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Abstract

We provide explicit combinatorial formulas for the Chow polynomial and for the
augmented Chow polynomial of uniform matroids, thereby proving a conjecture by
Ferroni. These formulas refine existing formulas by Hampe and by Eur, Huh, and
Larson, offering a combinatorial interpretation of the coefficients based on Schubert
matroids. As a byproduct, we count Schubert matroids by rank, number of loops,
and cogirth.

Mathematics Subject Classifications: 05A05, 05B35

1 Introduction and main results

The Chow polynomial H,,(z) and the augmented Chow polynomial Hj/(z) of a matroid
M are the Hilbert-Poincaré series of the Chow ring and of the augmented Chow ring,
respectively. These polynomials are known to be unimodal, palindromic, and ~-positive,
as proven in [8]. Both polynomials are also conjectured to be real-rooted, which is only
known for the augmented Chow polynomials of uniform matroids [8]. A second proof of
the y-positivity, along with a combinatorial formula for the y-expansion of both H,,(x)
and Hj(x), is provided in [17].

Let Uy, be the uniform matroid on ground set [n] = {1,...,n} and of rank k, with
bases being all k-element subsets. As shown in [8, Theorem 1.11], the coefficients of
the Chow polynomial and of the augmented Chow polynomial of an arbitrary loopless
matroid M are term-wise maximized when M is a uniform matroid.

This paper proves a conjecture by Ferroni regarding the coefficients in the case of
uniform matroids and provides a monomial expansion for their Chow and augmented
Chow polynomials.

Fakultét fiir Mathematik, Ruhr-Universitdt Bochum, Germany (elena.hoster@rub.de).
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Theorem 1 ([6, Conjecture]). The Chow polynomial and the augmented Chow polynomial
of the uniform matroid Uy, are given by

k—1

_ loopless Schubert matroids on the ground set [n] } L am

ﬂUk,n (IL‘) - § : #{ of rank m + 1 and cogirth greater than n—k Z
m=0

k
Hu,, (0) = Y # oo ond cogirtt gremsen oo } 2™
m=0

Hampe showed in [12] that the Chow polynomial of the Boolean matroid U, ,, is the h-
vector of the permutahedron, the n-th Eulerian polynomial A, (t). Moreover, he showed
that the k-th Eulerian number counts loopless Schubert matroids on n elements of rank k.
Likewise, Eur, Huh, and Larson proved in [4] that the augmented Chow polynomial of U, ,,
is the h-vector of the stellahedron, the n-th binomial Eulerian polynomial En(x) Here,
the coefficients count Schubert matroids of corresponding rank but are not necessarily
loopless. Theorem 1 refines both of these representations.

In [11], Hameister, Rao, and Simpson give a combinatorial formula for the Chow
polynomial of the g-uniform matroid Uy ,(¢q) on ground set [n], the g-analog of the uni-
form matroid which becomes Uy, for ¢ = 1. This formula is particularly useful in the
cases k =n and k =n—1. It provides - Hy, | (7) = dn(x), where d,,(z) denotes the n-
th derangement polynomial. More recently, Liao extended this result to the augmented
Chow polynomial in [13, Theorem 4.7}, giving Hy, _, , (z) = An(2).

We prove Theorem 1 using combinatorial arguments. In particular, we provide a com-
binatorial formula on the number of Schubert matroids on a fixed ground set, according
to their rank, cogirth, and number of loops. This formula enables the computation of the
dimension of certain faces of the polytope of all matroids [7).

1.1 Main results

For any nonempty subset I C {1, ...,n}, consider the disjoint partitionof I = I U--- U I,
into maximal consecutive subsets, ordered so that min(/;) < min(/;4+1). Define the multi-
nomial coefficient

(Anl) - (min([l) — 1, min(%) — min(7,), min(Z,) — min(), ..., min(l,) — min([s_1)> ’

which takes the differences of these minima of adjacent subsets. For I = {} being the
empty set, we set ( A”I) =1

Example 2. The set I = {2,3,5,7,8} is partitioned into {2,3} U {5} U{7,8}, the multi-
nomial coefficient is

ny n B n B n!
AI) \2-1,5-2,7-5) \1,3,2) 132! (n—6)!

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.36 2

for n > 8.



A descent in a sequence of integers a = (aq, .. ., a,,) is a position i such that a; > a;1.
The descent set of ais Des(a) = {i € {1,...,m — 1} | a; > a;41}, the set of all such posi-
tions. Its size gives the number of descents, denoted by des(a). This notation also applies
to permutations when written in one-line notation. Let E(m, D) denote the number of
permutations in &,,, that have descent set D.

Define nc(m) to be the set of all subsets of {1, ..., m} that contain no consecutive integers.

Theorem 3. The Chow polynomial of the uniform matroid Uy, is given by any of the
following expansions:

Hy, ()= > (;}) 2= (1.1)

IC{1,...k}
lerl

= Y E(mD) -alPl (14 a)1720 (1.2)

Déenc(k-1)
1¢D

— n— O(k) . wdes(a) . T k—1—2-des(o)
Z (k‘ _ 0(k)> (1+z) . (1.3)

cE€Cy
Des(o)enc(k—1)
o(1)<o(2)

We deduce Equations (1.2) and (1.3) from the ~y-expansion given in [17, Theorem
1.1]. We then prove (1.1) by comparing the coefficients with (1.2). An even more general
formula for the 7-expansion of (augmented) Chow polynomials is given in [9, Theorem
4.25).

In the same way, we get a similar version of Theorem 3 for the augmented case.

Theorem 4. The augmented Chow polynomial of the uniform matroid Uy, is given by
any of the following expansions:

o, 0= 5 (4) " 1)

IC{1,....k}
= > EmD) -a”(14ax)P (1.5)
Denc(k—1)
n —o(k) des() k—2-d
_ . pdes() | (1 es(a).
> (ioow) s
gEGy,

Des(o)enc(k—1)

The ~y-expansions given in (1.2) and (1.5) are also covered in [14].

Remark 5 (Multivariate analogs). In Section 3, we define the multivariate Chow polyno-
mial and the multivariate augmented Chow polynomial as multivariate versions of H,,(z)
and of Hy/(z). We prove Theorems 3 and 4 by proving their multivariate analogs.

We show in Section 3, how to translate Theorem 1 into (1.1) and (1.4). Thereby,
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e [ C [n] indexes a set of Schubert matroids,
e 1 € [ ensures that these are loopless, and
e max (/) < k ensures that their cogirth is greater than n — k.

Example 6. We compute the Chow polynomial of Us 5 using all given ways in Theorem 3.
Using (1.1), we get

5 1}-1 5 1,231 5 1,3}-1 5 1,2,3}-1
Hy, ,(v) :(O) NG (0) g 2H-1 )s NI ’ 23y
=1+z+ 102 + 27,
using (1.2), we get

Hy, (r) =E(G,{}) -2’ (1+2) '+ E(5,{2}) - o' - (1 +2)" !
=(1+2)* + 9z,

and (1.3) finally gives

EUM(:E):(;:?) -xO-(1+x)2+(§:§) -xl-(l—l—az)0+<§:1) 2 (14 2)

(. S (. J . J

0523 0532 0;531
2 3 4
= (1 2 . .
(O) (1+z) +<1) :B+(2> T
=(1+2)* + 3z + 6.
All three polynomials coincide with ﬂUB’s(x) =1+ 11z + 2*

The following corollary was proven in [8]. We reprove the results by ordering the
sets I within the monomial expansions (1.1) and (1.4), according to the minimum of their
last maximal consecutive subset I, where [ = I, U--- U [, is the partition into maximal
consecutive subsets.

Corollary 7 ([8, Theorem 1.9]). We have

where d;j(x) is the j-th derangement polynomial, and A;(x) is the j-th Eulerian polynomial.

Note that Theorems 3 and 4 hold at the level of multivariate polynomials as already
mentioned in Remark 5. An analog of Corollary 7 does not seem to hold.
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2 Background

2.1 R-labeling

Let P = (P, <) be a finite graded poset of rank n with minimal element 0 and maximal
element 1. The set of cover relations (or edges) of P is denoted by £(P). A maximal chain
in Pis aset F= {6:F0 <F <---<F, :T} For a labeling \ : £(P) — Z on the set
of edges of P and for a maximal chain F, let Az = (A\1,...,\,) with \; = XN(F;_; < F})
be its edge-labeling sequence. We call A an R-labeling if every interval of P admits a
unique maximal chain F with strictly increasing edge-labeling sequence Ax = (A < A\g <

2.2 Matroids

A matroid M consists of a finite set F (called ground set) and a collection B of subsets
of E (called bases), satisfying the following two properties:

e 3 is nonempty, and

e if By, By € B are bases and if z € By \ Bs, then there is an element y € By \ By
such that (B \ {z}) U{y} € B is a basis.

Every basis has the same size, called the rank of M denoted by rk(M). A subset I C E
is called independent if it is a subset of a basis. Otherwise, it is called dependent.
The dual matroid M* of M is the matroid on the same ground set £ and with
bases {B° = E \ B | B basis of M}. An element z € E is a loop in M if it is not con-
tained in any basis. A coloop in M is a loop in the dual matroid M*. A circuit C C E
is a minimal dependent set of M, that is, C'\ {z} is independent for all x € C. The
girth of M is the cardinality of the smallest circuit, and the cogirth of M is the girth
of M*. The rank of a subset S C E' is rky/(S) = max{#I | I C S independent in M},
the size of the largest independent subset contained in S. If rky (S U {x}) > rky(S) for
every x € '\ S, we call S a flat. The set of flats of M ordered by inclusion forms a
lattice, the lattice of flats denoted by L(M).

Let [n] = {1,...,n}, and let ([Z]) be the set of all subsets of [n] that have size k.

2.2.1 Uniform matroids

For n > k, the uniform matroid Uy, is the matroid on the ground set [n] with set of
bases ([Z}). Its lattice of flats L£L(Uy,,) consists of all subsets of size smaller than k together
with the maximal element [n], ordered by inclusion.

2.2.2 Schubert matroids

We use the definition of Schubert matroids given in [5] for the fixed ground set [n].
For m € &, let <, be the total order on [n] given by the one-line notation of 7, that is

(1) < m(2) <p oo <p(n).

(@)}
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If 7 = id is the identity permutation, this gives the usual total order 1 < 2 < --- < n.
For subsets I = {iy < --- <}, JJ ={j1 < -+ <jr} C [n] with |I| = |J|, we write

I <;J ifiy, <;jmforeachme{l,... k}.

For a set I € ([Z}), and for a permutation m € &,,, the Schubert matroid S;, is the

matroid on the ground set [n| with bases

(e (M) e},

Schubert matroids are a special class of lattice path matroids. In the literature, they are
also called nested matroids [12|, generalized Catalan matroids [2] or shifted matroids [1].

3 Proofs of the main results

In this section, we introduce multivariate versions of the Chow polynomial and of the
augmented Chow polynomial which become the usual polynomials when all variables are
set equal. We then derive Theorem 3 and Theorem 4 by proving their multivariate analogs.
In Section 3.3, we study Schubert matroids to translate Theorem 1 into (1.1) and (1.4).
The main tool for this translation is Theorem 14 in which we count Schubert matroids
on a fixed ground set, according to rank, cogirth, and the number of loops. Finally, we
prove Corollary 7 and discuss some sequences of coefficients in Hy,  (2) and in Hy, , ().

3.1 Multivariate Chow and augmented Chow polynomials

Let M be a matroid of rank k. The lattice of flats L(M) of M always admits an R-labeling
[16, Proposition 2.2]. Fix such an R-labeling A, then, by [17, Theorem 1.1], the Chow
polynomial of M is given by

HM(x) _ Zxdes()\f) . (1 + x)rk(M)—l—Zdes()\;) 7 (31)
F

where the sum ranges over all maximal chains F whose edge-labeling sequence Az has no
consecutive descents, Des(Ax) € nc(k — 1), and with 1 ¢ Des(Az).
The augmented Chow polynomial of M is given by

HM(l’) _ Zxdes(/\}-) . (1 + x)rk(M)fzdes(/\]:) ’ (32)
F

where the sum ranges over all maximal chains F whose edge-labeling sequence Ar has no
consecutive descents, Des(Az) € nc(k — 1).
Define the multivariate Chow polynomial of M by

HM(CL‘) = Z H ZT; . H (1 +I'j) € N[$1,...,J]rk(M)_1]

i€Des(Ar) je{l,....k—1}
1¢Des(Ar) J.j+1¢Des(Ar)
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and define the multivariate augmented Chow polynomsial of M by

Hy(x) = Z H x| - H (1+z) € Nizo, . .., Trk(m)-1]

F i€Des(Ax) je{0,...k—1}
7,5 +1¢Des(AF)

Here, both sums range over all maximal chains F in £(M) such that Des(Ax) € nc(k—1)
contains no consecutive elements. Setting all z; = x, we get back the usual Chow and
augmented Chow polynomials of M, respectively, as given in (3.1) and (3.2).

Remark 8 (A natural choice for the multivariate version). Chow polynomials and aug-
mented Chow polynomials are evaluations of the Poincaré-extended ab-indez [17, Theo-
rem 2.6], which is a polynomial in the variable y with coefficients in the non-commutative
ring Z(a,b). This polynomial was introduced in [3] and encodes the positions of ascents
and descents of edge-labeling sequences of maximal chains. Applying the evaluation ap-
proach from [17] to the identity given in [3, Corollary 2.11], and distinguishing descents
by their position, we derive the multivariate forms presented here.

3.2 Eulerian numbers and subset permutations

An R-labeling on £(M) can be constructed by any total order on the atoms of L(M),
see [16, Proposition 2.2]. For the uniform matroid Uy, the usual total order 1 < --- < n
yields the R-labeling A, defined by

AS <T)=min(T\ 95). (3.3)

In particular, the entries in the sequence Az = (A1,...,\;) for a maximal chain F
in L(Uy,,) are all different.

A subset permutation o € Sym(S) is a permutation of a subset S C [n]. For a
subset S = {s; < - -+ < si}, the one-line notation of o = 7105 - - - 0y, is given by 0; = o(s;).

Lemma 9. The map F — Ag sending mazimal chains in L(Uy,) to their edge-labeling
sequence with labels defined in (3.3) is injective. Its image is the following set of subset
permutations:

U {o€Sym(S) | {1,...,0(max S)} C S} .
SC[n]
|S|=k

Proof. A maximal chain in £(Uy,,) is of the form

F={{chcurlc .. ot C{l,... 0} }

for pairwise distinct integers Ay,...,Ax_1. The corresponding edge-labeling sequence
is Ar = (A1, Agy ooy, Mg, Ag) where Ay = min ([n] \ {A\1,..., A\k_1}) is determined by the
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preceding labels. This gives the surjection F +— Azr. Moreover, the first £ — 1 entries
in Ar of a chain F = {Fy C --- C Fy_1 C [n]} specify the order in which the elements
from Fj_; are adjoined along F.

Vice versa, let the first £ — 1 entries of a permutation o € Sym(.S) for a set S € ([Z}) de-
termine the first k — 1 labels oy, ..., 04_1 of an edge-labeling sequence Az. Since the k-th
entry \; of this sequence is the smallest integer in [n| which has not appeared yet in Ar,
we have o = Ay, if and only if for every integer i < oy there is an index j € {1,...,k—1}
such that o; =4, and thus ¢ € S. n

Let 0 = 0y ...04 € Sym(S) be a subset permutation of a subset S C [n]. We can

e extend o to the permutation o' = oy ...04t1 .. . t,_p € &, with {t1 < - <ty p}=
S, or

e standardize o to the permutation oy € G;, by sending o; to its image under the
unique order-preserving map S — {1,...,k}.

Observe that both extending and standardizing preserves descents.

Example 10. Let n = 8, and let 0 = 3641 € Sym({1,3,4,6}). Then, extending o gives
the permutation o' = 36412578 € &g, while standardizing o gives o, = 2431 € &,.

Proposition 11. The multivariate Chow polynomial of the uniform matroid Uy, is given
by

Hy (@)= Y E(nD) (Hm) IT a+z)
jef1

Denc(k-1) ieD /J \ je{4,.., k—1}
1¢D J.j+1¢D
n—o(k)
> (o) I AL )
oEQ i€Des(o) je{l,....,k—1}
Des(o)enc(k—1) j,j+1¢Des(c)
o(1)<o(2)

and the multivariate augmented Chow polynomial of the uniform matroid Uy, is given by

Hy, . (z) = > E(n,D) - (H x) : I a+a)

Denc(k—1) ieD §€{0,...k—1}
J,j+1¢D
n—o(k)
- X (i) Ioa) | I ave
ceSy, i€Des(o) j€{0,....,k—1}
Des(o)enc(k—1) 4,j+1¢Des(o)
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Proof. We apply Lemma 9 to the definitions of the multivariate polynomials, and get

HUk,n(w)=Z<H :v)( I1 (1+xj)), and

o i€Des(o) je{1,...,k—1}
J:j+1¢Des(o)

HUk,n<m>=z( H))( I <1+xj>),

o i€Des( j€{0,...,k—1}
J,j+1¢Des(c)
where the sums range over all subset permutations ¢ = oy ...0y, such that Des(o) €
nc(k — 1), (1 ¢ Des(o) in the case of the Chow polynomial), and {1,2,...,04} C
{01,02, Ce ,Uk}.
The subset permutations o that appear as edge-labeling sequence A r are exactly those
whose extended permutation o' has descent set

Des(o") C {1,...,k—1}.

This is because all integers smaller than o (k) must be positioned within the first k& en-
tries of the one-line notation of ¢!, meaning there are no descents beyond position k
since o(k) < --+ < oT(n). This proves the first equation for each polynomial.

The map o — o is a surjective map from the set of subset permutations o, that appear
as edge-labeling sequence Ar, to &. Any integer smaller than oy must be in {0y, ..., 0%}
and is therefore fixed under standardizing. The fiber of a permutation 7 € & is thus

given by
4 {a € Sym(S) ‘ S e ([Z]) Lo, = n} _ <Z B :EZ;) .

Since the descents are preserved under standardizing, this completes the proof. O

Theorem 12. The multivariate Chow polynomial and the multivariate augmented Chow
polynomial of the uniform matroid Uy, are given by

Hy (@)= > ( A”[) I] z1. and

IC{1,...,k} ieN\{1}
lel
n
Hy, . (z) = Z (AI) H Ti-q-
IC{1,...,k} iel

Proof. For positive integers k < n, let

Fyn(x) = Z (Anl> H Tiq,

IC{1,...k} iel\{1}
lel
n
Cute)= 3 (J,) T
ICq{1,...k} iel

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.36 9



Comparing coefficients, we show that
Fin(x) = ﬂUW () and Gin(x) = HUkn(a:) .

We focus on the proof of the multivariate Chow polynomial, as it has more restrictions
on the sum’s range. The analogous statements for the multivariate augmented Chow

polynomial follow by omitting these restrictions.
Let S C {1,...,k—1} be a subset and let ° = [],_g z;. The coefficient of * in F} ()
and in Hy, (x), respectively, is given by

where S +1 = {s+1|s € S}, and where the sum on the right ranges over all sets
D € nc(k — 1) with 1 ¢ D, such that

i,i+1¢D}:{z‘e{1,...,k—1}yz'eDorz'gzﬁ}
(3.4)
where % = {z e{l,....k—1} ‘ ieDori—1¢€ D}. This follows from Proposition 11.
Let us construct all such subsets D. If 5,54+ 1 € S, we must have s + 1 ¢ D, which also
forces s+ 1 ¢ % Thus, for a maximal consecutive subset {s,s+1,...,s+m} of S, none

of s+1,...,s+marein D or % Let § = S1US;U- - -US; be the disjoint partition of S into
maximal consecutive subsets, then we just proved that D C {min(S;), ... min(S;)}. Each

S=Dufie{l,....k—1}

of these subsets satisfies (3.4), since min(.S;) ¢ D for some index i implies min(.S;) ¢
These subsets D naturally avoid consecutive elements, and the restriction 1 ¢ D does not
affect any other constraint. We thus get

(@5 Hy, (2) = > E(n, D)
DC{min(S1),... min(S;)}
1¢D

=#{w € &, | Des(w) C {min(S,),...min(5;)}}

B (min(Sl), min(Sy) — min(Sy),. .., min(S;) — min(S;_;),n — min(Sj)> '

The last equation is explained as follows: To construct a permutation w € &,, without
any descent in the first m—+1 positions, choose m elements for w(1) < w(2) < --- < w(m).
Each choice uniquely determines the initial sequence. If the next £+ 1 positions must also
avoid any descent, choose ¢ elements of the remaining n — m. Repeating this iteratively
yields the multinomial coefficient.

Since the corresponding minima in the partition of {1} U (S+1) are 1, min(S;)+1 (if and
only if min(S;) > 1), min(S2) + 1,...,min(S;) + 1, and since (1 — 1)! = 0! = 1, we have

(min(Sl), min(S,) — le(sl), on— min(Sj)> - (A{l} un(s + 1))

which is the coefficient of ° in Fy,(x), as desired. O
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Proof of Theorems 3 and 4. This follows by setting x; = = in Proposition 11 and in The-
orem 12. n

3.3 Schubert matroids

Recall Ferroni’s conjecture stated in Theorem 1, saying that the coefficient of 2™ in the
Chow and in the augmented Chow polynomials of the uniform matroid Uy, are given by

m _ loopless Schubert matroids on the ground set [n] o
[:L‘ ] ﬂUk,n (:L‘) - #{ of rank m + 1 and cogirth greater than n—k } for 0 < m < k 1 )

m _ Schubert matroids on the ground set [n]
[.I’ ] HUk,n (1’) - #{ of rank m and cogirth greater than n—k } for 0 g m g k.

In this section, we study the Schubert matroid on the fixed ground set [n] to determine
the values of the right-hand side.

The Schubert matroid Sy, for I € ([Z}) and m € G,, has bases {J € ([Z]) | I <; J}.

The rank of S;, is k, the size of the set I, but its loops and cogirth depend on both [/
and 7.

Proposition 13. Let n > k be positive integers, and let I C {1,...,n} and 1 € &,,.
Let min,(I) denote the minimal, and let max,(I) denote the mazimal element in I with
respect to <.

1. Srx has loops {m(1),7(2),...,7(m — 1)} where 7(m) = ming(I).
2. St has cogirth n + 1 — ¢ where 7(c) = max,(I).
8. Srr = Sr-1(nya with w1 (1) ={n~1(i) | i € I}.

Proof. An element z € [n] is a loop in Sy, if x is smaller than every element in I, which
proves the first statement. The total order <, is defined by i <, j if 771(i) < 771(j)
in the usual order 1 < 2 < --- < n. The third statement follows immediately by this
definition, since J is a basis in Sy, if and only if 771(.J) is a basis in Sy-1(7) 4.

To prove the second statement, first consider the identity permutation 7 = id. The
girth of a matroid M gives the size of the smallest possible dependent set in M. Any
subset of size smaller than the girth is therefore independent, meaning that it is contained
in some basis of M. Thus, the Schubert matroid Sy ;q has cogirth greater than n —c if and
only if every subset S C [n] of size |S| = ¢ contains a basis J of Sy4. In particular, the
set S ={1,...,c} must then contain a subset J with J > I, which gives I C {1,...,c}.
Vice versa, if I C {1,...,c} hassize |I| =m and if S = {s; < --- < s.} C [n] is a subset
of size ¢, then let J = S\ {s1,...,5.-m} be the set containing the m largest elements
of S. Since ¢ < s; for all indices i, we get

I<{c—m+1,... ¢} <{se—mt1,...,8.}=J with J C S.

This proves that the cogirth of Syiq is greater than n — ¢ if and only if max(/) < e
Together with the contrapositive of this statement and with the third statement of our
lemma, we have proven the second. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.36 11



Theorem 14. The number of Schubert matroids on the ground set [n] of rank m, with ¢
loops, and having cogirth n +1 — k is
> (&
Al)’

IC{t+1,....k}
(+1,kel
[I|=m

Before we prove Theorem 14, we deduce Theorem 1.

Proof of Theorem 1. This is an immediate consequence of Theorem 14, as the polynomials
coincide with the monomial expansions given in Theorem 3 and Theorem 4. O

Proof of Theorem 1. By Proposition 13, the number of Schubert matroids on the ground
set [n] of rank m, with ¢ loops, and having cogirth n — k is

Yo # S lmeS, ). (3.5)
IC{+1,...,k}
(+1,kel
[|=m
The group &,, acts on the set of Schubert matroids by 7 * S;r = S;()-r. We claim
that the multinomial coefficient ( A"I) gives the size of the orbit {SW(I)’7r | e Gn} with
respect to this group action. Let I = I; U---U I; C [n] be a nonempty set, written in its
disjoint partition into maximal consecutive subsets such that min(/;) < min(/;;;). By
the orbit-stabilizer theorem and by Lagrange’s theorem, we have

n!
- {7T €6, | Sr()r = Sl,id} '

A permutation 7 € &,, satisfies Sy (1), = Sr4q if and only if it can be written as a product
of permutations 7 = 77 ... 7(5) such that

# {Sﬂ'(I),ﬂ' | e Gn} =

7@ e Sym({1,...,min(;) — 1}),

79 € Sym({min(7;), min(Z;) + 1,...,min(l;;,) —1}) for 1<j<s—1,

7)€ Sym({min(,),...,n}).
A permutation m € &,, of this form certainly satisfies SW(IM = S1.4, since it is satisfied
by each adjacent transposition (a,a+ 1) € &,, of this form. Consider a transposition 7 =
(a,a + 1) with @ = min(l) — 1 for some k € {1,...,s}, which is not of this form.
Since min(/x) is the minimum of a maximal consecutive subset in I, we have a ¢ I.

Then, 7(I) < I, which implies that 7(I) is not a basis in Sy jq, and therefore Sy5q # S(1).7-
]

Example 15. Let [ ={2,3,5,7,8} = {2,3} U{5}U{7,8}. The stabilizer of the Schubert
matroid Syiq on the ground set [n], for n > 8, is

{7 €6, | Setyr = Sraa} = Sym({1}) x Sym({2,3,4}) x Sym({5,6}) x Sym({7,...,n})
g61 X63X62X6n,6.
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Thus, the size of the orbit {Sﬂ([ | e, } equals the multinomial coefficient ( A I)

n! n! n
# 1w | 7€ Gnt = #(6; x B3 x Gy x G,) 132 (n—6) (A]) '

3.4 Special cases and sequences of coefficients

In this section, consider the polynomials Hy;, () and Hy;, , (z) written in their monomial
bases as given in Theorem 3 and in Theorem 4.

The n-th derangement polynomial is defined by d,(z) = 3 p ) where D,
is the set of fixed-point-free permutations in &, and exc(w) = #{i € [n] | w(i) > i}
counts the number of excedances of w. The n-th Fulerian polynomsial is defined
by Aj(z) = X yes, zdes()  For j = 0, the polynomials are set to dy(z) = 1 = Ag(x).
For j > 2, we have

v-Hy, (@) =dy(x) and  Hy, . (2) = Au(2)
as given in [11] and in [13], respectively. For arbitrary k < n, we aim to provide a new

proof for [8, Theorem 1.9], that is
k-1

o, 0= (1) de) (e,

J=0

k—1
Hy,, (@) =1+z-) (n) Aj(@) (Lt a4 a1,
=0 \J

Proof of Corollary 7. For a nonempty set I = I; U---U I, written as its disjoint partition
into maximal consecutive subsets, such that min(/;) < min(Z;11), let m(/) = min(/;).
We order all subsets I C {1,...,k} by this minimum m([). For instance, m(/) =1 for I
being any consecutive set starting with 1, and m(I) = 2 for I being any consecutive set
starting with 2. For the Chow polynomial, we get

B, =2 Y (1)

j=1IC{1,...k}
1€l

m(I)=j
=1
—(1 ) 7+1) n J INLs|~1 | L]
(14+x+-- +Z Z (j—l)(AI\IS x x
Jj=3 IC{1,...,
m<1)=j
lel

g T (1)) e

Jj=3 IC{1,.., j 2}
le
= (4t “+Z(> (@) @ (L 2.
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Since dj(z) =z - Hy, , (z) for j =2, di(z) = 0 and do(z) = 1, we get

By, 0= 5 (1) ) (s

The same reasoning for the augmented Chow polynomial gives

Hy, () = 1+ (4 -+ 2%) + (T) (Y
+§ (?) Hy, ,,(z) (x+--+2"7).

Here, the constant term 1 is produced by I = {} the empty set, (x + ---2*) by all sets
with m(I) =1, and (7) - (z+---2*7) by all sets with m(I) = 2. Since Hy,_, ,(z) = A;(z),

Ag(z) =1, and A;(x) = 1, this completes the proof. -
Write
-1 P
HUk n(x) = Q(Zk),n x* and HUk,n (ZE) — ZC](;,)n 2
i=0 —

For a loopless matroid M on n elements and of rank k, the coefficient of ™ in the
Chow polynomial H,,(x) and in the augmented Chow polynomial Hy(x) is bounded by
the corresponding coefficient in Hy, (z) and in Hy, (), respectively, as proven in [8,
Theorem 1.11]. That is,

[ Hyy(z) <) and  [2™) Hp(z) < )

A straightforward computation gives

k

Z(A{l}) +Z(n>
i = Z(A{}) Z(ZL)

i=1 =0

The sequences (cgzl)@k for fixed k are sums of binomials, which are listed in the OEIS

[15]. For example, A000125 for k = 3 and A008859 for k = 6.
In the non-augmented case, we get a connection to Grassmannian permutations.
A permutation w € G, is called Grassmannian if it has at most one descent.

Corollary 16. For k > 2, the coefficient g(?’n 1s the number of Grassmannian permuta-
tions of length n avoiding a (fized) permutation o € &y with des(o) = 1.

Proof. This follows by [10, Theorem 3.3], which provides the same formula as given here

1
for Q( k)n O
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https://oeis.org/A000125
https://oeis.org/A008859

For fixed & < 10, the sequences ((—:(}c),n)n>k are listed in the OEIS, e.g., A000124
for k = 3, A050407 for k = 4, A027927 for k = 5, and A362193 for k = 6.

The formulas that we get from Theorem 12 (with x; = x) for the coefficients 9(712)

n

and C(ZLZL indicate that the coefficients give the size of a set. For instance, for m = 2, we

have
k—1 n k—2 n k—3 k—i+1 n
@ _
€kn *Z(@)f (J*Z <wn )

=3 i=2 i=2 =2 )
el k=2 k—i n
@)
X () )
— 1 —1 == t—1,5,n+1—-1—7

Note that the sequences (Q(i),n)@k and (c(?’n)@k are not listed in the OEIS, and the same

applies for m > 3. This leads to the following open problem:

Open Problem 17. Describe Q(ZL;L and C(ZZL as sizes of sets of permutations of length n
according to certain restrictions.
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