 r}.

We say that a structure A has degree d if the maximum degree of GA is d.
For a structure A and X ⊆ A we define A � X to be the restriction of A to X. That

is A � X has domain X and for every relation symbol Ri, R
A�X
i = RA

i ∩Xai , where ai is
the arity of Ri.

For r > 0 and a structure A, the r–type of an element x ∈ A is the isomorphism
class of A � N(x, r). Two structures A and B are said to be (r, s)–equivalent if for every
r–type, A and B either have the same number of elements of this type, or they both have
more than s elements of this type. We will use the following powerful result in the proof
of Theorem 1.1. A proof can for instance be found in [35] (Theorem W).
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Theorem 3.18 (Bounded–Degree Hanf Theorem). Let k and d be fixed. Then there is
an integer s such that for all structures A and B of degree at most k, if A and B are
(2d, s) equivalent, then A ≡d B.

We also briefly mention second–order logic. In second–order logic, formulas can now
also take arguments that are relations, and we can quantify over relations. An example
of such a formula is

ξ(R) := ∀x (¬R(x, x) ∧ (∃!y : R(x, y) ∧R(y, x))),

where we use the shorthand ∃!x to mean that there exists a unique such x, i.e., ∃!x : ψ(x) :=
∃x : (ψ(x) ∧ ∀y (ψ(y) → y = x)). The formula ξ(R) is satisfied by a binary relation R
if and only if R encodes a perfect matching. Moreover, in second–order logic we can
quantify over relations. So we may write the sentence ϕ := ∃R : ξ(R). A finite structure
satisfies ϕ if and only if its domain has even cardinality.

3.3.1 TOOB and TOTO

Given a single binary relation R, we define TOOB := LR, the first–order language ob-
tained from the single binary relation R. A permutation π can be encoded as a struc-
ture ([n], Rπ) by stipulating that Rπ(i, j) precisely when π(i) = j.

We define TOTO = L<1,<2 where<1 and<2 are two binary relations. A permutation π
is then encoded as ([n], <π

1 , <
π
2 ) where i <π

1 j if and only i < j in the usual ordering of [n],
and i <π

2 j if and only if π(i) < π(j). So <1 and <2 (recall that we often leave out the
superscripts) are both total orders on the domain [n].

We remark that an R–structure or a (<1, <2)–structure does not necessarily corre-
spond to a permutation. In an R-structure A the relation RA might not correspond to a
bijection and similarly in a (<1, <2)-structure one or both of the relations <A

1 , <
A
2 might

not be a total order on the domain. One way to fix this is to identify sets of axioms
that structures in TOOB, respectively TOTO, should satisfy. In our setting we will be
sampling from a distribution over the set of permutations and regarding them as either
R–structures or (<1, <2)–structures, so there is no need for such axioms.

We define the TOTO formulas

succ1(x, y) := (x <1 y) ∧ ¬∃w((x <1 w) ∧ (w <1 y)),

succ2(x, y) := (x <2 y) ∧ ¬∃w((x <2 w) ∧ (w <2 y)).

These formulas are such that (π, i, j) |= succ1(x, y) if and only if j is the successor of i
under <1, and (π, i, j) |= succ2(x, y) if and only if j is the successor of i under <2. We

also recursively define succ
(1)
1 := succ1 and for k > 1

succ
(k+1)
1 (x, y) := ∃w(succ1(w, y) ∧ succ

(k)
1 (x,w)),

and similarly succ
(k)
2 . These functions are such that for k > 1

(π, i, j) |= succ
(k)
1 (x, y) ⇐⇒ i+ k = j,

(π, i, j) |= succ
(k)
2 (x, y) ⇐⇒ π(i) + k = π(j).

Recall the definition of rk(x) for a sequence x = (x1, . . . , xn) of distinct numbers as given
in (5). The following lemma is essentially a special case of Theorem 4.2.1 in [33]. For
completeness we provide a short proof.
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Lemma 3.19. Let ϕ(x) ∈ TOTO be a formula with k > 0 free variables, and let ψ(y) ∈
TOTO be a formula with one free variable. There exists a formula ϕψ(x) ∈ TOTO such
that for all n, all π ∈ Sn and all i = (i1, . . . , ik)in[n]kwe have

(π, i) |= ϕψ(x) if and only if π |= ψ(i1) ∧ · · · ∧ ψ(ik) and (π∗, i) |= ϕ(x),

where π∗ = rk(π(a1), . . . , π(am)) with a1 < · · · < am and {a1, . . . , am} = {a ∈ [n] :
(π, a) |= ψ(y)}.

Proof. The proof is by induction on the structure of the formula ϕ, starting with the
case when it is an atomic formula. Every atomic formula is of the form R(x1, x2), for
R ∈ {=, <1, <2}. In this case we define ϕψ(x) simply as ψ(x1) ∧ ψ(x2) ∧R(x1, x2). This
clearly does the trick for atomic formulas.

For formulas constructed from smaller formulas using one of the logical connectives,
we define (¬ϕ)ψ as ¬(ϕψ) and (ϕ ∨ ψ)ψ as ϕψ ∨ ψψ and similarly for ∧,→,↔. And, if ϕ
starts with a quantifier then we set

(∃x : ϕ(x))ψ := ∃x : ψ(x) ∧ ϕψ(x), (∀x : ϕ(x))ψ := ∀x : ψ(x)→ ϕψ(x).

As the reader can readily check the obtained formula has the behaviour described by the
lemma statement.

The formula ϕψ provided by Lemma 3.19 is called the relativization of ϕ to ψ.

Lemma 3.20. Let ϕ be a TOTO formula with k > 0 free variables. There exists a
TOTO formula ϕreverse such that for all n > 1, all π ∈ Sn and all i ∈ [n]k we have

(π, i) |= ϕ if and only if (rn ◦ π, i) |= ϕreverse.

Proof. As in the proof Lemma 3.19, we use induction on the structure of formulas. For
atomic formulas we set

(x = y)reverse := (x = y), (x <1 y)reverse := (x <1 y), (x <2 y)reverse := (y <2 x).

Now, π(i) < π(j) if and only if rn ◦ π(i) > rn ◦ π(j), so that

(π, i, j) |= x <2 y ⇐⇒ (rn ◦ π, i, j) |= y <2 x.

The other two relations are straightforward to check and the result now easily follows by
induction on the structure of the formula.

3.4 Two rapidly growing functions

The tower function is defined as

T (n) = 22·
·2

where the tower of 2’s has height n. It may also be defined recursively by T (0) = 1 and
T (i) = 2T (i−1) for i > 1.

Similarly, we define the wowzer function W (n) by

W (0) = 1, and W (n) = T (W (n− 1)) for n > 1.
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The function W (·) escalates rapidly. We have W (1) = T (1) = 2, W (2) = T (2) = 4,
W (3) = T (4) = 65536, and W (4) = T (65536) is a tower of 2’s of height 65536.

The previous two functions are part of a larger sequence of functions called the hy-
peroperation sequence, see e.g. [27]. The tower function is sometimes known under the
name tetration and the wowzer function under the name pentation. Knuth also describes
these functions in [38] as part of a larger hierarchy in terms of arrow notation.

The log–star function log∗ n is the “discrete inverse” of the Tower function. It can be
defined by

log∗ n := min{k ∈ Z>0 : T (k) > n}.
We have log∗(T (n)) = n for all n > 0. Also note that, phrased differently, log∗ n is the
number of times we need to iterate the base two logarithm, starting from n to reach a
number less than 1.

We define the log∗∗ function as

log∗∗ n := min{k ∈ Z>0 : W (k) > n}. (8)

The log∗∗ n function grows incredibly slowly. Although the wowzer function is part of
a larger hierarchy of functions as mentioned, we have not found the function log∗∗ used
anywhere in the literature. We emphasize that the notation log∗∗ n is our own and may
not be standard.

Although the log∗∗ function is not strictly increasing, we do have the following simple
monotonicity principle.
(Here and in the rest of the paper, for f a function and i an integer,

f (i) = f ◦ · · · ◦ f︸ ︷︷ ︸
i×

,

denotes the i-fold iteration of f .)

Lemma 3.21. For all i ∈ Z>0 and integers x, y, if W (i)(x) < y then x < (log∗∗)(i)(y).

Proof. We use induction. The base case i = 0 holds trivially. So suppose that
W (i+1)(x) = W (W (i)(x)) < y. From (8) we immediately obtain that W (i)(x) < log∗∗ y,
and the result follows by induction.

Lemma 3.22. For all m > 2 we have

T (3) ◦W (2)(m) < W (2)(m+ 1).

Proof. By the definition of W we have T (3)(W (W (m))) = W (W (m) + 3), so it is enough
to check that W (W (m) + 3) < W (W (m+ 1)). This reduces to checking that

W (m) + 3 < W (m+ 1) = T (W (m)). (9)

But T (x) > x+ 3 for all x > 2. As W (m) > 2 for m > 2, (9) holds.

4 Proof of Theorem 1.1

Here prove Theorem 1.1. We are in particular considering TOOB and all mention of
(r, k)-equivalence classes and all uses of ≡d in this section are thus wrt. TOOB. The
bounded–degree Hanf theorem (Theorem 3.18) gives the following basic corollary. For
completeness we spell out a proof.
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Corollary 4.1. For every d > 1 there is a h = h(d) such that the following holds. If π, σ
are two permutations such that Ci(π), Ci(σ) > h for 1 6 i 6 h then π ≡d σ.

Proof. The Gaifman graph (wrt. TOOB) of a permutation has maximum degree at most 2.
Let s be as provided by the bounded–degree Hanf theorem (with k = 2), and set h :=
1000·max(2d, s). We point out that all points on a cycle of length > h in any permutation
have the same 2d–type. Both π and σ have at least s such points. For each 1 6 i < h
both π and σ have at least s points on i-cycles. (And for each i all points on i-cycles
have the same 2d–type.)

The result thus follows from the bounded–degree Hanf theorem.

We now have the necessary tools to prove Theorem 1.1. Part (i) has already been
shown by Compton [15], so we will only supply proofs for the other two parts.

Proof of Theorem 1.1 Part (ii). Fix an arbitrary sentence ϕ ∈ TOTO, let d be its quanti-
fier depth and let h = h(d) be as supplied by Corollary 4.1. Fix a permutation π satisfying
C1(π) = h for i = 1, . . . , h, and let Πn ∼ Mallows(n, q) as usual. By Theorem 3.10 we
have

P(C1(Πn), . . . , Ch(Πn) > h) −−−→
n→∞

1.

By the previous corollary we thus have that

lim
n→∞

P (Πn |= ϕ) = 1{π|=ϕ}.

In particular the limiting probability is ∈ {0, 1}, which is what needed to be shown.

Proof of Theorem 1.1 Part (iii). Theorem 3.11 tells that for q > 1 there exists a value x
such that, with Πn ∼ Mallows(n, q) and Σ ∼ Mallows(Z, 1/q), we have

lim
n→∞

P (C1(Π2n+1) > x) = P (C1(r ◦ Σ) > x) 6= P (C1(ρ ◦ Σ) > x) = lim
n→∞

P (C1(Π2n) > x) .

The event that C1(Πn) > x can clearly be queried by a sentence in TOOB.

5 Proof of Theorem 1.2 Part (i)

The approach we will take to prove Theorem 1.2 Part (i) is inspired by the approach taken
by Lynch in [43] where a convergence law for random strings over the alphabet {0, 1}
is proven for various distributions over the letters. Lynch defines a Markov chain on a
finite state space that follows the equivalence class of such a random string as its length
increases, and then uses standard convergence results for Markov chains to conclude the
argument. The Markov chain that we will define is more complicated to analyze than the
one used in [43], mainly because it is defined on a countably infinite state space.

Throughout this section we will consider permutations in the first–order language
TOTO, that is, using the two total orders <1 and <2 as described in Section 3.3.1. So
π ≡d σ now means that π and σ agree on all TOTO sentences of depth at most d. As per
Lemma 3.17, there are finitely many equivalence classes for the equivalence relation ≡d.
Given some fixed d, we denote these classes by E1, . . . , E`, where ` = `(d). For a permu-
tation π we let [π]d be the equivalence class containing π. It is convenient to also allow
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the “permutation of length zero”, denoted πempty. In terms of TOTO this is simply the
(<1, <2)-structure with domain S = ∅. Recall the definition of ⊕ from Section 3.2. It is
convenient, and makes sense, to set πempty⊕σ = σ⊕πempty = σ for every permutation σ.

We denote by idn ∈ Sn the identity on [n]. Albert et al. [2] have shown the following
useful facts:

Proposition 5.1 ([2], Proposition 26). Let n,m and d be positive integers with n,m >
2d − 1. Then we have idm ≡d idn.

Proposition 5.2 ([2], Proposition 28). Suppose the permutations π1, . . . , πn, σ1, . . . , σn
satisfy σi ≡d πi for i = 1, . . . , n. Then σ1 ⊕ · · · ⊕ σn ≡d π1 ⊕ · · · ⊕ πn.

Until further notice we let 0 < q < 1 be fixed. We couple Π ∼ Mallows(N, q) and
Π1,Π2, . . . with Πi ∼ Mallows(n, q) via the coupling described in Section 3.2. That
is, Πn = rk(Π(1), . . . ,Π(n)). As is standard, we denote by Z1, Z2, . . . the sequence
of i.i.d. Geo(1 − q)–variables that generates Π. We let T1, T2, . . . and X1, X2, . . . and
Π̃1, Π̃2, . . . and N(n) be as defined in Section 3.2.

Let us say a vector (y1, . . . , yk) ∈ Nk is allowable if y1, . . . , yk are distinct and we
have {y1, . . . , yj} 6= [j] for all 1 6 j 6 k. Let us denote by A the set of all allowable
sequences, of any length. Here we also consider the sequence of length zero allowable.
We will denote this “empty sequence” by sempty.

We define a Markov chain (Mn)n on state space

S := {E1, . . . , E`} × A.
Given that Mn = ([π]d, (y1, . . . , yk)) for some permutation π and (y1, . . . , yk) ∈ A, we
determine Mn+1 by drawing Z ∼ Geo(1 − q) independently of the previous history,
letting Y be the Z-th smallest element of N \ {y1, . . . , yk} and setting

Mn+1 =

{
([π]d, (y1, . . . , yk, Y )) if (y1, . . . , yk, Y ) ∈ A,

([π ⊕ (y1, . . . , yk, Y )]d, sempty) otherwise.

(Here we also allow k = 0 in which case (y1, . . . , yk) should be interpreted as the empty
sequence sempty.)

Having another look at (7) and Lemma 5.2, we see that Mn describes the evolution
of (

[ΠTN(n)
]d, (Π(TN(n) + 1)− TN(n), . . . ,Π(n)− TN(n))

)
, (10)

where the second argument is interpreted as the empty sequence if TN(n) = n and where
as the starting state we take M0 = ([πempty]d, sempty).

Recall that for states i, j of some Markov chain, the notation i → j means that j is
reachable from i.

Lemma 5.3. For every state (E , s) ∈ S there exists an ≡d–equivalence class E ′ such that

(E , s)→ (E ′, sempty).

Proof. Suppose Mn = (E , s) with s = (y1, . . . , yk) and k > 0. In every subsequent step,
with probability 1 − q we have Z = 1, which means that Y is the first element of N \
{y1, . . . , yk}. Therefore, we can reach a state of the form (E ′, sempty) in max(y1, . . . , yk)−k
steps.
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In case when Mn = (E , s) with s = sempty then we can reach the state (E ′, sempty) in
one step where E ′ = [π ⊕ id1]d with π ∈ E arbitrary.

The next lemma contains all the information about the chain Mn we will need.

Lemma 5.4. The following hold for the Markov chain (Mn)n:

(i) Every recurrent communicating class of Mn contains an element of the form (E , sempty);

(ii) There are only finitely many recurrent communicating classes of Mn;

(iii) Every recurrent communicating class of Mn is positive recurrent;

(iv) Every recurrent communicating class of Mn is aperiodic;

(v) With probability one, the chain Mn is in a positive recurrent state for some n > 1.

Proof. For the first two claims, suppose that (E , s) is contained in some recurrent com-
municating class. Then Lemma 5.3 implies that this communicating class contains an
element of the form (E ′, sempty). There are only finitely many such elements, proving the
first two claims of the lemma.

For the third claim, consider a recurrent class of Mn. It contains an element α of the
form α = (E , sempty). We define the “reduced chain” (Li)i by

Li := MTi ,

so that Li takes values in the finite set {E1, . . . , E`} × {sempty}. It is easily seen that L is
also a Markov chain. The state α is recurrent for L and since L takes only finitely many
states, the state α is in fact positively recurrent for L.

We denote by τ+
α the first visit time of Mn to α, and by τ̃+

α the first visit time of Li
to α. That α is positively recurrent for L means that Eατ̃+

α < ∞. We need to deduce
that Eατ̃+

α <∞ as well.
Let δ > 0 be small but fixed, to be determined in the course of the proof. We have

Pα(τ+
α > n) 6 Pα(τ̃+

α > δn) + Pα(Tbδnc > n).

Note that the second probability in the RHS does not depend on the starting state. For
convenience we’ll write m := bδnc. Recall that Tm = X1 + · · · + Xm where X1, . . . , Xm

are i.i.d. and distributed like T1. We see that

P(Tm > n) = P(Tm − ETm > n− ETm)
= P(Tm −mET1 > n−mET1)
6 P(Tm −mET1 > n/2)

6 P
(
(Tm −mET1)4 > n4/16

)
6 16E(Tm−mET1)4

n4 .

where the third line holds since ET1 < ∞ by Lemma 3.15 and assuming the constant δ
is chosen sufficiently small. The last line uses Markov’s inequality. Now note that

E (Tm −mET1)4 = E ((X1 − ET1) + · · ·+ (Xm − ET1))4

=

m∑
i=1

m∑
j=1

m∑
k=1

m∑
`=1

E ((Xi − ET1) · (Xj − ET1) · (Xk − ET1) · (X` − ET1))

= mE(X1 − ET1)4 + 3m(m− 1)
(
E(X1 − ET1)2

)2
= O(n2),
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again using that all moments of T1 are finite (and that the Xi are i.i.d. distributed
like T1). It follows that

P(Tm > n) = O(n−2).

This gives
Eατ+

α =
∑

n Pα(τ+
α > n)

6
∑

n Pα(τ̃+
α > δn) +

∑
nO(n−2)

6 d1/δe ·
∑

k Pα(τ̃+
α > k) +O(1)

= d1/δe · Eατ̃+
α +O(1)

< ∞,
using a standard formula for the expectation of non-negative integer valued random
variables. We’ve established that α is positively recurrent. Therefore, so are all states in
the same communicating class.

For the fourth claim, consider a recurrent class containing ([π]d, sempty) for some per-
mutation π. For all n, t > 1 we have

P (Mn+t = ([π ⊕ idt]d, sempty) |Mn = ([π]d, sempty)) > (1− q)t > 0.

In particular the recurrent class contains both ([π⊕id2d−1]d, sempty) and ([π⊕id2d ]d, sempty),
where Mn may transition from the former to the latter in one step with positive proba-
bility. By Propositions 5.1 and 5.2 we have [π ⊕ id2d−1]d = [π ⊕ id2d ]d so that the class is
indeed aperiodic.

For the fifth claim, note the probability thatMn is never equal to an element (E , sempty)
of a recurrent class is exactly the probability that Li is never equal to a recurrent state
(E , sempty). This probability is zero by Lemma 3.6.

Proof of Theorem 1.2 Part (i). Fix some ϕ ∈ TOTO with quantifier depth d. Let the
recurrent classes of Mn be denoted M1, . . . ,Mk. (There are finitely many of them by
Lemma 5.4 Part (ii).) Define

τMi
= inf{n > 0 : Mn ∈Mi}.

By (7) and Proposition 5.2, the equivalence class under ≡d of Πn can be recovered from
Mn. In particular there exist Mϕ

1 ⊆ M1, . . . ,Mϕ
k ⊆ Mk such that, for all n, Πn |= ϕ if

Mn ∈Mϕ
i and Πn |= ¬ϕ if Mn ∈Mi \Mϕ

i . (Here and in the remainder of the proof we
implicitly take Mn as given via (10).) This gives

k∑
i=1

P (Mn ∈Mϕ
i ) 6 P (Πn |= ϕ) 6

k∑
i=1

P (Mn ∈Mϕ
i ) + P(τM1 , . . . , τMk

> n).

By Lemma 3.8 each of the terms in the LHS has a limit and by Lemma 5.4 Part (v) we
have

lim
n→∞

P(τM1 , . . . , τMk
> n) = 0.

This establishes that limn P(Πn |= ϕ) exists.
To see that this limit is not restricted to being 0 or 1, let ϕ be the TOTO sentence

∃x(¬∃y(y <1 x ∨ y <2 x)) expressing that Πn(1) = 1. Then (still considering the case
q < 1 fixed), we have

P (Πn |= ϕ) = P (TruncGeo(n, 1− q) = 1) −−−→
n→∞

1− q /∈ {0, 1}.
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It remains to handle the (fixed) q > 1 case. In this case we have for all TOTO sentences ϕ
that

lim
n→∞

P (Πn |= ϕ) = lim
n→∞

P (rn ◦ Πn |= ϕreverse) ,

where ϕreverse is as in Lemma 3.20. As rn ◦Πn=d Mallows(n, 1/q) we can use the result for
q < 1 to conclude that this limit exists and that this limit is not in {0, 1} for the TOTO
sentence expressing that Πn(1) = n.

6 Non–convergence in TOTO for uniformly random permuta-
tions

In this section we state and prove a proposition that will be used later on in the proof of
Theorem 1.2 Part (ii).

Recall the definition of W (·) and log∗∗(·) given in Section 3.4. We will prove the
following result:

Proposition 6.1. There exists a ϕ ∈ TOTO such that for Πn ∼ Mallows(n, 1) and n
satisfying W (2)(log∗∗ log∗∗ n− 1) < log log n, we have

P(Πn |= ϕ) =

{
1−O(n−100) if log∗∗ log∗∗ n is even,

O(n−100) if log∗∗ log∗∗ n is odd.

(We remark that by Lemma 3.22 the condition W (2)(log∗∗ log∗∗ n − 1) < log log n is for
instance satisfied – with plenty of room to spare – if n is of the form n = W (2)(m) with
m > 3.)

Proposition 6.1 is an explicit version of a result given in [23] by Foy and Woods who
showed that there is a TOTO sentence ψ such that P (Mallows(n, 1) |= ψ) does not have a
limit. Our plan of attack will follow in broad lines the proof given by Shelah and Spencer
in [52] to show non–convergence in first–order logic for graphs in the Erdős–Rényi random
graph G(n, p) with p near n−1/7. See also Chapter 8 of the excellent monograph [54] by
Spencer for a similar argument for p near n−1/3.

6.1 Arithmetic on sets in second–order logic

We move away from permutations for the moment, and consider a finite set S equipped
with a total order <. Our aim will be to determine a second–order sentence Parity such
that S |= Parity if and only if log∗∗ log∗∗ |S| is even.

Given that there is a total order <, we can identity S with [n] in the obvious way,
where of course n := |S|. Note that we can express that i = 1 in a (first order) logical
formula via ¬(∃x : x < i). Similarly we can express that i = n, and that i = k or

i = n − k for any fixed k. In Section 3.3.1 we defined the formulas succ
(k)
1 using the <1

relation in TOTO. We will use succ(j) to denote analogue of the formulas succ
(j)
1 with <1

replaced by <. For clarity, we point out that succ(j)(x, y) expresses that y = x+ j.
Our sentence Parity will begin with the existential quantification over four binary

relations RD, RE, RT and RW . Here the subscript D stands for “double”, E for (base
two) “exponential”, T for “tower”, and W for “wowser”. We want to demand that these
relations are such that:
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RD(i, j) ⇐⇒ j = 2i,
RE(i, j) ⇐⇒ j = 2i,
RT (i, j) ⇐⇒ j = T (i),
RW (i, j) ⇐⇒ j = W (i),

where T (i) and W (i) denote the tower and wowser functions defined in Section 3.4.
For RD, the following two formulas axiomatize that RD is as required:

∀ i, j : (¬∃x : (x < i))↔ (RD(i, j)↔ succ(i, j))
∀ i, j : (∃x : x < i)↔

(
RD(i, j)↔

(
∃i′, j′ : succ(i′, i) ∧ succ(2)(j′, j) ∧RD(i′, j′)

))
.

(Translated into more intuitive/informal terms, the first line says that if i is the first
element of S, then RD(i, j) if and only if j = i + 1. The second line says that if i is not
the first element of S then RD(i, j) if and only if RD(i− 1, j − 2).)

For RE, we can write:

∀ i, j : (¬∃x : (x < i))↔ (RE(i, j)↔ RD(i, j))
∀ i, j : (∃x : x < i)↔ (RE(i, j)↔ (∃i′, j′ : succ(i′, i) ∧RD(j′, j) ∧RE(i′, j′))) .

(11)

(The first line says that if i is the first element of S then RE(i, j) if and only if j = 2i.
The second line says that if i is not the first element then RE(i, j) if and only if there are
i′, j′ such that i = i′ + 1 and j = 2j′ and RE(i′, j′).)

It is easily seen that, to express that the relation RT is as desired, we can substitute
in (11) RD and RE by RE and RT , respectively. Similarly, to express that RW is as
desired, we can substitute RD and RE by RT and RW , respectively.

The conjunction of all the axioms we’ve obtained gives a formula Arith(RD, RE, RT , RW )
that is satisfied if and only if the relations RD, RE, RT , RW correctly encode the target
arithmetic functions.

Given such relations we now want to express that log∗∗ log∗∗ n is even, where n := |S|.
Suppose that there is an element x ∈ S for which there exist y, z ∈ S such that

x = W (y) and y = W (z).

Then log∗∗ log∗∗ x = z. Now let x be the largest element for which such y and z exist,
certainly x 6 n. Now, if x = n, which we can check using <, then z = log∗∗ log∗∗ n
and we can query whether or not this is even by ∃w : RD(w, z). If instead x < n, then
log∗∗(log∗∗ n) = z + 1, and we can again query whether this is even by ¬∃w : RD(w, z).
All of this can be formalized in a second–order formula EvenSize(RD, RE, RT , RW ) in a
straightforward manner. So a second–order sentence Parity of the form

Parity := ∃RD, RE, RT , RW : Arith(RD, RE, RT , RW ) ∧ EvenSize(RD, RE, RT , RW )

exists such that S |= Parity if and only if log∗∗ log∗∗ |S| is even. Here Arith expresses that
the relations define the correct arithmetic operations, and EvenSize uses these relations
to express that log∗∗ log∗∗ |S| is even.

In broad lines we will do the following in the next few sections: on a random permu-
tation Πn ∼ Mallows(n, 1) we will define directed graphs using TOTO formulas, whose
vertices are intervals {i, i + 1, . . . , i + j} ⊆ [n]. These directed graphs will be so abun-
dant that, with probability 1 − on(1), we can find four such graphs, all defined on the
same set S of vertices/intervals of cardinality roughly |S| ≈ log log n, that encode the
correct relations RD, RE, RT and RW on this set. We will then be able to exploit the fact
that log∗∗(log∗∗(log(log n))) oscillates between being even and odd indefinitely, giving the
desired non–convergence.
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6.2 Defining directed graphs on permutations in TOTO

We now exhibit our definition of directed graphs on Πn in TOTO. In what follows all
directed graphs will be simple, i.e., contain no self–loops or multiple arcs. Recall that we
write i <1 j if and only if i < j and i <2 j if and only if Πn(i) < Πn(j). Inclusion of i in
an interval {a, . . . , b} can be checked by (a = i) ∨ (b = i) ∨ ((a <1 i) ∧ (i <1 b)).

Let Πn ∼ Mallows(n, 1). That is, Πn is selected uniformly at random from Sn. For
disjoint sets I, J ⊆ [n] we define the (random) set

S(I, J) := {i : i ∈ Πn(I), i+ 1 ∈ Πn(J)}
= {Πn(x) : x ∈ I,Πn(x) + 1 ∈ Πn(J)}.

1 n

I J

1 ni1 i2

x(I, J) y(I, J)

Πn

Figure 6.1: An illustration of S(I, J), x(I, J) and y(I, J) in the case that I
and J are disjoint intervals. The elements i1, i2 are both contained in S(I, J),
as Πn({i1, i2}) + 1 ⊆ Πn(J). The element x(I, J) is the smallest element in I such
that Πn(x(I, J)) ∈ S(I, J), and y(I, J) is such that Πn(y(I, J))− 1 = Πn(x(I, J)).

For I, J ⊆ [n] with S(I, J) 6= ∅, we define

x(I, J) := min{x : Πn(x) ∈ S(I, J)}
= min{x ∈ I : there is a y ∈ J such that Πn(y) = Πn(x) + 1},

y(I, J) := Π−1
n (Πn(x(I, J)) + 1).

Thus y(I, J) is the element of J that gets mapped to Πn(x(I, J))+1 by Πn. If S(I, J)= ∅,
then x(I, J) and y(I, J) are undefined. See Figure 6.1 for an illustration of these defini-
tions. Membership of x in I or J can be queried in TOTO if I and J are intervals using
the <1 ordering, and Πn(j) = Πn(i) + 1 implies simply that j is the successor of i in
the <2 ordering. So x(I, J) and y(I, J) can be determined in TOTO when I and J are
intervals.

For a sequence I = (I1, . . . , IN) of subsets of [n] and J ⊆ [n] a single subset, we define
the ordered pair e(I; J) ∈ {I1, . . . , IN} × {I1, . . . , IN} as follows.

e(I; J) = (Ii, Ij) if

y(Ii, J) = min
`=1,...,N

y(I`, J), and

y(Ij, J) = max
`=1,...,N

y(I`, J).

(If S(I`, J) = ∅ for some 1 6 ` 6 N then e(I; J) is undefined.)
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For two sequences I = (I1, . . . , IN),J = (J1, . . . , JM) of subsets of [n] we now define
the directed graph H(I;J ) by setting

V (H(I;J )) := {I1, . . . , IN},
E (H(I;J )) := {e(I; J`) : ` = 1, . . . ,M}.

(If e(I; J`) is undefined for some J`, then J` simply does not contribute to H(I;J ). In
particular H(I;J ) is the empty graph on N vertices if all e(I; J`) are undefined.) Note
that it is entirely possible that e(I; J`) and e(I; J`′) code the same arc for some ` 6= `′.
This will not be an issue.

For A ⊆ [n] we define

Wk(A) := {i : {Πn(i),Πn(i) + 1, . . . ,Πn(i) + k − 1} ⊆ Πn[A]},
wk(A) := |Wk(A)|.

We can express that i is an element of Wk(J) for an interval J in the following manner:
For i, j we can determine whether Πn(i) = Πn(j) by the formula i = j, as Πn is a
permutation. For i, j we can determine whether or not Πn(j) = Πn(i) + 1 by saying
that j is the successor of i under <2. Then i ∈ Wk(J) for an interval J = {a, . . . , b}
if and only if i ∈ J and there is no c satisfying both c /∈ J and succ

(j)
2 (i, c) for some

1 6 j 6 k − 1, where succ
(j)
2 is as defined in Section 3.3.1. This may be expressed in

TOTO as

¬∃c

(
((c <1 a) ∨ (b <1 c)) ∧

k−1∨
j=1

succ
(j)
2 (i, c)

)
, (12)

Then we can also express for instance that wk(J) 6= 0.
For J ⊆ [n] an interval with Wk(J) = {i1, . . . , iL}, where i1 < · · · < iL, the sequence

Ik(J) of the minimal intervals between points of Wk(J) is defined as:

Ik(J) := ({i1 + 1, . . . , i2 − 1}, . . . , {iL−1 + 1, . . . , iL − 1}).

(If |Wk(J)| 6 1 then Ik(J) is the “empty sequence”.) We will sometimes abuse notation
and consider Ik to be a set instead of a sequence.

The induced graph structures that we will consider will be of the form

H(Ik(I); Ik(J)) or H((Ik(I1), Ik(I2)); Ik(J)),

where I, I1, I2 and J are intervals and (Ik(I1), Ik(I2)) denotes the concatenation of Ik(I1)
and Ik(I2). In Figure 6.2 we give an example such that the induced graph structure is a
directed cherry.

As noted, the vertices of these graphs are elements of Ik(I) and (Ik(I1), Ik(I2)), re-
spectively. Now, these intervals are of the form {ik + 1, . . . , ik+1 − 1} where ik and ik+1

are both elements of Wk(I
′) for I ′ equal to one of I, I1 or I2. Membership in Wk(I

′) can
be determined via (12). So an interval {a, . . . , b} is an element of for instance Ik(I) if and
only if a− 1 and b+ 1 are two consecutive elements of Wk(I). Then if we want to check
whether I ′ ∈ Ik(I) and I ′′ ∈ Ik(I) are connected by an arc, we simply need to check
whether there is an interval J ′ ∈ Ik(J) for which y(I ′, J ′) = min`=1,...,|Ik(I)| y(I`, J

′) and
y(I ′′, J ′) = max`=1,...,|Ik(I)| y(I`, J

′). The elements y(I`, J
′) can be determined in TOTO

as we have already seen, and we can compare y(I`, J
′) and y(I`′ , J

′) by the total order-
ing <1. We need one more ingredient in order to describe the final sentence ϕ whose
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︸ ︷︷ ︸
J2

︸ ︷︷ ︸
J1

︸ ︷︷ ︸
I3

x(I3, J1)

x(I1, J2)

y(I1, J2)

y(I3, J2)

︸ ︷︷ ︸
I2

︸ ︷︷ ︸
I1

x(I3, J2)

y(I2, J2)

y(I3, J1)

y(I1, J1)

y(I2, J1)

x(I1, J1)

x(I2, J2)

x(I2, J1)

e(I2(I), J1) e(I2(I), J2)

I1

I2 I3

Figure 6.2: In the figure we give an example of a permutation π and
intervals I and J such that H(I2(I); I2(J)) is a directed cherry. Take
n = 22, I = {1, . . . , 12}, J = {13, . . . , 22} and permutation π =
21, 12, 19, 7, 11, 17, 9, 5, 3, 13, 6, 1, 8, 16, 4, 18, 14, 20, 22, 10, 15, 2. One may check that
I2(I) = {I1, I2, I3} and that I2(J) = {J1, J2} as shown. For each i the point (i, π(i))
is plotted with a blue dot if i ∈ J1, a blue circle if i ∈ I and π(i) + 1 ∈ π(J1), a
filled red square if i ∈ J2, an empty red square if i ∈ I and π(i) + 1 ∈ π(J2), a black
cross if i ∈W2(I) and an orange cross if i ∈W2(J).
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probability does not converge in Proposition 6.1. Given two disjoint sets A,B we say
that a directed graph G with vertex set A ] B is a directed matching from A to B if
every arc of G connects a vertex in A to a vertex in B. Given disjoint intervals I, I ′ we
associate to them the intervals Ik(I) = (I1, . . . , IN), respectively Ik(I ′) = (I ′1, . . . , I

′
N ′).

We will need to determine if N > N ′. We construct a formula Bigger(I, I ′) satisfied with
high probability by two intervals I, I ′ whenever N ′ < log log n < N < 2 log log n. This
formula may be written in TOTO as ∃a, b such that, writing J := (a, b), the following
holds in H((Ik(I), Ik(I ′)); Ik(J)):

• All vertices in Ik(I ′) have outdegree 1;

• All vertices in Ik(I) have indegree at most 1;

• There is a vertex in Ik(I) with indegree 0;

• All arcs start at a vertex in Ik(I ′) and end at a vertex in Ik(I).

This directed graph is then necessarily a directed matching from Ik(I ′) to Ik(I) that
saturates the vertices in Ik(I ′) but not those in Ik(I). Such a matching exists if and only
if |Ik(I)| > |Ik(I ′)|.

The following two lemmas represent the “meat” of the proof of Proposition 6.1. They
will be proved in Section 6.4.

Lemma 6.2. For every fixed k > 3, with probability 1−e−nΩ(1)
there is an interval I with

N := |Ik(I)| satisfying log log n < N < 2 log log n such that for every directed graph G
with vertex set Ik(I) there exists an interval J ⊆ [n] such that

H(Ik(I); Ik(J)) = G,

and moreover wk+1(I ′) = 0 and wk−1(I ′) > 0 for all I ′ ∈ Ik(I).

Lemma 6.3. For k sufficiently large but not depending on n, with probability 1−O(n−998),
for every two disjoint intervals I1, I2 ⊆ [n] satisfying

• 0 < |Ik(I1)| < log log n < |Ik(I2)| < 2 log log n;

• wk+1(I1) = wk+1(I2) = 0;

• wk−1(I ′) > 0 for all I ∈ Ik(I1) ∪ Ik(I2),

there exists an interval J ⊆ [n] such that H((Ik(I1), Ik(I2)); I2(J)) is a directed matching
between Ik(I1) and Ik(I2) that saturates Ik(I1).

6.3 Proof of Proposition 6.1 assuming Lemmas 6.2 and 6.3

Given an interval I we have seen in the previous section how to define a directed graph
on Ik(I) = (I1, . . . , IN) by selecting an interval J . Note that the Ii are disjoint intervals,
so we inherit a total ordering on them from the relation <1 on the domain of Πn. This
allows us to distinguish for instance I1, I2 and IN in TOTO.

We will apply the ideas developed in Section 6.1 to sets of the form Ik(I). Such
sets are subsets of the collection of all intervals in [n], and (given I) we can determine
membership of an interval {a, . . . , b} in Ik(I) by a TOTO formula as described in the
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previous section. Any four intervals JD, JE, JT , JW induce four directed graphs on Ik(I),
and we may check whether these graphs satisfy Arith as given in Section 6.1. If so, then
EvenSize(JD, JE, JT , JW ) holds if and only if log∗∗ log∗∗ |Ik(I)| is even. Lemma 6.2 will
allow us to deduce that with high probability there are JD, JE, JT , JW satisfying Arith so
that we can then check the parity of log∗∗ log∗∗ |Ik(I)|.

We now describe the sentence ϕ appearing in Proposition 6.1. It will be of the form

ϕ = ∃x1, y1, . . . , x5, y5 (ϕ0 ∧ ∀x6, y6, . . . , x10, y10(ϕ1 → ϕ2)) .

We use the ten pairs of elements to define intervals I, JD, JE, JT , JW , I
′, J ′D, J

′
E, J

′
T , J

′
W by

I = (x1, y1), . . . , J ′W = (x10, y10). We define ϕ0(x1, y1, . . . , x5, y5) as the TOTO formula
such that (Πn, i1, j1, . . . , i5, j5) |= ϕ0 if and only if

• wk+1(I) = 0 and wk−1(Ĩ) > 0 for all Ĩ ∈ Ik(I), and;

• Arith is satisfied wrt. the set S := Ik(I) and the relations
RD := H(Ik(I); Ik(JD)), RE := H(Ik(I); Ik(JE)), RT := H(Ik(I); Ik(JT )), RW :=
H(Ik(I); Ik(JW )), and;

• EvenSize is satisfied wrt. the same set and relations.

We define the formula ϕ1(x6, y6, . . . , x10, y10) that holds if and only if the first two
conditions above are satisfied wrt I ′, J ′D, J

′
E, J

′
T , J

′
W , but EvenSize is not satisfied wrt.

I ′, J ′D, J
′
E, J

′
T , J

′
W . Finally, we let ϕ2(x1, y1, x6, y6) express that Bigger holds wrt.

Ik(I), Ik(I ′).
To recap, in informal terms the formula ϕ asks for an interval I such that (some

intervals/relations certify that) log∗∗ log∗∗ |Ik(I)| is even, and moreover there is no inter-
val I ′ such that (some intervals/relations certify that) both log∗∗ log∗∗ |Ik(I ′)| is odd and
|Ik(I)| < |Ik(I ′)|.

Proof of Proposition 6.1. We pick an n satisfying W (2)(log∗∗ log∗∗ n− 1) < log log n.
By W (2)(log∗∗ log∗∗ n− 1) < log log n and Lemma 3.21 we have

log∗∗ log∗∗ n− 1 < log∗∗ log∗∗ dlog log ne 6 log∗∗ log∗∗ n.

As the three quantities above are all integers, the second inequality is in fact an equality.
Thus, for any integer m satisfying log log n 6 m 6 n we have log∗∗ log∗∗m = log∗∗ log∗∗ n.

We let k be such that the conclusions of Lemmas 6.2 and 6.3 hold.
Consider first the case log∗∗ log∗∗ n even. By Lemma 6.2 and log∗∗ log∗∗m being even

for all log log n 6 m 6 n, with probability 1 − e−nΩ(1)
there exist intervals I, JD, JE, JT

and JW such that ϕ0(I, JD, JE, JT , JW ) holds and such that log log n < |Ik(I)| < 2 log log n.
Now let I ′, J ′D, J

′
E, J

′
T and J ′W be five intervals such that ϕ1(I ′, J ′D, J

′
E, J

′
T , J

′
W ) holds

(if such intervals do not exist then Πn |= ϕ and we are done). Then N ′ := |Ik(I ′)|
must be smaller than log log n, as otherwise log∗∗ log∗∗N ′ would be even. Thus indeed
N ′ < log log n < N < 2 log log n. By Lemma 6.3, with probability 1 − O(n−998) there
exists an interval J such that H((Ik(I), Ik(I ′)); J) is a directed matching between Ik(I)
and Ik(I ′) that saturates the vertices of Ik(I ′) but not the vertices of Ik(I). That is,
Bigger(I, I ′) holds with at least this probability. So if n is even P (Πn |= ϕ) = 1−O(n−998).

We now consider the case log∗∗ log∗∗ n odd. Assume that there are intervals
I, JD, JE, JT , JW such that ϕ0(I, JD, JE, JT , JW ) holds, otherwise we immediately have

Πn 6|= ϕ. We must then have |Ik(I)| < log log n. As before, with probability 1 − e−nΩ(1)

there are I ′, J ′D, J ′E, J ′T and J ′W such that ϕ1(I ′, J ′D, J
′
E, J

′
T , J

′
W ) holds and log log n <

|Ik(I ′)| < 2 log log n. But then |Ik(I ′)| > |Ik(I)|, so Bigger(I, I ′) cannot be satisfied.
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6.4 The probabilistic component

For B ⊆ [n] and τ : B → [n] an injection, we will write

Pτ (.) := P(. |Πn(i) = τ(i) for all i ∈ B),

Eτ (.) := E(. |Πn(i) = τ(i) for all i ∈ B).

Recall that we defined

wk(A) := |{i : {Πn(i),Πn(i) + 1, . . . ,Πn(i) + k − 1} ⊆ Πn(A)}|.

We define
Yi(A) := 1{{i,...,i+k−1}⊆Πn(A)}.

We note that

wk(A) = Y1(A) + . . .+ Yn−k+1(A).

Lemma 6.4. If k is fixed, and A,B ⊆ [n] are disjoint sets of cardinality 1 � |A| � n
and |B| 6 n/ log n, and τ : B → [n] is an arbitrary injection, then

Eτwk(A) = (1 + o(1))n1−k|A|k,

Eτwk(A)2 6 (Eτwk(A))2 + (2k − 1) · Eτwk(A).

(where the o(.) is uniform over all such B and τ .)

Proof. Let us denote by J the set of all 1 6 j 6 n− k + 1 for which {j, . . . , j + k − 1} ∩
Im(τ) = ∅. For notational convenience, we will write Yj instead of Yj(A). We note that

EτYj =

{
|A|(|A|−1)...(|A|−k+1)
(n−|B|)...(n−|B|−k+1)

if j ∈ J ,

0 otherwise.
.

Hence

Eτwk(A) = |J | · |A|(|A| − 1) . . . (|A| − k + 1)

(n− |B|) . . . (n− |B| − k + 1)
= (1 + o(1)) · n1−k|A|k,

using that |B| 6 n/ log n and (n−k(|B|+1)) 6 |J | 6 n. The o(1) term above is uniform
for all B by the uniform bound B 6 n/ log n.

For the second moment, we remark that

EτYiYj =


|A|(|A|−1)...(|A|−2k+1)
(n−|B|)...(n−|B|−2k+1)

if i, j ∈ J and |i− j| > k,

0 if i 6∈ J or j 6∈ J,
6 EτYi if |i− j| 6 k.

and we also remark that

|A|(|A| − 1) . . . (|A| − 2k + 1)

(n− |B|) . . . (n− |B| − 2k + 1)
6

(
|A|(|A| − 1) . . . (|A| − k + 1)

(n− |B|) . . . (n− |B| − k + 1)

)2

,

since 1� |A|, |B| � n so that (|A| − x)/(n− |B| − x) 6 (|A| − x− 1)/(n− |B| − x− 1)
for all x = 1, . . . , 2k − 1.

We see that
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Eτwk(A)2 =
∑

i

∑
j EτYiYj

6 |J |2 |A|(|A|−1)...(|A|−2k+1)
(n−|B|)...(n−|B|−2k+1)

+ (2k − 1)
∑

i EτYi
6 (Eτwk(A))2 + (2k − 1) · Eτwk(A).

The following two lemmas establish that if wk(I) > 0 then I is has to be relatively
large and if wk(I) = 0 then I has to be relatively small.

Lemma 6.5. For each fixed k > 2, with probability 1 − O(n−998), for every interval
I ⊆ [n] of length at most n1−1000/k we have wk(I) = 0.

Proof. It suffices to show the result for all intervals I of length
⌊
n1−1000/k

⌋
as wk(I) = 0

implies wk(I
′) = 0 for all I ′ ⊆ I. By Markov’s inequality and Lemma 6.4 with B = ∅ we

have for any given interval I ⊆ [n] with |I| =
⌊
n1−1000/k

⌋
that

P (wk(I) > 0) 6 Ewk(I) = (1 + o(1))n1−k|I|k 6 (1 + o(1))n1−knk−1000 = O
(
n−999

)
.

There are O(n) intervals in [n] of length
⌊
n1−1000/k

⌋
, so the union bound gives the desired

result.

Lemma 6.6. For each fixed k and 0 < ε < 1/k, with probability at least 1 − e−Ω(n1−kε),
every interval I ⊆ [n] of length at least dn1−εe satisfies wk(I) > 0.

Proof. Since there are O(n2) possible intervals, it is enough to show that for any fixed
interval I of length dn1−εe we have P(wk(I) = 0) 6 e−Ω(n1−kε).

So let I ⊆ [n] be an interval of length |I| > dn1−εe. Let J ⊆ [n] be a random subset
where we independently include i in J with probability

P (i ∈ J) =
|I|
n
, for all i ∈ [n].

Denote by E the event {|J | = |I|}. By Lemma 3.2 we have P (E) > 1/(n + 1). Define
for 1 6 j 6 n− k + 1 also the random variable

Xj := 1{{j,...,j+k−1}⊆ J}.

If E holds then J=d Πn(I). That is, conditional on the event E both I and J are uniformly
selected random subsets of [n] of size exactly dn1−εe. We have

P (wk(I) = 0) = P (Yj(I) = 0 for all j ∈ [n− k + 1]) = P
(
Xj = 0 for all j ∈ [n− k + 1]

∣∣∣E)
6

P (Xj = 0 for all j ∈ [n− k + 1])

P (E)
6 (n+ 1)P (Xj = 0 for all j ∈ [n− k + 1]) .

Let S = {ki : i ∈ N} ∩ [n− k + 1]. The Xj are independent for j ∈ S. Therefore

P (wk(I) = 0) 6 (n+ 1)P(Xj = 0 for all j ∈ S) = (n+ 1)

(
1− |I|

k

nk

)|S|
6 (n+ 1) exp

{
−|S| |I|

k

nk

}
.

By |S| = (1 + o(1))n/k and |I|/n > n−ε we conclude that

P (wk(I) = 0) 6 exp

{
−(1 + o(1))

n1−kε

k

}
.
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Lemma 6.7. For k > 3 and ε > 0, let I ⊆ [n] be an interval of length bn1−1/k ·
(log log n)3/kc, and let B ⊆ [n] be disjoint from I with |B| 6 n/ log n and let τ : B → [n]
be an arbitrary injection. Let E denote the event that

(i) (1− ε) (log log n)3 < wk(I) < (1 + ε) (log log n)3, and;

(ii) wk+1(I) = 0, and;

(iii) wk−1(I ′) > 0 for each I ′ ∈ Ik(I), and;

(iv) |I ′| > n.51 for all I ′ ∈ Ik(I).

Then Pτ (E) = 1− o(1), where the o(1) term is uniform over the choice of B and τ .

Proof. By Chebyshev’s inequality and Lemma 6.4 we have

Pτ
(
|wk(I)− Eτwk(I)| > ε

2
(log log n)3

)
6

(2k − 1)Eτwk(I)(
ε
2
(log log n)3

)2 ,

where
Eτwk(I) = (1 + o(1))n1−k|I|k = (1 + o(1))(log log n)3.

Thus

Pτ
(∣∣wk(I)− (1 + o(1))(log log n)3

∣∣ > ε

2
(log log n)3

)
<

8k

ε2(log log n)3
= o(1),

showing Part (i).
A simple application of Markov’s inequality together with Lemma 6.4 gives

Pτ (wk+1(I) > 0) 6 Eτwk+1(I) = (1 + o(1))n−k
(
n1− 1

k (log log n)
3
k

)k+1

= o(1),

giving Part (ii).
We now look at Parts (iii) and (iv). We will show that for any fixed δ > 1/k we have

Pτ
(
|I ′| > n1−δ for all I ′ ∈ Ik(I)

)
= 1− o(1). (13)

This will imply Part (iii) with an application Lemma 6.6 with e.g. δ = 1
2
( 1
k

+ 1
k−1

)

satisfying 1
k
< δ < 1

k−1
. Part (iv) will follow by setting δ = .49.

Note that wk(I) depends only on the image Πn[I]. Conditioning on Πn[I] = I ′ for
some I ′ ⊆ [n] \ τ [B] (in addition to conditioning on Πn(i) = τ(i) for all i ∈ B), the
restriction Πn � I is distributed uniformly over all bijections I → I ′. From this it can
be seen that, conditional on the value of wk(I), Wk(I) is a subset of I of size wk(I)
selected uniformly at random. Let F be the event {wk(I) < 2(log log n)3}. It follows
that, conditional on F , the probability that |I ′| < n1−δ for some I ′ ∈ Ik(I) is at most
the probability that out of b2(log log n)3c points selected uniformly at random from I,
there is a pair i, j with |i − j| 6 n1−δ. There are at most |I| · n1−δ such pairs in I. The
probability that two points chosen uniformly at random from I (without replacement)
have distance 6 n1−δ is thus at most

|I| · n1−δ(|I|
2

) =
2n1−δ

|I| − 1
= n1/k−δ+o(1).
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Let

X :=
∣∣{{i, j} : i, j ∈ Wk(I), i 6= j, |i− j| 6 n1−δ}∣∣ ,

denote the number of pairs of elements of Wk(I) that are at distance 6 n1−δ. It follows
that

Pτ (X > 0|F ) 6 Eτ (X|F )

6
(b2(log logn)3c

2

)
· n1/k−δ+o(1)

= n1/k−δ+o(1)

= o(1),

where the last inequality holds by choice of δ > 1/k. By Part (i), Pτ (F ) = 1 − o(1),
which gives that

Pτ (X > 0) = Pτ (X > 0|F ) ·Pτ (F )+Pτ (X > 0|F ) ·Pτ (F ) 6 Pτ (X > 0|F )+Pτ (F ) = o(1),

proving (13) and hence Parts (iii) and (iv).

Corollary 6.8. Let k > 3 be arbitrary, 0 < ε < 1/k and let I1, . . . , IN be disjoint intervals

of length bn1−1/k · (log log n)3/kc where N = dnεe. With probability 1 − e−Ω(nε), at least
half of the Ii satisfy Properties (i)-(iv) of Lemma 6.7.

Proof. Let Ei denote the event that Ii satisfies properties (i)-(iv) of Lemma 6.7. Let
S = {s1, . . . , sK} ⊆ [N ] be a subset of cardinality K > N/2. We can assume without
loss of generality that n is sufficiently large for the o(1) term (uniform over the choice
of B, τ) in Lemma 6.7 to be < 1/100.

We note that for i = 1, . . . , K:

P(Esi |Es1 ∩ · · · ∩ Esi−1
) < 1/100.

This follows from Lemma 6.7, noting that whether or not the event Es1 ∩· · ·∩Esi−1
holds

is determined completely by the restriction of Πn to Is1 ∪ · · · ∪ Isi−1
, a set of cardinality

at most

|I1|+ · · ·+ |IN | = N · bn1−1/k · (log log n)3/kc = n1+ε−1/k+o(1) 6
n

log n
,

where the last inequality holds for sufficiently large n (and by choice of ε). It follows that

P(Es1 ∩ · · · ∩ EsK ) = P(Es1) · P(Es2 |Es1) · · · · · P(EsK |Es1 ∩ · · · ∩ EsK−1
) 6 (1/3)N/2,

for each set S ⊆ [N ] of cardinality > N/2. Hence, if F denotes the event that at least
N/2 of the events E1, . . . , EN hold then

P(F ) 6 2N · (1/100)N/2 = (1/5)N = exp[−Ω(nε)].

(Here 2N is a crude upper bound on the number of subsets of [N ] of cardinality >
N/2.)
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Lemma 6.9. Let I be an interval satisfying Conditions (ii)-(iv) of Lemma 6.7. Let J be
obtained from I by deleting an arbitrary element. Then J satisfies Conditions (ii)-(iv)
of Lemma 6.7 and

|Ik(I)| − k 6 |Ik(J)| 6 |Ik(I)|. (14)

Proof. As J ⊆ I we have Wt(J) ⊆ Wt(I) for all t > 1, by definition of Wt(.). In particular
wk+1(I) = 0 implies wk+1(J) = 0. In other words, Part (iv) holds for J if it holds for I.
Similarly, any interval of J ′ ∈ Ik(J) must contain some interval I ′ ∈ Ik(I), showing that
Part (iv) holds for J if it holds for I.

To see that (14), suppose J := I \ {j} for some j. Then there are at most k elements
i ∈ I such that Πn(j) ∈ {Πn(i), . . . ,Πn(i) + k− 1}. Thus, by definition of Wk(.), we have
|Wk(I) \Wk(J)| 6 k.

Recall that we defined

S(I, J) = {i : i ∈ Πn(I), i+ 1 ∈ Πn(J)}.

Lemma 6.10. Let ε, δ > 0 be arbitrary (but fixed). With probability at least 1− e−nΩ(1)
,

for every two disjoint intervals I1, I2 ⊆ [n] of length at least n
1
2

+ε, we have

(1− δ) · |I1| · |I2|
n

6 |S(I1, I2)| 6 (1 + δ) · |I1| · |I2|
n

.

Proof. Fix disjoint intervals I1, I2 of the stated sizes. Note J1 := Πn(I1), J2 := Πn(I2)
are disjoint, random sets of cardinalities exactly k1 := |I1|, resp. k2 := |I2|, every pair of
disjoint sets of the correct cardinalities being equally likely.

We approximate these by sets with a random number of elements, generated as follows.
Write pi := ki/n for i = 1, 2. Let Z1, . . . , Zn be i.i.d. with common distribution given by

P(Zj = x) =


1− (p1 + p2) if x = 0,

p1 if x = 1,
p2 if x = 2.

We now set J ′1 := {j : Zj = 1}, J ′2 := {j : Zj = 2}. Conditional on the event

E := {|J ′1| = k1, |J ′2| = k2},

the pair (J ′1, J
′
2) has the same distribution as (J1, J2). Namely, the uniform distribution

over all pairs of disjoint sets of the correct cardinalities k1, k2. Lemma 3.2 gives the crude
bound

P(E) = P (|J ′1| = k1)P
(
|J ′2| = k2

∣∣∣|J ′1| = k2

)
= P(Bi(n, p1) = k1) · P (Bi (n− k1, p2/(1− p1)) = k2)

= P (Bi (n, k1/n) = k1) · P (Bi (n− k1, k2/(n− k1)) = k2)

>
1

(n+ 1)2
.

(15)

Next, we consider the size of

S ′ := {j : j ∈ J ′1, j + 1 ∈ J ′2}.
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Write Xj := 1{j∈S′}, so that |S ′| = X1 + · · ·+Xn−1. We have EXj = p1p2 =: p and

E|S ′| = (n− 1)p =
|I1| · |I2|

n
− p. (16)

In particular E|S ′| = (1 + o(1))n2ε by our assumption on the sizes |I1|, |I2| > n1/2+ε. Now
|S ′| is not a binomial random variable as the Xj are (mildly) dependent – it is for instance
not possible to have two consecutive integers in S ′. Note that Xj is however (mutually)
independent from the collection of all Xi with |i− j| > 2. So, writing

Xeven :=
∑
j even

Xj, Xodd :=
∑
j odd

Xj,

we see that |S ′| = Xeven +Xodd and Xeven =d Bi(b(n− 1)/2c, p), Xodd =d Bi(d(n− 1)/2e, p).
By the Chernoff bound we have

P
(
|Xeven − EXeven| >

δ

100
· EXeven

)
6 e−Ω(EXeven) = e−Ω(np) = e−n

Ω(1)

,

and analogously P(|Xodd − EXodd| > δ
100
· EXodd) = e−n

Ω(1)
. It follows that

P
(
||S ′| − E|S ′|| > δ

100
E|S ′|

)
6 e−n

Ω(1)

. (17)

We see that

P
(∣∣∣S − |I1|·|I2|n

∣∣∣ > δ |I1|·|I2|
n

)
6 P

(
|S − ES ′| > δ

100
E|S ′|

)
= P

(
|S ′ − ES ′| > δ

100
E|S ′|

∣∣∣E)
6 P

(
|S ′ − ES ′| > δ

100
E|S ′|

)
/P(E)

6 (n+ 1)2 · e−nΩ(1)

= e−n
Ω(1)

.

(18)

(Here the first inequality holds for n sufficiently large and uses (16). In the second line
we use the earlier observation that (S ′|E)=d S and in the fifth line we use (15) and (17).)

It is easily seen that the bound (18) holds uniformly over the choice of all pairs of
disjoint intervals I1, I2 ⊆ [n] of sizes |I1|, |I2| > n1/2+ε. (Looking more carefully at the

Chernoff bound as stated in Theorem 3.1, the error bound e−n
Ω(1)

is bounded above by
an expression of the form exp[−c · n2ε], where c = c(δ) depends only on δ.) Since there
are O(n4) choices of such pairs of intervals, the lemma follows by the union bound.

Lemma 6.11. For every fixed ε > 0 and k > 3, with probability 1 − e−nΩ(1)
, for every

sequence I = (I1, . . . , IN) of at most 10 log log n-many disjoint intervals satisfying

n
1
2

+ε 6 |I1|, . . . , |IN | 6 n1−ε,

and every directed graph G with V (G) = {I1, . . . , IN}, there exists an interval J ⊆ [n]
such that

H(I; Ik(J)) = G.
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Proof. There are no more than 10 log log n · n20 log logn = eO(logn·log logn) many ways to
pick I1, . . . , IN , and at most 2O((log logn)2) corresponding directed graphs G for each such a
sequence. We will show that for each particular choice of I1, . . . , IN and G with v(G) = N ,

the probability that no J exists as desired is at most e−n
Ω(1)

. This will prove the lemma.
Let us thus fix I1, . . . , IN , meeting the conditions of the lemma but otherwise arbitrary,

and an arbitrary directed graph G on N vertices. Note that if G is the “empty directed
graph” (e(G) = 0) then we can simply take J = {1}. Thus, we can and do assume from
now on that G has at least one arc.

Inside the set [n] \ (I1 ∪ · · · ∪ IN) we can find M = nΩ(1) disjoint intervals J1, . . . , JM
each of size s := dn1−1/k · (log log n)3/ke.

For τ : I1 ∪ · · · ∪ IN → [n] an injection and L1, . . . , LM > 0 and A11, . . . , A1L1 ⊆ J1,
. . . , AM1, . . . , AMLM

⊆ JM disjoint intervals, and B11, . . . , B1L1 , . . . , BMLM
⊆ [n] \ τ [I1 ∪

· · · ∪ IN ] disjoint sets with |Aij| = |Bij| for all i, j, we define the event

Fτ,A,B :=


Ik(J`) = (A`1, . . . , A`L`

) for all ` = 1, . . . ,M ,
Πn[A``′ ] = B``′ for all ` = 1, . . . ,M and `′ = 1, . . . , L`,
Πn(x) = τ(x) for all x ∈ I1 ∪ · · · ∪ In.


We observe that, conditional on Fτ,A,B, every bijection Aij → Bij is equally likely. That
is, for every choice of bijections τ11 : A11 → B11, . . . , τMLM

: AMLM
→ BMLM

we have

P
(
Πn � Aij ≡ τij for all i, j

∣∣Fτ,A,B) =
1

|A11|! · · · · · |AMLM
|!
.

Let us say an index 1 6 ` 6M is good if (1− ε)(log log n)3 6 L` 6 (1 + ε)(log log n)3

and |S(Ii, J
′)| > 0 for all 1 6 i 6 N and J ′ ∈ Ik(J`). (So in particular H(I, Ik(J`)) is

defined when ` is good.) Note also that whether ` is good or not is determined completely
by Fτ,A,B, because the sets S(Ii, A`j) depend only on B`j, not on the choice of the specific
bijection A`j → B`j.

Note that if ` is good and we randomly choose bijections τi` : Ai` → Bi` then the
points y(I1, Ai`), . . . , y(IN , Ai`) are chosen uniformly without replacement from Ai`. In
particular, defining P := {(Ii, Ij) : i 6= j}, for each ordered pair uv ∈ P the probability
that e(I, Ai`) = uv is 1

|P | = 1
N(N−1)

.
We fix a sequence e1, e2, . . . , ed(1+ε)(log logn)3e ∈ P with the property that

E(G) = {e1, . . . , ed(1−ε)(log logn)3e} = {e1, . . . , ed(1+ε)(log logn)3e}.

(Since (1 − ε)(log log n)3 > N2, there are necessarily some duplicate arcs. This will
not be a problem.) We note that H(I, (A`1, . . . , A`L`

)) = G is implied by the event
{e(I, A`i) = ei for all 1 6 i 6 Li}.

For notational convenience, let us write

E := {H(I, Ik(J`)) = G for some 1 6 ` 6M }.

It follows from the previous observations that if Z denotes the number of good indices,
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then the value of Z is completely determined by the event Fτ,A,B, and

P (E|Fτ,A,B) > 1−

(
1−

(
1

N2

)(1+ε)(log logn)3
)Z

> 1− exp

[
−Z ·

(
1

N2

)(1+ε)(log logn)3
]

= 1− exp
[
−Z · no(1)

]
.

By Corollary 6.8 and Lemma 6.10 we have that

P(Z < M/2) = e−n
Ω(1)

.

It follows that

P(E) >
∑
τ,A,B

P (E|Fτ,A,B) · P(Fτ,A,B)

> 1− exp[−(M/2) · no(1)]− P(Z < M/2)

= 1− e−nΩ(1)
.

This proves the statement of the lemma.

Proof of Lemma 6.2. Let I1, . . . , IN be
⌈
n1/2k

⌉
intervals of length bn1−1/k · (log log n)3/kc.

By Corollary 6.8, with probability 1−e−Ω(n1/2k) at least 1 of them satisfies Conditions (i)-
(iv) of Lemma 6.7, by relabeling if necessary, we can assume that I1 satisfies these
conditions. We have Ik(I1)� log log n by Condition (i). By Lemma 6.9 we may shrink
I1 by iteratively removing an element until log log n < |Ik(I1)| < 2 log log n, ensuring
that I1 still satisfies Conditions (ii)-(iv) of Lemma 6.7. In particular |I ′| > n.51 for all
I ′ ∈ Ik(I1), and by |I1| 6 n1−1/2k we also have I ′ 6 n1−1/2k for all I ′ ∈ Ik(I1).

By Lemma 6.11, for all directed graphs G with V (G) = Ik(I1) there is an interval J

satisfying H(Ik(I1), Ik(J)) = G, with probability 1− e−nΩ(1)
.

Proof of Lemma 6.3. Let I1, I2 be any two disjoint intervals such that 0 < |Ik(I1)| <
log log n < |Ik(I2)| < 2 log log n, and such that wk+1(I1) = wk+1(I2) = 0 and wk−1(I ′) >
0 for all I ∈ Ik(I1) ∪ Ik(I2). Each of these I ′ ∈ Ik(I1) ∪ Ik(I2) has length at most
max{|I1|, |I2|}. By Lemma 6.6 with ε = 1

2(k+1)

P
(
wk+1(I ′) > 0 for all intervals I ′ s.t. |I ′| > n1− 1

2(k+1)

)
> 1− e−Ω(n1/2).

So with at least this probability, all I1 and I2 as described satisfy |I1|, |I2| 6 n1− 1
2(k+1) . By

wk−1(I ′) > 0 for all I ′ ∈ Ik(I1) ∪ Ik(I2) and Lemma 6.5 we have |I ′| > n1−1000/(k−1) for
all such I1, I2 and I ′ ∈ Ik(I1) ∪ Ik(I2) with probability 1 − O(n−998). So for sufficiently
large k we have

n
1
2

+ 1
2(k+1) < n1−1000/(k−1) 6 |I ′| < n1− 1

2(k+1) .

The result then follows by |Ik(I1) ∪ Ik(I2)| 6 3 log log n and Lemma 6.11.

7 Proof of Theorem 1.2 Part (ii)

Here we extend the proof of the case when q = 1 to |1− q| < 1/ log∗ n. We do so step by
step, first extending to |1 − q| 6 n−4 then extending to |1 − q| = O(1/n) and finally to
the entire range.
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7.1 Extending the q = 1 case to q = 1 ± n−4

Here we derive the following from Proposition 6.1.

Proposition 7.1. There exists a ϕ ∈ TOTO such that for all sequences q = q(n) satisfy-
ing 1− n−4 < q < 1 + n−4 and all sufficiently large n satisfying W (2)(log∗∗ log∗∗ n− 1) <
log log n we have

P(Πn |= ϕ) =

{
1−O(n−2) if log∗∗ log∗∗ n is even,

O(n−2) if log∗∗ log∗∗ n is odd.
,

where O(n−2) terms can be taken uniform over all sequences q(n) considered.

(Again Lemma 3.22 ensures that W (2)(log∗∗ log∗∗ n−1) < log log n is for instance satisfied
for all n of the form n = W (2)(m) with m > 3.)

Proposition 7.1 will follow by showing that for 1 − n−4 < q < 1, a Mallows(n, q)
distribution is in some sense very close to the uniform distribution over Sn.

Lemma 7.2. Let q = q(n) satisfy 1−n−4 < q < 1. For 1 6 i 6 n let Zi ∼ TruncGeo(n−
i+ 1, 1− q) and Xi ∼ Unif([n− i+ 1]). Then

dTV(Zi, Xi) 6 4 · n−3,

for n sufficiently large and all 1 6 i 6 n.

Proof. Let us write m := n− i+ 1 and pj := P(Zi = j). By (3) we may write

dTV(Zi, Xi) =
∑

j:pj>1/m

(
pj −

1

m

)
. (19)

Now note that

maxj pj
minj pj

= q−(m−1) <

(
1

1− n−4

)m−1

<

(
1

1− n−4

)n
6
(
1 + 2n−4

)n
6 e2n−3

6 1 + 4n−3,

where the third inequality above holds for n sufficiently large; the fourth inequality
uses 1 + x 6 ex, and; the last inequality holds for n sufficiently large, and uses the
Taylor expansion for ex. It follows that

pj 6 (1 + 4n−3) · 1

m
,

for all j. Filling this in to (19) gives dTV(Zi, Xi) 6 4n−3 as desired.

Lemma 7.3. Let q = q(n) satisfy |1 − q| < n−4, and let Πn ∼ Mallows(n, q) and
Π∗n ∼ Mallows(n, 1). There is a coupling of Πn and Π∗n such that P (Πn 6= Π∗n) 6 4n−2,
for all sufficiently large n.

Proof. If q = 1, then the result is trivial. We now assume that 1− n−4 < q < 1.
Let Πn be generated by a sequence Z1, . . . , Zn of independent random variables with

Zi ∼ TruncGeo(n − i + 1, 1 − q) for i ∈ [n] (see Section 3.2). Let Π∗n be generated
in the same manner by a sequence X1, . . . , Xn of independent random variables where
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Xi ∼ Unif([n − i + 1]) for i ∈ [n]. By Lemma 7.2 and 3.3 we may couple Zi and Xi for
each i such that

P (Zi 6= Xi) 6 4n−3, as n→∞.
This gives a coupling of Πn and Π∗n. Now, Πn = Π∗n if and only if Zi = Xi for all i ∈ [n],
giving

P (Πn 6= Π∗n) 6 4n−2.

Finally we consider the case when 1 < q < 1+n−4. Recall that if rn ∈ Sn is the “reverse”
map given by rn(i) := n + 1 − i, then rn ◦ Πn=d Mallows(n, 1/q). Note that 1 > 1/q >
1 − n−4, so by the previous case there exists a coupling of Πn and Π∗∗n ∼ Mallows(n, 1)
such that

P(rn ◦ Πn 6= Π∗∗n ) 6 4n−2.

Setting Π∗n = rn ◦ Π∗∗n , we have

P(Πn 6= Π∗n) = P(rn ◦ Πn 6= rn ◦ Π∗n) = P(rn ◦ Πn 6= Π∗∗n ) 6 4n−2,

where we use that rn◦rn is the identity. Finally we note that if Π∗∗n is uniformly distributed
on Sn then so is Π∗n = rn ◦ Π∗∗n .

Proof of Proposition 7.1. Let q satisfy |1 − q| 6 n−4 and let Πn ∼ Mallows(n, q) and
Π∗n ∼ Mallows(n, 1) be coupled such that

P (Πn 6= Π∗n) = O(n−2).

This coupling exists by Lemma 7.3. Let ϕ be the TOTO sentence from Proposition 6.1.
Then Πn and Π∗n agree on ϕ with probability 1−O(n−2), giving the desired result.

7.2 Extending the q = 1 ± n−4 case to q = 1 ± O(1/n)

In this subsection we prove the following intermediate result.

Proposition 7.4. There is a sentence ψ ∈ TOTO such that the following holds. Suppose
that q = q(n) satisfies 1−c/n < q < 1+c/n for some constant c > 0. For all n satisfying
W (2)(log∗∗ log∗∗ n− 1) < log log log n we have

P(Πn |= ψ) =

{
1−O(n−.001) if log∗∗ log∗∗ n is even,

O(n−.001) if log∗∗ log∗∗ n is odd,

where the O(n−.001) terms can be taken uniform over all sequences considered (but may
depend on c).

(Again, the condition W (2)(log∗∗ log∗∗ n− 1) < log log log n is satisfied if n is of the form
n = W (2)(m) with m > 3, by Lemma 3.22.)

For π ∈ Sn a permutation, we define

Ψ(π) := min{1 6 j 6 n : there exist 1 6 i1, i2 6 j such that π(i2) = π(i1) + 1 }.

Letting Πn ∼ Mallows(n, q) as usual, we define:

Xn := Ψ(Πn).

Before studying the behaviour of Xn, we first present a preparatory lemma.
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Lemma 7.5. Suppose that q = q(n) satisfies 1−c/n < q < 1. There exist cU = cU(c) > 0
and cL = cL(c) > 0 such that for n sufficiently large and all 1 6 m 6 n and A ⊆ [m] we
have

cL
|A|
m
6 P (TruncGeo(m, 1− q) ∈ A) 6 cU

|A|
m
.

Proof. We fix n and some m ∈ [n]. For convenience we again set pj := P(Zi = j). We
again have

maxj pi
minj pj

= q−(m−1) 6

(
1

1− cn−1

)n
6 (1 + 2cn−1)n 6 e2c,

where the penultimate inequality holds for n sufficiently large. Similarly

minj pj
maxj pj

= qm−1 > (1− cn−1)n >
1

2
e−c,

where the last inequality holds for n sufficiently large. We can conclude that

cL ·
1

m
6 pj 6 cU ·

1

m
,

for all j = 1, . . . ,m, with cL := 1
2
e−c, cU := e2c. The result follows.

Lemma 7.6. Let q = q(n) satisfy 1 − cn−1 < q < 1 + cn−1 for some c > 0. For every
ε > 0 we have

P
(
n1/2−ε 6 Xn 6 n1/2+ε

)
> 1− n−ε,

provided that n > n0 for some n0 = n0(c, ε) depending on ε and c.

Proof. We first assume q 6 1. For i > 2, let Ei denote the event that Πn(i) 6∈
{Πn(1) − 1,Πn(1) + 1, . . . ,Πn(i − 1) − 1,Πn(i − 1) + 1} =: Ai. We point out that
if E1, . . . , Ei−1 hold, then i − 1 6 |Ai| 6 2i. Recalling the sampling procedure 6 for
the Mallows model described in Section 3.2 and using the previous lemma, we find that
for i > 2:

1− cU
2i

n− i+ 1
6 P(Ei|E2 ∩ · · · ∩ Ei−1) 6 1− cL

i− 1

n− i+ 1
.

Writing x :=
⌊
n1/2+ε

⌋
, we find that

P(X > x) = P(E2 ∩ · · · ∩ Ex)
= P(E2) · P(E3|E2) · · · · · P(Ex|E2 ∩ · · · ∩ Ex−1)
6

∏x
i=2

(
1− cL i−1

n−i+1

)
6 exp

[
−cL

∑x
i=2

i−1
n−i+1

]
6 exp

[
−cL · (2/n) ·

(
x
2

)]
= exp [−Ω(n2ε)] ,

where the third line holds assuming n is sufficiently large.
Writing y :=

⌈
n1/2−ε⌉, we find that

P(X < y) = P(E2) + P(E3|E2) + · · ·+ P(Ey|E2 ∩ · · · ∩ Ey−1)
6

∑y
i=2 cU

2i
n−i+1

6 cU
n

∑y
i=1 i

= cU
n
·
(
y+1

2

)
= O(n−2ε).

Combining these bounds completes the proof for the case when q 6 1. For the case
when 1 6 q 6 1 + c/n, we recall that rn ◦ Πn=d Mallows(n, 1/q). We also note that
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1 > 1/q > 1− cn−1 and that Ψ(π) = Ψ(rn ◦ π) for all π ∈ Sn, by definition of Ψ. So the
result for 1 6 q 6 1 + c/n follows immediately from the result for 1− cn−1 6 q 6 1.

We next define
Yn := Ψ (rk(Πn(1), . . . ,Πn(Xn))) ,

Zn := Ψ (rk(Πn(1), . . . ,Πn(Yn))) .

The next observation will allow us to make use of Lemma 7.6 also for Yn and Zn.

Lemma 7.7. For every n > 3, 2 6 k 6 n− 1 and every π ∈ Sn we have

Ψ(πk) 6 Ψ(πk+1),

where πj := rk(π(1), . . . , π(j)).

Proof. This follows readily from the observation that, for all distinct i1, i2 6 k, πk+1(i2) =
πk+1(i1) + 1 implies that πk(i2) = πk(i1) + 1.

Lemma 7.8. Suppose that q = q(n) satisfies 1 − c/n < q < 1 + c/n for some con-
stant c > 0. Then

P
(
n.1 6 Zn 6 n.2

)
> 1− n−.001,

provided that n > n0 for some n0 = n0(c) depending on c.

Proof. We fix δ > 0, to be determined during the course of the proof. For notational
convenience, let us write x :=

⌈
n1/2−δ⌉ , y :=

⌈
n1/4−δ⌉ , z :=

⌈
n1/8−δ⌉. Recall that by

Lemma 3.9, for each fixed j we have Π∗j := rk(Πn(1), . . . ,Πn(j))=d Mallows(j, q). Using
also the previous two lemmas and the definitions of Xn, Yn, Zn, we find:

P(Z < z) 6 P(Xn < x) + P(Ψ(Π∗x) < y) + P(Ψ(Π∗y) < z)
= P(Xn < x) + P(Ψ(Πx) < y) + P(Ψ(Πy) < z)
= P(Xn < x) + P(Xx < y) + P(Xy < z)
6 n−δ + x−δ + y−δ

6 n−δ/8,

where the fourth line holds for n sufficiently large and we use

x1/2−δ = (1 + o(1))n(1/2−δ)2
> y = (1 + o(1))n1/4−δ,

y1/2−δ = (1 + o(1))n(1/2−δ)3
> z = (1 + o(1))n1/8−δ,

and the last line holds for n sufficiently large.
Analogously we have, writing x′ :=

⌊
n1/2+δ

⌋
, y′ :=

⌊
n1/4+2δ

⌋
, z :=

⌊
n1/8+4δ

⌋
:

P(Z > z′) 6 P(Xn > x′) + P(Xx′ > y′) + P(Xy′ > z′)

6 n−δ + x′−δ + y′−δ

6 n−δ/8,

for n sufficiently large.
Setting δ = .025 and combining the bounds gives the result, with some room to

spare.

We are almost ready to prove Proposition 7.4. But, we first point out that it is
possible to express that i 6 Zn in TOTO.
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Lemma 7.9. There is a formula ϕZ(x) in TOTO with one free variable such that for
every n ∈ N, every permutation π ∈ Sn and every 1 6 i 6 n:

(π, i) |= ϕZ(x) if and only if i 6 Zn(π).

Proof. We first show there is a formula ϕX(x) that expresses that i 6 Ψ(π) if π ∈ Sn,
i ∈ [n] for some n ∈ N. This formula is given by

∀y, z : ((y <1 x) ∧ (z <1 x)) =⇒ (¬succ2(y, z) ∧ ¬succ2(z, y)) .

(“For every pair y, z < x we have |π(y)−π(z)| 6= 1”.) Now let ϕY := ϕϕX

X , the relativiza-
tion of ϕX to ϕX , as provided by Lemma 3.19. Then, invoking that lemma, (π, i) |= ϕY (x)
if and only if i 6 Ψ(π) and (σ, i) |= ϕX(x) where σ := rk(π(1), . . . , π(Ψ(π))). In other
words, (π, i) |= ϕY (x) if and only if i 6 Yn(π).

Similarly, if we now set ϕZ := ϕϕY

X then (π, i) |= ϕZ(x) if and only if i 6 Zn(π).

Proof of Proposition 7.4: Let ϕ be the sentence provided by Proposition 7.1 and
let ϕZ be the formula provided by Lemma 7.9. Then the relativization ψ := ϕϕZ (as
provided by Lemma 3.19) expresses that ϕ is satisfied by rk(Πn(1), . . . ,Πn(Zn)).

Now let n be such that W (2)(log∗∗ log∗∗ n − 1) < log log log n. First assume that
log∗∗ log∗∗ n is even. We have, writing Π∗j := rk(Πn(1), . . . ,Πn(j)):

P(Πn |= ψ) > P(Π∗m |= ϕ for all n.1 6 m 6 n.2)− P(Zn 6∈ [n.1, n.2])

> 1−
∑

n.16m6n.2

P(Π∗m 6|= ϕ)− P(Zn 6∈ [n.1, n.2])

= 1−
∑

n.16m6n.2

O(m−100)−O(n−.001)

= 1−O(n−.001),

where we use Lemma 3.9 and Proposition 7.1 together with the fact that, for n sufficiently
large and all n.1 6 m 6 n.2, we have

log logm > log log log n > W (2)(log∗∗ log∗∗ n− 1) > W (2)(log∗∗ log∗∗m− 1).

Now assume that log∗∗ log∗∗ n is odd. In this case we have

P(Πn |= ψ) 6
∑

n.16m6n.2

P(Π∗m |= ϕ) + P(Zn 6∈ [n.1, n.2])

6
∑

n.16m6n.2

O(m−100) +O(n−.001)

= O(n−.001),

with the same justifications as previously. �

7.3 Lifting to q = 1 ± 1/ log∗ n

In this section we finalize the proof of Theorem 1.2 Part (ii). Specifically, we will prove
the following more detailed version of Theorem 1.2 Part (ii).
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Proposition 7.10. There exists a sentence ξ ∈ TOTO such that, for all sequences q =
q(n) satisfying 1−1/ log∗ n < q < 1+1/ log∗ n and all n satisfying W (2)(log∗∗ log∗∗ n−1) <
log∗ log∗ log∗ n we have

P(Πn |= ξ) =

{
1− o(1) if log∗∗ log∗∗ n is even,

o(1) if log∗∗ log∗∗ n is odd,
,

where the error terms o(1) can be taken uniform over all sequences q(n) considered.

(Again, we note the condition W (2)(log∗∗ log∗∗ n − 1) < log∗ log∗ log∗ n is for instance
satisfied for all n of the form n = W (2)(m) with m > 3, by Lemma 3.22.)

The quantity Π−1
n (1) will play an important role in the definition of the TOTO prop-

erty ξ. We start with some preparatory lemmas on its behaviour.

Lemma 7.11. For every c, ε > 0 there exist constants c1 = c1(c, ε), c2 = c2(c, ε) > 0 and
n0 = n0(c, ε) such that for n > n0 and any sequence q = q(n) satisfying 1 − 1/ log∗ n <
q < 1− c/n, the random permutation Πn ∼ Mallows(n, q) satisfies

P
(

c1

1− q
6 Π−1

n (1) 6
c2

1− q

)
> 1− ε.

Proof. Recall from Section 3.2 that if Πn ∼ Mallows(n, q) then also Π−1
n =d Πn. In particu-

lar Π−1
n (1)=d Πn(1)=d TruncGeo(n, 1−q), where the last distributional equality follows from

the sampling algorithm presented in Section 3.2. Writing x1 := bc1/(1− q)c, we first note
that provided the constant c1 > 0 is chosen sufficiently small, we have x1 < (c1/c) ·n 6 n.
We can thus write:

P
(

Π−1
n (1) 6

c1

1− q

)
=

x1∑
i=1

qi−1(1− q)
1− qn

=
1− qx1

1− qn
<

1− qx1

1− (1− c/n)n
<

1− qx1

1− e−c
.

Now we note that

qx1 = (1− (1− q))x1 > 1− x1 · (1− q) > 1− c1.

It follows that

P
(

Π−1
n (1) 6

c1

1− q

)
6

c1

1− e−c
< ε/2,

provided we chose the constant c1 > 0 sufficiently small.
Similarly, writing x2 := c2/(1− q) we have

P(Π−1
n (1) > x2) <

1

1− (1− c/n)n
· qx2 6

1

1− e−c
· (1− (1− q))c2/(1−q) 6 e−c2

1− e−c
< ε/2,

where the last inequality holds provided we chose c2 sufficiently large. The result follows
combining the two bounds.

Lemma 7.12. For every c, ε > 0 there exist δ = δ(c, ε), n0 = n0(c, ε) such that for all
sequences q = q(n) with 1− c/n 6 q 6 1 + c/n and all n > n0:

P
(
δn 6 Π−1

n (1) 6 (1− δ)n
)
> 1− ε.
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Proof. First note that in the special case when q = 1, we have that Π−1
n (1) is chosen

uniformly at random from [n]. So any δ < ε/2 would work in this case. It therefore
suffices to consider q 6= 1 so long as we ensure the value of δ we end up selecting in the
end is < ε/2. (Which is easily achieved by adjusting the choice of δ in the end.)

Next, we consider the case when 1 − c/n 6 q < 1. Again we will use that Π−1
n (1) ∼

TruncGeo(n, 1− q). With cU = cU(c) as provided by Lemma 7.5, we can write:

P
(
δn 6 Π−1

n (1) 6 (1− δ)n
)
> 1− cU · 2δ > 1− ε,

provided we chose δ small enough.
It remains to consider 1 < q < 1 + c/n. We recall that Π−1

n =d Πn=d Mallows(n, q) and
hence rn ◦ Π−1

n =d Mallows(n, 1/q). But then 1/(1 + c/n) > 1 − c/n, together with the
previous case gives

P (δn 6 Π−1
n (1) 6 (1− δ)n) = P (n+ 1− (1− δ)n 6 (rn ◦ Π−1

n )(1) 6 n+ 1− δn)
> P (2δ 6 (rn ◦ Π−1

n )(1) 6 (1− 2δ)n)
> 1− ε,

where the first inequality holds for n sufficiently large, and the last inequality by the
previous case and adjusting the value of δ.

For the remainder of the section, we let Σn denote the permutation on {1, . . . ,
Π−1
n (1) − 1} induced by Πn. (If Πn(1) = 1, then Σn is undefined.) In other words,

we set

Σn := rk(Πn(1), . . . ,Πn(Π−1
n (1)− 1)).

Lemma 7.13. For 0 < q < 1, n > 2 and 2 6 k 6 n we have(
Σn

∣∣∣Π−1
n (1) = k

)
=d Mallows(k − 1, q).

Proof. Fix an arbitrary 0 < q < 1, n > 2 and 2 6 k 6 n. Let Z1, . . . , Zn be the
random variables used in the sampling algorithm from Section 3.2. In particular, they’re
independent with Zi ∼ TruncGeo(n+ 1− i, 1− q). We first observe that

{Π−1
n (1) = k} = {Πn(k) = 1} = {Z1 > 1, . . . , Zk−1 > 1, Zk = 1}, (20)

We set Wi := Zi − 1 for i < k and Wi = Zi+1 for k 6 i 6 n − 1. Next, we claim that
conditional on the event Π−1

n (1) = k the random variables W1, . . . ,Wn−1 are independent
with Wi ∼ TruncGeo(n−i, 1−q). That they are independent (conditional on Π−1

n (1) = k)
should be obvious from (20) and the independence of Z1, . . . , Zn. Their distribution is
also obvious for i > k. For i < k the claim follows from

P(Wi = w|Π−1
n (1) = k) = P(Zi = w + 1|Zi > 1)

=

(
qw(1− q)
1− qn+1−i

)
/

(
q − qn+1−i

1− qn+1−i

)
=

qw−1(1− q)
1− qn−i

.

Conditional on Π−1
n (1) = k, we can define Σ∗n ∈ Sn−1 by
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Σ∗n(i) :=

{
Πn(i)− 1 if 1 6 i 6 k − 1,

Πn(i+ 1)− 1 if k 6 i 6 n− 1.

Now observe that, still conditional on Π−1
n (1) = k, we have

Σ∗n(i) =

{
W1 if i = 1,

the Wi-th element of [n− 1] \ {W1, . . . ,Wi−1} otherwise.
,

It follows that (
Σ∗n

∣∣∣Π−1
n (1) = k

)
=d Mallows(n− 1, q).

This gives (
Σn

∣∣∣Π−1
n (1) = k

)
=

(
rk(Πn(1), . . . ,Πn(k − 1))

∣∣∣Π−1
n (1) = k

)
=

(
rk(Σ∗n(1), . . . ,Σ∗n(k − 1))

∣∣∣Π−1
n (1) = k

)
=d Mallows(k − 1, q),

applying Lemma 3.9 in the last line.

We next establish that i < Π−1
n (1) is in fact expressible in TOTO. This is a seemingly

innocuous statement. As a side remark, let us mention that it is not possible to express
that i < Πn(1) in TOTO (since it is not relevant for the proofs in this paper, we do not
offer a formal proof). This is the reason we use Π−1

n (1) and not Πn(1) to define Σn above.

Lemma 7.14. There is a TOTO formula χ with one free variable, such that for ever
n ∈ N, every permutation π ∈ Sn and every 1 6 i 6 n we have

(π, i) |= χ(x) if and only if i < π−1(1).

Proof. The formula χ can be written as:

∃y : (x <1 y) ∧ ¬ (∃z : z <2 y) .

So, the formula χ asks that there exists y with x < y such that there is no z with
π(z) < π(y). This clearly does the trick.

We now present a final preparatory TOTO sentence whose probability does not con-
vergence on part of the target range for q = q(n).

Corollary 7.15. There exists a sentence ζ ∈ TOTO such that for every fixed c > 0,
all sequences q = q(n) satisfying 1 − 1/ log∗ n < q < 1 + c/n and all n satisfying
W (2)(log∗∗ log∗∗ n− 1) < log∗ log∗ log∗ n we have

P(Πn |= ζ) =

{
1− o(1) if log∗∗ log∗∗ n is even,

o(1) if log∗∗ log∗∗ n is odd
,

where the error terms o(1) can be taken uniform over all sequences considered.
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Proof. Let ψ is as provided by Proposition 7.4 and let χ be as provided by Lemma 7.14.
We let ζ := ψχ be the relativization as provided by Lemma 3.19. Then ζ formalizes that
Σn satisfies ψ.

Now let ε > 0 be arbitrary (but fixed) and let n be such that W (2)(log∗∗ log∗∗ n−1) <
log∗ log∗ log∗ n. Let δ = δ(c, ε) be as provided by Lemma 7.12 and let c1 = c1(c, ε), c2 =
c2(c, ε) be as provided by Lemma 7.11. We define

k1 :=

{
δn if q > 1− c/n,
c1

1−q otherwise.
, k2 :=

{
n if q > 1− c/n,
c2

1−q otherwise.
.

A crucial step in the current proof is the observation that, provided n is sufficiently large,
for all k1 6 k 6 k2 we have

1− C

k − 1
< q < 1 +

C

k − 1
, (21)

where we can take C := 2c/δ in the case when q > 1− c/n and C := 2/c1 otherwise.
If log∗∗ log∗∗ n is even then, using Lemma 7.13, we can write

P(Πn |= ζ) = P(Σn |= ψ)

>
∑

k16k6k1

P(Σn |= ψ|Π−1
n (1) = k) · P(Π−1

n (1) = k)

=
∑

k16k6k2

P(Mallows(k − 1, q) |= ψ) · P(Π−1
n (1) = k)

> min
k16k6k2

P(Mallows(k − 1, q) |= ψ)− P(Π−1
n (1) < k1 or Πn(1) > k2)

> 1−O
(
(log∗ n)−.001)− ε,

using in the last line Proposition 7.4 together with (21) and that the fact that for all
k > k1 we have

log log log k > log log log(c1 · log∗ n) > log∗ log∗ log∗ n
> W (2)(log∗∗ log∗∗ n− 1) > W (2)(log∗∗ log∗∗ k − 1),

for n sufficiently large. If log∗∗ log∗∗ n is odd then, analogously:

P(Πn |= ζ) 6 max
k16k6k2

P(Mallows(k − 1, q) |= ψ) + P(Π−1
n (1) < k1 or Π−1

n (1) > k2)

< O
(
(log∗ n)−.001)+ ε.

Sending ε↘ 0 finishes the proof.

The sentence ζ provided in the previous corollary works in an asymmetric range of q.
In order to remedy this, we will use a construction that allows us to distinguish (in TOTO,
with appropriately high probability) between the case when q < 1− c/n and q > 1 + c/n.
The following observation is the key to that construction.

Lemma 7.16. For every ε > 0 there are c = c(ε), n0 = n0(ε) such the following holds
for all n > n0;

(i) If 0 < q < 1− c/n then P(Πn(1) < Πn(n)) > 1− ε, and;
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(ii) If q > 1 + c/n then P(Πn(1) < Πn(n)) < ε.

Proof. We first consider the case q < 1− c/n. By Theorem 3.12 and Markov’s inequality:

P(Πn(1) > n/10) 6 P(|Πn(1)−1| > n/100) 6
100 · E|Πn(1)− 1|

n
6

200q

n(1− q)
6

12

c
< ε/2,

where the first inequality holds for n sufficiently large and the last inequality holds pro-
vided the constant c is chosen sufficiently large. Analogously

P(Πn(n) < 9n/10) 6
100 · E|Πn(n)− n|

n
< ε/2.

Part (i) follows.
Assume now q > 1 + c/n for some large constant c to be determined. Recall that

rn ◦ Πn=d Mallows(n, 1/q). We have 1/q < 1/(1 + c/n) < 1 − (c/2)/n, where the last
inequality holds for n sufficiently large. Using the previous part:

P(Πn(1) < Πn(n)) = P(rn ◦ Πn(1) > rn ◦ Πn(n)) < ε,

for n sufficiently large (and provided we chose c sufficiently large).

Proof of Proposition 7.10: Let ζ be as provided by the previous corollary, let ζreverse

be as provided by Lemma 3.20, and let

θ := ∃x∃y : (x <2 y) ∧ ¬ (∃z : z <1 x) ∧ ¬ (∃z : y <1 z) ,

denote a TOTO sentence that formalizes that Πn(1) < Πn(n). The sentence ξ is now
given by

ξ := (θ ∧ ζ) ∨ (¬θ ∧ ζreverse) .

That is, ξ demands that one of a) Πn(1) < Πn(n) and ζ holds, or b) Πn(1) > Πn(n) and
ζ holds for rn ◦ Πn.

Let ε > 0 be arbitrary (but fixed) and let c > 0 be as provided by Lemma 7.16. We
consider an arbitrary sequence q = q(n) with 1− 1/ log∗ n < q < 1 + 1/ log∗ n. Let n be
such that W (2) (log∗∗ log∗∗ n− 1) < log∗ log∗ log∗ n. First we assume that log∗∗ log∗∗ n is
even and 1− c/n < q < 1 + c/n. In this case

P(Πn |= ψ) > P(Πn |= ζ and rn ◦ Πn |= ζ)
> 1− P(Πn 6|= ζ)− P(rn ◦ Πn 6|= ζ)
= 1− o(1),

If log∗∗ log∗∗ n is odd and 1− c/n < q < 1 + c/n then similarly

P(Πn |= ψ) 6 P(Πn |= ζ) + P(rn ◦ Πn |= ζ) = o(1).

If log∗∗ log∗∗ n is even and 1− 1/ log∗ n < q 6 1− c/n then we have

P(Πn |= ψ) > P(Πn |= ζ)− P(Πn(1) > Πn(n)) > 1− o(1)− ε.

If log∗∗ log∗∗ n is odd and 1− 1/ log∗ n < q 6 1− c/n then

P(Πn |= ψ) 6 P(Πn |= ζ) + P(Πn(1) > Πn(n)) < o(1) + ε.
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Now suppose that log∗∗ log∗∗ n is even and 1 + c/n 6 q < 1 + 1/ log∗ n. Observe that
1 − 1/ log∗ n < 1/q < 1 − (c/2)/n for n sufficiently large. Adjusting the value of c if
needed, we can again apply Corollary 7.15 to obtain:

P(Πn |= ψ) > P(rn ◦ Πn |= ζ)− P(Πn(1) < Πn(n)) > 1− o(1)− ε.

Similarly, if log∗∗ log∗∗ n is odd and 1 + c/n 6 q < 1 + 1/ log∗ n then

P(Πn |= ψ) 6 P(rn ◦ Πn |= ζ) + P(Πn(1) < Πn(n)) < o(1) + ε.

The result follows by sending ε↘ 0. �

8 Discussion and suggestions for further work

Theorem 1.1 established that for q < 1 the zero-one law holds wrt. TOOB, while for q > 1
there is some TOOB sentence whose probability of holding does not converge with n. (In
the case when q = 1 Compton [15] has shown decades ago that the convergence law
holds, but not the zero-one law.) The property exhibiting the non-convergence simply
asks for at least a certain number of fixed points, exploiting a result from [31] (repeated
as Theorem 3.11 in the present paper). Having another look at the result on the limiting
distributions for the cycle counts provided by that result, it should be relatively straight-
forward to show that when q > 1 and we consider either the sequence Mallows(2n, q) of
Mallows permutations restricted to even domain sizes or the sequence Mallows(2n+ 1, q)
restricted to odd domain sizes, then in fact the convergence law will hold.

Theorem 1.1 only considers the case of q fixed. The case when q = q(n) depends on n
is certainly worth investigating, in particular the “phase transition” regime when q → 1.
A natural line of inquiry would be to try and determine a “critical window” inside which
the behaviour is essentially the same as q = 1 (convergence law but not zero-one law)
while below we get the zero-one law and above the convergence law fails. The behaviour
of TOOB sentences is essentially determined by the limiting distribution of (short) cycles,
so one might expect this to be relatively straightforward. The behaviour of cycles in the
regime when q → 1 is however far from well understood at the moment. We point the
reader to [31] for some more discussion of the relevant open questions on cycles in the
Mallows model.

In Theorem 1.2, Part (ii) we did in fact consider a range of q with q → 1. We
constructed a sequence ϕ ∈ TOTO such that P(Mallows(n, q) |= ϕ) does not converge for
any sequence q = q(n) with 1−1/ log∗ n < q < 1+1/ log∗ n. For the ϕ we’ve constructed,
we believe it should be possible to determine a sequence q = q(n) that converges to 1
(very slowly) while P(Mallows(n, q) |= ϕ) converges.

On the other hand, as mentioned earlier, the range (1 − 1/ log∗ n, 1 + 1/ log∗ n) is
certainly not best possible, as should be evident from the proof. It should be possible to
achieve a range for q that approaches 1 much more slowly, with a minor variation on our
proof. The only constraint on the range we can obtain seems to be what we can axiomatize
using the arithmetization construction in Section 6.1. That is, if we can axiomatize some
increasing function F (n) using binary relations as in Section 6.1 and f(n) is its discrete
inverse (i.e. f(n) := max{m 6 n : F (m) 6 n}), then one should be able to construct a ϕ
such that P(Mallows(n, q) |= ϕ) does not converge for all 1−1/f(n) < q < 1+1/f(n). It is
not quite clear to the authors at present, most likely just for want of a proper background
in the relevant subfields of Mathematics, exactly how wide of a range can be obtained
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in this manner. But, perhaps a different proof technique can yield even wider ranges.
In particular, perhaps one can widen the range of q where there is non-convergence even
more if one does not insist on finding a single sentence that works in the entire range?
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