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Abstract

The celebrated canonical Ramsey theorem of Erd6s and Rado implies that for
a given k-uniform hypergraph (or k-graph) H, if n is sufficiently large then any
colouring of the edges of the complete k-graph Kr(Lk) gives rise to copies of H that
exhibit certain colour patterns. We are interested in sparse random versions of
this result and the thresholds at which the random k-graph G(k)(n, p) inherits the
canonical Ramsey properties of K,(lk). Our main result here pins down this threshold
when we focus on colourings that are constrained by some prefixed lists. This result
is applied in an accompanying work of the authors on the threshold for the canonical
Ramsey property (with no list constraints) in the case that H is a (2-uniform) even
cycle.

Mathematics Subject Classifications: 05C80, 05C55

1 Introduction

We begin by focusing on (2-uniform) graphs.! For r € N and graphs G and H, we say G
has the r-Ramsey property with respect to H, denoted G = H, if every colouring of the

edges of G with r colours results in a monochromatic copy of H, that is, a copy of H
with all its edges in the same colour. The classical theorem of Ramsey [19], from which
the term Ramsey theory stems, states that if n is large enough in terms of r and H,
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then K, = H. In a highly influential work, Erdés and Rado [8] explored which “colour

patterns” are guaranteed when one colours a graph with no restriction on the number
of colours. Clearly, monochromatic copies of H are no longer guaranteed as one can
colour each edge of K, with a unique colour. In such a case, any copy of H in K, is
said to be rainbow. If H contains a cycle, it is also not the case that every colouring
of K, induces either a monochromatic or rainbow copy of H. Indeed, one can associate
a unique colour ¢(i) to each vertex ¢ in [n] = V(K,,) and colour each edge ij € F(K,)
by ¢(min{z, j}). Then any copy of H in K, is neither monochromatic nor rainbow but is
coloured lexicographically.

Definition 1 (Lexicographic colouring). Let H be a graph, ¢ an ordering of V(H) and
X : E(H) — N an edge colouring of H. We say that the pair (H, ) is lezicographic with
respect to o if there exists an injective assignment of colours ¢ : V(H) — N such that for
every edge e = uv € E(H) with u <, v, we have that x(e) = ¢(u). If x is clear from the
context, we simply say that H is lexicographic with respect to o.

The celebrated canonical Ramsey theorem of Erdés and Rado [8] implies that if n is
large enough in terms of m € N, then any colouring of K,, results in a copy of K,, that
is either monochromatic, rainbow or lexicographic. This theorem serves as a beautiful
example of the popular Ramsey theory maxim that there is an inevitable order amongst
chaos. Applying the canonical Ramsey theorem with m = v(H) implies the existence of
copies of H with certain colourings. The following definition captures this behaviour.

Definition 2 (The canonical Ramsey property). Given a graph H and an ordering o
of V(H), an edge-coloured copy of H is canonical with respect to o if it is monochromatic,
rainbow or lexicographic with respect to . A graph G has the H-canonical Ramsey
property, denoted G =% H, if for every edge colouring x : F(G) — N and every ordering o

of V(H), there is a copy of H which is canonical with respect to o.

Note that in the case that there are neither monochromatic nor rainbow copies of H,
our definition requires copies of H with all possible lexicographic colourings (that is,
for every o, we require a lexicographic colouring with respect to o). This notion of a
canonical Ramsey property is therefore as strong as possible: there is no other colour
pattern? that one can guarantee when avoiding monochromatic and rainbow copies of H.
Indeed, as observed by Jamison and West [12], the canonical Ramsey theorem implies that
for any H, a set C of colour patterns of H is unavoidable in all colourings of large enough
cliques® if and only if C contains the monochromatic pattern, the rainbow pattern and at
least one lexicographic pattern. Alternative definitions of canonical Ramsey properties
are discussed in Section 1.5.

2A colour pattern of a graph H is a partition of its edge set.
3That is, large enough cliques are such that any colouring of their edges admits a copy of H whose edges
are partitioned according to one of the given patterns.
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1.1 Sparse Ramsey theory and random graphs

Returning to the setting of colourings with a bounded number of colours, a prominent
theme in Ramsey theory has been to explore the existence of sparse graphs G that are
r-Ramsey with respect to H; see for example [18] and the references therein. One famous
example is the work of Frankl and Rodl [9], who used a random graph to construct a
Ky-free graph G such that G 2 K3. This prompted Luczak, Ruciniski and Voigt [15] to

initiate the study of thresholds for Ramsey properties in random graphs, which has since
become a prominent theme in probabilistic combinatorics. It turns out that the threshold
for G(n,p) having the Ramsey property with respect to a graph H is governed by the
following parameter of H.

Definition 3. Given a graph H with at least two edges, the mazimum 2-density of H is
defined by
e(F)—1
H) = ———— FCH v(F)>2,.
mQ( ) maX{U(F)—Q = 7U< ) }

In a seminal series of papers, Rodl and Ruciniski [20, 21, 22] established the threshold
for the Ramsey property when the random graph is coloured with a bounded number of
colours. Here and throughout, we say that a function p = p(n) is the threshold for a
monotone increasing graph property P if

0 ifp=o(p
lim Pr(G(n,p) satisfies P) = 1 p O(I)A)’

We refer to p as the threshold for P, although it is only defined up to order of magnitude.
We now state an abridged form of the Rodl-Rucinski theorem.

Theorem 4 (Rédl-Rucinski [20, 21, 22]). Let r > 2 be an integer and H be a graph that
is not a star forest. Then n=Y/™2(1) js the threshold for the property that G(n,p) — H.

1.2 Canonical Ramsey properties of random graphs

The motivation for the current work is to establish the threshold for the canonical Ramsey
property with respect to a given graph H. Note that for any H as in Theorem 4 that
is not a triangle, the threshold for G(n,p) =5 H is at least n~ /™) Indeed for

any such H, there is an ordering o of its vertices such that the lexicographic colouring
of H with respect to o uses at least 3 colours. Using Theorem 4, we have that when
p=o0 (n‘l/ ma(H )), asymptotically almost surely (a.a.s. from now on) there is a 2-colouring
of G(n,p) that avoids monochromatic copies of H. Moreover, such a colouring avoids
rainbow and lexicographic copies of H with respect to o, simply because there are not
enough colours available for such colour patterns. This shows that G(n, p) does not have
the canonical Ramsey property for H for such p.

We believe that this lower bound is in fact the correct threshold for the canonical

can

Ramsey property and that when p = w (n‘”mZ(H)), a.a.s. G(n,p) — H. Here, we
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provide evidence for this by focusing on colourings that are constrained to be compatible
with a given list assignment.

Definition 5 (Colourings with list constraints). Let 1 < r € N and £ : E(K,) — N’
be an assignment of lists of colours to the edges of K, (note that we allow lists to have
repeated colours). We say that a colouring x : F(G) — N of an n-vertex graph G C K,,,
is compatible with L if for all e € E(G), we have that x(e) € L(e).

Our main theorem shows that for any assignment £ of bounded lists to the edges of K,
the threshold for the canonical Ramsey property with respect to H when considering
colourings that are compatible with £ is at most n="/™2(H)_ Let us write G % H if

any edge colouring y of GG that is compatible with £ contains a canonical copy of H with
respect to o for all orderings o of V(H).

Theorem 6. Let H be a graph with at least two edges. Let 1 < r € N and let L :
E(K,) — N" be a list assignment of colours. If G ~ G(n,p) withp = w (n_l/mQ(H)), then
G —C%ri) H a.a.s.

Note that for many assignments of lists £ this theorem establishes the threshold for
the canonical Ramsey property restricted to colourings compatible with £. Indeed, by the
same reasoning discussed above, this is the case whenever there are 2 colours that feature
on all lists. We will deduce Theorem 6 from a more general result, namely Theorem 18,
which deals with graphs of the form I' N G(n, p) where I' is a “locally dense graph” (see
Section 2.2 for the relevant definitions).

1.3 An application for even cycles

We believe Theorem 6 provides a natural stepping stone towards establishing n=%/™2(H) a5
the threshold for the canonical Ramsey property in random graphs for all graphs H that
are not forests and are different from the triangle. In fact, the theorem arose naturally
in the work of the authors proving a 1-statement for the canonical Ramsey property with
respect to even cycles. Indeed, Theorem 6 (or rather its stronger version, Theorem 18) is
a key component of the proof of the following theorem, which is given in an accompanying

paper [2].
Theorem 7. Let k > 2 be an integer. If p=w (n= =2/~ 1ogp), then a.a.s.

can,

G(?’L,p) — CQk-
As we mentioned before, n=/"2(H) ig a lower bound for the threshold for the canonical
Ramsey property with respect to even cycles. Thus, since mq(Cor) = (2k — 1)/(2k — 2),
Theorem 7 establishes the threshold for the canonical Ramsey property with respect to
even cycles, up to the log factor.
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1.4 Hypergraphs

With our methods, we can also prove an analogue of Theorem 6 for hypergraphs. In order
to introduce this, we need to adapt our definitions appropriately. For k > 2, we refer to
k-uniform hypergraphs as k-graphs, use the notation KT(Lk) to denote the complete k-graph
on n vertices and let G*)(n, p) denote the binomial random k-graph obtained by keeping
each edge of K independently with probability p = p(n).

Firstly, it is far from clear how to generalise the canonical Ramsey property (Defini-
tion 2) to k-graphs. This was done already by Erdds and Rado [8]. To start with, we
make the following definition.

Definition 8 (Projection maps). Let 2 < k£ € N and let V' be a set of size v > k and
o an ordering of V. Then for a (possibly empty) set S C [k], we define the S-projection
map ms (with respect to o) to be a function 7y : (‘g) — (|‘§|) such that

ns(T) ={v € T : v is the i-th element of T in the ordering o for some i € S}.

In words, the map mg pulls out the elements of an ordered k-set that occupy the
positions dictated by S. Note that my(7") = () whilst 7)(T") =T for all T € (}). We also
need the following definition.

Definition 9 (The reversal involution). For any set S C [k], let
(S)={k—xz+1:2€S5}
be the reverse of S.

The map ¢ : 28 — 20 partitions 2% into blocks {9, 1(S)} (some of which are pairs of
sets and others are singletons). We say a collection 7 C 2/ is a transversal for the reversal
involution if 7 contains one set from each block. We can now describe the collection of
canonical colourings of a hypergraph H.

Definition 10 (Canonical copies). Let 2 < k € N and 7 C 2kl a transversal for the
reversal involution on [k]. Further, let H be a k-graph, ¢ an ordering of V(H) and
X : E(H) — N an edge colouring of H. We say (H, x) is canonical with respect to o and
T if there is S € T and an injective assignment of colours ¢ : (V‘(SI‘{)) — N such that for
every e € E(H), we have that x(e) = ¢(ng(e)), where mg is the S-projection map with
respect to o. If x is clear from the context, we simply say that H is canonical with respect

to o and 7.

The canonical copies given by Definition 10 give all the colour patterns that we are
interested in. Indeed, if a copy of H is canonical because S = (), then this copy is
monochromatic and for S = [k], this copy is rainbow. The intermediate S cover all the
other colour patterns. For example, when k = 2, the set S = {1} corresponds to a copy
that is lexicographic with respect to the ordering o (Definition 1). In fact, in Definition 2
(where £ = 2), we define canonical copies with respect to o with the convention of

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.41 5



choosing 7 = {0, {1}, {1,2}}. If the transversal T rather contains the set S = {2}, this
corresponds to a copy of H that is lexicographic with respect to the ordering on V(H)
which is reverse to . Similarly, for larger k, when considering all orderings o of V(H)
and transversals 7T, certain colour patterns of H will appear multiple times.

As with the graph case, the canonical Ramsey theorem of Erdés and Rado [8] implies
that for any 2 < k£ € N and any k-graph H, if n is sufficiently large, then K% has the
H -canonical Ramsey property, that is, for any edge colouring of E(Kvgk)), any ordering o
of V(H) and any transversal T for the reverse involution on [k], there is a canonical copy
of H with respect to o and 7.

Similarly, in the study of Ramsey properties of random graphs the situation is consid-
erably more involved for hypergraphs of uniformity greater than 2. Indeed, such properties
are not fully understood to this date. The analogue of Definition 3 for 3 < k € N is given
by the mazimal k-density of H defined by

e(F)—1

my(H) := max {U(F)—_k

:FQH,U(F)>/€}, (1)
where we assume that H has at least two edges. The generalisation of the 1-statement of
Theorem 4 to hypergraphs, by which we mean that G*)(n,p) a.a.s. has the H-Ramsey
property (for any number of colours r > 2) when p = w(n~"/"H)) has been established
for all H. However, this took much longer than the graph case, eventually being resolved
by Friedgut, Rédl and Schacht [10] and, independently, by Conlon and Gowers [6]. A
corresponding 0-statement has also been proven for various hypergraphs, in particular for
cliques [16, 24]. The natural expectation that n~1/™+) should indeed be the threshold
for the H-Ramsey property in G*)(n, p) (as in Theorem 4), except for some simple cases,
was shattered by Gugelmann, Nenadov, Person, Skori¢ and Steger [11], who presented
a family of exceptions richer than in the graph case. Nevertheless, this expectation has
been proved to hold for ‘most’ k-graphs H by Bowtell, Hancock and Hyde [5].

As with Theorem 6, we show that when considering colourings that are compatible
with some prefixed lists, taking p = w(n~"/™ (")) suffices to find canonical copies. The
definition of G % H in hypergraphs is completely analogous to the graph case except

that one now insists that we find canonical copies with respect to all orderings o of V(H)
and all transversals T of the reverse involution on [k].

Theorem 11. Let 2 < k € N and H be a k-graph with at least two edges. Further, let
1<reNandLL: E(Kflk)) — N be a list assignment of colours. If G ~ G®)(n,p) with
p=w (n/meH)) “then G % H a.a.s.

1.5 Alternative definitions for the canonical Ramsey property

The original canonical Ramsey theorem of Erdés and Rado [8] was stated using slightly

different notions to those used here. Indeed, they consider ordered copies of Kr(,ff ) and K,(lk)
on vertex sets [m| and [n], respectively. They prove that if n is large enough in terms
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of m, then for any colouring y : E(Kﬁk)) — N, one can find an ordered embedding® 1
of K& in K which is canonical with respect to the ordering on V(K}(,f)) = [m]. In
more detail, they show that there is some S C [k] and an injective assignment of colours
¢ ([Itgl]) — N such that for every e € E(Kfr]f)), we have that x(¢(e)) = ¢(ms(e)), with 7g
being the S-projection map with respect to the standard ordering on [m].

Using this, we can see that for any H with m = |V(H)|, if n is sufficiently large,

then K,(Lk) 2 H, that is, Kﬁk) has the H-canonical Ramsey property. Indeed, fix some
edge colouring y of E (Kflk)), some ordering o of V(H) and a transversal 7 C 2/* for the
reversal involution on [k]. Labelling the vertices of K& by [n] arbitrarily, the theorem
of Erdds and Rado [8] gives some ordered embedding ¢ : [m| — [n], a set S C [k] and

an injective map ¢ : (["gﬂ) — N such that x(¢(e)) = ¢(ms(e)) for all e € ([TIZ]). Now if

S € T, then we can embed H by mapping the i*! vertex of V(H) according to o, to the
vertex ¢ (i) € [n] for ¢ € [m]. If, on the other hand S ¢ T, then we must have «(S) € T
and we can embed H by mapping the i'" vertex of V(H) according to o to the vertex
(m —i+ 1) € [n]. In either case, the resulting copy of H is canonical with respect to o
and T.

The argument above shows that our notion of H-canonical Ramsey property makes
sense, but the reader may wonder if there are alternative ways to define such a property.
Indeed, one alternative which has more in common with the original theorem of Erdds
and Rado [8] is to look at ordered copies of H and K% with a completely analogous
notion of an ordered embedding of H being canonical as in the definition in the theorem
of Erdds and Rado [8] when H = K%, We remark that it would certainly be possible to
work with this definition and prove our results here in the context of this ordered notion
of canonical Ramsey properties.

There are several reasons for our choice to use the alternative characterisation of the
canonical Ramsey property as in Definition 2 (see also Definition 10). Firstly, working
with ordered graphs and ordered embeddings diverges from the classical Ramsey setting
in unordered (hyper-)graphs. Secondly (and more importantly) when dealing with H
that are not complete, the ordered notion of the canonical Ramsey property is in fact
weaker. This is already apparent in the setting of graphs where the ordered notion will
find an ordered copy of H that is either monochromatic, rainbow, min-coloured (each
edge inherits its colour from its smaller endpoint) or max-coloured (each edge inherits its
colour from its larger endpoint). Now consider H to be a triangle with a pendent edge.
By taking an ordering o of the vertices of H in which the (unique) vertex of degree 3
comes first, our notion in Definition 2 guarantees that if there is no copy of H which is
monochromatic or rainbow, then one can find a copy of H which has all vertices incident
to the degree 3 vertex in one colour and the remaining edge in a distinct colour. On
the other hand, such a colouring is not forced when considering the ordered notion of the
canonical Ramsey property. Indeed, if one uses only that in the absence of monochromatic
and rainbow H, one finds min- or max- coloured copies of all orderings of H, then one

4By an ordered embedding, we mean that (i) < 1(j) in [n] if and only if i < j in [m)].
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can adversarially choose min- or max- for each order in such a way that the considered
colouring is never output.

This is the principal reason for why we have opted to state our results here without
looking for ordered embeddings, so as to capture all sets of unavoidable colour patterns for
graphs, as in [3, 12]. The definition in hypergraphs is slightly more cumbersome (having
to vary over all transversals 7 of the reverse involution on [k]) but also captures more
colour patterns than the canonical Ramsey notion via ordered hypergraphs.

1.6 Related work

Until very recently, to our knowledge, there have been no results on canonical Ramsey
properties in random graphs. However, simultaneously and independently to our work
here and in [2], Kamcev and Schacht [13, 14] obtained a remarkable result, completely
resolving the problem for the case when H = K,,. Indeed, they show that for 4 <

can

m € N and p = w(n=?) aas. G(n,p) = Kn. As my(K,,) = (m + 1)/2, this

establishes the threshold for the canonical Ramsey property with respect to complete (2-
uniform) graphs K,,. In contrast to our proofs, which appeal to the method of hypergraph
containers, their proof relies on the transference principle of Conlon and Gowers [6].
Their methods also allow them to obtain partial results in the case where H is a strictly
balanced graph, that is when my(H) is achieved only by H itself. For such a graph H and
for p = w(n=Ym2(N)) they can prove the existence of monochromatic, rainbow or some
lexicographic copies of H in any colouring of G ~ G(n,p). Intriguingly, their results do
not generalise to the hypergraph setting, where it seems new ideas are necessary.

1.7 Organisation and conventions

As the setting of graphs (Theorem 6) is notationally simpler than the general result for
k-graphs (Theorem 11), we first restrict our attention to Theorem 6 and then simply
discuss the proof of Theorem 11, which is almost identical, in Section 5. Also, for graphs,
we actually prove a stronger statement, Theorem 18, which we need in our application
in [2] and from which Theorem 6 will follow. Before proving Theorem 18 in Section 4, we
provide some necessary tools in Section 2 and an overview of our proof in Section 3.

As usual, we omit floor and ceiling symbols whenever they are not essential. Finally,
note that, in our main results, we may assume without loss of generality that our target
graph H has no isolated vertices. Assuming this will occasionally simplify our exposition.

2 Preliminaries

In this section, we collect the necessary theory and tools needed in our proof. We will
introduce the method of containers in Section 2.1 and the theory of locally dense graphs
in Section 2.2. Before all of this though, we collect the relevant notation.

For simplicity, given a graph H we use v(H) and e(H), respectively, for |V (H)]
and |E(H)|. For a k-uniform hypergraph H and for U C V(H), we let H[U] denote
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the hypergraph induced by H on U. Furthermore, for any vertex subset T C V(H),
let dy(T) denote the number of edges of H containing 7" and, for 0 < j < k, let
A;(H) == max{dy(T) : T C V(H),|T| = j} denote the maximum degree of a vertex
set of size j in H.

The binomial random graph G(n,p) refers to the probability distribution of graphs
on vertex set [n] obtained by taking every possible edge independently with probability
p = p(n). We say an event happens asymptotically almost surely (a.a.s. for short) in
G ~ G(n,p) if the probability that it happens tends to 1 as n tends to infinity. We will
also use standard asymptotic notation throughout, with asymptotics always being taken
as the number of vertices n tends to infinity. Finally, we use the notation a = b + ¢ to
denote a number a between b — ¢ and b + ¢ and we omit floors and ceilings throughout,
so as not to clutter the arguments.

2.1 The method of containers

We will appeal to the method of hypergraph containers, developed by Balogh, Morris and
Samotij [4], and independently, by Saxton and Thomason [23]. The key idea underlying
this method is that if a uniform hypergraph has an edge set that is evenly distributed, then
one can group the independent sets of the hypergraph into a well-behaved collection of
containers. In more detail, these containers are vertex subsets that are almost independent
(in that they induce few edges of the hypergraph), every independent set of the hypergraph
lies in some container and, crucially, we have a bound on the number of containers.
As there are far fewer containers than independent sets in the hypergraph, reasoning
about containers rather than independent sets leads to more efficient arguments and this
technique has proven to be extremely powerful. Indeed, the setting of independent sets
in hypergraphs can be used to encode a wide range of problems in combinatorics and
the method of hypergraph containers has been successfully exploited in a multitude of
different settings. Particularly relevant to our work here are the applications of the method
in sparse Ramsey theory, a program which was initiated by Nenadov and Steger [17], who
reproved the 1-statement of Theorem 4 using containers.

Below, we state the container lemma in the form given in [4, Theorem 2.2]. Before
doing so, we need to establish some terminology and definitions.

Definition 12 ((H,e)-abundant set families). Let H = (V| E) be a hypergraph and let
0 <e < 1. Wesay a family F C 2" is (H, ¢)-abundant if the following hold:

(1) F is increasing: for all A, B CV with A € F and A C B, we have that B € F;
(2) F contains only large vertex sets: for all A € F, we have that |A| > ev(H);
(3) H is (F,e)-dense: for all A € F, we have that e(H[A]) > ce(H).

For a hypergraph H = (V, E), we also define Z(H) C 2" to be the collection of
independent vertex sets in H. We now state the container theorem [4, Theorem 2.2] and
we refer to the discussion in [4] for motivation and context.
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Theorem 13 (Hypergraph Container Theorem). For every k € N and ¢, Dy > 0, there
exists D > 0 such that the following holds for k-uniform hypergraphs H. If F C 2V(H)
is an (H,e)-abundant set family and q € (0,1) is such that for each j € [k] we have
Aj(H) < Do’ te(H)/v(H), then there exists a family S C 2V of ‘fingerprints’ and
two functions f: S — 20U\ F and g : Z(H) — S such that:

(a) (‘small” fingerprints) for each S € S, we have that |S| < Dqu(H);

(b) (containment) for each I € Z(H), we have that g(1) C I and I\ g(I) C f(g(1)).

In applications of Theorem 13, the set C := {f(S)U S : § € S} is usually referred
to as the set of containers for the hypergraph H. Note that property (a) can be used to
bound the size of C whilst property (b) shows that for every independent set I € Z(H)
there is some C' € C such that I C C.

2.2 Locally dense graphs

We will establish our main theorem in the context of random sparsifications of locally
dense graphs, a more general setting than G(n,p) which will be useful for applications.
Here we collect some key properties of locally dense graphs.

Definition 14 ((p, d)-dense graphs). For p,d € (0, 1], we say a graph I is (p, d)-dense if
the following holds: for every S C V(I') with |S| > pn, the induced graph I'[S] has at
least d(";') edges.

Remark 15. In [22], the authors observed that in order to establish that a graph I' is
(p, d)-dense it suffices to deal with subsets S C V(I') of cardinality exactly pn.

Graphs with the (p, d)-denseness property for p = o(1) are often called locally dense
graphs and this property can be viewed as a weak quasirandomness property. The fol-
lowing result appears in [22, Lemma 2] and can be proven by induction.

Proposition 16. For every m > 2 and d > 0 there exist p,co > 0 such that if ' is an
n-vertex (p, d)-dense graph and n is sufficiently large, then T' contains at least con™ copies

of Kp,.

We close this section with the following result about robustness of the locally denseness
property in the sense that it is preserved after removing a small fraction of edges of a
dense graph.

Proposition 17. Suppose p,d,y > 0. If T is a (p,d)-dense graph on n wvertices with n
sufficiently large, then every spanning subgraph I of T' with e(I") > (1 — v)e(T') is a
(p,d')-dense graph, with d' := d — (2v/p*). In particular, if v < p*d/4, then such I" is a
(p,d/2)-dense graph.
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Proof. Let I be a (p, d)-dense graph on n vertices and let I be a spanning subgraph of I’
with e(I") > (1 — v)e(I") edges. If S C V(I') has cardinality pn, then

/ > — I > d — — — d L >
er (S) = 61“(5) f}/e( ) = ( 271/ B 9 Z d 9 ,

using that n is sufficiently large in the last step and hence |S|?/2 < 2("3'). Appealing to
Remark 15, we have that I is a (p, d’)-dense graph on n vertices, as desired. O

3 Outline of the proof

Our proof follows the scheme of Nenadov and Steger [17] and appeals to the method of
hypergraph containers (see Section 2.1). We start by giving a rough outline of the proof.

Suppose we want to find a monochromatic H in any r-colouring of G ~ G(n,p). Our
idea is to create an auxiliary hypergraph H whose vertex set consists of r copies of F(K,)
(one copy for each colour) and whose edge set encodes the monochromatic copies of H
in K,,. Thus, an edge in H corresponds to a copy of H entirely contained in one of
the r copies of K,; putting it another way, H is the disjoint union of r copies of the
|E(H)|-uniform hypergraph on F(K,) that encodes all the copies of H in K,. The key
observation is the following: any colouring of G that avoids monochromatic copies of H
can be identified with an independent set in H. Using containers, one can efficiently group
together these independent sets and identify a small set C of containers such that each
independent set of H belongs to one such container. The proof then proceeds by showing
that, for each fized container C' € C, it is very unlikely® that the graph G lies within C.
By this, we mean that it is unlikely that there is a colouring of G that, when mapped in
the obvious way to a vertex subset of H, corresponds to a subset of C'. The proof follows
by performing a union bound over the choices for a container C' € C.

This containers approach relies crucially on the fact that the hypergraph H that
encodes the monochromatic copies of H has v(H) = O(n?) and so satisfies the the degree
constraints of Theorem 13 with ¢ = ©(n~*/™2(1)), Having an unbounded number of copies
of E(K,,) in V(H), which corresponds to an unbounded number of colours available, leads
to an adjustment on the degree constraints and the parameter ¢ in Theorem 13. This
renders the upper bound on the number of containers useless and the proof falls apart. In
our proof we avoid such a problem by creating a hypergraph whose vertex set is composed
by r copies of E(K,) with each copy of an edge corresponding to a choice of colour of
that edge according to the list of available colours. The edge set of the hypergraph then
encodes the canonical copies of H. The fact that each list is bounded allows us to apply
Theorem 13 to our hypergraph with the correct parameters. As previously discussed,
we can in fact prove the following more applicable result, which is a strengthening of
Theorem 6 and applies to random sparsifications of locally dense graphs.

Theorem 18 (Sparse canonical Ramsey theorem with list constraints). Let H be a graph
with at least two edges and suppose 1 < r € N and d > 0. Then there exist p, ¢ > 0 such

®That is, it happens with probability exp(—Q(n?p)).
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that the following holds. Let o be an ordering of V(H), let I be an n-vertex (p,d)-dense
graph and let £ : E(T') — N’ be a list assignment. If p = w(n=Y"2U)) and n is large
enough, then with probability at least 1 —exp (—cpn?), any edge colouring x of TNG(n, p)
that is compatible with L contains a canonical copy of H with respect to o.

Theorem 6 follows from Theorem 18 applied to I' = K,,, which is (p,1)-dense for
all p > 0, and a union bound over the v(H)! orderings o of V(H).

4 Proof

In this section we make the outline given in Section 3 precise, proving Theorem 18.

4.1 A hypergraph encoding canonical copies

With an eye to apply the hypergraph container theorem (Theorem 13), we first define an
appropriate hypergraph that encodes the canonical copies of H with respect to a colouring
that is compatible with some list assignment. We make the following definition.

Definition 19 (Canonical copy hypergraphs). Given a graph H, an ordering o of V(H),
an integer r > 1, an n-vertex graph I" and a list assignment £ : E(I') — N”, we define the
canonical copy hypergraph H = H (T, L) as follows:

The hypergraph H is e(H)-uniform with V(H) = E(I') x [r]. A collection {(e;, s;) :
1 < i < e(H)} € V(H) of vertices form an edge of #H if and only if the collection
{e; : 1 <i<e(H)} C E() form a copy of H in I' that is canonical with respect to o
when each edge e; is coloured by the s;-th colour L(e;)[s;] of L(e;).

Let H = H% (T, L) be a canonical copy hypergraph as in Definition 19. For W C V(H),
let the graph shadow Gy C T of W be the subgraph of I' spanned by E(Gy) :={e € I":
(e,s) € W for some s € [r]}. Note that the vertex set W is a set of pairs in E(I") x [r],
and hence the graph shadow Gy is just the graph obtained by projecting the vertices
of W onto their first coordinates.

We also need the following observation on the degrees of H.

Lemma 20. For any graph H, ordering o of V(H), integer r > 1, graph I with n vertices
and list assignment L : E(I') — N7, the canonical copy hypergraph H = H (', L) satisfies
the following: for 1 < j < e(H), we have A;(H) < reH) (71*1/’”2(15'))]71 nvH)=2,

Proof. Note that the result holds for j = 1, as any edge of H is in at most r¢(H)pv(H)—2
canonical copies of H with respect to 0. Then, we assume that 2 < j < e(H) and fix an
arbitrary j-element set U = {(e;,s;) : 1 <@ < j} C V(H). It suffices to show that the
number dy(U) of edges of H containing U is at most r¢(*) (n‘l/m?(m)ﬁ1 nvt=2,
Consider the graph F = Gy C T induced by the edge set F(Gy) = {e; : 1 <i < j}.
If F'is not a subgraph of some copy of H in I'; then dy(U) = 0 and we are done. If F'is
a copy of a subgraph of H, then note that there are at most n?)~—v(¥) extensions of F
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to a copy of H in K,, and at most r¢()=¢() choices of second coordinate for the vertices

of H corresponding to the copy of H that extends F'. Therefore,

dyg (7)< ro D =e(F) )=o) & pe(H) (o) =2) u(H) =2

By using the definition of ms(H), we conclude that

Cu(I)-2 Jj-1 -
dy(U) < re (n j—1 ) po(H)=2 < pe(H) (n—l/mg(H))] o2,

as required. O

4.2 Supersaturation for canonical copies

Next we prove a supersaturation-type result for canonical copies in locally dense graphs.

Lemma 21 (Canonical supersaturation). Let H be a graph and let d € (0,1]. Then there
exist p, co > 0 such that for any n-vertex (p,d)-dense graph T' with large enough n, any
ordering o of V(H) and any colouring x : E(I') = N, one can find at least con® ™) copies
of H in T' coloured by x in a canonical fashion with respect to o.

Proof. Fix a graph H and d € (0,1]. It is well known by the classical canonical Ramsey
theorem [8] that there is a positive integer R such that Kr =2 Kymy. Now fix p,co > 0

as output by Proposition 16 with input m = R and d > 0. Then fix I', an ordering o
of V(H) and x as in the statement.

Note that in a canonical copy of K,) (with respect to any ordering), one can find
a canonical copy of H with respect to . By Proposition 16, the graph I' contains at
least con’ copies of K and, as Kp RN Ky, each of these copies contains a canonical

copy of K,y and hence a canonical copy of H with respect to . On the other hand, each
copy of H in I is contained in at most n®*~*) copies of K (in I'). Hence, the number
of canonical copies of H in T' coloured by Y is at least con’®/ nfi—v#H) > copvt), O

Using Lemma 21, we can show that the family of sets of vertices of V(#H) with large
graph shadows are abundant with respect to H, in the sense of Definition 12.

Lemma 22. For alld >0 and 1 < r € N, there exist p, 7, € > 0 such that the following
holds.

Let T and H be graphs such that T" is (p,d)-dense and e(H) > 1, let o be an ordering
of V(H) and let L : E(I') — N be given. Furthermore, let H = H (I, L) and define
F={W CV(H):elGw) = (1—)e(I)} C 2", Suppose n = v(T) is large enough.
Then F is (H,e)-abundant.

Proof. Fix p, ¢y > 0 as output by Lemma 21 with input d/2 rather than d. Furthermore,
fix 0 < v < p?d/4 and 0 < ¢ < ¢p/(2r!)). We aim to show that F is (H, ¢)-abundant
and so we need to establish conditions (1)—(3) of Definition 12. Note that (1) is immediate
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from the definition of F and condition (2) follows from our definition of ¢ and the fact
that any W € F must have [W| > (1 —y)e(I') > e(I")/2 = v(H)/(2r).

Therefore it remains to prove condition (3). For this, fix W € F and consider the
graph shadow G = Gy . Moreover, define a colouring x : F(G) — N so that for each
edge e € E(G) we have that y(e) = L(e)[s] for some s with (e,s) € W. Now note that
each copy of H in G coloured by Yy, which is canonical with respect to o, corresponds to
an edge in ‘H[W]. Therefore it suffices to prove the existence of ee(H) canonical copies
of H in G coloured by y. Let G’ be the spanning subgraph of I' with edge set E(G)
(that is, add to G the vertices in V(I') \ V(G) as isolated vertices). By the choice of v
and Proposition 17, the graph G’ is (p,d/2)-dense and so, by Lemma 21, contains at
least con’) canonical copies of H with respect to . Our assumption that H has no
isolated vertices implies that these copies are subgraphs of G. The lemma thus follows
from our definition of £ and the fact that e(H) < nv(H)re(f), O

4.3 Proof of Theorem 18
We are now in a position to prove our main result.

Proof of Theorem 18. Let H, 1 < r € N and d > 0 be as in the statement and let
p,7,€,co > 0 be small enough for us to be able to apply Lemmas 21 and 22. Further, fix
0 < c < ~d/16, Dy = rD+1 /ey and let D > 0 be as output by Theorem 13 applied with
k=e(H).

Next we fix an ordering o of V(H), some n-vertex (p,d)-dense graph I" with n large
enough and some list assignment £ : E(I') — N". Let H = H%/([', £) be the canonical
copy hypergraph as in Definition 19 and F C 2V be as in Lemma 22. We claim that
all the conditions of the Hypergraph Container Theorem (Theorem 13) are satisfied with
q :=n~Y™2H) Indeed the condition that F is (H, )-abundant is given by Lemma 22 and
the degree conditions on A follow from Lemma 20 and the facts that v(H) = r(3) < rn?
and e(H) > con®™), as can be seen by applying Lemma 21 to the colouring defined by
each edge taking, say, the first colour in its list.

By Theorem 13 we thus get a collection of fingerprints S C 2V such that |S| <
Dqu(H) for all S € S. Moreover, there are two functions f : & — 2V \ F and
g : Z(H) — S such that for each I € Z(#H), we have that g(I) C I and I\ g(I) C f(g(I)).
Now for each S € S, define C(S) := f(S)US C V(H). We claim that for all S € S, we
have that

d
e(IT'\ Ges)) = %e(F) > %n? (2)

Indeed this follows because f(5) ¢ F and so e(Gy(s)) < (1—=)e(I') and as n is sufficiently
large, e(Gs) < |S| < Dqu(H) < ve(l')/2.

For an n-vertex graph G C I' and a colouring y : E(G) — N compatible with £,
let W(G,x) € V(H) be the set of vertices (e,s) € V(H) such that e € E(G) and
x(e) = L(e)[s]. Note that if the graph G, when coloured by x, contains no canonical
copies of H with respect to o, then W(G, x) € Z(H), that is, W(G, x) is an independent
set. Therefore, by property (b) of Theorem 13, the event that G ~ G(n,p) is such that
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there is a colouring of G N I' compatible with £ that avoids canonical copies of H is
contained in the event | Jq g ®(5), where

®(S) := {IL-compatible x : E(GNT) — N such that S C W(G, x) C C(5)}.

Now note that if ®(5) occurs then Gg C G and G \ Gy C G(s), and these events are
independent. Hence for a fixed S € S, we have

<P PriG N (T \ Ges)) = 0]
< pe(GS) . (1 . p>'ydn2/8
<

pe(@s)e=dn’p/8

using (2) in the penultimate inequality. Therefore, the probability that there is an L£-
compatible colouring of G N I' avoiding canonical copies of H with respect to o is at

most
Z PI' <e —ydn?p/8 Zp Gs (3)

Ses Ses

For a given 0 < t < e(I'), the number of sets S C V(#H) such that e(Gg) = t is at most
(e(tr)) (2r—1) < (”:)2”. Theorem 13(a) tells us that e(Gg) < T for every S € S, where
T = rDgn?. Hence, the summation on the right-hand side of (3) is at most

n? n? e2rn?p\ "
2’/‘t t < 9 2TT T g 2) 4
> ( t) p (T) p T : (4)
0<t<T

where the first inequality follows by comparing the sum with a geometric series, assuming
that p > 2'""rDq. Thus, the right-hand side of (3) is at most

T TL2
9p—dn?p/8 e2™n? e2'n"p < 9p—1dn?p/8 e2™n’ e2'n"p Da
T ) = rDqn?

1 2"
< 2exp{n’p | —=~d + rDd log b
8 D rDq

—~ydn?p/10
)

<e
as long as p/q is larger than some constant that depends only on r, D, v and d. This
completes the proof. O
5 Hypergraphs

In this section, we discuss the proof of Theorem 11, which is very similar to our proof of
Theorem 6 with essentially only notational differences. Indeed, it is well known that one
of the key advantages of the method of hypergraph containers is that proofs in the graph
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case easily generalise to hypergraphs. In any case, for completeness, we discuss some of
the details.

Firstly, note that we concentrate solely on the random subgraph G®*) (n,p) and so do
not need to worry about a locally dense host I' as in the proof of Theorem 18 (see the
discussion at the end of this section). This leads to some simplifications in the proof. Asin
Definition 19, for the hypergraph H in question, an ordering o of V(H), an integer r > 1
and a list assignment £ : F (K,(Lk)) — N, we define an auxiliary hypergraph ‘H = H% (L)
on vertex set V(H) = E(K\") x [r] whose edges encode canonical copies (Definition 10)
of H with respect to o, when choosing colours from the lists. As in Lemma 4.2, it follows
from the definition (1) of my(H) that

Aj(H) < reH) (71*1/T'L1c(1L1’))jflnv(H)fk7 -

for all 1 < j < e(H). Also as in the proof for graphs, for a subset W C V(H) =

E(K,gk)) x [r], we define the hypergraph shadow Gy to be the subhypergraph of KW
obtained by taking the hyperedges featured in W. We further define F = F(v) := {W C
V(H) : e(Gw) = (1 —7)(})} to be the vertex subsets of V(H) with large hypergraph
shadow.

We then fix some small v, ¢ > 0 and need to show that F = F(v) is (#, €)-abundant
(Definition 12). Conditions (1) and (2) follow directly from the definition of F and for (3),
we need to prove supersaturation of canonical copies. As in Lemma 21, this can be done
by averaging. Indeed, by the canonical Ramsey theorem of Erdés and Rado [8], there is
) results in a canonical copy of Kélz}{) and hence
)

some R € N such that any colouring of K I(Df

a canonical copy of H (with respect to o). On the other hand, every copy of H in K

R=v(H) copies of Kl(f). Therefore, as in Lemma 21, any colouring

(H)

is contained in at most n

of K,(Lk) results in at least con”""’ canonical copies of H with respect to o, for some ¢y > 0.
This in turn implies that #H is (F,¢)-dense (recall (3)), as given some A € F, one can
colour the edges e of G4 with a colour in £(e) corresponding to a vertex (e, s) € A and
colour edges of K \ G 4 arbitrarily. This gives rise to at least con’) canonical copies
of H and by deleting any such copy of H containing an edge of KP \ G4, we destroy
at most yn*) of these copies. Thus, as 7 is taken to be much smaller than ¢, we get
at least con?) /2 > ee(H) canonical copies of H, each of which corresponds to an edge
in H[A].

We are therefore in a position to apply Theorem 13 to H and F with ¢ = n~ /™)
also considering (5). The rest of the proof follows analogously to the proof of Theorem 18,
by performing a union bound over the containers C(S) := f(S) U S C V(H) output by
Theorem 13 (as well as a union bound over orderings o of V(H)). As in (2), we crucially
use that if G ~ G®)(n,p) can be coloured in a canonical H-free way that corresponds to
an independent set lying in some fixed container C'(S), then as f(S) ¢ F, there is some
set of Q(n*) edges of K% that are not hit by G, an event that occurs with probability
less than e~2(n"p).

We close by remarking that a generalisation of Theorem 18 to hypergraphs would be
more complicated than the version (Theorem 11) we give here. Indeed, the straightforward
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generalisation of a locally dense k-graph I', namely that sets S C V(I') of size o(n) have
positive density, is not enough to guarantee the supersaturation of copies of cliques, or
even a single copy of a K ,5’_“31 in ' (as noted by Ro6dl using a construction from [7]). A
much stronger pseudorandom condition would be needed for I'" so that an analogue of
Theorem 18 holds for hypergraphs of larger uniformity. Whilst this should certainly be

possible, as we do not yet have applications for such a result, we do not pursue this here.
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