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Abstract

We introduce a regularity method for sparse graphs, with new regularity and
counting lemmas which use the Schatten—von-Neumann norms to measure unifor-
mity. This leads to k-cycle removal lemmas in subgraphs of mildly-pseudorandom
graphs, and also in graphs lacking a quasi-smooth family of bipartite subgraphs,
extending results of Conlon, Fox, Sudakov and Zhao. We give some additive-
combinatorial applications: one about translation-invariant linear equations in sub-
sets of mildly-pseudorandom sets, one about such equations in generalized Sidon
sets, and one about polygonal patterns in subsets of Z? with few parallelograms
(giving a two-dimensional analogue for a result of Prendiville). Separately, our
regularity lemma implies a dense graph removal lemma with mild constant depen-
dencies, in graphs whose spectral L?~¢ norms are small.

Mathematics Subject Classifications: 05C75, 11B30, 05C35

1 Introduction

A famous result in graph theory, initially motivated by the Rusza—Szemerédi problem [40]
and then by its application to Roth’s theorem for 3-term arithmetic progressions [39], is
the triangle removal lemma reproduced below.

Theorem 1 (Triangle removal lemma). For any € > 0, there exists 6 > 0 such that any
n-vertex graph G with fewer than dn? triangles can be made triangle-free by removing at
most en? edges.

This fact can be generalized to an H-removal lemma for any subgraph H of G [21,
22, 13], and also to the setting of hypergraphs [28, 50], the latter leading to a proof
of Szemerédi’s theorem for k-term arithmetic progressions [47, 51]. We note that the
known dependency of 7! on 7! (or on loge™! [22]) is at best tower-exponential, unless
H belongs to a special family. The regularity method is the classical template used to
prove such results, typically consisting of:
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1. A regularity lemma, which approximates G by a simpler (weighted) graph CNJ;

2. A counting lemma, which shows that G and G have about the same number of
homomorphic copies of H;

3. A removal argument, which removes a few blocks of edges so that G has no more
homomorphic copies of H. After removing a few more edges, the same holds for G.

A shortcoming of results like Theorem 1 is that they are only nontrivial for dense
graphs, which have > en? edges; indeed, a graph with < en? edges can always be made
triangle-free by removing all edges. By contrast, a triangle removal lemma for sparse
graphs G would assume a total of dp>n? triangles, and would remove at most epn? edges,
where p € (0,1) can decay to 0 as n — oo (these values can be justified by considering
the Erdés—Rényi random graph G(n,p), where each edge is included independently with
probability p). But such results require additional assumptions on the graphs in question,
and finding appropriate assumptions has been the subject of extensive literature [17, 48,
51, 34, 33, 42, 14, 15, 1, 10, 9]. Despite their variety, most sparse regularity methods
contain:

1. A structure theorem | dense model theorem, often based on a (weak) sparse regularity
lemma. This is used to construct a dense graph G approximating the sparse G;

2. A sparse counting lemma, which plays the same role as the dense counting lemma
(but requires additional assumptions about the sparse graphs involved);

3. A transference argument, which applies the dense H-removal lemma to é, and
removes a few more edges to conclude an H-removal lemma for G.

A broad category of sparse removal lemmas assume that G is a relatively-dense
subgraph of a random or pseudorandom (hyper)graph, for an appropriate notion of
(pseudo)randomness. Green and Tao used similar ideas to prove their celebrated theorem
that the primes contain arbitrarily long arithmetic progressions [30], and Conlon, Fox and
Zhao gave a simplified exposition of the proof using a more general pseudorandomness
condition [17]; multidimensional analogues of this result require more restrictive (and
complex) notions of pseudorandomness [48, 52]. Separately, much of the recent progress
on sparse removal lemmas has focused on obtaining counting lemmas for subgraphs of
random graphs, related to the resolution of the KLR conjecture [18, 5, 41].

A more recent direction of research concerns removal lemmas in sparse graphs which
contain few copies of certain bipartite graphs, particularly in graphs with few 4-cycles.
This was partly motivated by the work of Chung, Graham and Wilson on quasi-random
graphs [11], and pursued by Conlon, Fox, Sudakov and Zhao in a series of two papers
[14, 15]; their work uses a regularity lemma similar to that of Scott [42], and makes its
main contribution through the counting lemmas.

The goal of this paper is to introduce a new variant of the sparse regularity method,
leading to improved H-removal lemmas in both types of graphs described above, when
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H is a cycle or a path; these cases also have additive-combinatorial applications about
sparse subsets of abelian groups.

To highlight the difficulties faced by sparse regularity methods and to introduce our
approach, we first state a version of Frieze and Kannan’s weak regularity lemma [24],
following the analytic form due to Lovéasz [36]. Here, graphs are replaced with functions
f: X xY — C (where (X,Px) and (Y,Py) are finite probability spaces with full o-
algebras), and we will use the cut norm [35]

I 2= sup [Bay (£ 9) La(e) 1o (0] 1)

BCY

which has functioned in more recent literature as a substitute for the Gowers box norm

27, 28]
- a1
1 fllc2 = Eay 2o o f(:m,y1)f(562,y1)f(x2,yz)f(x1,yz)] : (2)

(In the expected values from (1) and (2), it is understood that xi, xs, y;,y2 are sampled
independently from the appropriate probability spaces.)

Theorem 2 (Weak regularity lemma for dense graphs [24, 36]). Let (X,Px), (Y, Py) be
finite probability spaces (with full o-algebras), f: X xY — C, and e € (0,1). Then there
exist partitions P of X and Q of Y, each with at most 20(1/7) parts, such that

I =E( [Pl <ellfllr-

(Here we denoted P ® Q == {Ax B: A€ P,B € Q}, and the conditional expectation
E(f | P® Q) is obtained by averaging [ over parts of P ® Q; see Section 2.2.)

Remark 3. The reader may imagine that f = 1g/p: V x V — [0,00), where 1 is the
indicator function of the edges of a graph G with vertex set V', V is equipped with the
uniform probability measure, and p = E[1] is roughly the edge density of G.

There are three key quantities in this theorem and its generalizations. The first is a
density norm depending on f (in this case, the L> norm), which dictates the theorem’s
regime of applicability, since this norm should be bounded for the conclusion to be helpful.
Indeed, when f = 1¢/p and p = E[1¢], one has || f|| L~ = 1/p, so Theorem 2 is only useful
for dense graphs G (with 1/p = O(1)). The second is a uniformity norm (in this case,
the cut norm), the smallness of which is relevant in the counting lemma. The third is the
complexity of the partition P ® Q (in this case, its cardinality); bounding this quantity
makes a transference argument possible, since low-complexity functions E(f | P ® Q)
are easier to approximate by L*°-bounded functions. In this context, a sparse regularity
method may start by obtaining analogues of Theorem 2 which replace || - ||L~ with a
weaker density norm, and || - [|5 with a stronger uniformity norm.

A key idea in our work is to use a family of norms || f||s«, for ¢ € [1,00], as both
density norms and uniformity norms. Here, ||f||ss is the Schatten g-norm (i.e., the L?
norm on the singular values) of a matrix associated to f, appropriately normalized with
respect to the probability spaces; we will also refer to || f||s« as the Schatten ¢g-norm of f.
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Using singular values to study graph regularity has of course been the topic of multiple
papers [25, 23, 46, 8, 37], most of these focusing on the maximal singular value || f/||ge.
We extend Theorem 2 to the setting of these norms, with no cutoffs on f; this requires a
different notion of complexity for our partitions: Shannon entropy (see Section 2.2).

Theorem 4 (Sparse regularity lemma). Let (X, Px), (Y,Py) be finite probability spaces
(with full o-algebras), f: X xY — C, e € (0,1), and 1 < ¢ < r < oo. Then there exist
partitions P of X and Q of Y, each with entropy at most O, (e~ %+1)) such that

If =E(f|P® Q)

sr S Ellfllsa.

Remark 5. The crucial feature of Theorem 4 is the strength of the uniformity norm, which
can get arbitrarily close to that of the density norm. This is possible because the Schatten
g-norms essentially interpolate between a measure of density (when ¢ < 2) and a measure
of uniformity (when ¢ = 0o). Naturally, the bound for the entropies H(P), H(Q) blows
up as r approaches q.

Remark 6. The case ¢ = 2 of Theorem 4 is a dense regularity lemma (generalizing Theo-
rem 2), applicable when || f||z2 = O(1). Surprisingly, Theorem 4 is also interesting in the
“super-dense” regime g < r = 2, where the norm ||f — E(f | P ® Q)||2 is shown to be
small; see Theorem 21.

We give a generalization of Theorem 4, which approximates more functions simulta-
neously, in Theorem 47; we regard these sparse regularity lemmas and the sparse graph
removal lemmas that they lead to (discussed in the next subsection) as our main results.
Indeed, equipped with this regularity lemma, a compatible two-sided counting lemma
(Lemma 51) will follow from standard properties of the Schatten norms. Our transfer-
ence step will use a dense pairs condition similar to, but more general than that of Conlon,
Fox, Sudakov and Zhao from [14]. For paths and even-length cycles, we can do better
by entirely avoiding the transference step, and using properties related to Sidorenko’s
conjecture [43]; Figure 1 outlines the logical dependencies between our main results.

}\‘ “Super-dense” graph removal

Counting lemma Regularity lemma

(Lemma 51) (Theorem 47)
’ | lemma ( Theorem 21)
Reduction to low complexity Dense cycle removal lemma
(Proposition 55) (Theorem 63)
’ “transference” ‘

Figure 1: Relationships between main results (arrows show logical implications).

Transference-free results Sparse cycle removal lemma
(Theorem 57) (Theorem 66)
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To better understand the regime of applicability of our work, let us mention a combi-
natorial characterization of || f||s« when ¢ = 2k is an even positive integer: using indices
modulo £, one has

k
”f”%lgk = Eﬁ:::::gl’j Hf(xzayz>f(xz+l)yz) ) (3)
=1

which generalizes (2), and can be viewed as a normalized count of homomorphic copies of
2k-cycles in the weighted bipartite graph induced by f (this is closely related to the trace
method from spectral graph theory [20, 12]). Furthermore, due to the characterization of
spectral norms, one has

[fllse =~ sup [Eqy [f(z,9)g(x)h(y)]], (4)

”9HL2:”h”L2:1

where g and h range over the complex functions on X, respectively Y, with L? norms
equal to 1; note the resemblance to the cut norm in (1). In particular,

(i). ||f|ls2 is the L? norm of f;

(ii). ||f]|s+ is the (0? Gowers box norm of f;

).
(i17). || f]|ss is the cube root of the L? norm of the dual function of f (see, e.g., [51, 48]);
).

| f|| s>, which we may call the spectral norm of f, is at least equal to the cut norm

11l

Moreover, as they are the LY norms of the same sequence, the Schatten g-norms of a
given function are nonincreasing in ¢ and obey interpolation bounds. Crucially, for ¢ > 2,
the norm || 1g/p||s« often remains bounded as p = E[Lg] N\, 0, which makes Theorem 4
applicable to sparse graphs.

(iv

1.1 Results about graphs

To demonstrate the applicability of our Schatten-norm-based regularity method (including
the regularity lemma in Theorem 47 and the counting lemma in Lemma 51), we use it to
derive various new graph removal lemmas, particularly in sparse settings.

Remark 7. Lemma 51 also partially answers a question of Conlon, Fox, Sudakov and Zhao
[15] about two-sided H-counting lemmas in 4-cycle-free graphs, when H is a cycle or a
path; see Corollary 53 and the remark preceding it. In fact, Corollary 53 applies to any
graph with O(n?) 4-cycles, but it requires a slightly stronger uniformity assumption than
in [15].

Unless specified otherwise, all graphs mentioned in this paper are finite, unweighted,
undirected, and simple. We denote by V(G) and E(G) the sets of vertices and edges
of a graph G; thus the elements of E(G) are two-element subsets of V(G). We define
lg : V(G) x V(G) — {0,1} by setting 1g(x,y) = 1 iff {z,y} € E(G), and we write
ec(V,W) =3 cvyew la(z,y) for any V.W C V(G). Here are some particular graphs:
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e For k > 3, we denote by C} the cycle of length k (with k vertices and k edges).
e For k > 1, we denote by P, the path of length k (with k + 1 vertices and k edges).

e For s,t > 1, we denote by K, the complete bipartite graph on s+t vertices (e.g.,
K272 = 04)

We also distinguish between several meanings for counting instances of a graph in another
graph:

(1). By the number of copies of a graph H in a graph G (or simply the number of H’s
in G), we mean the number of subgraphs of G which are isomorphic to H.

(2). We write Inj(H, G) for the number of injective copies of H in G, i.e. the number of
monomorphisms from H to G (or embeddings of H in G).

(3). We write Hom(H, G) for the number of homomorphic copies of H in G, i.e. the
number of homomorphisms from H to G.

Formally, we write

Hom(H,G) := Z H L6 (Tu, ),

2, €V (G),YveV(H) {uv}eE(H)

Inj(H,G) = Z Loy ay Yustv H Lo (%, Tv).

z,€V(G),YveV (H) {u,v}eE(H)

Hence when V(G) is equipped with the uniform probability distribution, (3) implies that
Vk € Zsy . Hom(Cy, G) = n?||1¢|%.. (5)

Remark 8. Inj(H,G) is the same as the number of copies of H in G up to a factor
depending on H; however, Inj(H,G) can be much smaller than Hom(H,G) when G is
sparse. Also, in light of (5), a simple consequence of the monotonicity of Schatten g-norms
in ¢ is that for a fixed n-vertex graph G, the quantity %Hom(C’gk, G)'/?F is nondecreasing
in k.

Throughout this subsection, n is understood to be a positive integer, and we write
0(1) = 0p00(1) for a function of n which vanishes as n — oo (see Section 2.1 for other
asymptotic notation); thus one can understand our results either as -0 statements, or as
statements about an implicit sequence of graphs {G, },>1. We will also use a parameter
p > 0 which may depend on n, and which essentially plays the role of the edge density
of G (although we do not explicitly require that p = E[lg]); thus for our graphs to be
sparse, we need p = o(1).

Our main removal lemma, which uses a transference argument based on a dense pairs
condition (and has tower-exponential implied dependencies), is given below; see Theo-
rem 66 for a more general version, applicable to weighted and k-partite graphs.
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Theorem 9 (Sparse removal lemma for odd-length cycles). For any ¢, K,C' > 0 and
integer k > 2, there exist ng,d, 7 > 0 such that the following holds. Let n > ng, p > 0,
and G be an n-vertex graph such that

Hom(Cy, G) < Cp*n?* and  Inj(Coppr, G) < 6p*FHin2ktt,

Suppose that for any partition of V(G) into parts Vi, Va, ... with at least Tn elements
each, a total of at most epn®/8 edges of G lie between ‘dense’ pairs (V;,V;) with i # j
and eq(Vi, V;) = Kp|Vi||V;|. Then G can be made {Cs,Cs, ..., Copt1}-free by removing

at most epn? edges.

Remark 10. A similar result holds for paths and even-length cycles, except that in the
conclusion, the graph G becomes empty after removing epn? edges (essentially because
paths and even-length cycles are bipartite). In that case, it makes more sense to state
the contrapositive statement (concluding that G contains many injective copies of P; and
Cor), given in Theorem 57. We note that Theorem 57 avoids the transference step (and
thus also the tower-exponential dependencies).

Remark 11. Theorem 9 may be compared to [14, Proposition 4.2], which can be recovered
by taking k = 2 and p = n~/2. The dense pairs condition in [14, Proposition 4.2] is more
restrictive, since:

(1). It applies to all partitions with at most M parts, while our condition only concerns
partitions with large parts (and one can always take M = 1/7);

(2). It includes the contribution of the diagonal pairs (V;, V;).

Point (1) will be relevant for Corollary 12, while (2) will be relevant for Corollaries 15
and 19.

Corollary 12 (Subgraphs of mildly-pseudorandom graphs). Fiz k € Z-y and K > 0. Let
p > 0 and G be an n-vertex graph with 1 < Kpv, for some v : V(G) x V(G) — [0,00)
satisfying

[v[|s2e = O(1) and lv =1l = o(1).

If G has o(p* T n?**1) Oy iy s, it can be made {Cs, Cs, . . ., Cop 11 }-free by removing o(pn?)
edges.

Remark 13. To make sense of the assumptions about v in Corollary 12, V(G) is implicitly
equipped with uniform probability. Note that one can replace these two assumptions with
the single (stronger) condition ||v — 1||g2x = o(1); since k > 2, this is more general than
the standard linear forms conditions [17, 48, 51]. For a better comparison with other
notions of pseudorandomness, see the remark after Corollary 71 (which also considers the
case of removing triangles, i.e., 2k + 1 = 3).

Remark 14. One can view pv as the indicator function of a weighted graph I, of which G
is a subgraph. Conlon, Fox and Zhao [16] proved similar H-removal lemmas (for a general
graph H) under the assumption that I' is (p, o(p°*)n))-jumbled, essentially meaning that
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|y —1||s = o(p)=1); here ¢(H) = 1+1/(2k —2) when H is a cycle of length 2k+1 > 5.
Our pseudorandomness constraint || — 1||5 = o(1) is strictly weaker (both in the type
of norm bounded and in the bound itself), though it comes at the expense of the (fairly
weak) additional assumption ||v| g« = O(1).

When p > n~'2, our removal lemmas also apply to graphs with few 4-cycles; the
corollary below is closely related to the results in [14, 15], although we use a different
regularity method.

Corollary 15 (Graphs with not too many 4-cycles). Fiz integers j > 1, k > 2, { > 3.
For any p > n~Y? and any n-vertex graph G with O(p*n*) Cy’s, the following hold true.

(¢). If G has o(pn?™) P;’s, then it has o(pn?) edges.
(ii). If G has o(p*n?*) Cy’s, then it has o(pn?) edges.

(ii1). If G has o(p** M1 *1) Oy i1 s and every bipartite subgraph of G has at most o(p*n?)
Cy’s, then G can be made {Cs,Cs, . .., Coiq t-free by removing o(pn?) edges.

Remark 16. Parts (i) and (i7) of Corollary 15 follow from Theorem 57, while part (ii7)
follows from Theorem 9; the latter generalizes the fact that

(iii"). If G has o(p*n*) Cy’s and o(p** ™ 1n?+1) Cyryy s, it can be made {Cs3,Cs, . .., Copy1 }-
free by removing o(pn?) edges.

When 2k + 1 = 5, (4i7’) recovers the main result of Conlon, Fox, Sudakov and Zhao’s first
aforementioned paper (see [14, Theorem 1.2]). For a general k, (i) essentially follows
from the same authors’ follow-up work on counting lemmas in Cy-free graphs. Another
generalization of (7i7’), which applies to k-partite graphs (as required in arithmetic appli-
cations), is given in Corollary 76.

In particular, Corollary 15 applies to Cjy-free graphs. More generally, we give an
application of Theorem 9 to graphs lacking a quasi-smooth family of bipartite graphs,
following [32, 2.

Definition 17 (Extremal numbers and quasi-smooth families). Given positive integers
m,n and a family of bipartite graphs F, we denote by ex(n, F) (respectively, ex(m,n, F))
the maximal number of edges in a graph on n vertices (respectively, a bipartite graph
on m + n vertices) which is F-free, meaning that it contains no (injective) copies of any
graph in F. We then say that F is («a, #)-quasi-smooth for some reals 2 > a > > 1 iff
for n > m > 1, one has

ex(m,n, F) = O (mn*~' +n”).

Remark 18. We do not explicitly require that ex(n, F) > ¢n® for some constant ¢ > 0 (as
in [32]), although our results will only be nontrivial in that case. With this notation, given
integers ¢ > s > 2, Fiiredi [26] showed that {K,} is (c, §)-quasi-smooth with @ =2 — 1
and =2 — %; we only know the corresponding lower bound ex(n, {K,.}) > ¢;4n® when

t is large enough in terms of s [3].
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Corollary 19 (Graphs free of a quasi-smooth family). Fizx an integer k > 2, reals 2 >
a> [ >1, and let F be an (o, 5)-quasi-smooth family. Then an F-free n-vertex graph
G with

Hom(Cy, G) = O(n*e1) and Inj(Copy1, G) = o(nErHla-1))
can be made {Cs3,Cs, ..., Coyq }-free by removing o(n®) edges.

Remark 20. As an extension of their work on Cy-free graphs, Conlon, Fox, Sudakov and
Zhao asked [15] about similar removal lemmas in H-free graphs for various bipartite
graphs H, including Cy, and K, for t > s > 2. Corollary 19 gives a partial answer to
this question in the latter case, taking F = {K,}, « =2—1/s and § = 2 —2/s; we note
that when F = {Kj,}, a generalization of the counting lemmas in [15] should eliminate
the need for an upper bound on Hom(Cy, G). The case F = {Co} remains open, since
this F is not known to be quasi-smooth for any k£ > 3 [32, 2.

Separately from our results for sparse graphs, we also state a natural consequence of
our regularity lemma in the regime where ¢ < r = 2; this is a graph removal lemma for a
family of “super-dense” graphs (with bounded Schatten g-norm for some ¢ < 2), involving
no tower-exponential bounds. Its proof is left to Appendix B.

Theorem 21 (Super-dense graph removal lemma). For any graph H, q € [1,2), C > 0
and € € (0,1), there exists

6 = exp (—Opqc (E_OHH(I)))

such that the following holds. Let G be an n-vertex graph satisfying ||\°|, < Cn, where
(AS)i=1 are the eigenvalues of G'’s adjacency matriz. If Hom(H,G) < 6nlVE! then one
can remove at most en? edges from G to eliminate all homomorphic copies of H.

Remark 22. As shown in [37], most graphs G have ||\¢||, of order n?*i when ¢ € [1,2),
which is not < Cn; however, Theorem 21 should be interesting when ¢ = 2 — ¢, since one
always has || \“]|s < n.

1.2 Corollaries in additive combinatorics

We now give examples of applications for each of Corollaries 12, 15 and 19 (more pre-
cisely, of their k-partite generalizations), to finding translation-invariant patterns in cer-
tain sparse subsets of abelian groups. This makes use of bipartite graphs with weights of
the form f(z,y) := p(z + y), for some function ¢ : G — [0,00), where G is an abelian
group of order n. Equipping G x G with the uniform probability measure, we extend the
meaning of the cut and Schatten norms by setting

lells = 171 and l@llsa = [[fllse; Vg €[1,00].

In this context, ||¢||ss is a normalized L? norm on the Fourier coefficients of ¢, due to
Lemma 40. When ¢ = 2k is an even positive integer, we also have

k
n? ol % = > [T #(a)e®),

ai1+--tap=by+--+by i=1
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which is often referred to as k-fold additive energy (especially when ¢ is an indicator
function).

We first give an application in the setting of a pseudorandom majorant. As in Corol-
lary 12, the key feature is that the pseudorandomness condition is mild and easy to verify,
compared to the linear forms conditions in [17, 48, 51| and the jumbledness requirements
in [16]. In particular, one can apply the following result to find solutions to linear equa-
tions in the primes (see also Corollary 74 and the remark after Corollary 71 for the case
k=3).

Corollary 23 (Linear patterns in subsets of mildly-pseudorandom sets). For anye,C' > 0
and k.0 € 7 with k > 20 > 4, there exists 6 > 0 such that the following holds. Let
ay,...,ar be nonzero integers with ay + --- + ar = 0, G be an abelian group of order n
with ged(n,ay---ax) =1, and S C G, v : G — [0,00) satisfy

S|

() (v majorizes 1g after scaling). elg < 2w

(77) (v is mildly-pseudorandom). ||v||g2e < C and ||v — 1||5 < 9.

Then S contains > 8|S|*/n solutions in x1, . ..,z to the linear equation ayx1+- - -+apxy =

0.

Remark 24. Choosing C' > 2 and ¢ < 1, condition (éi) follows from the simpler constraint
|lv — 1||g2e < 6.

Remark 25. The equation a1z, +- - -+agxy, = 0 has |5/ trivial solutions 1 = --- =z € 5,
so Corollary 23 only has nontrivial content when |S|¥~* > §~'n. Also, note that a random
subset of G with |S| elements is expected to contain |S|*/n solutions to such equations.

Before we state our other applications, let us recall that a subset S of an abelian
group is called Sidon if and only if it contains no nontrivial solutions to the equation
x4+t = y+ z (the trivial solutions being (x,t) = (y,z) and (z,t) = (z,y)); this is
equivalent to the absence of 4-cycles in the associated bipartite graph, where (x,y) is an
edge whenever x + y € S. Such sets have |S| = O(y/n).

Prendiville [38] proved a result similar to Corollary 23, where S is a large “almost-
Sidon” subset of [n] := {1,...,n} (meaning that S contains few nontrivial solutions to
r+t=1y+z and |S| = ¢y/n). One can also deduce this result, with weaker implied
bounds, from the k-partite version of Corollary 15. Below we consider another natural
weakening of the Sidon condition, noting that a set is Sidon iff it contains at most one
pair of the form (x,z + h) for each h # 0.

Corollary 26 (Linear patterns in generalized Sidon sets). For any e,C > 0, k € Zss,
and nonzero integers ay, ...,a with a; + --- 4+ ax = 0, there exists 6 > 0 such that the
following holds. Let n € Z, and S C [n] satisfy

(1) (S is large). |S| > en'/?, and

(74) (Sidon-type condition). For each h # 0, S contains at most C' pairs of the form
(x,x+ h).
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k
Then S contains > 5% solutions in xy, ..., xy to the linear equation ayx1+- - -+agxy = 0.

Remark 27. Corollary 26 follows from (the k-partite version of) Corollary 19 and the fact
that Ky, is quasi-smooth for all £ > 2. One obtains a more general statement using a
general complete bipartite graph K, instead; see Corollary 82.

Finally, as an application of Corollary 15, we give a two-dimensional analogue of
Prendiville’s result [38], related to the multidimensional Roth theorem [44, 45, 28]. Given
slopes sy, . .., s, € QU{oo}, let us call a sequence of lattice points P = (py,...,px) € (Z*)*
an (sq,...,sg)-polygon iff for each i € Z/kZ, the points p; and p;1 lie on a line of slope
s;. We say that P is non-degenerate when py, ..., pr are pairwise distinct.

Corollary 28 (Polygonal patterns in large sets with few parallelograms). For any e > 0,
k € Zs, and slopes s; € QU {oo} with s; # siv1 for i € ZJKZ, there exists § > 0 such
that the following holds. Let n € Z=y and S C [n] x [n] satisfy

(1) (S is large). |S| > en®?, and

(i1) (Few parallelograms). For each i € Z/kZ, S contains at most §|S|*/n* non-
degenerate (S;, Si+1, Si, Siv1)-polygons.

Then S contains at least (5'5—Lk (possibly degenerate) (s1, ..., Sg)-polygons.

Remark 29. It can be shown, using (21), that any set S C [n] x [n] which satisfies condition
(4i) of Corollary 28 with small enough d has |S| = O(n*?); thus Corollary 28 concerns
the densest (up to a constant) sets with few parallelograms.

2 Notation and preliminaries

2.1 Asymptotic notation, sets and functions

We keep the notation [n] := {1,...,n} when n is a positive integer. We may add restric-
tions in the subscripts of Z, Q, R, C to denote the appropriate subsets; for instance, Z-,
denotes the set of all integers greater than or equal to a. Given a set S C C and some
k € C, we also write kS := {ks : s € S}; for instance, 2Z denotes the set of all even
integers. For r € R, we write |r| for the greatest integer smaller than or equal to r.

Given any functions f : X — C and g : X — [0,00), we write f = O(g) or f < ¢
iff there is an absolute constant C' such that |f| < Cg pointwise. We write f < g when
f < gand g < f. If the implied constants may depend on a parameter ¢, we indicate
this using subscripts: f = O4(g), f <, g, respectively f =<, ¢g. If X = Z-y for some
N > 1, we write f = 0(9) = 0ps00(g) iff f(n)/g(n) — 0 as n — oco.

Given a subset S C X of an implicit ambient space, we write 1g: X — {0, 1} for the
indicator function of S. When S is an statement such as x # y, we may write 1g for its
truth value. We also keep all the graph-related notations from Section 1.1; in particular,
when G is a graph, we have 1g(z,y) = Lozy Lz yicr@)-
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Given a measurable function f : (X, %, u) — C and some ¢ € [1, 00|, we denote the L4
norm of f by || f||L« when p is a probability measure, and by || f||, when x is the counting
measure (to avoid potential confusion). We also write ||v||, for the L? norms of vectors
veCnm.

Finally, we define the Fourier transform of a function ¢ : G — C on a finite abelian
group G by

() =>_ fl9)x(g). Vy € G. (6)

geG

2.2 Probability spaces, partitions and entropy

We will mostly work with finite probability spaces (X, %, P). If the o-algebra ¥ is not
specified, it should be understood that 3 = 2% (so P can be identified with a function
from X to [0,1] with total sum 1). If the probability measure P is not specified, it
should be understood that P is the uniform probability measure on X (especially when
X = V(G) for some graph (). Given an event F € ¥, we denote its complement by
E¢ := X \ E. Given an absolutely integrable function f : X — C, we write E[f] for
the expected value of f, and we may omit the square brackets when the content of the
expectation is unambiguous. Given an event A € ¥ with positive probability, we also
write

E[f14]
E Al =
14 =5
for the conditional expected value of f given A. If X = X; x -+ x X, where (X;,%;, P;)
are probability spaces, then in an expression like E,, ., f(x1,...,z), it should be under-

stood that the x;’s are sampled independently from (X;, P;) (thus E,, ., f(z1,...,2x) =
E|[f], using the implicit product probability measure on X7 x -+ x Xj).

A partition P of a set X is a collection of pairwise disjoint subsets of X (called parts)
with union equal to X. Hence |P| denotes the cardinality of this collection, i.e., the
number of parts. We also denote diag(P) := |J,.p(A x A), which is a subset of X x X.

If (X,Y) is a measurable space, we will only work with measurable partitions of X
(meaning that all parts belong to ¥.); conversely, we write ¥(P) for the smallest o-algebra
containing all the parts of a partition P. Given a measurable function f : (X,%) — S, we
write Part(f) for the partition of X induced by f, i.e., Part(f) := {f~'(s) : s € S}. Given
an absolutely integrable function f : (X, X, P) — S, we write E(f | P) := E(f | X(P))
for the conditional expectation of f with respect to P; if X is finite, we can view E(f | P)
as an averaged function over parts of P:

E(f | P)(x)=E[f | P.l, where z € P, € P. (7)

Given two partitions P, Q of a set X, we say that P is finer than Q iff ¥(P) is richer than
¥(Q) (i.e., X(P) contains all parts of Q). We write P A Q for the common refinement
of P and Q, i.e., the coarsest partition which is finer than or equal to both P and
Q. Given partitions P of X and Q of Y, we write P ® Q for the product partition
{AxB:AeP,Be Q}of X xY.
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Finally, given a probability space (X, 3, P) and a measurable partition P of X with
finitely many parts, we define its (Shannon) entropy by

ZP logP (A)

AeP

which increases when we pass to a finer partition; thus we have 0 = H({X}) < H(P) <
H({{z}: 2 € X}) =log|X]|. Given a finitely-valued random variable f : X — S, we also
define H(f) := H(Part(f)) = —> .. P(f = s)log P(f = s) (this is the most common
definition of entropy). We will only use the inequality

H(P A Q) <H(P) +H(Q), (8)

which translates to H(f, g) < H(f)+ H(g) in random-variable notation; this follows from
Jensen’s inequality, and the difference I(P : Q) := H(P) + H(Q) — H(P A Q) is called
the mutual information between P and Q. We note that this property is also true for
the simpler function log|P|, but entropy is less sensitive to parts with small probability
(which is crucial to our regularity lemma).

We write M7 and M* for the transpose and the conjugate transpose of a matrix M.
We now introduce a couple of matrices related to random variables and partitions, all in
finite probability spaces with full o-algebras.

Definition 30 (Normalized matrices). Given finite probability spaces (X,Px), (Y, Py),
a function f: X xY — C, and an ordering (z;)1<i<|x| and (y;)1<j<|y| of the elements of
X and Y, we define Mat(f) as the | X| x |Y| complex matrix with entries

Mat(f)z-J- = f(l’z, yj>\/PX(xz)PY(yj)

Remark 31. To motivate this normalization, one can check that given any k£ > 2, finite
probability spaces (X;, P;) (with orderings of their elements), and functions f; : X; — C
for i € Z/kZ, one has

xl ,,,,, Th H f'L T, szrl =Tr (Mat(fl) e Mat(fk)) . (9)

Definition 32 (Averaging matrices). Let (X, Py) be a finite probability space, and let
(#)1<i<|x| be an ordering of the elements of X. Then for any partition P of X, we define
the matrix Ap € [0,00)"*" (which also implicitly depends on Py and on the chosen
ordering (z;);) by

/Px(z:)Px(z)) .
(Ap)-n:{T(P) IPeP: mr eh

I

0, otherwise.

Hence Ap is a block-diagonal matrix with |P| diagonal blocks, the sum of the squared
entries in each block being 1, and each block having rank 1 (in particular, rank(Ap) = |P|).
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Lemma 33 (Properties of averaging matrices). Fiz finite probability spaces (X, Px) and
(Y, Py), as well as orderings of their elements. With the understanding that P and R are
partitions of X and Q s a partition of Y, the following hold true.

(7). Forany f: X xY — C, one has

Mat(E(f | P ® Q)) = ApMat(f)Ao.

(73). If R is finer than or equal to P, then
ApAr = ArAp = Ap.
In particular, one has A% = Ap, so Ap is a projection. Another consequence of this
is that (Ar — Ap)? = Ar — Ap, so Ar — Ap is also a projection.
(4ii). For any complex matriz M with | X| rows, denoting || A2 := Tr(AA*)Y/2, one has

I(Ar — Ap) Mg = [[ArM |52 — | Ap M ][5 (10)

(iv). The nonzero singular values (and eigenvalues) of Ap consist of |P| ones. If R is
finer than P, then the nonzero singular values (and eigenvalues) of Ax — Ap consist

of IR| —|P| ones.

Proof Parts (i) and (i¢) follow quickly from our definitions and (7). Part (éi7) is Pythago-
ras’ theorem; more precisely, we can expand

Tr ((Ag — Ap)MM*(Ar — Ap)) = Tr ((Agr — Ap)>MM™)
_TMMR—AMMMﬂ
= Tr(AgRMM*) — Tr(Ap M M)
= Tr(Ar M M* Ag) — Tr(Ap MM* Ap),

using the circular symmetry and the linearity of the trace. Part (iv) follows from the
fact that projections can only have eigenvalues of 0 and 1, and from (10) when M is the
identity matrix (thus Ag — Ap has a total of [|Ag||%: — || Ap||2: = |R|—|P] singular values
equal to 1). O

2.3 Schatten norms and related energies

Definition 34 (Schatten norms of matrices). Given ¢ € [1,00) and a matrix M € C™*"

with singular values o1 > 02 > ... > Onin(m,n), we define its Schatten norms by
min(m,n) 1/
M| gq := ol and Mlgo := max o;.
[ M| 5a ; J 1] 1<j<min(m,n)
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Lemma 35. For q,q;,r € [1,00] and any suitably-sized complex matrices M, Ay, ..., Ag,
the following hold true.

(i). (Norm) || - ||ls« is a unitary-invariant norm on C™", and ||M|s« = [|[M7T|sa =
1M |sa-

(7). (Monotonicity and interpolation) For gy < q1, one has |M||sw = ||M||sa. More-

1L ._1-0, 0
over, for 6 € [0,1] and w = @ T g one has

1M 500 < [[M ] 520 1M][$01 -

(ii1). (Special cases) |M||s is the spectral (L? operator) norm of M, often written || M||
or || M||s, while ||M||s= is the L* norm on the entries of M (also known as the
Frobenius norm). More generally, one has | M|/%5, = Te((MM*)¥) for k € Zy. In
particular, if M is the adjacency matriz of an undirected graph G and k > 2, then

(iv). (Doubling property) One has

wp1/2

1M 50 = M]3 (11)

(v). (Holder inequality) If 1 = qil+- : -—i—i, then ||Ay - - Agllse < ||A1llsa - - - || Akl|sax - In
particular, given any diagonal matriz 14 with entries in {0,1}, and any partitions
P, R of a suitably-sized set such that R is finer than or equal to P, one has

max ([|[LaM||se, [|[ApM][sr, [[(Ar — Ap)M||sr) < [|M ][5 (12)

(vi). (Trace norm inequality) When ¢ = 1, |M||s1 (also known as the trace norm or
nuclear norm) satisfies
Tr(M)] < [|M]]s1-

Proof. For the fact that || - ||s« defines a norm, see [6, 53]. Otherwise, parts (i), (iii)
and (iv) follow from basic properties of singular values, and part (i7) follows from the
monotonicity and interpolation properties of L? norms (for the counting measure).

The Holder inequality in (v) reduces to the case k = 2 (i.e., ||AB||sr < [|A]|s#||B||sq
when + = ]13 + %); we refer the reader to [53, Corollary 4.27] and [4, §III] for this case.
Then, (12) follows by taking p = oo and using that ||14]|s=, ||Ap||s=, ||Ar — Ap| s~ are
either 0 or 1 (by Lemma 33).

Finally, let us give a short proof of the trace norm inequality in (vi). Let M = UXV*
be a singular value decomposition of M, where ¥ has diagonal entries ;. Then

Tr(M) = Te(USV?) = Te(SV*U) = > o,

where w; is the (i,7)th entry of V*U, i.e., the inner product between U’s ith column
and V’s ith row. But |w;| < 1 by Cauchy-Schwarz (since U,V are unitary), and thus
Te(M)] < 32500 = | M]| 5. O
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Definition 36 (Schatten norms of functions). Given g € [1, c0], finite probability spaces
(X,Px), (Y,Py), and a function f: X x Y — C, we define the ¢g-Schatten norm of f by

[fllsa := IMat(f)l|sa,

Note that this does not depend on the chosen ordering of the elements of X and Y (implicit
in the notation Mat(f)), since permutation matrices are unitary.

Lemma 37. Given finite probability spaces (X,Px), (Y,Py), a function f : X xY — C,
and q,q; € [1,00], the following hold true.

(2). || - |lse defines a norm on functions from X x Y to C, which satisfies the same
monotonicity and interpolation properties as in Lemma 35. Moreover, ||fT|ls« =
[1fllse-

(i7). When q € 2Z U {0}, one can rewrite || f||se as in (3) and (4). In particular, one
has |[flls2 = [ fllzz, [[fllss = [[flle, and [[f]ls= = [ fllo-

(17i). For any A C X and B CY, and any partitions P of X and Q of Y, one has

max (|| fLaxsllse, E(f [P Q)llsa) < || fllsa-

Moreover, Mat(E(f | P ® Q)) has at most max(|P|,|Q]|) nonzero singular values;
in particular, the constant function 1xyy has |[1xxy|/se = 1.

(iv). (Cycle counting inequality) Let k € Z-s and suppose that Zleé > 1. Fori €
ZJKZ, let (X;,P;) be finite probability spaces and f; : X; X X;41 — C. Then one

has
k

k
Eacl ..... ackai(xmxi-‘rl) < H”szS‘h
=1 i=1

Proof. Parts (i) and (ii) follow from the first three parts of Lemma 35, (9), and the fact
that the operator norm of an m x n complex matrix M can be rewritten as

Mg = sup |of Muw|,
veEC™ wEC™
[oll2=[lwl[2=1

where we can make the change of variables v; := g(x;)\/P(z;) and w; = h(y;)\/P(y;)
for some functions g : X — C,h: Y — C with L? norms equal to 1. The first part of (ii7)
follows from Lemma 35.(v), and the second part follows from the facts that Mat(E(f |
P® Q)) = ApMat(f)Ag, rank(Ap) = |P|, and rank(Ag) = |Q].

Finally, let us prove the cycle counting inequality in (iv). Fixing an ordering of the
elements of each X; and letting F; := Mat(f;), we need to show (by (9)) that

k
Te (Fy-- F)l < [T IE s

=1
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For i € Z/kZ, define ¢, € [q;, 0] by ¢} := qzz L 5o that 2F 13 , = 1. Then by the

trace norm and Holder-type inequalities in Lemma 35 and the monotomclty of Schatten
norms, we have

k k

Te (Fy-- F)l < |y Fillss < [T 1Bl < TT B Ise,
i=1 i=1

as we wanted. O

Remark 38. The cycle counting inequality in Lemma 37 can be regarded as a generaliza-
tion of the Gowers—-Cauchy—Schwarz inequality of order 2 (the latter is the special case

k=4 ¢ =-+=gqs=1/4). When ¢y = --- = q € 27Z, it also follows from Hatami’s
Hoélder-type inequality [31].
In fact, when gq,qi,...,q; are even integers, most (if not all) of the properties in

Lemmas 35 and 37 can be proven combinatorially, using repeated (and rather convoluted)
applications of Cauchy—Schwarz, similar to those in [19]. Following this idea, it is possible
that some of the generalized Gowers norms considered by Hatami and then Conlon and
Lee [31, 19] could function as a higher-order substitute for the Schatten norms, in an
extension of our work to hypergraphs.

Open Problem 39. Obtain compatible versions of Theorem 47 and Lemma 51 for hy-
pergraphs, using combinatorial analogues of the Schatten norms.

We also mention a relationship between Schatten norms and L? norms of Fourier co-
efficients, connecting the graph-theoretic and Fourier-analytic methods in additive com-
binatorics.

Lemma 40 (Fourier coefficients and singular values). Let G be a finite abelian group
(equipped with the uniform probability measure) and a,b € Z be such that gcd (|G|, ab) = 1.
Let f : G — C, and define f GxG—Cby f(a: y) := f(azx + by). Then one has

1 -
@Ilqu‘

Proof. Since the maps x — ax and y — by are automorphisms of G, and permutations of
the rows and columns of a matrix preserve its singular values, we have

1150 =

1

IVal HM HSq?
|G|
where M is the matrix with entries M, , = f(x +y) (for some ordering of the elements of
G). It thus suffices to show that the singular values of M are precisely the absolute values
of the Fourier coefficients of f. Indeed, the inverse Fourier transform identity implies that
for any x € G, one has

1fllse =

fo+y) = |—(1;| S (@) F0x(®).
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which translates to the identity of |G| x |G| matrices (noting that |G| = |G])

~

M =UDU?T, where: Usx = x(), Dyi o = F(x1) Ly =xs-

Moreover, the matrices U and U? are unitary by standard properties of the Fourier
transform. Hence M M* = UDD*U*, which is a diagonalization of M M*, and thus the

o~

singular values of M are the square roots of the diagonal entries of DD*, i.e., |f(x)| for
x € G. O

We end this subsection by defining a family of energy functions related to the Schatten
norms, which will be used in the proof of our regularity lemma (and may be of independent
interest).

Definition 41 (Generalized L? energy). Fix a finite probability space (X,Px) and an
ordering of its elements. For any complex matrix F' with | X| rows, any integer ¢ > 1, and
any partition P of X, we define the (left) fth L? energy of P with respect to F by

Ere(P) = |ApFy| %,

where F} can be defined inductively by Fy := F' and Fj, := F,F;. In other words,

F (=1
Fp = 7 -2 ’
{(FF*)2 S

We also define the total (th L? energy of F by Ep, := || Fy||32. Given another probability
space (Y,Py) and a function f : X x Y — C, we define &74(P) := Emar(s)(P) and

Erp = EMat(f)e-

Remark 42. With the notation above, for £ > 1 one has
5F7€ =Tr (FEFZ*) =Tr (F€+1) =Tr ((FF*)ﬂ*l) _ ||F||?;2[7

and thus &y = HfHZ; for any f: X xY — C. Also, £ 4(P) can only increase when we
pass to a finer partition, due to (10).

Lemma 43 (Energy increment). Let (X,Px), (Y,Py) be finite probability spaces, f :
XxY —-C, and P=Px @ Py, R =Rx ® Ry be partitions of X XY such that R is
finer than or equal to P. Then for all ¢ > 1, one has

IE(f | R) —E(f | P)llgt < (Ere(Rx) — Ere(Px))V*
+ (& o(Ry) — ng,Z(PY))1/2£>

where f1:Y x X — C is defined by f*(y,x) := f(z,y).
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Proof. Fix orderings of the elements of X and Y, and let F' := Mat(f). By Lemma 33
and the triangle inequality, the quantity to bound becomes

HARXFARY - APXFA'PYHSQZ < H(ARX - APX>FARY||S2£ + ||A7)XF(ARY - APY)H,SQZ
< [[(Ary — Apy ) Fllger + |F(Ary — Apy )l g2

1(Ary — Apy ) Fllgor + [[(Ary — Apy )JF || gur.

By symmetry, it now suffices to show that

1(Ary — Apy ) Fllgor < (Ere(Rx) — Ere(Px))> .

But by (11) and (12), for 1 < j < ¢ — 1 we have

1(Ary — Ap ) Fjllgoeris = [[(Ary — Apy ) FjFf (Agy — Ap, )|/

Szefj
< (Ary — Apy ) Fya ||

g2t—i-

By inducting on j, this implies that
l—1
I(Ary — Apy)Fllge < [[(Ary — Ap ) Fell s’
and we can further write, by (10),
[(Ary — Apy ) Fellge = | Ary Fiollse — [[Apy Follsz = Ene(R) — Ere(P).

Putting the last two equations together, we obtain our conclusion. O]

3 The regularity lemma

We start by presenting an abstract energy increment argument, the kind of which is
typically employed in the proofs of regularity lemmas. Following Tao [49], we will in
fact phrase this as an energy optimization argument, which depends on both an energy
function £ and a complexity function C. This discussion pertains to weak regularity
lemmas; a strong regularity lemma would require an additional level of iteration.

Lemma 44 (Abstract energy optimization argument). Let X be a finite set and & be
a set of partitions of X, which contains the discrete partition D := {{x} : x € X}, the
trivial partition T := {X}, and which is closed under taking common refinements (i.e., if

P,Qe P, then PANQ € ). Consider two functions £,C : & — R with the following

properties:

(1) (Energy is nondecreasing). For any P, P’ € & such that P’ is finer than P, one
has E(P) < E(P’).

(77) (Complexity is subadditive). For any P, Q € &, one has C(PAQ) < C(P)+C(Q).
Moreover, C(T) = 0.
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Lete > 0. Then there exists a partition P € & with C(P) < L, such that for any Q € 2,
one has

EPNQ)—E(P)<eC(Q)(ED)—E(T)).

Proof. 1t £(D) = £(T) (i.e., the energy function is constant), then we can easily pick
P = T, for example. Otherwise, let P € & be a partition which maximizes the real
quantity

E(P) —e C(P)(E(D) — &(T)).

Then by comparing the optimizer P to the trivial partition 7, we find that
E(T)<E(P)—eC(P)(E(D) - &(T)) <E(D) —e C(P) (E(D) = &(T)),

and thus C(P) < 1/e. Moreover, given any Q € &, by comparing P to P A Q we find
that

EP)—eC(P)(EMD)-E(T)) Z2EPNQ)—eC(PAQ)(EMD)—-E(T)).
By the subadditivity of C, this gives E(P A Q) — E(P) < e C(Q) (E(D) — E(T)). O

Remark 45. Intuitively, Lemma 44 finds a partition P with a good balance of energy and
complexity: it captures most of the energy needed for applications (in the sense that small
refinements of P only see a small increase in energy), while having bounded complexity.
Here are some concrete objects that can fulfill the abstract roles of C, £ and & from
Lemma 44:

e One can take C(P) to be log|P|, or the entropy H(P) (by (8)); Tao uses both in
[49].

e If Q) is a probability space and f : Q — C is an L? random variable, one can take
E(P) to be the L? energy E[E(f | P1 ® P2)?|. In this case, one can regard the
optimizer E(f | P; ® P2) as the best approximation to f (of a certain type) with
not too many different values.

e Alternatively, given a partition Py of €2 (e.g., induced by a discrete random variable
f), one can take £(P) to be the mutual information 1(Py : P) = H(P,y) + H(P) —
H(Py A P); this is essentially what Tao does in [49]. In this case, one can regard
the optimizer P as the best approximation to Py (of a certain type) with bounded
complexity.

e For a logarithmic and relative version of the energy £(P), see Appendix C.

e If O =X XY, one can let & consist of all partitions of the form P ® Q, where P
is a partition of X and Q is a partition of Y. This is often the case in the proof of
regularity lemmas (see Appendix C), but we will actually end up using Q2 = X and
) =Y separately.
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In our argument, we will use the full space & of partitions of a probability space
(X,Px), both the complexity functions log|P| and H(P), and the generalized L? energy
functions from Definition 41 (which are monotonic by (10)). To be more precise, we will
use a sum of finitely many such energy functions, which resembles a simultaneous energy
increment argument [51].

Whether it is helpful to use log |P| or H(P) as the complexity function depends on the
uniformity norm one wishes to bound. Indeed, while the cut norm of a function f : X X
Y — C depends on the interaction between f and subsets of X and Y (which correspond
to partitions with at most two parts), the spectral norm S* can be characterized in terms
of the interaction between f and partitions with bounded entropy; this is the content of
the following lemma.

Lemma 46 (Spectral norms and entropy). Given a finite probability space (Z,Pz), denote
F(Z)={g:Z— {0}u{2¥ 2" =25 —i2" 1 k € Z=o} | |gllr2 < 3}. (13)

Then any g € F(Z) has H(g) < 1. Moreover, for any finite probability spaces (X, Px),
(Y,Py), and f: X xY — C, one has

[fllse < sup |Egy[f(z,y)g(z)h(y)]].
gEF(X)
heF(Y)

Proof. We leave this computation to Appendix A. m

We are now ready to state and prove our sparse weak regularity lemma, which gener-
alizes Theorem 4. For technical reasons, we state our result for a finite family of £ > 1
functions rather than a single function f: X xY — C.

Theorem 47 (Simultanecous weak regularity with Schatten norms). Let {(X;, P;)}i<icm
be finite probability spaces, 1 < q; < 1y < 00, Uy, j; € {1,...,m} and f; : X;, x X;, = C
fort e {1,...,k}, and e € (0,1). Then there exist partitions P;, P, of X; such that

(2

mlaXIOg |731| <<k,q W7

max | fy — B(fy | Py ® Pyl < emax [ fllsa,  (14)
respectively

max |fi —E(f: | P, @ P},

< gmtaXHft”SQt, (15)

m/LaX H(P{) <<k7q,r ST

(@)’
where q := max; g, 7 := qming(r;/q;), and a(q,r) = 2max(lee2al.h) /(1 — ),

Remark 48. Ultimately, we will only use Theorem 47 for functions f with values in [0, c0),
but it is not much harder to treat all complex-valued functions. Also, our sparse regularity
method will only use (15), but the cut norm bound in (14) may be of independent interest
to the reader (e.g., since it fits better with the counting lemmas of [14, 15]).

While Schatten norms are stronger than cut norms, the drawback of using (15) is
that it only controls the entropies H(P!) (which could be much smaller than log |P}|).
However, this disadvantage can be removed if one is allowed to disregard a small number
of elements of each X;, which is the case for most applications.
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Proof of Theorem 47. We first note that it suffices to consider the case when all r, = oo,
since Schatten norms can be interpolated. Indeed, assuming that (15) holds when all
7, = 00, one can apply it for 2070 el/0=1) in place of ¢ (for any given r € (¢, 00)); this
yields partitions P! with

1
9(4:00)/(1=7) ~a(g,00) /(1= 1)

max H(P)) <, Lgr
7

ga(q,r) !
such that
max | f; = E(fy | P, @ Pj,) 5= < 207007 maxc|| fy ) su-

But then, given any values r;, € (¢, 0] and setting r := ¢min,(r;/q;), Lemma 37 implies
that if M := max; || f¢||s«, then for each ¢t € {1,...,k} one has
Ife = E(f | P, @ P}l s
<= B | Pl @ PG - e = E(fi | P, @ Pl
< (”ftHSLZt + ||E(ft | PZ/t ®P]{t>||sqt)(h/7’t . (21/(1—5)81/(1—g)M)

< (2M)®/e . g alrig il
=¢elM.

1—qi/7t

After this reduction, it remains to find partitions P; which satisfy (14), and P which
satisfy (15) for r = r, = co. For now, fix some partitions P; and P! of X;, which will
be chosen later via the abstract energy optimization argument in Lemma 44; it will take
some work to explain how exactly this optimization argument will be applied. By (1) and

Lemma 46, we can express the uniformity norms of interest (for ¢t € {1,...,k}) as

Ife —E(fe [P, @Pi)llg= sup  |Eu,[(fi = E(fi | Pi, ® Pj,)) (w1, 12)g1(21)g2(22)]],
glint—>{O,l}
gQ:thA){O,l}

Ife = E(fe | P @ Pi)lls= < sup By [(fe = B(fe | P, @ P},)) (@1, 22)ha(21) ha(22)] |
hi€F(X;,)
hQG}—(th)
where z; is sampled from (X;,,P;,), o is sampled from (Xj,,P;,), and F(X;) are as
in (13). In particular, all functions involved in both suprema have ||g,||;2 < 1 and
|hullz2 < 1, while each g, in the first supremum takes at most two values, and each h,
in the second supremum has H(h,) < 1 (for u € {1,2}). Taking a maximum over ¢ and
suppressing dependencies on x1, rs for notational simplicity, we get

max_|fi~B(fi | P ©P)lo = sw B[~ B(fi | Py © Py))gigbll
e{1,....k} gt:X;,—{0,1}
gé:th—){O,l}
te{l,...,k}

max |If—B(f | P @ P lsx < sup [BI(— B | P o Pl )R
e{1,....k} htlej:(Xit)
hieF(X;,)
te{l,...,k}
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Thus it suffices to bound the right-hand sides for any specific choice of the tuples of
functions {¢’,};., respectively {hl}:,. Fix such tuples of functions, and consider the
partitions of X; that they collectively induce:

\/ Part (g)) \/ Part (g5), Q. = \/ Part (RY) A \/ Part (hY).

Due to the nature of the functions ¢!, and k! these partitions satisfy the the complexity
bounds
log |Q;] < 1 and H(Q)) < 1. (16)

For notational convenience, we also denote
Ri:=PiNQ; and R :=P; A Q, (17)

which begins to resemble the setting of our energy optimization argument (Lemma 44).
Now for t € {1,...,k}, using (4) and the fact that the function (zy,x5) — g1’ (1) g5’ ()
is (Ri, ® Rj,)-measurable, we can write

| [(fi —E(fi | Pi, ® ij))gigéu

= |E[(E(f: | R, @ Rj,) = E(fi | Piy @ P;)) 15|
< E(fi | Ri, ® Rj,) — E(fi | Piy @ Pj)|lse - 911122 - g5l 22
<E(f: | Ri, ® Rj,) — E(fi | Piy @ Pj,) s,

and similarly,
[E[(f: — B(f: | P}, ® P},))hihs]| < [E(f; | R, ® R},) — E(fy | P, @ P},) || 5=

Putting things together, to obtain the desired uniformity norm bounds in (14) and (15),
it suffices to have

max [E(f; | Ri, ® Rj,) = E(fi | Piy @ Pj)|ls= < e max || fillsa, (18)
maXHE(ft | Ri, @ Rj) — E(fu | Py @ Pj)|ls < emax||filsa. (19)

We will first present the argument for (18), and then mention what changes for (19).
By Lemma 43 for ¢ := max([log, ¢], 1) > log, q, for each t we have

||E<ft | Rit ® Rjt) - E(ft ‘ Pit ® Pjt))HSoo < (gftf(,R’it) - gft,f(Pit))1/2e

(20)
+ (&g o(Ry) = Egr (P,

where all energies are bounded by &, , = || ft”?zé < Ifell%e < |Ifel/%e. We are finally ready
to choose P; by applying the energy optimization argument in Lemma 44, once for each
i€ {l,...,m}, to the set Q = X;, in the search space & of all partitions of X, with the

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.26 23



complexity function log]| - |, ce? in place of & (for some ¢ > 0 to be chosen shortly), and

with the energy function

EP) = D EuP)+ D Em (P
te{l,...k} te{l,...k}
ip=1 =

Recalling the notation M := max; || f;|| s« , note that the energy function &; is nonnegative
and bounded above by

Yo Enet D Epa< Y A+ DD AR < 2kM*

te{l,....k} te{l,...k} te{l,....k} te{l,...k}
1=l Jt=t =1 Jt=1t

Thus the resulting P; satisfy
1

goz(q,oo)

1
log |P;] < . <,

g2
and, due to the conclusion of Lemma 44, (17) and (16),

E(R) — E(P) < ce® - 2kM* - log |Qi| <, c(eM)?".
Choosing ¢ = ¢(k, ¢) > 0 small enough in terms of k£ and ¢ = ¢(q), we conclude that

2[
eM
> EreRi) = EruP)) + D (Epro(Ri) = Epr o(P)) < (7> ,
te{l,...k} te{l,....k}
1+=1 Jt=1
where each term in the two sums is nonnegative. Putting this together with (20), we
obtain

HE(ft ‘ Rit ® Rjt) - E(ft | Pit ® Pjt))HS"O < 2718M + 2718M = e’—jM,

and taking a maximum over t € {1,...,k} yields the desired bound in (18).
To establish (19), we choose the partitions P, via Lemma 44 in the same way, except
that we use the complexity function H(-) instead of log | - |. This yields

1
H(P)) <. g and Ei(RY) — &(P)) < 22 ok -H(Q),

a(g,00)

and choosing a suitable constant ¢ = ¢(k, q) is now possible due to the entropy bound in
(16). m

Remark 49. One can also give a constructive proof of a statement like Theorem 47 using
singular value decomposition (related to the spectral methods of Frieze and Kannan [25,
24]), at the expense of inserting cutoffs of the form 1 ge, R in the uniformity norms, for
some small exceptional sets R;. Such cutoffs are compatible with our methods, and can
eliminate the need to use entropy as a measure of complexity. We chose the method of
proof above partly since we find it cleaner, and partly since the generalized L? energies
from Definition 41 might find other applications (in particular, they may have higher-order
combinatorial analogues, applicable in the setting of hypergraphs).
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4 The counting lemma

For comparison purposes, we first state a version of the k-cycle counting lemma for dense
weighted graphs (see a similar version for triangles, e.g., in [14, Lemma 3.4]).

Lemma 50 (Dense cycle counting lemma). Let k € Z>3 and ¢,C > 0. Let (X;,P;) be
finite probability spaces and f;, f; : Xix Xj11 — [0,00) be functions satisfying || fi|| L~ < C,
| fillee < C, and || fi — fillg <&, fori € Z/kZ. Then

k k
| DS H filzi, xiv1) — Bay oy H filzi, 2i1)| < KCP e
i=1 =1

Like in the case of regularity lemmas, a sparse counting lemma should not require L>
bounds on the functions f;. The counting lemmas of [17, 14, 15], for instance, assume that
ﬁ remain L*°-bounded, but have weaker assumptions about f;. In our sparse counting
lemma below, we eliminate all of the L* constraints, by replacing them with appropriate
Schatten norm bounds. This weakening of the density norm bounds comes at the expense
of stronger uniformity norm bounds, as we also replace the cut norm by the appropriate
Schatten norms.

Lemma 51 (Sparse cycle counting lemma with Schatten norms). Let k € Z>o, q1,...,qx €
[1,00), and 11, ..., € (1,00] be such that for each i € Z/kZ,

Also, let e,C > 0, (X;,P;) be finite probability spaces, and fi,ﬁ Xy x X — C be
functions satisfying || fillse < C, ||fillse < C, and || fi — fills~ < e, fori € Z/kZ. Then

< kCF e,

k k
Ezlmk H fz(SCz, $i+1) - E:plxk H fz(l'z, l’i+1)
i=1 =1

Proof. Replacing f; with ﬁ one i at a time, it is enough to show (by the circular symmetry
of the indices and the equivalent conditions on f; and f;) that

k

Eoy o (fi = fi) @y, 00) [ ] filws, i)

1=2

< CF e,

But is an immediate consequence of the cycle counting inequality from Lemma 37, our

assumed Schatten norm bounds, and the fact that Ti + Zj i % > 1. O
i j

Remark 52. The counting lemmas considered in [14, 15] are one-sided, in the sense that

they only provide lower bounds for expressions like E,, ., Hle fi(zi,xiq). Conlon,

Fox, Sudakov and Zhao also asked [15] about potential two-sided results: specifically,
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for which (connected) subgraphs F' is there a two-sided F-counting lemma, in graphs G
with no 4-cycles? Lemma 51 answers this question when F' is a cycle or a path, in the
broader setting of graphs G with not too many 4-cycles; the only drawback is that it uses
the slightly stronger S*° uniformity norm instead of the cut norm. The reader should
compare the corollary below with the notion of countable graphs from [15].

Corollary 53 (Two-sided counting lemma in graphs with not too many Cy’s). For any
graph F € {Cy : k > 5} U{P, : k > 1} and any ¢,C > 0, there exists 6 > 0 such
that the following holds. Let G be an n-vertex graph with Inj(Cy, G) < Cn?, and H €
[0, 00)V(EXVIE) be g symmetric matriz with Tr(H*) < Cn*, such that

Va,b: V(G) = C with |allz, [b]2 < v/,
2y Loz ylal@)bly) 2, , H(z,y)a(x)b(y) ‘

n3/2 n2 <O

Then for every family (Ay)vev(r) of subsets A, C V(G), one has

vaeAu,vUeV(F) H{u,v}eE(F) Lo(zu, T0) B vaeAv,VvGV(F) H{u,v}eE(F) H(y, )
nlVE)=IEF)]/2 nlV ()]

< e.

Proof. Equip V(G) with the uniform probability measure, and define £ f V(G) %
V(G) = [0,00) by f := 1g/p and f := H, for p = n~Y/2 (one can in fact use any
p > n~'/? to obtain a slightly more general result). A short computation of Conlon, Fox,
Sudakov and Zhao [14, p. 2389, below (11)] shows that for any n-vertex graph G, one has

HOHI(C4, G) < n2 + IHJ (04, G), (21)

with an absolute implied constant. Using (5) and our assumption that Inj(Cy, G) < Cn?,
this yields
Hom(Cy, G) _ C'n?
Il = LG O _ o

for some constant C* > 0 (depending only on C). Similarly, Tr(H 1) < Cn* translates
to || f]ls+ < CY*, and the assumed d-bound involving functions a,b : V(G) — C simply
states that

S
p4 nt p4 n4
4

Hf - fHSOO g 57
by (4) (in [15], @ and b are required to be indicator functions of subsets of V(G), which

amounts to the less restrictive cut norm bound | f — ﬂ|D < 9). Finally, the desired
conclusion translates to

Exl ..... T H (fILAUXAU+1)(xv7 varl) - Ezl ..... Tp H (fNﬂAUXAU+1)<xv7 varl) < g, (22)

vEL/KZ vEL/KZ
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when F' = CY is a k-cycle with k > 5 (and V(F) = Z/kZ), respectively

k—1 k-1
Ex1,.“,xk H(fILAUXAU+1)(xv7 xv—l—l) - E:m,...,xk H(fllAvXAU+1>(xva xv—l—l) < g, (23)
v=1 v=1

when F' = P, is a (k — 1)-path with £ > 2 (and vertex set V(F) = {1,...,k}).
Letting f, := fla,xa,,, and fo = ],CV]IAUXAUH, we still have || fyllss, [[follss <c 1 and
1 fo = follsee < 8 for each v, by Lemma 37.

Thus (22) follows immediately from Lemma 51, by picking a small enough ¢ and noting
that é + Zi;}i > 1. Similarly, (23) follows from Lemma 51, by inserting constant
functions f, = fy := Ly () with || fil|lsr = | fellst = 1 (by Lemma 37), and noting that
S I -

Our next lemma is a bit technical, but it will ultimately allow us to consider only
proper k-cycles (as opposed to homomorphic copies of k-cycles) in results about non-
k-partite graphs such as Corollary 15. This is done by following an idea from [14] to
carefully partition the space X into k parts XM, ..., X® and to only consider the
tuples (z1,...,2%) € XM x ... x X#),

Lemma 54 (Restricting to distinct vertices). Let k € Zso, (X,P) be a finite space
equipped with uniform probability, and f : X* — [0,00) be a (®f:177)—measumble func-
tion, for some partition P of X. If R denotes the union of all parts of P with fewer than
k(k + 1) elements, then there exists a partition of X into k disjoint parts X1, ... X®)
such that

k k
Ex1,...7xkf(x17 S 7:519) H lRC('Ii) <Lk Exl,...,xkf(xla cee axk’) H ]1X(i) (xz)

i=1 i=1

Proof. We split each part A € P arbitrarily into &k (possibly empty) parts of sizes differing
by at most 1, labeled by A® for i € Z/kZ, and let X be the union of all such A®.

Now let Ay, ..., Ay denote some (not necessarily distinct) parts of P, which have at
least k(k + 1) vertices (i.e., Ay,..., Ax C R°). Consider the expectation

k
E:rl,...,xkf(xh cee >xk) H HX(i)ﬂAi(xi)v
i=1

where x1, ...,z still range over X, although only the values (x1,...,zx) € A;x---xX Ay are
relevant. Note that for these values, f(x1,...,zx) is equal to some nonnegative constant
c(Ai, ..., Ay). Moreover, by the construction of X, the intersection X N A; contains

at least
(A | o [Al =k _ A
E |~ k T k+1
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vertices, and thus Eg, 1 x4, (i) > k+1EmzﬂA (x;) (since we are using the uniform prob-
ability distribution on X). It follows that

k k
Ezl ..... ;ka(xla 7[Ek) H :H-X(Z)OA (xz) C(Al) 7Ak)EI1 ----- T H :H'X(Z)I’WA (xl)
i=1 i=1
1 k
c(Ary ooy Ap) By e 14, (5
(k + ) ( 1 k) 1Lk E A’L( )
1 k
= mEml,...,xkf(xh ey Tg) E La, (i),
and summing over all choices of Ay x --- x Ay, we conclude that
k k
By, oo f (1) [ [ Lre(2i) <b By f(21, -2 HIIX@)QRC ;)
=1
< E:pl,...,xk I‘l, H ]]-X( ) xz
using the nonnegativity of f once again. O]

We can now present the natural consequence of our regularity and counting lemmas
(with no transference-step machinery or assumptions involved), which reduces a general
k-cycle count in a weighted k-partite graph to an analogous count where the weight
functions are fairly structured. When all vertex sets are equal, Lemma 54 also allows us
to consider strictly proper k-cycles (with distinct vertices) in the upper bound.

Proposition 55 (Reduction to low complexity). For any k € Z=5 and q1, ..., q; € [1,00)
with Zlqi > 1, and any €,C > 0, there exists T > 0 such that the following hold. Let
(X;,P;) be finite probability spaces, and f; : X; x X;o1 — C satisfy || fillsa < C, for
i€ Z/KL.

(¢). There exist partitions P! of X; with H(P!) = O kq1....qn.c(1), such that

k k
| DS H filzi, wiy1) — By oy H E(fi| P/® 73£+1)($i, Tip1)| < e
i i=1

(7). If all f; take values in [0,00), there exist partitions P; = {R;, Ai1, Aia, ...} of Xi,
with P;(R;) < €2 and P(A; ;) > 7 for alli,j, such that

k k
Eviyo [TE | Py @ Prd) (@, 2000) e () < €+ Bay | [ il i)
i=1 i=1
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(131). If additionally all spaces (X;, P;) = (X, P) are equal and P is the uniform probability
distribution, and |X| is sufficiently large in terms of e, k, q1, ..., q, C, then in part
(ii) one can take all P; =P and R; = R to be equal, and also conclude the stronger
bound
k

i=1

Remark 56. Parts (i) and (i7i) of Proposition 55 yield partitions P; whose parts all have
probabilities at least 7 (except possibly for one part R;), which automatically implies the
cardinality bound |P;| < £ 4+1 = O. .. q.c(1). This is already better than the entropy
bound H(P!) = O.k.q...q.c(1l) from part (i), but the more explicit restriction on the
structure of P; will be useful in Section 6.

Proof. Assume without loss of generality that /(kC*) < 1 (by making ¢ smaller if nec-
essary). To prove (i), apply Theorem 47 for the functions f;, and with

R e T

. q Qz qz . q
iV X ) iV (24)
= —+> —>1L
T gy qj

This produces partitions P; of X; such that H(P}) = O. k.q,....q..c(1) and
masx | f; = B | P& Phyy)llsre < oo max | fillsn < ooy
The conclusion now follows from our counting lemma (Lemma 51).

For (ii), consider the partitions P/ from (i), and let P; be obtained from P; by combin-
ing all parts with probability less than 7 into one part R; (for some parameter 7 € (0, 1)
to be chosen shortly). Then, if py, ps,... denote the probabilities of all parts of P/, we
have

1 1
P;(R;) = Z Dn = W Z pnlog;

Pn<T pn<T (25)
1L H(P)

1 1
g T 1 N nl — = T N OE T 17N |
a1/ 277198 5 = Tog(ijmy — Ok (mg(w))
We can thus pick 7 = 7(g,k, q1, - - ., @&, C) small enough so that P;(R;) < &2 (uniformly in

i). Since the functions E(f; | P ® P., ) and E(f; | P; ® Pi11) are equal inside R{ x R,
we conclude (using (4)) that

k k
Eoion [LTE(i | P ® Pisi)Lae(2:) < Eay, [ [ B | PP Pl (@0 2000)

i=1 i=1

=1
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Finally, to prove (7i7), we apply Theorem 47 as before, except that now all vertex sets
are equal (so m = 1). This produces a partition P’ of X such that H(P') = Oy ,....qr.c(1)
and

£ €
max || f; = E(fi | P'@ P s < o7z max|| fillsw < =

We repeat the construction of P; and R; from part (ii) (except that now there is only
one partition), to obtain a partition P with |P| = O .q,...4.c(1), and a P-measurable
set R with P(R) < &2, which is the union of all parts of P’ with probability less than
T=7(,k,qu,--,q,C).

Now assume that | X| is large enough so that k(k 4 1)/|X| < 7, and apply Lemma 54
for the partition P’ and the (®/_, P’)-measurable function

k

f(l’l, e ,ZEk) = H E(fz | Pl & Pl)(l'i, {L‘H_l),

i=1
to obtain a partition of X into k disjoint parts XM, ..., X® such that

k

Eacl,...,xk H E(fz ‘ 7)/ @ PI)(xiv xi+1)1Rc <x1>

i=1

k
<x Boy o [ LB | PP @ P) (@i 2i00) Lo ().

i=1
Denoting

9i(i, Tiy1) = fi(@i, Ti1) Ly (2:),

Gi(@i, vi1) = E(fi | P'@ P) (@i, wir1) Ly (20),
Lemma 37 implies that

3

lgi = Gills < |Ifi —E(fi | P"@P)||sn < LOk—1

We can thus apply our counting lemma, Lemma 51, for the spaces X; = X and the
functions g¢;, g;, to obtain

k k
By, [ [ 90 @i0) = Bay o [ [0 mi0) | < e
i=1 =1

The point of splitting X into k parts and inserting the indicator functions 1y (z;) was
to force the product Hle gi(x;, x;41) to vanish when xy, ...,z are not pairwise distinct;
it follows that

k k
Eml,...,xk H Qz(%, xiJrl) < E:pl,..‘,xk ]111,...,3% distinct H fz(xza xiJrl)a

i=1 i=1
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and thus putting things together, we have

k k
| DS H E(fi | P'@ P (wi, xis1)Lpe () <p Egy oy H@(%, Tiy1)
i—1 i=1
k
<e+Eq o a H!h’(%', Tiy1)
i=1

k
< €+ Exl,...,xk ]]-wl,...,a:k distinct H fz (Iia xi—i—l)-
i=1
But the functions E(f; | P’ ® P’) and E(f; | P ® P) are equal inside R° x R, so the same
conclusion holds for P instead of P’. O

5 Transference-free results

When counting paths or even-length cycles, Proposition 55 already has some interesting
direct applications, with no transference step (and thus no dense removal lemma or tower-
exponential bounds) required. The main relevant result here is the following.

Theorem 57 (Expected number of paths and even-length cycles). Fiz e,C > 0 and
integers j = 1, k > € > 2. Then for all n = ny(e,C, j,k,¢) and all p > 0, any n-vertex
graph G satisfying

Hom(Py,G) > epn? and Hom(Cy, G) < C’p%n%
also satisfies
Inj(P;, G) < p/n’™ and Inj(Cy, G) < p**n?*.

Remark 58. To clarify our notation, the implied constants may depend on the fixed
parameters, but not on n and p. It is worth noting that a random (Erdés-Rényi) graph
with < pn? edges has an expected number of < pin/*™! P;’s and =< p?*n?* Cy’s, and the
conclusion of Theorem 57 confirms these predictions under relatively mild assumptions.
What makes this result nontrivial is the fact that we are counting injective copies of P; and
Coy; if we counted homomorphic copies instead, the result would be a relatively straight-
forward corollary of the fact that paths and even-length cycles are bipartite graphs with
Sidorenko’s property [43].

We work our way to proving Theorem 57, starting with a couple of propositions for
weighted graphs.

Proposition 59 (Weighted graphs with few paths). Let k € Z>1, ¢ € [1,0), €,C > 0,
and X be a large enough finite set (in terms of e, k, q,C), equipped with uniform probabil-
ity. If f + X x X = [0,00) is symmetric (i.e., f(z,y) = f(y,x),YVe,y € X), ||flls« < C,

and
k

Exl,...,mk+1 ]l:pl,...,xk+1 distinct | | f(xly Ii—&-l) < £,
i=1
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then || fllzr < e¥/* + Ce.

Proof. Apply part (iii) of Proposition 55 with k£ + 1 in place of k, ¢; = -+ = qx = ¢
and gr+1 = 1, and the functions f; = -+ = fi = f and fry1 = lx,«x, (recall that
| fet1llst = 1 by Lemma 37). This produces a partition P of X and a P-measurable
subset R C X, such that P(R) < &2 and

k
Eue [T EG I P @ P) (s, 1) Lie () < e

=1

Letting g := E(f | P ® P)lgexpe, we thus have By 4., Hle g(xi,xip1) < €. But
since ¢ is symmetric and nonnegative, an older result of Blakley and Roy [7] implies that

k
k
| D Hg(xi717i+1> > (Eyy 2,9(x1,22))" .

i=1

(Blakley and Roy state their result in the form (u, GFu) > (u, Gu)*, for any nonnegative
symmetric n X n matrix G, and any u € R with ||lu||2 = 1; we can recover the inequality
above by letting n := | X|, G := Mat(g), and u, := /1/|X]| for all z € X. This can also
be interpreted as the statement that paths satisfy Sidorenko’s conjecture [43].)

We thus get ||g||z1 < €%, But R¢ x R® is (P ® P)-measurable, so

e i lgllp = | fLrexre | o
> || fllor = 2/ f Lrsx ]| L1

Recalling from (4) that

[ Lrsxllr < I fllslTall21x 2 < [fllsev/P(R) < Ce,
we reach the desired conclusion, ||f||, < /% + Ce. O

Proposition 60 (Weighted graphs with few even cycles). Let k be an even positive integer,
q€[l,k), e,C >0, and X be a large enough finite set (in terms of ,k,q), equipped with
uniform probability. If f: X x X — [0,00) is symmetric, || f|ls« < C, and (working with
indices modulo k)

E:cl ..... ack]l:m,...,ack distinct H f(-rza xi—&-l) < £,
I€EL/KL

then || f|lz < e¥/* + Ce.

Proof. Apply part (iii) of Proposition 55 for the functions f; = f, to obtain a partition
P of X and a P-measurable subset R C X, such that P(R) < €% and

Ezl,...,xk H E(f ’ P® P)(wﬁxiJrl)ﬂRC(x’i) <k €.

i€Z/kZ.
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Let g :== E(f | P ® P)lgexre. Since k is an even integer and g is real symmetric, (3)
implies that the left-hand side above is precisely ||g||%.. Since g is nonnegative, we further
have

lgllze = llglla < llglls= < llgllsr < ™"

(The bound ||g||z1 < ||g||g+ is essentially the statement that even-length cycles satisfy
Sidorenko’s conjecture [43].)

But R°x R®is (P ®P)-measurable, so ||g]|z1 = ||f1rexre||z:. As in the previous proof,
this further implies that || ||z < /% + Ce since P(R) < 2. O

We take a final intermediate step to proving Theorem 57 through the following result,
which resembles a removal lemma.

Proposition 61. For any integers j > 1 and k > € > 2, and any ¢,C > 0, there exist

ng,0 > 0 such that the following holds. For any n = ng and p > 0, if an n-vertex graph
G with Hom(Cyy, G) < Cp*n?® has

Inj(P;, G) < op’n? ™ or Inj(Cox, G) < 0p**n?",
then G has fewer than epn? edges.

Proof. Let q := 2(, X := V(G) (equipped with uniform probability) and f := Lg/p :
X x X — [0,00). Then by (5),

HOIII(CQ{, G)
1718 = e/plise = —arar— < ©,

so ||f]lse < CY%, and we aim to show that || f||;1 < e. But our second assumption about
G states that '
j
Easl,.‘.,:ijrl ]]‘l’l,.‘.,IjJrl distinct H f(mza xi+1) g 57
i=1
or
Exl,...,wgk :H-:vl,...,xgk distinct H f(xza xi+1) < 57
i€Z/2kT.

for a value of § that we have yet to choose. Propositions 59 and 60 now imply that for
all large enough n,

Ifllzr < 847+ CY45 or I£llz < 612 4 CVag,

and we can choose ¢ small enough so that the upper bounds above are less than e. O

Proof of Theorem 57. Apply Proposition 61 for the same values of j, k, ¢, e, C, to obtain
some ng,d > 0 such that the following contrapositive statement holds. For any n > ny
and p > 0, and any n-vertex graph G with > epn? edges and Hom(Cy, G) < Cp*n?*
has

, one
Inj(13j7 G) > 5pjnj+1 and Inj(Cor, G) > 5p2kn2k-
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We wish to find constants a, 8 (depending on j, k, ¢, e, C') such that
ap’ /Tt < nj(P;, G) < Bp'n/ ™ and ap®n® < Inj(Cor, G) < Bp*nk,

and we can already take o := 1/§ for the desired lower bounds. For the upper bounds,
first note that by (5), the condition Hom(Cy, G) < Cp*n* means ||1¢g/pl|gee < CV%.
Since || La/plls2x < ||La/plls2e, we get

Inj(Cox, G) < Hom(Chy, G) = n**||1¢|| %, < CHp*n2k,

Similarly, after fixing an ordering of the vertices of G (and equipping V(G) with the
uniform probability measure), one has

k
WP, G) < Hom(P;, ) = S [[1avivir) = w7 {u, Mat(L6) ),

U1y Uj41 EV(G) =1

where u € R™ is the constant vector with each entry equal to 1/4/n (and thus |ulls = 1).
We now have

(u, Mat(Lg)Y'u) < |[Mat(1e)’|| g = [Mat(Le) 5 = 1165w,

since the singular values of a self-adjoint matrix are just the absolute values of its eigen-
values (thus the singular values of Mat(1g)’ are the jth powers of the singular values of
Mat(1¢)). Putting things together, we get

j(P;, &) < 0¥ | 1gllye < 0¥ [Telhe < G0
So we can take 3 := max(C*¢, C7/?!) and our proof is complete. O

Next, we prove the first two parts Corollary 15, and leave the last part (which requires
a transference step) to Section 6.

Theorem 62 (Rephrasing of parts (), (i2) of Corollary 15). For any integers j > 1 and
k> 3, and any ,C > 0, there exist ng,d > 0 such that the following holds. For any
n = ng and p = n~Y2, if an n-vertex graph G with Inj(Cy, G) < Op*n? has

Inj(P;, G) < dp'nt! or Inj(Cyr, G) < 6p**n?*,
then G has fewer than epn? edges.

Proof. This follows directly from Proposition 61 by taking ¢ = 2, provided that we can
use the additional lower bound p > n~'/2 to upgrade the upper bound Inj(Cy, G) < Cp*n?
to

Hom(Cy, G) < C'p*n*

for another constant C” (depending on C'). But we already did this in the proof of
Corollary 53, using (21). O
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6 The transference step

In this section, we complete the transference step and prove our main removal lemmas
for k-cycles (and k-paths) in weighted sparse graphs. We will “transfer” to the follow-
ing weighted version of the k-cycle removal lemma for dense graphs (i.e., assuming L
bounds); this is a fairly classical result, which can be proven along the same lines as [14,
Theorem 4.1] (see also [51]).

Theorem 63 (Dense cycle removal). For any k € Zs3 and € > 0, there exists § > 0 such
that the following holds. Let (X;, %, P;) be any probability spaces and f; : X; x X411 —
0, 1] be measurable functions, fori € Z/kZ. If

k
Exlsck H fz(ﬂfu $i+1) < 5, (26>
i=1

then there exist measurable subsets F; C X; X X1 with ||fi]1Ef||L1 < e for each i, such

that
k

Exl,.‘.,xk H ]]-E1 (xi’ xi-ﬁ-l) - 0

=1

Remark 64. The conclusion of this theorem (and similar ones) is sometimes [51] phrased
with the vanishing of Hle( filg,)(x;, x;41) rather than Hle 1g,(z;, x;11). To recover our
statement from this one, we can simply intersect F; with the support of f;.

Remark 65. Thinking of f; as the weight functions of a k-partite graph with few k-
cycles, supp(f;) \ E; represent the (small) sets of edges that one can remove in order to

obtain a k-cycle free graph. If one is interested in general weighted graphs, one may take
Xi==Xpy=X, fi=-=fr=f,

and bound || f1ge||z1 by the triangle inequality. If one is further interested in undirected
graphs (so f is also symmetric), one can always modify FE by considering the minimal
symmetric set containing it. Of course, one issue with passing to non-k-partite graphs this
way is that due to vertex collisions, (26) now assumes a bound for homomorphic copies
of k-cycles rather than proper k-cycles, which matters for £ > 3 (unlike in Theorem 1).
Luckily, this issue can be ammended through the last part of Proposition 55 (the proof
of which used Lemma 54).

Theorem 66 (Sparse cycle removal). For any k € Zs3 and q,...,q. € [1,00) with
Zii > 1, and any ¢, K,C > 0, there exist 0,7 > 0 such that the following holds. Let
(X;, P;) be finite probability spaces and f; : X; x X;41 — [0,00), fori € Z/kZ. Assume
that for each 1,

(i) (Bounded Schatten norm). One has || fil|su < C, and
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(73) (Dense pairs condition with large parts). For any partitions P;, Pir1 of Xi, Xin1
into parts with probabilities > T, one has

€
‘|fi1E(fi\77i®73i+1)>K”L1 < Z (27)
If additionally
k
E. . H filzs, ziq) <0, (28)
i=1

then there exist subsets E; C X; x X; 1 with |]fi]lEf|]L1 < € for each i, such that

k
Exlzk H 1g, (%‘, $i+1) =0.

i=1
Moreover, if all (X;,P;) = (X, P) are equal and P is the uniform distribution, and |X|
1s sufficiently large in terms of k,qq, ..., qr, €, K,C, then in the dense pairs condition one
can assume that P; = Piyr1, and one can replace (28) with

k
Ezl,...,mk :H-:cl,‘..,mk distinct H fz(xzy xi+1> < 5

=1

If additionally all f; = f are equal, then one can also replace (27) with

< -
8

Remark 67. We recall that for a partition P of a set X, we denoted diag(P) := |J4cp(A X
A) C X x X in Section 2.2. The fact that we can ignore the contribution of the set
diag(P) to the average in (27) when all f;’s are equal will be relevant for the last part of
Corollary 15.

Remark 68. One can obtain a sparse k-path removal lemma similar to Theorem 66, by us-
ing the appropriate dense removal lemma, and applying our counting lemma (Lemma 51)
with f; = f1 = Ix,xx, and ¢; = 1; the condition Z o> 1 can be discarded in that
case. The resulting removal lemma is superseded by Prop081t10n 59 when applied to a
single, undirected graph (which is why we leave it to the reader), but it has new content
for k-partite and/or directed graphs.

| f Le(fper)> K LdiagP)e || 1

Proof. Denote q := (q1, ..., qx); we will choose a parameter 6 = d(e, K, k,C) > 0 later in
the proof. For now, we fix § and apply part (i) of Proposition 55 with ¢ in place of &,
to obtain a parameter 7 = 7(0, k,q,C) € (0,1) and partitions P; of X; whose parts have
probabilities > 7 (except possibly for one part R; € P; with P;(R;) < 6?), such that

k

k
| D H E(fi | Pi @ Pit1) (@i, Tig1)Lre(2:) < 0+ Eqy g H fil@s, ziga).
i1

=1
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By (28), the right-hand side is at most 20. Now consider, for each i, the (P; ® P;y1)-
measurable functions

fi:ﬂ-fi<4K
RSX RS

ﬁ = E(fz ‘ P ®Pi+l) and gi = AK i Xy

It follows that for some constant ck > 0 depending on K and k, we have

k
| DS Hgi(ﬂfi, Tit1) < CE k0 (29)

i=1

Note that 0 < ¢g; < 1 everywhere, so we can apply the dense removal lemma (Theo-
rem 63) for the probability spaces (X;,%(P;),P;) and the functions g;. We finally pick
d = 0(e, K, k) small enough, as given by Theorem 63, to find (P; ® P;;1)-measurable
subsets F; C X; x X,y such that

k
€
1g (x;xi01) =0 and i1 e < —,
g B (T3, Tiy1) giLee || T3
for all z1, ..., z., and for all 7 respectively. We also make § smaller if necessary, in terms
of € and C, to guarantee that
€
Sl flls= < 5.

(This is possible by the assumed Schatten norm bounds, recalling that || f;||s= < || fillse <
C.)

It remains to show that || filge|

< e. To this end, we split

| filge

pt < || fil(rexre, el + (| filrexrs,, Lag |l o (30)

We use (4) to bound the first term:

JARS Hfi]le'XXiHHLl + Hf’i:H‘XiXRi+1|’L1

< HszS“’ (‘ ]]‘Ri i+1HL2) (31)
9

< lflls= (VPR + vPra(Riv) ) <20 fills=d < .

”fz]l(RCXRl_,'_l

To handle the second term in (30), note that since {f; < K}, E; and and RS x R¢ 41 are
(P; ® P;y1)-measurable sets, we have

Ll

| filrexre, Lpellr

i+1

Hf% fz>4KILRCXRf+1||L1 + ||fl f1<4KﬂRCXRf+11Ef
= ||l fi1 ﬁ>4K]1RCXRf+1||L1 + Hfi]1ﬁ<4K]chfo+1]lEfHLl

32
— Hfi]lfi>4K]1Rc><Rf+1HLl + H4K911Ef A ( )

S filgsuxLrexre, o + Z
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We are left to handle the term~||ﬁ]lﬁ>4KILRzng§+l||L1, and we intend to use the dense

pairs condition, recalling that f; = E(f; | P; ® Piy1). However, the partitions P; (for
1 < j < k) are not directly suitable for this condition, since one part of P; (which is
R;) may have probability < 7. Hence if P;(R;) < 7, we define P by combining R; with
an arbitrary other part B; of P; (which has P;(B;) > 7); otherwise we let P} := P;.
Denoting f{ := E(f; | P ® P;,,), we now claim that

filgexre,, <Af;. (33)

Both sides are (P; ® P;11)-measurable, so we must check the inequality in every part
A; X Ajyq of P @ Piyy. It A; = R; or A; 1 = R;y1, then the left-hand side vanishes. If
P;(R;) < 7 and A; = B;, then we have

E[fi]lBMAiH]
P;i(Bi)Pir1(Ait1)
E[fil(B,ur)xA:s1]
P;(B; U R;))Pi1(Ais1)

E[fz ’ B; x Az’+1] =

=2E[f; | (BiUR;) x Ai1),

~X

since P;(B;) > 7 > P;(R;) implies 2P;(B;) > P;(B;UR;). One can repeat this reasoning if

P, 1(Ri11) < 7and A1 = Biy1, showing that ]?Z-ILRZQXREH < 4f! whenever A; € {B;, R;}

or Ajy1 € {Bii1, Riv1}. In all other cases, the values of f; and f/ are equal. Thus (33)
holds, implying that f/ > K whenever ﬁ > 4K and Tgey RS, # 0. Hence we have the
pointwise bound

< filpsk

fiﬂﬁ->4KlRfXRf+1

everywhere, which implies
1filfoarLrexre, o < || filpsklln <e/4, (34)

by our dense pairs condition (note that each part of P} has probability > 7).

Combining (30) to (32) and (34) completes our proof in the general case. The state-
ment about equal probability spaces (X;, P;) = (X, P) (where P is the uniform probability
distribution on X) follows analogously, using part (iiz) of Proposition 55 instead of part
(7) (in this case we have all P; = P and all R; = R). It remains to prove the additional
claim that (27) can be replaced with

13
| f1w(siprer)> K Laiagre |l < 3, (35)

8
provided that we also have f; = --- = fi, = f; here P’ is any partition of X into parts
with probabilities > 7. To this end, we will show that by choosing a smaller value of 9,
(35) actually self-improves to (27) (in the form || flgpep)>k|lrr < §), for the specific
partitions P’ that were used in the preceding proof (to obtain (34)). More precisely, our
application of Proposition 55.(7i7) produced a partition P of X and a part R € P with
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P(R) < 62, such that

k k
Eazl ,,,,, T H E(f ‘ P®P) (xia xiJrl)]lRC (xz) <L 5+Ex1 ..... T ]1:1:1 ,,,,, zp distinct H f(wza xi+1) g 257
i=1

i=1

(36)
and the dense pairs condition was applied for a partition P’, obtained by possibly com-
bining R with another part of P. Now fixing some part A € P with A # R (and thus

ANR =), and restricting the implied summation in (36) to those z1, ...,z € A, we get

k k
26 54 By, [ [ ELf | A x AlLa() = BIf | Ax APy, [[ 1a(e:)
=1

~~~~~
=1

=E[f | A x A"P(A)".

Summing over A yields

STEIf | Ax AP(A) <, 3 (26) /P (4) = (20)/F,

AcP AeP
AZR

and using the bound || f]|se < || f|lse: < C (coupled with (4)), we further obtain

I Laingerllr = > ElfLaxa

AeP’
S E[flrxx] +E[flxxr] + Z E[fLa\Rr)x(A\R)]
AePp!
<2 flls=vP(R) + > E[fLaca]
AeP
A#R
<206+ Y E[f | Ax AP(A)? <, Co+ (26)'/*,
AeP
A#£R

By making § smaller (if necessary) in terms of e,k,C, we can thus guarantee that
| fLaiagepy||zr < €/8. Combining this with (35) recovers the original condition in (27)
(for this specific partition P’, in the form || flg(sprep)>k|r < €/4), and this completes
our proof. n

To make sense of the “dense pairs condition with large parts” and to compare our
result with prior work, let us also state the immediate corollaries of Theorem 66 for
(unweighted) graphs.

Corollary 69 (Cycle removal in multiple sparse graphs). For any k € Zss3, q1,...,qx €
[1,00) with ZZ% > 1, and e, K,C > 0, there exist ng,d, 7 > 0 such that the following
holds. Letn > ng, p1,...,pr > 0, and G4, ..., Gy be n-vertex graphs with the same vertex
set V', such that for each 1,
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(1) (Bounded Schatten norm). Equipping V with the uniform probability distribution,
one has ||1g, |4 < Cpf;

(77) (Dense pairs condition with large parts). For any partition of V into parts Vi, Va, ...
with > Tn elements each, a total of at most ep;n®/4 edges of G; lie between pairs
(V}" V;’) with

ec,(Vi, Vi) = Kpil Vj[|Vy|.

(Here we allow pairs with j = j'.) If additionally

Z La, (21, 22) -+ - La, (xp, 21) < Opy - - - pen,

x1,...,T) distinct

then there exist subgraphs G’ of G; with |E(G;) \ E(G%)| < epin? for each i, such that

Z lg; (21, m2) - 1 (g, 1) = 0.

Tl Tk

Remark 70. Recall that if ¢; is an even integer, then ||1¢,| %, = n %Hom(C,,,G;), so
condition (7) becomes a bound on G;’s homomorphic even cycle counts.

Proof. This is just Theorem 66 applied to X =V, f; = 1g,/pi, ¢ = 2¢;, 2¢ instead of ¢,
and CY/™#x4 instead of C. O

We can similarly deduce our main removal lemma from Section 1, concerning a single
graph:

Proof of Theorem 9. This is just (the last paragraph of) Theorem 66 applied to X =
V(G), fi = lg/p and ¢; = 2k for i € {1,...,2k + 1}, 2¢/(2k + 1) instead of ¢, and
C/@k+1) instead of C. Unlike in Corollary 69, it now suffices to consider the ‘off-diagonal’
dense pairs (V;,V;) with i # j. Indeed, the set diag(P) from Theorem 66 corresponds
to the ‘diagonal’ pairs (V;,V;), which can be ignored in the dense pairs condition since
Ji=""= fart1.

Also, note that Theorem 66 produces a graph which contains no homomorphic copies
of Cyk+1, and such a graph cannot contain any cycle Cypyq with 1 < ¢ < k. [

7 Applications

7.1 Graphs with mildly-pseudorandom majorants

Theorem 66 also implies a relative removal result, assuming the existence of a majorant
v > f satisfying the mild pseudorandomness assumption ||v — 1||5 = o(1). The fact that
the partitions from the dense pairs condition in Theorem 66 consist of parts of lower-
bounded probability will be critical here.
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Corollary 71 (Relative cycle removal). For any k € Z=3 and qu,...,qx € [1,00) with
Zii > 1, and any ¢, K,C > 0, there exist 0,7 > 0 such that the following holds. Let
(X;, P;) be finite probability spaces and f;,v; : X; x X;41 — [0,00), fori € Z/kZ. Assume
that for each i, one has

(i) (Bounded Schatten norm). || fil|s« < C,
(17) (Mildly-pseudorandom majorant). f; < Kv; and ||v; — 1]|5 < 7.

If additionally
k

E.Tl ..... Ty H fl(xw xi+1) < 57 (37>

i=1
then there exist subsets E; C X; x X; 1 with |]fi]lEf|]L1 < € for each i, such that

k
Exl ,,,,, T H j”~El (xi7 $i+1) - O

i=1
Moreover, if all (X;,P;) = (X, P) are equal and P is the uniform probability distribution,
and | X| is sufficiently large in terms of k,q1, ..., qx, €, K, C, then instead of (37) one can
require that Ezl Ty ]lml x}, distinct Hle fz(xza Ii—i—l) < 6

..........

Remark 72. The pseudorandomness assumption in Corollary 71 is fairly general for the
following reasons:

(1). Firstly, for any function v : X x Y — [0,00), (1) and (4) imply that

Ej{(vr—1)1
v — 1|5 = sup |E[(v — 1)1 axp]| < sup E[( )1 ax 5]
ACX AcX Px(A)Py(B)

g ”I/— 1HSoo.

BCy

When X =Y =V is equipped with the uniform probability distribution on |V| =n
vertices, the second-to-last quantity above is o(1) iff for all subsets A, B C V,

> > vlzy) — |AIB|| < o(n)/]ABI.

r€A yeB

Using terminology from [16], this is precisely the statement that v is (1,0(n))-
jumbled, or equivalently, that pv is (p, o(pn))-jumbled for any p > 0. Therefore, our
assumption that ||v—1||5 = o(1) is strictly weaker than the (p, o(pn))-jumbledness of
pv, which is weaker than || —1||s~ = 0o(1), and significantly weaker than |[v—1||gs =

o(1).

(2). Secondly, the conditions ||; — 1||sa = o(1) are in turn weaker than the linear forms
conditions of [17, 48], due to (3). Importantly, our assumptions about v; are sep-
arated, in the sense that each condition concerns only one of the majorants v;; by
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contrast, a linear forms-type condition would also include (among many others) an
estimate of the form
k

Eq,,.on H Vi(wi, 741) = 1+ o(1).

i=1
Of course, the linear forms conditions do not include a bounded-Schatten-norm
condition for f;, which is an advantage if ¢; < 4, and particularly when k£ = 3; see
point (4) below. But when k& = 3, our result can still recover Roth’s theorem in
the primes, by choosing ¢; € (2,3) and using the discrete majorant property from
Green’s original proof [29, Lemma 6.6].

(3). Thirdly, even the dense model theorem in [17] (which is the more flexible part of
the transference process therein) assumes that || — 1||5 = o(1), so this may be the
weakest meaningful pseudorandomness condition that one can assume in practice.

(4). Finally, provided that ¢; > 4, one can let r; := |¢;/2] and note that

[fillss < M fillsers < llwill s,

by (3). Hence the bounded-Schatten-norm condition can be replaced by a pseu-
dorandomness condition ||v;||gzr; < 1. In particular, it suffices to assume that
llvi — 1]| g2 = o(1), which also supersedes the condition ||v; — 1||5 = o(1).

Proof of Corollary 71. Apply Theorem 66 with 2K in place of K and /7 in place of
7. This produces some ¢,7 > 0 such that our desired conclusion holds, assuming the
following condition:

For any A; C X; with P;(A;) > /7, one has E[f; | A; x A;11] < 2K. (38)

Indeed, if (38) holds, then for any partitions P;, P;y1 of X;, X;11 into parts of probabilities
> /7, we will have E(f; | P; ® Pi11) < 2K everywhere, making the dense pairs condition
in Theorem 66 trivial. It thus remains to verify (38); given such A;, we can write
E[fz | Az X Ai+1] = < KE[I/Z | Az X Ai+1]
= K+KE[VZ —1 ’ Az X Ai+1]
E[<Vl - ]')II‘AZ'XAH—I]
P(AZ) P(A2+l) T

for each 7, which completes our proof. n

<K+K

For the remainder of this subsection, we deduce Corollaries 12 and 23 from Corol-
lary 71.

Corollary 73 (Rephrasing of Corollary 12). For any k € Z-y and ¢, K,C > 0, there
exist ng, 6, T > 0 such that the following holds. Let n > ng, and G be an n-vertex graph
with Tnj(Copy1, G) < p** 0?1 and 1g/p < Kv for some v : V(G) x V(G) — [0,00)
with ||v]|gex < C and ||v — 1||g < 7. Then one can remove at most epn® edges from G to
obtain a graph G" with Hom(Cayy1,G") = 0.
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Proof. This follows from (the last paragraph of) Corollary 71 applied to X = V(G), 2k+1
in place of k, 2¢/(2k + 1) in place of €, f; = 1¢/p, ¢ = 2k, and KC' in place of C. Note
that the condition ||v|| gz < C implies || f||s2x < K||vi]|s2x < KC, due to (3). O

Corollary 74 (Extension of Corollary 23). For any k € Z-3, q € [1,k), and K,C > 0,
there exist 0,7 > 0 such that the following holds. Let ay, ..., a; be nonzero integers with
a;+ - +ar =0, n € Zsy with ged(n,ay---ax) =1, G be an abelian group of order n,
and f,v: G — [0,00) satisfy

~

|, < Cf(0), and

(i) (Not-too-large Fourier coefficients). ||

f
(77) (Mildly-pseudorandom majorant). f < KIQy and lv—1||p < 7.

n

Then one has .
S o) s = 61O

n
9159k €EG
a191+-+akgr=0

Proof. Apply Corollary 71 for ¢; = k and 1/(2k) in place of € to obtain values of 4, 7 > 0,
and let f be as in the corollary’s statement. The conclusion is trivial if f is the identically

zero function, so we may assume without loss of generality that f(0) # 0. Moreover, we

o~

may scale f by a constant to further assume that f(0) = n (in other words, f has average

1).

Let by,...,br € Z \ {0} be inverses modulo n for ay,... a5, X; = -+ = X}, := G
(equipped with the uniform probability measure), and f;,v; : X; x X;11 — [0,00) be
given by

fi@i, wip1) == f(bi(ws — 2441)), Vi(wi, Tiva) = v(bi(Ti — Tit1)),

for i € Z/k7Z. By Lemma 40 and assumption (i), we have || fi||s« = %HJ?H,] < C. Moreover,
|lvi — 1|5 = ||v — 1|| since the latter was defined as the cut norm of the function (z,y) —
(v — 1)(x + y), and the maps x — =£b;x are automorphisms of G. Thus by assumption
(1), we have f; < Kvy; and ||v; — 1||5 < 7.

Now assume towards a contradiction that >, . . _of(g1) - flgr) < onk-L,
of Corollary 71 to get subsets E; C X; x X with | filge|n < 1/(2k) for each i,
such that Hle 1g,(zj,xip1) = 0 for any xy,...,zg  In particular, this implies that
Z?:l ﬂE;: (l’i,ﬂf“_l) 2 1 always.

To obtain a contradiction, we define T'C G* by

T:={(z1,...,25) € X1 X -+ X Xy 1 by(x) — x3) = bo(x9 —23) = -+ = bp(x, — 1)}
Note that any pair (z;, z;11) € X; X X;;1 uniquely determines a k-tuple (zy,...,xx) € T
containing it; the uniqueness follows easily from the definition of 7', while the existence

follows from the fact that a; + - - - + ax = 0. Indeed, denoting g; = b;(x; — x;41), we have
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Zle a;g9; = 0; thus if we assume that k& — 1 of the g;’s are equal, then all of them must
be equal. Moreover, for (z1,...,z;) € T, all of the values fi(z;, xiv1) = f(bi(z; — xi11))
are equal. Hence we may write

Hfl”Ll:% Z fi(z, 22)

(x17 7xk)€T

1

2 E fi(z1, z2) E 1pe (2, Tiv1)

(xl, Tk )ET

- Z Z fz(xZ7xz+1)]lEC($z,l'z+1)

1 (w1,...,xp)€T

N

:Z% Y file(rn i) lefzhcnu

=1 (i,mip1)EX i X Xip1

which implies that 1 < k(1/2k) = 1/2. Thus >, v .. o f(g1) - flgx) = dnk=1) as
we wanted. ]

Proof of Corollary 23. Take ¢ = 2¢ and f = 1g in Corollary 74, and note that Hﬂ”ze =
n||1sllg2e < eS|+ ||v|lg2e < e 2C|S| by (i) and (7). O

7.2 Graphs with few 4-cycles

Following [14], we first state a lemma relating the dense pairs condition to counts of
4-cycles.

Lemma 75 (Dense pairs with large parts I). Let 7,q > 0, and G be an n-vertex graph
with T = Inj(Cy, G). Consider a partition of V(G) into parts Vi, Va, ... with at least Tn
elements each. Then G has at most

1/4
O(q+i+T ") (39)

qT? T

edges lying between pairs (V;,Vy) with eq(V;, Vi) = q|V;||Vi|. Moreover, if one only
counts the ‘off-diagonal’ pairs with j # j', then one can replace T with

sup  Inj(Cy, H).
GDH bipartite

Proof. This is a slight simplification of the proof of [14, Lemma 2.4}, since in our case we
know that |V;| > 7n for each j.

Let W; be the union of all V}’s with eq(V;, V1) = ¢|V;]|Vy|; in particular, eq(V;, W;) >
q|V;[|W;]. Let us consider the bipartite graph H; with vertex sets V; and W}, where W}
is a copy of W; (so that I/VJQ NV; =0), and edges induced by the edges of G. While H; is
not necessarily isomorphic to a subgraph of G (since we may have V; C W}, in which case
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the vertices in V; have copies in VVjO), it is true that every 4-cycle in H; induces a 4-cycle
in G (the fact that G is a simple graph causes the right pairs of vertices to be distinct in
V(G)). Moreover, each 4-cycle in G corresponds to at most two 4-cycles in H;, and thus
Inj(Cy, H;) < Inj(Cy, G). This line of reasoning is implicit in [14, Lemma 2.4].

Now if e(V;, W;) < 4|V;||W;|*/2 + 4|W}|, then we have

e(Vi, Wy  [ViPIWsl + WGP IVl WGl [Vl 1

e(V;,W;) < = < .
7 vy Wy q|V;|IWj| q qVil T q gt

Otherwise, provided that W; is nonempty, [14, Lemma 2.3] implies that
e(V;, W) V3| 72| W;| 7% < nj(Cy, Hy) < nj(Cy, G) = T.
Thus
e(V;, Wy) < TV VY2 W[ V2 < TV .

Thus in both cases, we have

Vi 1

eV Wy < by L iy,
q qT

Summing over all j (which gives a total of at most n/(rn) = 1/7 terms), we recover the
desired bound in (39).

If we only count the ‘off-diagonal” pairs (V}, V) with j # j/, then we may repeat the
same reasoning by replacing W; with W;\ V;. The difference is that H; is now isomorphic
to a subgraph of G, since there are no repeated vertices in V; and W;; thus we have

Inj(Cy, Hj) < sup Inj(Cy, H),

GDH bipartite
and we may use the right-hand side as the parameter 7T'. O]

We now state a further corollary of Corollary 69 for graphs with few 4-cycles, which
should be compared with the result for k-partite graphs in [14, Theorem 1.6] (with k& = 5).

Corollary 76 (Cycle removal in multiple graphs with few 4-cycles). For any k € Z>5
and any ¢,C > 0, there exist ng,6 > 0 such that the following holds. Let n > ny,
D1, pe =0 Y2 and Gy, ..., Gy be n-vertex graphs with the same vertex set V', such
that for each i,

Inj(Cy, G;) < dpin®. (40)

7

If additionally

Z La, (21, 22) -+ - g, (2, 21) < Opy - - - pen,

ZT1,...,Tf distinct

then there exist subgraphs G’ of G; with |E(G;) \ E(G)| < ep;n® for each i, such that

Z ILG’I (xlu x2> ce ]IG;C<$k, 1‘1) =0.

Tl Tk
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Proof. Fix k € Z>5 and € > 0, and let ng,d,7 > 0 be obtained from Corollary 69 with
¢ = - = qr := 4, K a large enough multiple of 1/¢, and C' a large enough absolute
constant. Note that we may always decrease our choice of § and increase our choice of ng
(in terms of € and k), without breaking the conclusion of Corollary 69; so for a start, let
us take § < 1 without loss of generality.

Now let n > ng, p1,...,pe = n~ 2, and Gy, ..., G} be graphs with the same vertex set
V (of size n), such that Inj(Cy, G;) < dpin*. To complete our proof, it suffices to verify
that each G satisfies the conditions in Corollary 69:

(). One has Hom(Cy, G;) < C(pin)*;
(7). G; obeys the dense pairs condition with parts of sizes > mn.
To verify condition (), note that (21) implies

Hom(Cy, G) < n? + épin* < pin?,

)

which is enough since we chose C' to be a large enough absolute constant.
Concerning condition (ii), let V' = V; UV, U. .. be a partition into parts of sizes > 7n.
Applying Lemma 75 with ¢ := Kp; and T = Inj(Cy, G;) < dpin?, we find that G; has at

most 4, 2
1 o4,

o— + + B
Kp; Kp;r? T

edges between pairs (V}, Vj/) with eq(V;, V) = Kp;|V;||Vy|. We would like this to be at
most equal to ep;n?/4, which can be achieved if:

(1). K is a large enough multiple of 1/¢ and p?n > 1 (both of which are true);
(2). 1/72 < n, which is true provided that we increase the value of ng accordingly;

(3). 6Y/4/7 is smaller than an absolute multiple of &, which is true provided that we
decrease the value of § accordingly.

This completes our proof with (new) values of ny and § depending only on ¢ and k (since
K and 7 also only depend on € and k). O]

We can similarly deduce the last part of Corollary 15, which concerns a single graph G.
In fact, we prove a slightly more general statement, where we assume that Hom(Cy, G) <
p*n?* instead of Inj(Cy, G) < p*n?; the former follows from the latter due to the inequal-

ities (21), p > n~2, and ||1g/plls2 < [|16/pllse-

Corollary 77 (Generalizing part (#i2) of Corollary 15). For any k € Z=s and €,C > 0,

there exist ng,6 > 0 such that the following holds. For n > ng and p > n~Y2, any
n-vertex graph G with Hom(Cor, G) < Cp*n*, supgsp pipartite 10 (Ca, H) < dp*n?, and
Inj(Cory1, G) < op* 02+ can be made {Cs,Cs, ..., Copy1}-free by removing at most

epn? edges.
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Proof. We apply Theorem 9 with the given value of C, and repeat the same reasoning
as in the previous proof to verify the dense pairs condition. The difference is that it
now suffices to count the ‘off-diagonal’ pairs (V;,V;/) with j # j’, which allows us to use
T = supgs g vipartite J(Cs, H) in Lemma 75. O

Finally, we prove Corollary 28, rewriting the rational slopes as fractions s; = a;/b;
(where (a;,b;) = (1,0) if s; = 00).

Corollary 78 (Rephrasing of Corollary 28). For any e > 0, k € Zss, and (a;,b;) € Z?
such that ged(a;, b)) = 1 and a;biq # ai1b; fori € Z /K7, there exists § > 0 such that the
following holds. Let n € Z~1 and S C [n]? satisfy

(1). |S| = en®?, and

(ii). For eachi, S contains < 6|S|*/n* solutions in distinct points (x1,y1), ..., (T4,ys) to
ai(ry — 1) = bi(y2 — y1), i1 (3 — T2) = bi1(ys — v2),
ai(z4 — x3) = bi(ya — ys), i1 (1 — 24) = big1 (41 — ya)-
Then S contains at least 5|S|¥/n* solutions in (z1,v1), ..., (T, ysx) to the equations
a;j(rip1 — z3) = bi(Yir1 — vi), i € Z/KZ. (41)

Proof. Let A := k(2max;(|a;| + |b;]) +1). We choose ng, dp > 0 as in Corollary 76, for the
same value of k and with £/(4kA?) in place of &; we set § := &,/ max(e*, £¥) here.

Let n,.S be as in the corollary’s statement; we may assume without loss of generality
that n > ng, since the conclusion is trivial for n < ngy provided that § < ng_k (due to the
|S| diagonal solutions (z1,y1) = -+ = (zk, Yx))-

For i € Z/kZ, we define the invertible 2 x 2 matrix

M, = ( a; b; )
Q41 bz‘+1

Vi o= [=(la| + [bi)n, (Jas] + [bs])n] N 2.

Finally, we let V' be a disjoint union of all the V;’s (so in particular ny < n < |V| < An),
and define the (bipartite) graph G; with vertex set V' by

and the set

]lGi(U” 'U) = HViXViH(U’ U) Ig (Mz'_l (g)) )
where we identify pairs (x,y) € S with vectors (3 ). Note that for (x;,y;), (€iv1,yir1) € S,

we have a;(z;41 — x;) = bi(yiy1 — i) ff a;z; + by = a;xi01 + biyi1 =: u; for some u; € V;.
With this change of variables, the system of equations in (41) can be rewritten as

()= () e
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so that the number of solutions to (41) becomes > . Hle Le, (uiy uip); we want
to show that this is at least equal to §|S|*/n*. Suppose for the sake of contradiction that
this is false, so

: b |5 ¢
Z H L, (wi, uiy1) < _ZF = dop1 -+ e < dopr -+ - ol VI,
UL,y U €V 1=1 €

where p; = --- = pp := |S|/(en?) = n~Y? (by assumption (4)). Similarly, assumption (i)
implies that for each 1,

551" _ &S|
= <€—Zn—1<50pflvl4,

Z Le, (u1, u2)1g, (us, u2) e, (u1, ua) L, (u2, ua) <

u1,u2,us3,us€V
u1F£ug, ugFus

nt

which is to say, Inj(Cy,G) < dop}|V|*. By the conclusion of our initial application of
Corollary 76, we find that there exist subsets F; C V; x V; ;1 such that

£ en? S|
Lo, L (i) < —oopil VI < Sy = 221
2 Lader(ue ) < grplVP < Sop= o

UgyUi4-1

: k . k
foreachi,and also ), v [[iz) Lg (ui uiy1) = 0; in other words, > ) Lpe (i, wi1) >
1 everywhere. To obtain a contradiction, we consider the set

To={(ur,...,up) €EVix - x Ve M7 ()= = M ' () € S},

which has natural bijections to S and to the edges of each G; (through S). We conclude

that .
’S‘ = |T| < Z Z ]lE‘f(uiyuz’+1)

(ul,...,uk)ET =1

= Z Z 1 e (s, Uig1)

k
S| _ 19|
- Z ﬂGi]lEic(uiaui—i-l) < kﬁ = 7’

=1 (us,uip1)€EVixXViq
a contradiction. Thus it must be the case that there are at least 6|S|*/n* solutions to
(41), as we wanted. O
7.3 Graphs free of quasi-smooth families

It remains to prove Corollaries 19 and 26; we start with a lemma similar to Lemma 75,
but in the context of quasi-smooth families (recall Definition 17).
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Lemma 79 (Dense pairs with large parts II). Let 2 > o > 8 > 1 and F be an (o, f)-
quasi-smooth family of bipartite graphs. Also, let 7,q > 0, G be an F-free n-vertex graph,
and Vi UVL U ... be a partition V(G) into parts with at least Tn elements each. Then G

has at most 1
n
O (W (1 * n(oé—ﬁ)/(Q—a)Ta/(Z—a)>)

edges lying between pairs (Vy, Vi) with e(V;, Vi) = q|V;||V]| and j # j'. If F only consists
of complete bipartite graphs Ks;, then one can also include the diagonal pairs (V;,V;).

Proof. For each j, denote by W; the union of all parts V}» with e(V}, V}) = ¢|V;||V}/| and
J # j; thus in particular e(V;, W;) > q|V;||W;| and V; "N W; = (. Let H; be the bipartite
subgraph of G with vertex sets V; and W;, and e(V;, W;) edges. Then Hj; is also F-free,
so by the the quasi-smoothness of F we have

e(Vj, W) < min(|Vj[, [W;]) max(|Vi], [W5[)*~" + max(|Vj], |W;])”
< Vil[W5|° 7t + 0,

where we used that a — 1 € (0,1). If W, is nonempty, this further implies that upon

setting v 1= 52—

2—a?
e(Vj, W;)?
OV
|Vj|7|V[/j|v(a—1) LB _ \a nYB—2(y=1)
VPPt Tt (gt

e(V;, W) <

<

Summing over all (at most 1/7) values of j and noting that v8 —2(y —1) =1 — (o —
B)/(2 — ), we recover the desired upper bound.

Finally, if F only consists of complete bipartite graphs, then it is okay to include V;
into W; (provided that e(V;,V;) > ¢|V;|?). Indeed, as in the proof of Lemma 75, we can
let H; have vertex sets V; and VVJQ instead, where I/VJQ is a copy of W; that is disjoint with
V;. While H; may not be isomorphic to a subgraph of GG, it must remain K ;-free for each
K, € F (since the existence of such a K; would force all the involved vertices in V; and

VVJQ to originate from distinct vertices in G, thus inducing a copy of K, in G). O

Corollary 80 (Rephrasing of Corollary 19). Fiz k € Zss, 2> a > > 1, and an (a, f)-
quasi-smooth family F. Then for any e,C > 0, there exist ng,d > 0 such that the follow-
ing holds. For n > ng and p > n®"2, any F-free n-vertex graph G with Hom(Cy, G) <
Cp*n? and Inj(Copri1, G) < op* Hn?*+1 can be made {Cs, Cs, ..., Copy1 }-free by remov-
ing at most epn? edges.

Proof. Fix e,C and let ng,d, 7 > 0 be obtained by applying Theorem 9 with the given
value of C, and K a large enough constant (to be chosen later in terms of € and «). Let
n > ng, p=n®2 and G be an F-free n-vertex graph with Hom(Cy, G) < Cp?*n?* and
Inj(Copqr, G) < op*FHin2ktl,
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Arguing as in the proof of Corollary 76, it suffices to verify the dense pairs condition
in Theorem 9 (which only concerns ‘off-diagonal” dense pairs (V}, Vj/) with j # j' and
eq(V;, Vi) = Kp|V;||Vy|). By Lemma 79 for ¢ = Kp, G contains a total of at most

0 - 1 !
(Kpev/ea \' T e s/e-araea

edges lying between such pairs, and we want this to be less than epn?/8. This is true
provided that n is large enough in terms of 7, a, 8 (which holds after increasing the value
of ngy accordingly), and that

n 2
m < pnt, (42>

since we chose K to be large enough in terms of ¢ and . But (42) rearranges precisely
to our assumption that p > n®~2, which completes our proof. O

One can similarly deduce a corollary for multiple graphs, using Corollary 69 instead of
Theorem 9; however, the necessity to consider diagonal dense pairs (V}, V;) restricts our
result to families that consist only of complete bipartite graphs.

Corollary 81 (Cycle removal in multiple K ;-free graphs). For any k € Z>3, any e, C >
0, and any t; > s; > 1 for 1 < i < k, there exist ng,0 > 0 such that the following holds.
Let n > ng, p; = n"'%, and G4, ..., Gy be n-vertex graphs with the same vertex set V,
such that for each i,

(7). Equipping V' with uniform probability, one has ||1g,
(i7). Gy is K, 4,-free.
If additionally

q; qi
g < Cp)*, and

Z Le, (21, 22) -+ Ly (@, 21) < opi - pen®,

ZT1,...,Tf distinct

then there exist subgraphs G’ of G; with |E(G;) \ E(G%)| < epin? for each i, such that

Z 1Gi(m1,x2)~.']]_G;€<xk7l’1) :0

Tl Tk

Proof. We follow the proof of Corollary 76, using Lemma 79 instead of Lemma 75 (and
the given values of ¢;,p; > n~'/%). The Schatten norm bounds are now given explicitly
in our hypothesis, while the dense pairs condition follows from the same computation as
in (42) for each i (recall that Ky, is (a4, f;)-quasi-smooth [26] with a; = 2 — 1/s; and
B; = 2 —2/s;, so we have p; > n~/% = n*i~2), O

Finally, we prove (a generalization of) Corollary 26, using a Sidon-type condition
corresponding to K ;-free graphs. We say that S is (s, t)-Sidon if and only if S5** contains
no (s,t)-matrix M with distinct rows and distinct columns, such that
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forall 1 <7< sand 1< j <t (ie., the rows of M are translations of each other by
elements in S). This recovers classical Sidon sets when s = ¢ = 2; note that (s, t)-Sidon
sets are also (t,s)-Sidon and (s,t')-Sidon for " > s and ¢’ > t. We expect that (s,t)-
Sidon subsets of an abelian group of order n have size < n'~1/™in() g0 that the following
corollary concerns the largest of these sets.

Corollary 82 (Extension of Corollary 26). For any e,C > 0, s,t € Zso, k € Z>3 and
q € [1,k), there exists 6 > 0 such that the following holds. Let ay,...,ar be nonzero
integers with a1 +---+a,, = 0, G be an abelian group of order n with ged(n,ay ---ax) =1,
and S C G satisfy

(i). ||Lslly < €IS,
(i1). |S| > enl—1/ min(st)
(i11). S is (s,t)-Sidon.

Then S contains > 8|S|*/n solutions in x1, . ..,z to the linear equation ayx1+- - -+apxy =

0.

Proof. We can assume without loss of generality that ¢ > s and that n is large enough
in terms of €, C, s,t, k, q. Indeed, for small values n < ng(e,C, s,t, k, q), the conclusion is
trivial once we take § < n2 %, due to the |S| diagonal solutions z; = - - - = .

We follow the proof of Corollary 74 (with f = nlg/|S| and a smaller choice of €), using
Corollary 81 instead of Corollary 71. We let V' consist of k distinct copies Vi,..., V} of
the abelian group G of order n, and set Lg, (24, Zit1) = Lv;xvi, (24, Zig1) Ls(bi(@i — 2i41)),
and p := k~/%|S|/(en); note that we have p > |V|~'/* by the third assumption in our
hypothesis. The conclusion that S contains at least 6|.S|*/n solutions to a;xy + - - - + agy,
is naturally the same as that of Corollary 23.

The only significant difference is that instead of a pseudorandom majorant condition,
we now need to verify that each G; is K -free. Suppose for the sake of contradiction that
this is false, so there exist distinct x1,...,2s € V; = G and distinct yy,...,y: € Vis1 =G
such that

Vu < s, Yo <t: bi(xy —yy) € S.

But then, the matrix M € S*** with entries given by M, , := b;(x, —y,) has distinct rows
and columns (since a;b; = 1 (mod n), the z,’s are distinct, and the y,’s are distinct), and
satisfies My, + My, = My + M, for each uw and v. This contradicts the fact that S is
(s,t)-Sidon, and completes our proof. H

Remark 83. If S is an (s, t)-Sidon subset of [n] := {1,...,n} instead of an abelian group,
one can identify S with a subset of Z/NZ with the same property, where N <14, 0. 1
can be chosen to be relatively prime with aq, ..., a;. One can then combine Corollary 26
with an argument of Marcinkiewicz—Zygmund [54] (specifically, see [29, Lemma 6.5])
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to obtain an analogous statement for (s,t)-Sidon subsets of [n], where the condition on
Fourier coefficients becomes continuous:

1 2miam
— e
IR

meS
Proof of Corollary 26. As noted in the remark above, it suffices to prove an analogous
statement for subsets of abelian groups G of order n, where ged(n, a; - - - ax) = 1. Suppose
that S C G has |S| > en'/?, and that for each h # 0, S contains at most C pairs of the
form (x,z + h). If ¢ denotes any integer strictly larger than max(C, 1), this implies that
S2Xt contains no matrix of the form

T X9 PN Tt
1‘1+h $2+h $t+h ’
where x1, ...,z are distinct. In other words, S is (2, t)-Sidon.

The conclusion would now follow from Corollary 82, using s = 2 and ¢ = 4, provided
that we can show that

q
dagg.
n

1Lslls <o [5].
This is equivalent to a bound for the additive energy of S:

St

#{(abedesta-b=c—d} <o (43)

But we have

#{(a,bcd)eS a—b=c—d} =) #{(a,bcd €S a—b=c—d=h}

heG

=Y (#{(ab) €S a—b=h})".

heG

The contribution of h = 0 is exactly |S|?>. Moreover, by our second assumption, the
contribution of each h # 0 is at most C?. Overall, we obtain

#{(a,b,c,d) € S*:a—b=c—d} <|S]”+C?n,

which is acceptable in (43) since |S| > en'/2. This completes our proof. O

A Spectral norms and entropy
In this section we prove Lemma 46. We begin with a quick lemma.
Lemma 84. Consider a linear function A(z) = az + b, with a,b € C.

(7). Given any (bounded) line segment S C C, the mazimum maxX.cs |\(2)| is attained
at one of the ends of S.
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(ii). Given any zo € C, there exists z; € {0} U {2%,i2%, —2% —i2F . k € Z-o} such that
21| < max(1,2v/2|20]), and |A(21)| = [M(20)]-

Proof. Part (a) follows by writing S = {ct+d : t € [0, 1]} for some ¢, d € C, and expressing
|A(ct + d)|* as a convex function of .

For part (b), draw a line segment through z, with slope in {£1}, intersecting both
semi-axes of zg’s quadrant at w; and wy (if zy is purely real or imaginary, we may ignore
this step). By part (a), we must have |[A(zq)| < [M(w;)| for some i € {1,2}. Then, draw a
line segment between 0 and 2¥w;/|w;|, where k > 0 is minimal such that |w;| < 2¥, and
apply part (a) again. ]

Figure 2: An example of finding z; starting from zy in Lemma 84.

We now recall the notation from (13),
F(Z)={g:Z— {0}u{2* 2" =25 —i2" 1 k € Z=o} | |lgllz2 <3}
Proof of Lemma 46. We first prove the entropy bound H(g) < 1 for g € F(Z). Denoting
by Pz(g = 0) the probability of the set {g = 0} = ¢~!(0), we have

H(g) — PZ(g = O)logm +Z Z Pz(g :w2k) 1Ogm7

k=0 wh=1
and .
9> |lgl7e =D > 4"P(g =w2b).
k=0 wt=1
In particular, it follows that P (g = w2¥) < 4%. Now consider the function u(p) := plog %

on [0,1] (with «(0) := 0); this function is bounded, nonnegative, and strictly increasing
near 0. Hence for sufficiently large k, we must have
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and thus
H(g) < 1+4) u ) =1 +4zﬂ(klog4 —log9) < 1.
k=2 k=2

Now, to prove the upper bound on || f||s«~, recall that

[fllse =~ sup [Eqy[f(2,9)g(x)h(y)]]

lgll L2=IIhll2=1

For fixed functions g, h with ||g||p2 = ||hl/z2 = 1, the expectation E, ,[f(x,y)g(z)h(y)]
is linear in each value of g and h. Hence we can apply Lemma 84 to modify g(x) for
each x € X, and h(y) for each y € Y, one at a time, while not decreasing the value of
|E,,[f(x,y)g9(x)h(y)]|, until the resulting functions ¢’ and A’ only have values in {0} U
{2k i2k —2F —i2% . k € Z-o}. Then we have

By [f (@, 9)g(x)h(y)]| < [Eoylf(z,y)g' ()R (y)]] .

and
2
I = B @) < B. |1+ (2v2lo@)])"| = 1+ Slglis =9,

so ¢’ € F(X), and similarly ' € F(Y'). The desired bound for || f||se follows after taking
a supremum over g, h. O

Remark 85. If in Lemma 46 we assumed that f takes real values (which is enough for all
combinatorial applications), then in (4), it suffices to consider real-valued functions g, h.
Consequently, one can ignore the possible values +i2* from Lemma 46 in this case.

B The “super-dense” removal lemma

In this section, we prove (a slight generalization of) Theorem 21. We will work with a
finite probability space (X,P) with full o-algebra; all expectations involving variables
(%y)uev () are understood to sample each z, from (X,P), independently of the other
variables.

Theorem 86 (Weighted version of Theorem 21). For any graph H, q € [1,2), C > 0 and
e €(0,1), there exists
§ > exp (—Opqc (797 M))

such that the following holds. Let f : X x X — [0,00) be a symmetric function (i.e.,
f(x,y) = f(y’x)) satzsfymg ||f||L°° < 17 ||f||5q < C; and

E J] flwz)<s (44)

{uw}eE(H)
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Then there is a symmetric set E C X X X such that ||f1ge||pr < e and

H 1p(zy,z,) =0

{up}eE(H)
for any choice of the variables (x)ucv (#)-

Remark 87. One can remove the assumption |f||z~ < 1 at the expense of a slightly
worse bound. To recover Theorem 21, one can take X = V(G) (equipped with uniform
probability) and f = 1¢.

Proof. Note that F(H) cannot be empty, since E[1] =1 > «.
Let us apply our regularity lemma, Theorem 47, for some parameter 7 € (0,1) to be
chosen later in the proof (in place of ¢), the function f, and r = 2. This yields a partition

P of X with

H(P) < c(q)

y/cRng

for some constant c(q) > (), such that
If —E(f|PRP)||L <7C.

For brevity, we write f; := E(f | PQP) and fy := f— f1, so that f; is (P®P)-measurable
and || f2||z2 < 7C. Note that this has the effect of a strong regularity lemma, but with no
uniform component f3 (and no tower-exponential dependencies).

We define £ C X x X as the union of the following subsets A x B € P ® P, using
three parameters «, 3,7 to be chosen later:

(7). Those where f; is small (more precisely, smaller than «);
(77). Those where |f5] is large on average (more precisely, where E[|fs| | A x B] > 3);
(73i). Those with small probability (more precisely, with P(A) < v or P(B) < 7).

In other words, we defined E by removing the blocks of edges above from X x X. Now
suppose for the sake of contradiction that [ ], ,1c iz LE(Zu, @4) is nonzero for some choice
of (Ty)uev(m- Letting A, be the part of P containing z,, we must have

(A, Ay) € E, V{u,v} € E(H).
Assuming that (44) holds for some d € (0,1) to be chosen later, we have

E| [ ta@) [] f@wz)| <o
)

weV (H) {u,w}eE(H

ot
ot
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and we may split f = f; + fo in each factor from the product above. In the resulting
expansion, each term containing some instance of fy(z,,z,) is bounded, due to the L™
bound on f, by

’fQ l'u,ill'v H ILA xw =E (‘f2|’73®7) mu,xv H ]1A xw

weV (H weV (H
—E [E[f]| A x A [[ 1au(z)

i weV (H)
<g [] P
weV (H)

On the other hand, the term consisting only of f;’s is lower-bounded, due to the removal
of the type-(i) blocks, by
I] P

weV (H)
Putting the last three bounds together, we obtain (a/#UDl — 3) [Twevm P(Aw) <6, and

we now choose 3 := /P11 /2 to conclude that

QB l E(DIA V(D)

= =
0> —— [ P> 5

weV (H)

Finally, we set
o B[V (H)]

4

to obtain a contradiction (proving that [[, ,1cpm) LE(Zu, T0) is zero everywhere). It
11 < €. By the definition of

0= (45)

remains to choose suitable values for 7, a, y such that || f1ge
E*°,

IF1eell < Blf1pca] + PE(S] | P ©P) > 8) + P(R,),
where R, denotes the union of all sets A € P with P(A) < ~. But by the same reasoning
as in (25), we have

H(P) c(q)
P < < .
) S og(1/3) S 770 log(1/7)
At the same time, we have E[f1f <,] = E[filf <] < a and

I follr 2| fallze 27C
PE(|fl | P®P)=B) < 3 < N < T

so it makes sense to pick

1
. S1/2[E(H)| — _
a(r) =71 and (1) := exp ( 7_1+4/(2_q)) ,
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to conclude that
| fLge|lr < 7VAEEN L 207 4 ¢(q)?72.
To ensure that the right-hand side is at most equal to € (and that 7 € (0,1)), it suffices

to pick some
2E(H)
€
T = :
(OC,q(l) )

Noting that both «(7) and v(7) are increasing functions of 7, this produces (due to (45))

a value of
_OH,q(l) OH(l)
O>exp| — <L)
OC,q(l) 7

as we wanted. O

C A sharp regularity lemma depending only on edge density

Recall that using Schatten norms in the upper bounds of regularity lemmas allowed us to
work with sparse graphs G, with edge density p = E[15] N\, 0, since the Schatten g-norm
|1 /pl|se is not a function of p (and may remain bounded as p N\, 0 for certain families
of graphs). We now ask for the best upper bound that one can use in a (weak) regularity
lemma, which only depends on the edge density p. In fact, we will prove a more general
relative regularity lemma, leading to a dense model theorem. We will apply our abstract
energy optimization argument (Lemma 44) with a logarithmic version of energy, which
may be of independent interest.

Definition 88 (Relative logarithmic energy). Let (X, P) be a finite probability space
(with full o-algebra), P be a partition of X, and f,v : X — [0, 00) satisfy f = 0 whenever
v = 0. Let us normalize f, v such that E[f] = E[v] = 1. We define the relative logarithmic
energy of P with respect to f and v by

E(P)=E [flog—];g || zﬂ ,

where we interpret ratios of 0/0 as 0. Note that the trivial partition has energy 0.

Lemma 89 (Relative logarithmic energy increment). Let P, P’ be partitions of a finite
probability space (X, P) such that P’ is finer than P. Then one has

AL <\2(E(P) - £4(P).

EE(f|P) - = =5 EW|P)
In particular, this shows that relative logarithmic energy is nondecreasing and nonnegative.

E(v[P)

Proof. This is a consequence of Pinsker’s inequality in the form

Elg —h| < /2E [glog %]

when E[g] = E[h] =1 (and g,h > 0, with g = 0 whenever h = 0). O
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Theorem 90 (Weak relative regularity lemma). Let (X; x X5, P) be a finite probability

space, € € (0,1), and f,v: X3 x Xy — [0,00) be such that f = 0 whenever v = 0, and

E[f] = E[v] = 1. Then there is a partition P = Py ® Py of X1 x Xy with 20(1/€%) parts,
B(f|P)

such that
/
=B <y Elest)

If X1 = X, one can also take Py = Ps. In particular, if G is a finite graph with edge
density p = E[1¢] (allowing self-edges), one can find a partition Py of V(G) with 200/)
parts such that

I1c — E(Le | Po ® Po)ll < epv/log(1/p),
where P = Py ® Py. This last bound is sharp, in the sense that one cannot replace
py/log(1/p) with a function of the order o,o(py/log(1/p)) in the right-hand side, uni-
formly in G and €.

Remark 91. The cut norm of a function on X; x X5 is defined as in (1), even if there
is now a joint probability distribution on X; x X3 (which may not split as a product of
distributions on X; and Xs); more precisely,

1fllm = sup [E[fTaxa,]]-

A;CX;

Proof of Theorem 90. Let &2 be the family of partitions of the form P; ® P,, where P;
is a partition of X;. We apply Lemma 44 for the family 42, £2/4 in place of ¢, the
complexity function C(P) = log, [P|, and the energy function E%(P); this produces a

partition P = P; ® P, with at most 2%/ e parts, such that
2
/(P A Q) - £1(P) < 5B | rowL | g, o),
for any partition @ = Q7 ® Qy of X; X X5. Now consider the cut norm

E(/ | P) B/t~ BP0 ]|

_ S S I
- B By | )"

For fixed A; and Aj, let Q; := {A;, A}, Qs := {As, A5} and Q := Q; ® Qy. Then by
Lemma 89, we have

‘E {f]lAle2 -

= Sup
0 A, CX;

E(f|P)
E(w[P)

_ \E {E(f P AQLarn,

VﬂAl ><A2j|

E(f|P)
E(v|P)

E(f[P)
(| P)E(V | PAQ)’

\/ EL(P A Q) — EX(P))

< \/26—E [f log z] log, 4,
4 v
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which is what we wanted. When X; = X5, one can instead use the family &2 of partitions
of the form Py ® Py, and make the necessary modifications to Q (i.e., take Qy := Q1 A Qs
and Q 1= Qy ® Q).

The statement about graphs follows by letting X; = X5 := V(G), equipping V (G) X
V(G) with the uniform probability measure, and letting f := 15/p and v = 1.

Finally, let us show that for any constant C' > 0, one cannot in general choose a
partition P = Py ® Py, where Py contains at most 2¢/ e parts, such that

I16 — E(le | P)ll, < 0,0 (p/I0g(1/p) )

holds simultaneously for all € € (0,1) and all finite graphs G (where p := E[1¢]), allowing

self-edges. Let n > 1 be large, p := 1/n, and ¢ := /C/log,(n/2); we will construct a
graph G = (G,, on n vertices, with edge density p, such that

1
e, —E(e, [ Pllg > -

for all P = Py ® Py such that Py contains at most 2¢/ & = n/2 sets. This will complete
our proof since
1 | Clogn 1

log(1/p) = — | ——28" _ «. =
epV/log(1/p) n\/ logy(n/2) <c n’

and thus the ratio | 1¢ — E(1¢ | P)|ln/ <€p log(l/p)) does not vanish as n — oo (i.e.,
P\ 0).

The construction is simple, using the same example as in [14, below Theorem 2.2]:
take V(G) = {1,...,n} and 1g(a,b) = 1,- for a,b € V(G), so that G consists of n
loops. Then any partition Py of V(G) containing at most n/2 sets can use at most n/2

singletons (trivially); if kq,..., &, = 2 denote the sizes of the remaining sets Ay, ..., A,

in Py, we thus have
kit ka2l
Now consider a cut C' C V(G) which splits each A; roughly in half; more precisely, choose

C C A U---UA,, such that |[C N A;| = [k;/2] for i € {1,...,m}. Then we have
e, = E(lg, | P)lly = El(le, — E(lg, | P)) Loxdl

355 (=)

=1 a,bECﬂAi
1 & |C'N A2 1 O [k [k;/2]
= — CNA|l——— ) == | (1-—=).
w2 (na-S0) =53 5] (-5
Since each k; > 2, it is easy to check that [k;/2]/k; < 2/3, and thus
1ok 1
1o — E(1 S -
16, ~Blla, | Py 55325
which completes our proof. O]
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Remark 92. One can also prove a strong relative regularity lemma similar to Theorem 90
using an additional level of iteration; we leave the details to the interested reader.

The corollary below should be compared to the dense model theorem from [17], noting

the dependency of ¢’ on ¢ and §.

Corollary 93 (Dense model theorem). For any e € (0, 1), there exists €' > 0 such that the
following holds. Let (X1 x Xo, P) be a finite probability space and f,v : X; x Xo — [0, 00)
satisfy

f<v and  |lv—1|5 <<

Then there exists a function [ : X1 x Xo — [0,00) such that

f<t and  fIf=fllose
In fact, if 6 :== E[f] > 0 and E[v] = 1, then one can take £’ > eexp (—O (6*log ) £72).
Proof. If f = 0, there is nothing to prove; taking ¢’ < 1/2, we can also guarantee that

E[v] < 1. So let § := E[f] >0, g := f/0, and u := v/E[v]. Then by Theorem 90, for any
€ (0, 1), there exists a partition P = P; ® Py of X7 x X5 with 20(1/7) parts such that

Eg|P) , { g}
<7/E|glog=].
“ E(u[P)" p
Renormalizing and using the inequality f < , this translates to
Hf — % 1/ log 67‘\/10g
On the other hand, since E(f | P) < E(v | P), one can obtain the inequality
E(f|P) o@1/r2
(v=D| <2°v =1,
Fori! :

by expanding the right-hand side as a sum of 201/ ™) terms (corresponding to the parts
of 7)1 ® Pg)

Putting the last two inequalities together and assuming that ||v — 1||5 < €’ (for some
¢’ > 0 to be chosen), we get that

I = Flly < 22007+ by log 2

where f := E(f | P)/E(v | P) < 1. The conclusion follows by choosing 7 and then ¢’
small enough such that each of the above terms is at most /2. ]
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