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Abstract

Consider a multigraph G whose edges are colored from [q] (g-colored graph) and
a = (ai,...,aq) € N9 (color-constraint). A subgraph H of G is called a-colored
if H has exactly «; edges of color i for each i € [g]. In this paper, we focus on
a-colored arborescences (spanning out-trees) in g-colored multidigraphs. We study
the decision, counting and search versions of this problem. It is known that the
decision and search problems are polynomial-time solvable when ¢ = 2 [Barahona
and Pulleyblank, Discret. Appl. Math. 1987] and that the decision problem is NP-
complete when ¢ is arbitrary [Ardra et al., arXiv 2024]. However the complexity
status of the problem for fixed ¢ was open for g > 2.

We solve this problem using an algebraic approach. Given a g-colored digraph
G and a vertex s in GG, we construct a symbolic matrix in ¢ — 1 indeterminates such
that the number of a-colored arborescences in G rooted at s for all color-constraints
a € NY can be read from its determinant polynomial. This result extends Tutte’s
matrix-tree theorem and gives a polynomial-time algorithm for the counting and
decision problems for fixed q. We use it to design an algorithm that finds an a-
colored arborescence when one exists. We also study the weighted variant of the
problem and give a polynomial-time algorithm (when ¢ is fixed and weights are
polynomially bounded) which finds a minimum weight solution.

Mathematics Subject Classifications: 05C88, 05C89

“Department of Computer Science and Engineering, Indian Institute of Technology Palakkad,
Palakkad, India (111914001@smail.iitpkd.ac.in, jasine@iitpkd.ac.in, krithika@iitpkd.ac.in,
deepak@iitpkd.ac.in).

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.34 https://doi.org/10.37236/14453


https://doi.org/10.37236/14453

1 Introduction

Colors must fit together as pieces in a
puzzle or cogs in a wheel.

Hans Hofmann, Painter

Many textbook problems in graph theory are on the existence of subgraphs of a specific
kind — triangles, cycles, spanning trees, perfect matchings, Hamiltonian cycles, and so on.
A similar, albeit shorter, list of problems entice us on directed graphs too — directed cycles,
arborescences, directed Hamiltonian cycles. The corresponding algorithmic questions —
existence, counting, finding, enumerating — serve as common invitations to the study
of graph algorithms. One way to spice up these problems is to color the edges of the
input graph and look for solutions in which the colors “fit together”. More precisely, we
assume that the edges of the input graph (undirected or directed, simple or otherwise)
are colored with a palette [g] of colors and that a color-constraint o € N? is specified.
We then restrict the solution-space to those subgraphs which are a-colored, that is, those
which have exactly «; edges of color i for each i € [¢]. We call these color-constrained
subgraph problems.

These problems take a special flavor when the subgraphs we are looking for turn
out to be bases of a matroid (spanning tree) or common bases of two or more matroids
(perfect matching in bipartite graphs, arborescences in digraphs). The color-constraint
we formalized above is also matroidal — the edge-set of the input graph forms the ground
set, the color-classes partition the ground set, and the color-constraint gives the capacity
constraint for a partition matroid. Hence adding the color-constraint adds one more
matroidal dimension to the problem. In particular, a color-constrained spanning tree
is a common basis of two matroids while a color-constrained bipartite perfect matching
and a color-constrained arborescence are common bases of three matroids. Finding a
largest common independent set of £ matroids on the same ground set is the k-MATROID
INTERSECTION problem. The problem is NP-hard for & > 3 [20]. A greedy algorithm
solves it efficiently when & = 1. There are many general polynomial-time algorithms to
solve the case when k£ = 2 and more efficient specialized algorithms for common special
cases like bipartite matching and arborescence [20)].

Color-constrained subgraph problems of this matroidal nature have received consider-
able attention since 1980s [2, 7, 8, 18, 19]. Work on finding an a-colored spanning tree in
a g-colored undirected graph was started by Papadimitriou and Yannakakis in 1982 with
a solution for the case of ¢ = 2 [18, Proposition 3]. They employed an elegant exchange
procedure that starts with an efficiently-computable spanning tree, performs a sequence
of “edge swaps” and ends with the required solution. Gabow and Tarjan [7] observed that
a similar “exchange sequence” exists in the more general setting of matroids and used it
to find a min-weight a-colored spanning tree of a weighted 2-colored graph in 1984. An
alternative algorithm for the same problem was given by Gusfield [8] at around the same
time. Later, Rendl and Leclerc gave a polynomial-time algorithm for arbitrary number
of colors [19] in 1989.
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The problem of finding a (k,n/2 — k)-colored perfect matching in an n-vertex graph,
often called EXACT PERFECT MATCHING, was also born out of the same 1982 paper
by Papadimitriou and Yannakakis [18]. This one, being a special case of 3-MATROID
INTERSECTION, turned out to be much tougher to tame than its sibling. Papadimitriou
and Yannakakis [18] conjectured that the problem is NP-hard. Mulmuley, Vazirani and
Vazirani [17] gave a randomized polynomial-time algorithm for it in 1987. Despite several
subsequent works on the problem, it still remains as one of those rare examples of a
problem which has a randomized polynomial-time algorithm but no known deterministic
polynomial-time algorithm. However, finding a color-constrained perfect matching in a
g-colored bipartite graph is NP-hard if ¢ is unbounded [11, 12].

In this work, we are interested in finding and counting a-colored arborescences rooted
at a given vertex s in ¢-colored digraphs. Before describing our work further, we make
the decision variant of the problem precise. For reasons that will become clear soon,
we only specify the constraints on the first ¢ — 1 colors. Given a color-constraint a =
(a1,...,q4-1) € NO71an arborescence of a g-colored n-vertex digraph is said to be an
a-colored s-arborescence if it is rooted at s and has exactly «a; edges of color ¢ for each
i € [¢ — 1]. The number of edges of color ¢ is automatically constrained.

COLOR-CONSTRAINED ARBORESCENCE (CC-ARB)

Input: A g-colored n-vertex multidigraph G, a vertex s € V(G) and a color-
constraint o € N1,

Question: Does GG have an a-colored s-arborescence?

CC-ARB is a special case of 3-matroid intersection and we do not have any off-the-
matroid-shelf algorithm for the problem. In 1987, Barahona and Pulleyblank [2] gave a
polynomial-time algorithm for the case of ¢ = 2. Recently, Ardra et al. [1] showed that
the problem is NP-complete for arbitrary ¢. The complexity status of the problem for
fixed ¢ was open for g > 2.

We show that, for every fixed q, CC-ARB is polynomial-time solvable. Our approach
is algebraic. We associate a symbolic Laplacian matrix in ¢ — 1 indeterminates with a
g-colored multidigraph G (Definition 1) and show that the number of a-colored arbores-
cences in GG rooted at a vertex s is the coefficient of a particular monomial of one of its
minors (Theorem 2). Theorem 2 may be viewed as a colored analogue of Tutte’s matrix-
tree theorem [21]. We prove it using a result of Moon [15] which is a generalized form of
the matrix-tree theorem. Theorem 2 gives a way to solve CC-ARB in the time required
to compute the determinant of an (n — 1) x (n — 1) matrix in which each entry is a linear
polynomial in ¢ — 1 indeterminates. We also show how to efficiently find an a-colored
s-arborescence (when one exists), by iterating the decision algorithm over all the edges
(Theorem 10).

We need some additional work to extend our techniques to the weighted version of
the problem. Here, the objective is to find a min-weight a-colored s-arborescence in a
weighted ¢-colored multidigraph. We need to define a weighted symbolic Laplacian matrix
(Definition 11). If the min-weight a-colored s-arborescence is unique, then we can extract
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its weight from a minor of this matrix. Since we cannot assume this in general, we devise
a method using multiple weighted symbolic Laplacian matrices. Note that the standard
way to workaround the non-uniqueness is to use the Isolation Lemma [16] that makes the
algorithm randomized. Our algorithm is deterministic and its running time is polynomial
in n when the weights are polynomially bounded. Once we have an algorithm to find the
minimum weight, we show how to use it to find a min-weight solution (Theorem 15).

In single-precision arithmetic, we typically assume that any intermediate value during
the computation fits into a single register. Since the determinant computations in our
algorithms may involve exponentially large integers, it is impractical to assume that we can
do these computations in single-precision arithmetic. Hence we use modular arithmetic
over multiple single-precision primes [9] to break down the computation. However, we
first report the running times in number of multi-precision operations to keep the analysis
oblivious to the above issue. Then we separately analyze the blowup when using multiple
single-precision computations.

An independent recent work on group-labeled matroid bases by Hoérsch et al. [10]
applies to arborescences and may be used to show that CC-ARB is polynomial-time
solvable for every fixed q. However, our approach is different and the definition of a
symbolic matrix that is a natural generalization of the classical Laplacian matrix to colored
graphs enables us to prove a directed matrix tree theorem for colored graphs. This brings
to light a close connection between the determinant of the generalized Laplacian and the
number of arborescences of each color signature.

Terminology. For ¢ € N, [g| denotes the set {1,2,...,q}. We refer to the book by
Diestel [6] for standard graph-theoretic definitions and terminology not defined here. For
a digraph G, let V(G) and E(G) denote the sets of its vertices and edges/arcs, respec-
tively. The out-degree (resp., in-degree) of a vertex v is the number of edges leaving (resp.

entering) v. For a digraph G, let G denote the graph obtained from G by reversing its
edges. Given a vertex s in a directed multigraph G, a spanning out-tree (resp., spanning
in-tree) T rooted at s is an acyclic spanning subgraph of G in which every vertex other
than s has in-degree (resp. out-degree) one. A spanning out-tree rooted at s is also called
an s-arborescence.

We assume that the input g-colored digraph is in the adjacency matrix representation
whose entries are elements of N? which encode the number of edges of each color. For a
g-colored digraph G and a vertex s € V(G), the g-colored digraph obtained from G by
adding a self-loop of color ¢ at s is denoted as G*. For vertices i,j and color ¢ € [q¢], let
d;j. denote the number of c-colored edges from i to j. A functional digraph is a digraph in
which every vertex has out-degree exactly one. A spanning functional subgraph of an n-
vertex digraph has exactly n edges. Given a color-constraint a = (ay,...,q, 1) € NI
a spanning functional subgraph of a g-colored digraph is said to be a-colored if it has
exactly «; edges of color i for each i € [¢ — 1].
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2 Color-Sensitive Matrix-Tree Theorems

Two classical Laplacian matrices associated with a directed multigraph G on the vertex-
set [n] are the out-degree Laplacian L defined as

Do di, ifi=j1<i<n
and the in-degree Laplacian L, defined as
Ay, £ )1<0)<
Lifig)={ G0 FIFRIShISn )
Zk:1dki; ifi=751<i<n

where d;; is the number of edges from vertex i to vertex j. It is easy to verify that the

in-degree Laplacian of GG is same as the out-degree Laplacian of G and vice-versa.

Tutte’s directed matrix-tree theorem [21] states that, if G is a digraph without self-
loops, then the determinant of the submatrix obtained by deleting the ¢-th row and
column of the out-degree Laplacian Lg (resp. the in-degree Laplacian L) is the number
of spanning in-trees (resp. arborescences) of G rooted at i. Even though our results
are stated on arborescences, we will work with the out-degree Laplacian and in-trees in
the proof of Theorem 2 so that we can use the language of functional digraphs. Instead
of doing the row and column deletions on Lg, one can also add a self-loop at i to (the
otherwise loopless) G and then compute the determinant of the out-degree Laplacian
of the resulting digraph G*. One can verify this equivalence easily by seeing the new
Laplacian Lg: as the result of deleting the (n + 1)-th row and column of the Laplacian of
a supergraph of G obtained by adding a new vertex n+ 1 and a new edge (i,n+ 1) to G.
A similar observation holds good for the in-degree Laplacian too.

In order to count color-constrained arborescences in g-colored digraphs, we define two
symbolic matrices in ¢ — 1 indeterminates to take the role of the two Laplacians.

Definition 1. For a g-colored multidigraph G on the vertex-set [n], the symbolic out-
degree Laplacian matrix Lg and the symbolic in-degree Laplacian matrix L, are

’ S dige e, fi=j1<i<n
and
where x1,...,2,-1 are indeterminates, , = 1 and d,j. is the number of c-colored edges

from vertex i to vertex j.

ot
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When each z. is set to 1, Lg collapses to the out-degree Laplacian of the underlying
uncolored digraph. It is also interesting that we can decompose L¢ as

q
Le=)Y L.z, (5)
c=1

where L, is the classical out-degree Laplacian of the spanning subgraph G. of G' con-
sisting of the c-colored edges of G. A similar collapse and decomposition applies to the
symbolic in-degree Laplacian too. The course is now set to introduce the workhorse of
this paper.

Theorem 2 (Extended Tutte’s Theorem). Given a g-colored loopless multidigraph G, a
verter s € V(G) and a color-constraint o € N=1 the number of a-colored s-arborescences
of G s the coefficient of the monomial Hq;i x%e in the determinant polynomial of the
submatriz obtained by deleting the row and column corresponding to s from the symbolic
in-degree Laplacian Ly, of G.

The original Tutte’s theorem has many proofs [3, 4, 5, 21], the first of which predates
that of Tutte by nearly a century [3]. A long but instructive way to prove Theorem 2
would be to adapt one of the elementary proofs of Tutte’s theorems which expands the
determinant of Lgz (where G* is G with a self-loop added to s) using the Leibniz formula
where each non-zero term corresponds to a product over the edges of a functional subgraph
of 85 and then showing that all terms corresponding to functional subgraphs with non-
singleton cycles cancel. However, in the interest of space, we derive our result from the
following generalization of Tutte’s theorem by Moon [15].

Theorem 3 (Corollary 4.1 in [15]). Let M be an n x n matriz defined as

<1<n

s
A=Y S -
k=1

, (6)

where z;; are indeterminates for each i,j € [n]. Then

det(M) = Z H Zijy (7)

DeD (i,j)€E(D)

where D is the set of all functional digraphs D with V(D) = [n] such that each cycle of
D has length 1.

We refer the reader to the remark after Corollary 4.1 in [15] to see how Tutte’s theorem
follows from Theorem 3.

The role of our symbolic Laplacians in counting is first illustrated for functional sub-
graphs rather than for arborescences so that the key idea is not lost in self-loops and
direction reversals. The shorthand z“ will be used to denote the monomial Hg;% xoe
henceforth.
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Lemma 4. Given a q-colored multidigraph G on the vertex set [n] and a color-constraint
a € N7 the coefficient of the monomial z® in the determinant polynomial of the symbolic
out-degree Laplacian Lg is the number of a-colored spanning functional subgraphs F of G
such that each cycle of F' has length 1.

Proof. If we set z;; = > 7, d;jex. with z, =1 for all 7, j € [n] (including ¢ = j), then the
matrix M in (6) is equal to the symbolic out-degree Laplacian Lg of G (Eqn. (3)). Hence
Theorem 3 gives

det(Lg) = Y Pp, (8)

where D is the set of all functional digraphs D with V(D) = [n] such that each cycle of

D has length 1 and
q
PD = H E dijcajc- (9)

(i.4)€E(D) e=1

The polynomial Pp only contains terms coming from the set F of spanning functional
subgraphs of G whose underlying uncolored digraph is D. Each a-colored F' € F adds a
one to the coefficient of ® in the polynomial Pp and this is the only contribution of F' to
Pp. Hence the coefficient of the monomial ¢ in Pp is the number of a-colored spanning
functional subgraphs of G whose underlying uncolored digraph is D. Now it is easy to
see that the coefficient of the monomial % in det(L¢) is the total number of a-colored
spanning functional subgraphs F' of GG such that each cycle of F' has length 1. n

We now show how to use Lemma 4 to count arborescences instead of functional sub-
graphs.

Lemma 5. Let G be a q-colored loopless multidigraph on the vertex set [n], s € V(G) and
a € N1 Let G* denote the multidigraph obtained from G by adding a self-loop of color
q at the vertex s. Then the coefficient of the monomial x® in the determinant polynomial
of the symbolic in-degree Laplacian L. is the number of a-colored s-arborescences in G.

Proof. Let T denote the set of all a-colored s-arborescences in G. Let 8* be the digraph
obtained by adding a self-loop of color ¢ at the vertex s to G and reversing the direction
of all the edges. Recall that L = Lg:. Let F denote the set of all a-colored spanning

functional subgraphs F' of 83 such that all cycles in F' have length one. It is easy to see
that for any 7" € T, the graph ¢ (T") obtained by reversing all the edges of T" and adding
a self-loop of color ¢ at s is in F. Moreover, ¢ is a bijection since all the functional
digraphs F' € F contain only one self-loop — the g-colored self-loop at s and hence there
is a unique 7" € T obtained by reversing the edges of F' and deleting the self-loop at s.
Hence | 7| = |F|. This allows us to count | 7| using Lemma 4. O

Now we are ready to prove Theorem 2. Since the incoming edges at s do not appear
in any s-arborescence, we can as well assume that there are no incoming edges at s in G.
Hence the s-th row of L. has x, (which is 1) at the s-th position (due to the self-loop
added) and 0 everywhere else. Hence the determinant of L. is equal to the determinant
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of the submatrix of L[, obtained by deleting the s-th row and column. This completes
the proof of Theorem 2.

We end this section with the undirected analogue of Theorem 2. Towards this, we
define the symbolic Laplacian of a g-colored undirected multigraph as follows.

Definition 6. For a g-colored multigraph G on the vertex-set [n], the symbolic Laplacian
matrix Lg is

> dyje e, if 1 # 7,1
LG[z',jJ:{ 2o bige @ iz , (10)

Zzzl 23:1 dikzc Le, it i = j, 1

where z1,...,2,1 are indeterminates, z, = 1 and d,;. is the number of c-colored edges
between vertices ¢ and j.

Given a g-colored undirected multigraph G, let D denote the digraph obtained from
G by replacing every edge e = {u, v} of G by the pair of edges (u,v), (v,u) of the same
color as that of e. It is easy to verify that, once we fix a vertex r in GG, there is a bijection
between the set of all spanning trees of G' and the set of all r-arborescences of D. Now
applying Theorem 2 on D with r as the source vertex, we obtain the following result.

Theorem 7 (Extended Kirchhoff’s Theorem). Given a g-colored loopless multigraph G
and a color-constraint o € N=1, the number of a-colored spanning trees of G is the coeffi-
cient of the monomial HZ: x%e in the determinant polynomial of the submatriz obtained
by deleting the first row and column of the symbolic Laplacian L of G.

3 Algorithms for Unweighted Digraphs

Theorem 2 gives us a way to solve CC-ARB and its counting variant. The time-complexity
for both is that of computing the determinant of an (n — 1) x (n — 1) matrix where each
entry is a linear polynomial in ¢ — 1 indeterminates. Once we do that, we can count the
number of a-colored s-arborescences in the given g-colored graph for all legal o in one
shot.

There are multiple algorithms that compute the determinant of a matrix of multi-
variate polynomials — like Gaussian Elimination, Expansion by Minors, Characteristic
Polynomial Method and Evaluate-Interpolate Method — whose running time depends dif-
ferently on the size of the matrix, the total number of indeterminates, the degree of each
polynomial and also on the sparsity of the matrix. Horowitz and Sahni [9] have done a
theoretical and empirical comparison of these methods. Marco and Martifiez [14] have
analyzed the parallelizability of these methods. Since we are in the regime where the
number of indeterminates ¢ — 1 is a fixed quantity and each indeterminate appears with a
degree one in each entry of the matrix, the Evaluate-Interpolate method with the following
time-complexity is a good choice.

Theorem 8. [9] Let M be an n x n matriz whose entries are polynomials in r variables
x1,...,x,. and each entry of M has degree at most d in each of the variables. Then the
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Bvaluate-Interpolate Algorithm computes det(M) using O(((d + Dn)"(n® + (d + 1)n?))
arithmetic operations.

Horowitz and Sahni [9] analyze the number of coefficient multiplications needed to
compute det(M) and explicitly ignore the time taken for merging the partial sums. We
use O notation to account for this cost since it at most adds a poly-logarithmic factor.
As our algorithms are algebraic, we first analyze the running time in terms of the number
of arithmetic operations on the coefficients of the polynomials involved. Though each
polynomial in the input matrix has coefficients upper bounded by m, the number of edges
in the digraph, the subsequent computations may result in coefficients that are as large
as (2mn)"™ which makes single-precision arithmetic infeasible even for moderate input size
and we will consider this issue separately.

Lemma 9. Given a q-colored multidigraph G onn vertices and m edges, a vertex s € V(G)
and a color-constraint o € N1 we can count the number of a-colored s-arborescences
of G using O(279 - n9%2) multi-precision operations. Moreover, if there is at least one a-
colored s-arborescence in G, then we can find one using (5(m - 2 . nI2) multi-precision
operations.

Proof. Given G, relabeling its vertices with labels from [n] and constructing L, takes
O(n*q) time. Let M be the sub-matrix of L, obtained by deleting the s-th row and
column. Observe that each entry of M has degree at most 1 in each of the ¢ —1 variables.
Theorem 8 guarantees that the Evaluate-Interpolate method takes O(27-n92) operations.
Once the determinant is obtained, a simple linear scan over all monomials, which are
O(n?) in number, gives us the coefficient of z®. Therefore, the number of a-colored
s-arborescences in G can be determined using (5(2‘1 - n72) operations.

Next we describe how to find a solution when one exists. We iterate through each
edge e of G, removing it from G if G \ e has an a-colored s-arborescence. Since the
remaining graph still contains an s-arborescence after each removal, the procedure ends
with a subgraph G’ of G which has an s-arborescence. If G’ has even one more edge
than an s-arborescence, then the earliest such edge to be processed in the iteration would
have been deleted. Hence G’ is itself an a-colored s-arborescence. This procedure takes
O(m - 27 - n9%?) operations. Note that we can remove any duplicate edges (parallel edges
of the same color) before the search so that m is at most n?q. [

When single-precision arithmetic is infeasible due to blow-up in the size of coefficients,
Horowitz and Sahni [9] recommends solving the problem using modular arithmetic. For
this, we need to choose a sequence of single-precision odd-primes p; < - -+ < p;, satistying
the following two conditions and repeat the determinant computations over each Z,,.
Firstly, we need Hle p; to be larger than the largest coefficient in the final answer which
is at most m™ in our case. Secondly, since the Evaluate-Interpolate method needs to
evaluate the intermediate polynomials at 2n + 1 distinct points (when all the entries in
the input n X n matrix are linear polynomials), we need each p; to be at least 2n+ 1. Both
these conditions can be easily satisfied by choosing p; larger than max{m, 2n} and setting
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k = n. The time to convert the coefficients in the input matrix to Z,, can be ignored since
every coefficient is at most m which is less than p;. The time for final reconstruction is
O(n?) using the Chinese Remainder algorithm [23]. Thus if the number of multi-precision
arithmetic operations performed by our algorithm is ¢(m,n,q) then the overall running
time is O(n - t(m,n, q) + n?) single-precision arithmetic operations. This gives the main
result of this section.

Theorem 10. Given a g-colored multidigraph G on n wvertices and m edges, a vertex
s € V(G) and a color-constraint o € N¢' we can count the number of a-colored s-
arborescences of G in 5(2‘1 -3 time. Moreover, if there is at least one a-colored
s-arborescence in G, then we can find one in (5(m 229 nIT3) time.

The NP-hardness of CC-ARB for arbitrary ¢ was shown by a polynomial-time reduc-
tion from HAMILTONIAN PATH in digraphs [1]. This reduction is a linear-size preserving
reduction where the number ¢ of colors in the resulting instance of CC-ARB is the number
n of vertices in the input instance of HAMILTONIAN PATH. Since HAMILTONIAN PATH in
digraphs does not admit a 2°(™-time algorithm under the Exponential Time Hypothesis
(ETH) [13], we can conclude that CC-ARB does not admit an n°®ew)-time algorithm un-
der ETH. This shows that the running time given by Theorem 10 cannot be significantly
improved.

4 Algorithms for Weighted Digraphs

In this section, we bring weighted ¢-colored digraphs to limelight and search for a min-
weight arborescence. In particular, we study the following problem.

MINIMUM WEIGHT COLOR-CONSTRAINED ARBORESCENCE(MIN CC-ARB)
Input: A g-colored multidigraph G with a weight function w : E(G) — Z*, a
vertex s € V(G) and a color-constraint o € N1,

Output: A min-weight a-colored s-arborescence of G.

Note that we can handle negative integral weights by adding a constant bias to all
the edges and we restrict the range of weights to Z* for easier reading. We also assume
that the weights are polynomially bounded. Since our interest is limited to finding a
min-weight solution, we can get rid of duplicate edges in G. Indeed, if we have parallel
edges (7, 7) of the same color, we need to retain only a min-weight edge among them in
G. We will henceforth assume that our input graph does not have duplicate edges. In the
terminology of the previous section, this would amount to saying d;;. € {0,1}. We define
the weighted symbolic version of the Laplacian as follows.

Definition 11. For a g-colored multidigraph G on the vertex-set [n] without duplicate
edges and a weight function w : F(G) — Z*, the weighted symbolic out-degree Laplacian
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matrix Lg,, and the weighted symbolic in-degree Laplacian matrix Ly ,, are

- a wi-cxc, le 71<Z7<n
Lowliod] = { S, Prals RIS (11)
Dbl Doy Wike T,  ifi=7,1<i<n
and
G,w[zhj] - n q ep - . . ’ (12>
ZkZl Zc:l Wiic xc: lf 1 = j, 1 < 1 g n
where x4, ..., 2,1 are indeterminates, x, = 1 and w;j. is the weight of the c-colored edge

from vertex ¢ to vertex j if one exists and 0 otherwise.

For any subgraph H of G, w*(H) will denote HeeE(H) w(e). One can figure out every
coefficient of det(Lg,,) by following the proof of Lemma 4. In the earlier case, each a-
colored spanning functional subgraph F' of G with only singleton cycles contributed a one
to the coefficient of z®. In the present case, F' will contribute w* (F") to the coefficient of
x®. Hence the weighted version of Lemma 4 is the following.

Lemma 12. Given a g-colored multidigraph G on the vertex set [n] without duplicate
edges, a weight function w : E(G) — ZT and a color-constraint o € N9=1 the coefficient
of the monomial x® in the determinant polynomaial of the weighted symbolic out-degree
Laplacian Lg is ) per, w*(F), where F, is the set of a-colored spanning functional
subgraphs F of G such that each cycle of F' has length one.

From Lemma 12 one can prove this weighted variant of Theorem 2 by following the
same steps as in the previous section.

Theorem 13. Given a g-colored multidigraph G on the vertex-set [n| without self-loops
and duplicate edges, a weight function w : E(G) — Z*, a vertex s € V(G) and a color-
constraint o € NI, the coefficient of the monomial x® in the determinant polynomial
of the submatriz obtained by deleting the s-th row and column of the weighted symbolic
in-degree Laplacian Ly, is Y per. w*(T'), where Ty, is the set of a-colored s-arborescences

of G.

Now we describe an attempt to find the minimum weight of an a-colored s-arborescence
in the given digraph. For any prime 7, let w, denote a new weight function defined by
w,(e) = for all e € E(G). Let c,, denote the coefficient of z in the determinant
of the submatrix of Ly, —obtained by deleting the s-th row and column. Theorem 13
shows that c,, = ETeu () where T, is the set of a-colored s-arborescences in G and
w(T) = > cperyw(e) is the total weight of T under the original weight function w. This
idea is already used in [17] to find a matching of a given weight and in [2] to find an
arborescence of a given weight.

If there is a unique min-weight arborescence T in 7,, then we can extract w(7™)
from ¢, . In this case, ¢,, will be the sum of (") and some strictly larger powers of r.
Hence w(T*) is the largest k for which r* is a factor of ¢,,. But this method will fail if
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the number of min-weight arborescences in 7, is a multiple of r. One way to solve this is
by scaling up the original weights by a factor of 2mn and then perturbing the resulting
weights by adding a number chosen uniformly at random from [2m]. The Isolation Lemma
[17] guarantees that with probability at least 1/2, the min-weight solution is unique. And
hence we can extract w(7T™) from ¢, 2. But this results in a randomized algorithm. Hence
we propose an alternate method to tackle the non-uniqueness.

Our method relies on the observation that we do not need uniqueness of the min-weight
solution for the extraction of the minimum weight from ¢, , to work. It is sufficient that
the number of min-weight solutions is not a multiple of r. Let w,,;, be the minimum
weight of a solution and ¢ be the number of min-weight solutions in 7,. One can verify
that max{k : r* | car} = Win and the equality holds if and only if ¢ is not a multiple of

r. Let r1,...,r, be n distinct single-precision primes larger than m. Since [[}_, r; > m”",
no integer t € [m"| is a multiple of all the primes in this list. We compute ¢, ,, and then
f(ri) = max{k : r¥ | ¢} for each i € [n]. Let r; be a prime in the list ry,...,r, that

does not divide t. Hence f(rj) = wyn. For every other prime r; in the list, f(r;) = Win.
Hence, even though we do not know r; in advance, we can extract Wy, as min{f(r;) :
i € [n]}. Once we know w,,;,, we can find a min-weight solution by iterating through all
the edges e in F(G) and deleting e from G if the minimum weight of a solution in G \ e
is also Wy,. This procedure will terminate with a min-weight solution. The next lemma
is the analogue of Lemma 9 for the weighted case.

Lemma 14. Given a gq-colored multidigraph G on n wvertices and m edges, a weight
function w : E(G) — [W] with W € n°Y | a vertex s € V(G) and a color-constraint
a € N1 we can find the minimum weight of an «-colored s-arborescence in G using
O(27 - n3) multi-precision operations. Moreover, we can find a min-weight solution us-
ing O(m - 27 - 93 multi-precision operations.

The time to construct Ly, is O(n?qlog W) since r* can be computed in O(log k)

multi-precision operations. Let M be the sub-matrix of L/G’,w,» obtained by deleting the
s-th row and column. Each entry of M has degree at most 1 in each of the ¢ — 1 variables
and Theorem 8 guarantees that the Evaluate-Interpolate method takes O(29-n%"?) multi-
precision operations. Once the determinant is obtained, a linear scan over all monomials
gives us the coefficient ¢, of z*. Note that c,, < m™r™"W. Therefore, computing f(r)
takes O(log(nW)) divisions. Since we compute L, and f(r) for each of the n primes,

the total number of multi-precision operations to find Wy, is O(n(29 - nT2 + log(nW)))
which is claimed in Lemma 14 since W € n®®. The time complexity of finding a min-
weight solution is m times the above. This completes the time complexity analysis of
Lemma 14.

Now, we will analyze the time complexity in single-precision operations using modular
arithmetic and Chinese Remainder algorithm. Notice that now we have to work with much
larger coefficients than in the unweighted case. Each entry of Ly, has coefficients upper
bounded by r"V' and the coefficients in the resulting determinant polynomial are at most
m"r™W . This time, we pick nWW primes py,pa, ..., paw, each larger than max{2n,mr},
repeat the determinant computations over each p;. This blows up the running time by
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a factor of nW. The final reconstruction of the coefficient of z® takes O(n? - W?) time.
Hence each determinant computation for each r takes O(n - W - 27 - n?™2 + n? . W?)
single-precision operations. The final running time is hence n times this.

Theorem 15. Given a q-colored multidigraph G on n wvertices and m edges, a weight
function w : E(G) — [W] with W € n°Y | a vertex s € V(G) and a color-constraint
a € N7t we can find the minimum weight of an a-colored s-arborescence in G in 5(2‘7 .
nIt W 4 n3 - W?) time. Moreover, we can find a minimum weight solution in 6(m(2q .
ndth W +n3 - W?)) time.

5 Concluding Remarks

Though CC-ARB and EXACT PERFECT MATCHING in bipartite graphs reduce to 3-
MATROID INTERSECTION, there seems to be a sharp contrast in their complexities. The
former has a deterministic polynomial-time algorithm for every fixed ¢ while the only
polynomial-time algorithm known for the latter, even for ¢ = 2, is randomized. CC-
ARB is a special case of 3-MATROID INTERSECTION where two of the three matroids are
partition matroids and the third one is a graphic matroid. EXACT PERFECT MATCHING
restricted to bipartite graphs is also a special case of 3-MATROID INTERSECTION where
all the three matroids are partition matroids. It is intriguing whether the hardness of the
problems is dependent on this difference. A deep dive into this is tempting.

We also hope that our colored extensions of the classic matrix-tree theorems of Tutte
and Kirchhoff will open another bridge between algebra and algorithms. In fact, an algo-
rithm for CC-ARB with exponential dependence only on ¢ can give practical algorithms
to compute the symbolic determinant of a subclass of large matrices of linear polyno-
mials when the number of indeterminates is small. From a parameterized complexity
perspective, ¢ is indeed the most natural parameter for CC-ARB and the fixed-parameter
tractability of the problem is an interesting future direction.
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