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Abstract

Keevash, Lenz and Mubayi developed a general criterion for hypergraph spectral
extremal problems in their seminal work (SIAM J. Discrete Math., 2014). Their
framework shows that extremal results on the a-spectral radius (for @ > 1) may be
deduced from a corresponding hypergraph Turan problem exhibiting stability prop-
erties, provided its extremal construction satisfies certain continuity assumptions.
In this paper, we establish a spectral stability result for nondegenerate hypergraphs,
extending the Keevash—Lenz—Mubayi criterion. Applying this result, we derive two
general spectral Turan theorems for hypergraphs with bipartite or multipartite pat-
tern, thereby transforming spectral Turdn problems into the corresponding purely
combinatorial problems related to degree-stability in nondegenerate k-graph fam-
ilies. As applications, we determine the maximum a-spectral radius for several
classes of hypergraph and characterize the corresponding extremal hypergraphs,
such as the expansion of complete graphs, the generalized fans, the cancellative
hypergraphs, the generalized triangles, and a special book hypergraph.

Mathematics Subject Classifications: 15A18, 05C65, 05C31

1 Introduction

A hypergraph H = (V(H), E(H)) consists of a vertex set V(H) = {vy,va,--+,v,} and an
edge set E(H) = {ey,eq, -+, em}, where e; C V fori € [m] :={1,2,...,m}. If |e;| = k for
each i € [m]| and k > 2, then H is called a k-uniform hypergraph (or simply k-graph). A
simple graph is exactly a 2-uniform hypergraph. We denote by e(H) the number of edges
of H, that is, e(H) = |E(H)|. A k-graph H' = (V(H'), E(H")) is called a sub-hypergraph
of Hit V(H') CV(H) and E(H') C E(H). For S C V(H), the k-graph with S as its

V(
vertex set and F(H)N (}?) as its edge set is called an induced sub-hypergraph of H, denoted
by H[S].
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Let F be a family of k-graphs. We say that a hypergraph H is F-free if H does not
contain any member of F as a sub-hypergraph. The Turdn number ex(n, F) is defined as
the maximum number of edges of an F-free k-graph on n vertices. Denote by EX(n, F)
the set of all F-free k-graphs with ex(n, F) edges and n vertices. Determining the exact
Turan number for a general k-graph is a classic and intractable problem in extremal
combinatorics, but if we are satisfied with the asymptotic results, the simple graph is
completely solved (see [6]). The Turdn density of F is defined as

. ex(n,F)
2(F) = lim b))
F= g

and F is called nondegenerate if 7(F) > 0. So, finding an asymptotic result for ex(n, F)
is equivalent to determining the Turan density if F is nondegenerate.

The Turan problems are closely related to the phenomenon of stability, and many
Turan problems can be solved by the stability results of the corresponding graphs or hy-
pergraphs. The first stability theorem was proved independently by Erdés and Simonovits
[33]. In addition, Simonovits [33] determined ex(n, F') exactly according to the stability
theorem for a color-critical graph F'. At present, there is much research on the stability of
hypergraphs; for details see [3, 10, 20, 23, 29, 32]. In [21], Liu, Mubayi, and Reiher pro-
vided a unified framework for the stability of certain hypergraph families, which simplifies
the proofs of many known results.

The spectral Turan problem of graphs or hypergraphs is a spectral version of the
Turan problem. Nikiforov made important contributions to the spectral Turan problems
of simple graphs. For example, Nikiforov [26] determined the maximum spectral radius
for the K 1-free graph on n vertices, and showed that the Turan graph T;(n) is the unique
spectral extremal graph, which is a generalization of Turan theorem. To date there are
very few results on spectral Turdn problems of hypergraph. In [18], Keevash, Lenz, and
Mubayi gave two general criteria that formalize a generalized form of the strong stability of
Turan problems. They also determined the maximum a-spectral radius of any 3-graph on
n vertices not containing the Fano plane when n is sufficiently large. In [5], Ellingham, Lu,
and Wang characterized the extremal hypergraph with maximum spectral radius among
all outerplanar 3-graphs of n vertices by its shadow. In [27], Ni, Liu and Kang obtained
the maximum a-spectral radius of cancellative 3-graphs, and characterized the extremal
hypergraph. Hou, Liu, and Zhao [14] gave a result on spectral Turdn problems for some
hypergraphs which has degree-stability. Recently, the Turan and spectral Turan problems
of linear hypergraphs have also been extensively studied; see [8, 11, 12, 13, 30, 31].

In this paper, we investigate the spectral Turan problems for nondegenerate hyper-
graphs. We show that for any family F of nondegenerate k-graphs, under a certain growth
condition on a-spectral radius, the spectral Turan problems can be effectively reduced to
the spectral extremal problems restricted to the class of F-free hypergraphs with large
minimum degree. Furthermore, we give two general results for hypergraphs with bipartite
or multipartite pattern, which transform the corresponding spectral Turan problems into
purely combinatorial problems involving the degree-stability of nondegenerate k-graph
families; see Section 3. As an application, we determine the maximum a-spectral radius
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for some classes of hypergraphs and characterize the corresponding extremal hypergraphs,
such as the expansion of complete graphs, the generalized fans, the cancellative hyper-
graphs, the generalized triangles, and a special book hypergraph; see Section 4.

2 Preliminaries

2.1 Stability

Let [, k be positive integers such that [ > k > 2. A k-graph is called [-partite if its vertex
set can be divided into [ parts, so that each edge contains at most one vertex from each
part. An edge maximal [-partite k-graph is called a complete l-partite k-graph. Let T}(n)
be the balanced complete [-partite k-graph on n vertices, namely, any two parts have sizes
differing by at most 1. Therefore, the number of edges in T}(n) is

th(n) .= Z Hni,
se(l0) ies

where n; = [(n+1¢—1)/1] for i € [I].
Although #(n) has an explicit expression, the following asymptotic result is more
useful later in our estimation.

Lemma 1. Letl > k > 2. Then

l _
th(n) = %nk +O(n*?),

where (D) :=11—=1)--- (I —k+1).

Proof. Let n =1q+ s, where 0 < s < [. Then
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So we have

B (B ()

=0
Dk x ks 1\ 51 s (1=1Y\ 4,4 k-2
l

Kk

A k-multiset is a collection of k elements with repetitions allowed. A k-pattern is a
pair P = ([l], E) where [ is a positive integer and F is a collection of k-multisets with
elements from [l]. Clearly, k-patterns are generalizations of k-graphs. Given a k-graph H
and a k-pattern P = ([l], F), a map ¢: V(H) — [l] is a homomorphism from H to P if
the k-multiset {¢(v1),...,¢(vk)} belongs to E for every edge {vy,...,v} € E(H). We
say H is P-colorable if there is a homomorphism from H to P. For example, any [-partite
k-graph is K[-colorable, where K} is the complete k-graph on [ vertices; conversely, every
Kf-colorable k-graph is [-partite. Let F be a family of k-graphs and P be a k-pattern.
We say (F,P) is a Turdn pair if every P-colorable k-graph is F-free and every edge
maximum JF-free k-graph is P-colorable.

For a k-graph H and a vertex v € V(H), we denote by Ey(v) the set of edges in H
containing the vertex v. The degree dy(v) of v is defined as the cardinality |Ey(v)|. Let
d(H) denote the minimum degree of H. For simplicity, we write H — v for the induced
sub-hypergraph H[V (H)\{v}].

Definition 2 ([14]). Let F be a family of nondegenerate k-graphs, where k > 2, and let
$ be a family of F-free k-graphs.

(1) F is edge-stable with respect to $) if for every § > 0 there exist ¢ > 0 and ny
such that every F-free k-graph H on n > ng vertices with e(H) > (7(F)/k! — e)nk
becomes a member of §) after removing at most dn* edges.

(2) F is degree-stable with respect to $) if there exist ¢ > 0 and ng such that every
F-free k -graph H on the n > ng vertices with §(H) > (7(F)/(k —1)! —e)nf1is a
member of £).

(3) F is vertez-extendable with respect to $ if there exist € > 0 and ng such that every
F-free k-graph H on n > ng vertices with 6(H) > (7(F)/(k — 1)! — e)nk~1 satisfies:
if H — v is a member of § for some vertex v, then H is a member of £ as well.

A class $) of k-graphs is called hereditary if it is closed under taking induced sub-
hypergraphs, that is, for every G € $ and S C V(G), we have G[S] € $. Note that
the collection of all P-colorable hypergraphs is hereditary. In many cases, the extremal

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.42 4



hypergraphs of Turan problems are P-colorable for some pattern P, so we usually choose
$ as the collection of all P-colorable hypergraphs. For further developments on the
hereditary property of hypergraphs, see [24, 25].

Theorem 3 ([14]). Let F be a family of nondegenerate k-graphs and $ be a hereditary
class of F-free k-graphs. If F is both edge-stable and vertex-extendable with respect to $,
then F 1is degree-stable with respect to ).

2.2 Spectral radius

Let x = (x1,...,2,) € R". For a > 1, the {,-norm of x is denoted and defined by
1%/la := (|Jz1]® + - + |2,]*)/. Let G be a k-graph on n vertices. For any a > 1, the
Lagrangian polynomial Pg(x) of G is defined as

and the a-spectral radius of G is defined as

Aa(G) = max Pg(x).

l[x[la=1

Taking the vector x = (n="/%, ..., n~%), we obtain

Aa(G) = kln~Fe(@). (1)

If x € R” is a unit vector with respect to ¢,-norm such that \,(G) = Pg(x), then x
is called an eigenvector of G corresponding to \,(G). Obviously, any k-graph G always
has a nonnegative eigenvector corresponding to A\,(G). When o > 1, the nonnegative
eigenvector x = (x1,...,x,) of a k-graph G satisfies the following equations derived from
Lagrange’s method:

Aa(@)zd™t = (b —1)! Z Ty - x4y, for 1 <@ < n.
{i,iz ..... ’Lk}EE(G)

The spectral Turdn number, denoted by spex(n,F), is defined as the maximum a-
spectral radius over all F-free k-graphs on n vertices. The spectral Turdn density can be

analogously defined by

O (F) 1= Tim P F)

N0 nk;—k/a

Note that any family of F-free k-graphs is hereditary. The result of Nikiforov [24,
Theorem 9.3| (see also [25, Theorem 12]) implies the following:

Lemma 4 ([24, 25]). Let F be a family of k-graphs. Then for every a > 1,

AD(F) = 7(F).

ot
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Lemma 5 ([17]). Let G be a k-graph of order n with at least one edge, and let u and v be
vertices of G such that the transposition of u and v is an automorphism of G. If a > 1,
and x is an eigenvector corresponding to Ao (G), then x, = x,.

Lemma 6 ([17]). Let a > 1, and let G be a k-graph such that every nonnegative
eigenvector corresponding to \o(G) is positive. If H is a sub-hypergraph of G, then
Aa(H) < Ao(G), unless H =G.

Theorem 7 ([17]). Let Il > k > 2, and let G be an l-partite k-graph of order n. For every
a>1,
Aa(G) < )‘a(le(n))a

with equality if and only if G = TF(n).

Theorem 8 ([17]). Let Il > k > 2, and let G be an l-partite k-graph of order n. If a > 1,
then

Dk k—r/a
AQ<G) < l_kk?nk k/ ,

with equality if and only if | | n and G = TF(n).

3 Main Results

In this section, we establish a spectral stability result for nondegenerate hypergraphs.
Based on this result, we present two general theorems for determining the maximum
a-spectral radius among all n-vertex F-free k-graphs, where F is a certain family of
nondegenerate k-graphs.

Theorem 9 (Spectral stability). Let k > 2, a > 1, 0 < & < 1, and F be a family of
k-graphs with w(F) > 0. Let G, be the collection of all n-vertex F-free k-graphs with

minimum degree at least (1 — e)w(F)(,",), and let \o(Gn) = max{\.(G) : G € G,}.

Suppose that there exists N such that for alln > N,
AalGn) 2 AalGn) + (k= k/a)(1 = )m(Fynt e, (2)

where €' = em(F)(a —1)/(2ka). Then there exists ng such that if H is an F-free k-graph
on n = ng vertices, then
NalH) < Aa(Gr).

In addition, if the equality holds, then H € G,.

Remark 10. The proof of Theorem 9 is lengthy, so we defer it to Section 5. Furthermore,
for all sufficiently large n, if

ex(n, F) — ex(n — 1, F) — m(F) (k " 1> ‘ < ekl (3)
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and
)\a(gn) - k!eX(n,‘/_-')n*k/a g an*k/afl’ (4)

then there exists a constant r such that
)\a(gn> P )\a(gn—l) + (k — k/Oé)(]_ — T’C)Tr(f)nk_k/a—l'

Therefore, under the conditions (3) and (4), for sufficiently small ¢, by Theorem 9, we
also get the corresponding result, which generalizes the criterion by Keevash, Lenz and
Mubayi [18, Theorem 1.4].

For a k-pattern P, we use Col(P) to denote the set of all P-colorable k-graphs.
Theorem 11. Let (F,K[) be a Turdn pair, where F is a family of k-graphs that is
degree-stable with respect to Col(K[), and | > k > 2. For any o > 1, there exists ng such

that if G is an F-free k-graph on n = ng vertices, then A\o(G) < \o(TF(n)), with equality
if and only if G = T(n).

Proof. Since (F, KF) is a Turén pair, by Lemma 1 we have

k

ex(n, F) = e(TF(n)) = t;(n), 7(F) = lim () = @
e (i)
By the degree-stability of F with respect to Col(K}), there exist ny and ¢’ € (0, 1) such
that every F-free k-graph H on n > ng vertices with §(H) > (m(F)/(k — 1)! — &')nk~?
is contained in Col(KF). Let € := ¢//2 and define G, as the family of all n-vertex F-free
k-graphs G with §(G) > (1 — &)x(F)(,",). For sufficiently large n and any G € G,, we
have

56 > - anA)(, ")) > G- 1)t

which implies that G is a member of Col(KF) and hence G is I-partite.
By the definition of Turdn pair, T;*(n) is F-free as it is K[-colorable, and it satisfies

m(F)

(T ) > e(T () = e(T (n = 1)) =

nF=t 4+ O(nF=2),
implying that T}(n) € G,. By Lemma 1 and Theorem 8, for sufficiently large n,

Aa(Gn) = Aal(Gno1) = Aa(T](n)) — %(n — 1)k

> kle(T (n))n /' — (%(n _q)hwa

D ko ez, (D e
= l_knk k/ + O(n’“ k/ 2) B l_k(n . 1)k k/
= (k — k/a)m(F)n* =M=t 4 o(nh=Femt),
where the 2nd inequality follows from (1). So, we get the result by Theorems 9 and 7. [
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A 2k-graph G is called bipartite-like if its vertex set has a bipartition such that each
edge contains exactly k vertices from each part. An edge maximal bipartite-like 2k-graph
is called complete bipartite-like. Let Bag(n) be the complete balanced bipartite-like 2k-
graph on n vertices.

Lemma 12. Let o > 1, and let G be a complete bipartite-like 4-graph on n vertices. If
H is a sub-hypergraph of G, then M\o(H) < A\o(G), unless H = G.

Proof. Let V; and V5 be the two parts of GG, and let x be a nonnegative eigenvector of GG
corresponding to A, (G). From Lemma 5, all entries of x indexed by vertices in the same
part are equal. If there exists a vertex u € V; (j € {1,2}) such that z,, = 0, then z, =0
for all v € V;. This implies A\,(G) = 0, which is impossible since G is nonempty. Thus,
every nonnegative eigenvector corresponding to A, (G) is positive. The result follows from
Lemma 6. 0

Lemma 13. Let G be a bipartite-like 4-graph on n vertices. If a > 1, then

3
>‘a<G) < >‘a<B4(n)) < g(n - 2)2n2_4/a>

with left equality if and only if G = By(n) and right equality if and only if 2 | n.

Proof. Suppose that G is a bipartite-like 4-graph on n vertices with maximum a-spectral
radius. By Lemma 12, GG is a complete bipartite-like 4-graph with a positive eigenvector
x corresponding to A, (G). Let V; and Vi be two parts of G, where |V;] :=t. By Lemma
5, we can assume that z, := (1)Y* if v € V; and =z, = (:2)Y* if v € Vb, for some
v € (0,1). Then

t\ [n—1t\ /y\2/e/1—y\2/«
= ‘ —
Aa(@) = 4! max <2)( 2 )(t) (n—t)
= 4l x 274/ (t) (n N t)t_2/°‘(n — 1),
2 2

Consider the following function of ¢ on [2,n — 2]J:

f(t) = G) (n 2_ 7t)t‘z/"(n )2

1
= Ztl_g/o‘(n — )Yt —1)(n—t —1).

Write ¢;(t) = 3t'72/(n — )72 and hy(t) = (t — 1)(n — t — 1). If @ > 2, noting that
g1(t) and hy(t) are nonnegative, symmetric with respect to t = n/2, increasing in [2,n/2]

and decreasing in [n/2,n — 2|, we have f(n/2) = max{f(t) : t € [2,n — 2]}. Observe that

1 1
f(t) = 1752_2/a(n _py2la - )2/, — )12
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Write go(t) = 227%%(n — t)>72/* and hy(t) = 1(1 — n)t' 2 (n —)1"2/*. If 1 < a < 2,
noting that go(t) and ho(t) are symmetric with respect to ¢t = n/2, increasing on [2,n/2]
and decreasing on [n/2,n — 2|, we still have f(n/2) = max{f(t) : ¢t € [2,n — 2]}.

In summary, for a > 1,
Ao (G) <4 x 272 f(|n/2]) < 4! x 274 f(n/2),

or equivalently,

Aa(G) < Ma(By(n)) < =(n — 2)2n* 4=,

col w

The result follows. O

Now let us focus on the pattern P = ({1,2},{{1,1,2,2}}). Note that a 4-graph is
P-colorable if and only if it is bipartite-like. Moreover, it is straightforward to verify
that Bs(n) attains the maximum number of edges among all bipartite-like 4-graphs on n
vertices. By simple calculation, we have

e(Bi(n)) = (Lnézj) (Mﬁ) _ % +Omd). (5)

Theorem 14. Let (F, P) be a Turdn pair with P = ({1,2},{{1,1,2,2}}), where F is a
family of 4-graphs that is degree-stable with respect to Col(P). For any o > 1, there exists
no such that if G is an F-free 4-graph G on n = ng vertices, then \o(G) < Ao (Ba(n)),
with equality if and only if G = By(n).

Proof. Since (F, P) is a Turan pair, by (5) we have

ex(n, F) = e(By(n)) = ng—fnd +0(n?), n(F) = n}g& e(B(+()n)) — g

By the degree-stability of F with respect to Col(P), there exist ng and ¢ € (0,1) such
that every F-free 4-graph H on n > ng vertices with 6(H) > (1/16 — £)n? is contained in
Col(P). Define G, as the family of all n-vertex F-free 4-graphs G with §(G) > 3(15; £) (5).
For sufficiently large n and any G € G,,, we have

5(G) > 3(18_5) (Z) > (1—16 —e)n?,

which implies that G is a member of Col(P) and hence G is a bipartite-like 4-graph.
By definition By(n) is F-free as it is P-colorable, and it holds

§(Ba(n)) = e(By(n)) — e(By(n — 1)) = %n?’ +0(n?).
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This implies By(n) € G,,. By Lemma 13, for sufficiently large n, we have

Aa(Gn) = Aa(Gn-1) ZAa(Ba(n)) — g(n —3)%(n — 1)

SAle(By(n)Jn = — % (04— (8 — 4o’ 4 O(n>H)
g(n4—4/a _ 4n3—4/a) _ §(n4—4a . (8 . 4/a)n3—4/a) + O(n2_4/a)
(14— 4fa)n(Fynd-1/o 4 o(nd /o).

V

The result now follows from Theorem 9 and Lemma 13. ]

4 Applications

In this section, we apply the results in Section 3 to the spectral Turan problems of F-free
hypergraphs for some special families F.

4.1 The expansion of complete graphs

For a simple graph G and an integer k& > 3, the k-expansion of G, denoted by G*),
is the k-graph obtained from G by enlarging each edge of G with k£ — 2 new vertices
disjoint from V(G) such that distinct edges of G are enlarged by distinct vertices. In [29],

Pikhurko proved that EX(n, K l(f)l) = {Tf(n)} for any | > k > 3 when n is sufficiently

large. So (K 5(4}:)17 KF) is a Turdn pair. Pikhurko also proved that K l(j:)l is edge-stable with
respect to Col(KF) (see [29, Lemma 3]), and is also vertex-extendable (see Page 12 in

[15]). By Theorem 3, we know that K z(f)l is degree-stable with respect to Col(K}F). Hence,
by Theorem 11, we obtain the following corollary.

Corollary 15. For anyl > k > 3 and o > 1, there exists ng such that if G is a Kl(f_)l-
free k-graph on n > ng vertices, then A\o(G) < M\o(TF(n)), with equality if and only if
G =TF(n).

4.2 The extension of hypergraphs

Let & > 3 and F be a k-graph. The extension of F, denoted by HY, is the k-graph
obtained from F' by adding a (k — 2)-set B;; of new vertices and an edge {v;,v;} U B;;
for each pair of vertices v;, v; of F' that is not contained in any edge of F', and moreover,
these (k — 2)-sets of new vertices are pairwise disjoint.

The generalized k-fan, denoted by Fan®, is the extension of the k-graph on k+1 vertices
with only one edge. In [23], Mubayi and Pikhurko proved that EX(n, Fan®) = {TF(n)}
for k > 3 and sufficiently large n, and proved that Fan* is edge-stable with respect to
Col(KF). So (Fan® KF) is a Turdn pair. It follows from Page 13 in [15] that Fan® is
vertex-extendable. So, by Theorem 3, we know that Fan® is degree-stable with respect to
Col(K}). Therefore, by Theorem 11, we obtain the following result.
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Corollary 16. For anyl > k > 3 and o > 1, there exists ng such that if G is a Fan-
free k-graph on n > ng vertices, then \o(G) < Mo(TF(n)), with equality if and only if
G =TF(n).

Let M} denote the k-graph consisting of ¢ vertex-disjoint edges, also called a t-

matching. Let St(k) denote the k-expansion of a star S; with ¢ edges, which is also called a
t-hyperstar. By Corollary 1.13 and Concluding Remarks in [21], we see that the extension
HM? (respectively, H St(S), H 554)) is degree-stable with respect to Col(K3, ,)(respectively,
Col(K3,), Col(K3,)) for t > 2. By Theorems 5.1-5.3 in [16], for ¢ > 2 and sufficiently large

n,

3 (3) @)
EX(n, H'") = {T},_,(n)}, EX(n, H*") = {T(n)}, EX(n, H* ") = {T3,(n)}.
So (HM' K3 ), (Hsgg),Kg’t) and (HS§4>,K§t) are all Turdn pairs. By Theorem 11, we
get the following spectral extremal results immediately.

Corollary 17. For any o > 1 and t > 2, there exists ng such that if G is an HM: -
free 3-graph on n = ng vertices, then \o(G) < M\o(Ts_1(n)), with equality if and only if
G =T5_,(n).

Corollary 18. For any o > 1 and t > 2, there exists ng such that if G is an s
free 3-graph on n > ng vertices, then \o(G) < M\o(T5.(n)), with equality if and only if
G =T (n).

Corollary 19. For any o« > 1 and t > 2, there exists ng such that if G is an s
free 4-graph on n > ng vertices, then \o(G) < M\o(T4(n)), with equality if and only if
G =Ty, (n).

4.3 Cancellative hypergraphs and generalized triangles

A k-graph G is called cancellative if whenever A, B, C' are edges of G with AUB = AUC
(or equivalently, BAC' C A, where A denotes the symmetric difference), we have B = C.
In particular, a graph G is cancellative if and only if it is triangle-free.

The Turan problems of cancellative hypergraphs are closely related to the generalized
triangles. The generalized triangle Ty, is the k-graph with vertex set [2k — 1] and edge set

k=1 kWL, k=1 k+ 1) {hk+1,... 2k — 1},

Note that a 3-graph is cancellative if and only if it is { F}y, T3 }-free, where F) is a hypergraph
with edge set {{1,2,3},{1,2,4},{1,3,4}}. Bollobas [2] showed that EX(n,{Fy,T53}) =
{T$(n)}. Subsequently, Frankl and Fiiredi [7] proved that EX(n,T3) = {T3(n)} for all
n > 3000, and this was improved to n > 33 by Keevash and Mubayi [19]. In [28], Pikhurko
proved that EX(n,T;) = {T}(n)} for sufficiently large n. So (T3, K3) and (T}, K}) are
both Turdn pairs. From Theorem 1.10 in [21], we know that T3 (respectively, Tj) is
degree-stable with respect to Col(K3) (respectively, Col(K})). Therefore, by Theorem
11, we have the following result.
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Corollary 20. For any « > 1 and k € {3,4}, there exists ng such that if G is a Ty-
free k-graph on n > ng vertices, then \o(G) < Mo(TF(n)), with equality if and only if
G =TF(n).

Since cancellative k-graphs must be Tj-free, we immediately obtain the following corol-
lary, which implies the result in [27, Theorem 3.2].

Corollary 21. For any a > 1 and k € {3,4}, there exists ng such that if G is a can-
cellative k-graph on n > ng vertices, then Ao(G) < A\o(TE(n)), with equality if and only if
G =TF(n).

4.4 4-book with three pages

Let F7 denote the 4-graph with vertex set [7] and edge set
({1234}, {1235}, {1236}, {4567} },

also called a 4-book with three pages. Firedi, Pikhurko, and Simonovits [9] proved that
EX(n, F7) = {By(n)} for sufficiently large n. So (F%, P) is a Turdn pair, where P =
({1,2},{{1,1,2,2}}). They also proved that F; is degree-stable with respect to Col(P).
Hence, by Theorem 14, we obtain the following corollary.

Corollary 22. For any o > 1, there exists ng such that if G is an Fs-free 4-graph on
n = ng vertices, then A\o(G) < Ao(Ba(n)), with equality if and only if G = By(n).

5 Proof of Theorem 9

In this section, we establish the proof of Theorem 9. We begin by presenting several
preliminary lemmas derived under the assumptions and notations of Theorem 9.

Fact 23. For p > —1 and sufficiently large n,

n

}:wz(y+qnb+1.

=1

Proof. The result holds trivially for p = 0. Consider the function f(x) = 2P, which is
increasing on the interval [0,n + 1] for p > 0, and is decreasing on the interval [1,n] for
—1<p<O.

Case 1: p > 0. In this case, we have

By a direct calculation,
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which implies the desired result.
Case 2: —1 < p < 0. We have

where f(1) =1, f(n) = nP. Therefore,
nptl _
+ n? < P < + 1.
p+l zz prl
The result follows. O
Fact 24. If0<x <1 and B3>0, then (1 —x) % > 1+ Bux.
2

Fact 25. If0 < x < %, then 1 —x > e 77",

Fact 26. Ifx > 1, then + <Inz —In(z — 1) and & < 5 —

8] =

Lemma 27. If n is sufficiently large, then \o(Gn) = 7(F)(1 — 2&")nk=/e,

Proof. By (2) and Fact 23, for sufficiently large n > N we have

n

Aa(Gn) = Z()\a(gi) = AalGic1)) + Aa(Gn-1)

n

Z(k‘ — k/a)m(F)(1 )i 4 X (Gh-n)

= Z (k — k/a)m(F)(1 = ')yiF=Fe=1 L O(1)

(1+ o(1)m(F)(1 —&)ntHe
m(F)(1 — 2&"ynkkle, O

V

Let H be an n-vertex F-free k-graph, and let x = (xy,...,2,) be a nonnegative
eigenvector corresponding to A\,(H). Note that by definition x has unit length with
respect to {,-norm. Define &y, = min{z, : v € V(H)}. For a subset U C V(H), denote
ry = lyeyx,. The following two lemmas mainly discuss the spectral property of H.

Lemma 28. Lete” = en(F)/(2(k—1)). If \a(H) = Aa(Gy) and 6(H) < (1—&)m(F)(,",).
then for sufficiently large n,

1—5//
n .

min
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Proof. Let V :=V(H), A := A\o(H), § :=§(H), and let u € V be a vertex with degree 9.
By eigenequation at vertex wu,

Al < At = WY mew-

EEEH )
Applying Holder’s inequality, we have
M\
((k ] ) <O Y why (6)
eeEH )

We estimate the right-hand sum above as follows:

Y = Y 2E - > g

e€Ep (u) se(,V)) Te(,Y,) and TU{u}¢Ep (u)
o a(k—1)
< Lg — xmin
2 > -
se(,Yy) Te(,Y,) and Tu{u}ngH( )
_ a -1)
- Z l’s - ((k 1) - 5) mm .
se(,Y,)

By Maclaurin’s inequality, we have

> 15< (kﬁl) (%2%) - E,L) (8)

icV

Assume to the contrary that =%, > 1’;”. Combining (7), (8) and the assumption

§(H) < (1—e)m(F)(,",), we have

k—1

min

Yz < ( ) — (1= =a)n(F) (")

e€E(u)

k—1 (1 —(1- 5)7T(f>) (kL)T

5 (-0 =),

By Bernoulli’s inequality and the definition of €”, we have

"3
3
<

1=V t21—(k-1"=1—en(F)/2=1—en(F).
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Therefore,

Combining this inequality with (6), we have

((zzv_f::i})')“ s W(i)’iﬁnl) <(1 R (k‘ ﬁ 1))“ (10)
(1 — &) (F)enlk-Die-1)
h ((k=1)he

However, by Lemma 27, for sufficiently large n we have
A= Ao(G) = 7(F) (1 — 2¢" kR,

This gives the lower bound:

a—1 o] _ Na—1(1 _ 9N« o, (k—1)(a—1)
Az > (1 —eM*H(1—=2")*rn(F)*n ' (11)
(k—1)! ((k—1)h=
Combining (10) and (11) and noting that ¢” < £/2, we have
1 a-1 1 a-1 a1
1-2 < < <[(1—= .
(=) <(=m) < (3)
Thus, by Bernoulli’s inequality,
a—1
o s1-(1-2) " z1-(1-Se-Dy sl
2 2c 2c0
This contradicts the fact that
o en(F)a—1)  ela—1)
N 2ka S o
This completes the proof of Lemma 28. O]

Lemma 29. Let ¢’ = en(F)/(2(k —1)). If \a(H) > X\a(Gn) and v is a vertex of H such
that & < (1 —€")/n, then for sufficiently large n,

Al H —v) = (1— (k — k/a)(1 — " /2)n YA (H)

and
Ao(H —v) > Ao(Grq).
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Proof. Let x’ be a sub-vector of x only by removing the component x,. For the k-graph
H — v, we have

Py_y(x) = Xa(H) = Kz, Y ey = Aa(H) = kAo (H)a
e€Ey(v)

Note that Py_,(x') < Ao (H — v)(||x/||o)*. Since 2@ < (1 —€”)/n, by Fact 24 we have
Ao(H —v) < 1 — kx$
Ma(H) 7 (L= ag)Me
> (1 —kx)(1+ kx /o)
=1—(k—k/a)z® — k*2**/a
(k—k/o)(1—€") k(1—¢")?

n an? ’

(12)

21—

which implies that for sufficiently large n,
M(H—=v) > (1= (k—Ek/a)(1—£"/2n DA (H).

Note that H is an n-vertex F-free k-graph with A\,(H) > A\,(G,). For sufficiently large
n, by (2) we have

Aa(H) 2 Aa(Gn) = Aa(Gumr) + (k — k/a)m(F)(1 — &)ntHet (13)

and by Lemma 4,
Aa(Gn1) < (L+0(1))m(F)(n — 1) < (1+ o(1))m(F)n /e, (14)
Substituting (13) and (14) into (12), we derive

Aa(H —v) 22X (G) + (K — k/a)m(F)(1 —¢

— (k= Kk/a)m(F)(1 = ") (1 + o(1))nF~Ho=t 1 O(nk~H=2)
2 0alGumr) + 21— 1) (FP(2(k — 1)~ o(nt =+
a(g )

where the second equality follows from

/)nkfk/afl

\/

(1-e)—(1-1+o0(1) =" - +0(1)
1 1 1

> (g )
1

2%k — 1)

= en(F)

This completes the proof of Lemma 29. m
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Finally, we will finish the proof of Theorem 9.

Proof of Theorem 9. Let H be an n-vertex F-free k-graph such that A\, (H) > \.(G,).
We aim to show that for sufficiently large n, H € G,, or equivalently, 6(H) > (1 —
e)m(F)(,",). We may assume that Ny is sufficiently large to apply Lemmas 27, 28 and

29 for n > Ny. Define
(N e
== 22 (F) '
Clearly, we have ng > Nj.

We assert that when n > ng, H has a sub-hypergraph G on m vertices with 6(G) > (1—
e)m(F)(,,) and m > No. The idea is that we can keep removing the vertex of minimum
value given by the nonnegative eigenvector associated with the a-spectral radius, and
then we must eventually get the sub-hypergraph GG as wanted. Suppose this does not give
us a suitable sub-hypergraph even after we have got Ny vertices left. This means we can

find a sequence of k-graphs:
H:Hnan,1 QQHN(N

where, for each i > Ny, H; has i vertices with §(H;) < (1 — &)m(F)(,',), and H;_y =
H; — u;, where the vertex u; € V(H;) satisfies z,, = min{z, : v € V(H;)}, and x is a
nonnegative eigenvector for A, (H;).

By Lemma 28, if Ao (H;) > Aa(G;) and §(H;) < (1—e)m(F)(,",), then 23 < (1—&")/i;

and by Lemma 29,
Aa(Hiz1) 2 Ma(Hi)(1 = (k= k/a)(1—£"/2)i™h), (15)
and

>\a<Hi—1) > )\a(gi—l)- (16)

We note that equation (16) guarantees the repeated application of Lemmas 28 and 29
such that both equations (15) and (16) hold for all i > Nj.
By (15), we have

Mo (H) >Aa(Ho 1) (1 (k- kévao)gi - 5///2)>

oy T (1 EHe0 =22

. 1
i=Np+1

>>\Q(Hn)exp<_ Z ((k—k/a);1—€///2)+];_22)>

i=Np+1

>\ (H,) exp ( — (k- k/a)(1 —"/2)In %0 - k:2)

—(k=k/a)(1—£"/2) 5
>(1 — 2¢/)m(F)nk—k/ (Ni> e
0
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><1 . 28/)ﬂ_(F)n(k—k/a)s”/Qe—kQ
>(1 = 2&/)m(F)nlEH =" 242

where the 3rd and 4th inequalities follow from Facts 25 and 26, respectively. This yields

a con/tradiction, since the a-spectral radius of any k-graph on Ny vertices is less than
NyHe

Hence, the removal process must terminate at H; for some ¢ > Ny. By the stopping
condition, we have 6(H;) > (1 —¢)m(F)(,",), which implies H; € G;, and hence Ao (H;) <

k-1
Aa(Gi). If t < n, by (16) we have \,(H;) > Ao(G:), yielding a contradiction. Therefore
t =n, and hence 6(H) = 6(H,) > (1 — e)w(F)(,",), which implies that H € G,,. O
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