An Unsure Note on an Un-Schur Problem

Olaf Parczyk®® Christoph Spiegel»*

Submitted: Nov 8, 2024; Accepted: Jan 3, 2026; Published: Mar 13, 2026
(©) The authors. Released under the CC BY-ND license (International 4.0).

Abstract

Graham, R6dl, and Rucinski [12] originally posed the problem of determining
the minimum number of monochromatic Schur triples that must appear in any
2-coloring of the first n integers. This question was subsequently resolved indepen-
dently by Datskovsky [8], Schoen [18], and Robertson and Zeilberger [16]. Here we
suggest studying a natural anti-Ramsey variant of this question and establish the
first non-trivial bounds by proving that the maximum fraction of Schur triples that
can be rainbow in a given 3-coloring of the first n integers is at least 0.4 and at most
0.66364. We conjecture the lower bound to be tight. This question is also moti-
vated by a famous analogous problem in graph theory due to Erdds and Sés [9, 15]
regarding the maximum number of rainbow triangles in any 3-coloring of K, which
was settled by Balogh et al. [3].

Mathematics Subject Classifications: 05D10, 05A16

1 Introduction

In 1916, Schur proved that every c-coloring of [n] := {1,...,n} contains a monochro-
matic Schur triple, that is a solution to the equation = + y = 2z, assuming n is large
enough depending on ¢. Having established the Ramsey-type property (before Ramsey’s
theorem had even been formulated), a natural question is to ask for the minimum num-
ber of Schur triples that any finite coloring of [n] asymptotically has to contain. For a
proof that supersaturation holds, that is that asymptotically some non-zero fraction of
Schur triples needs to be monochromatic, see Frankl, Graham and R&dl [10]. Graham,
R6dl, and Rucinski [12], while studying the threshold behavior of random sets which
commonly requires supersaturation-type arguments, observed the first non-trivial lower
bound through a famous result of Goodman [11]. Chen and Graham proposed it as a
$100 problem at SOCA 96 [16] and it was also conjectured that a construction attributed
to Zeilberger should give the true minimum value. This conjecture was resolved in the
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affirmative independently by Datskovsky [8], Schoen [18], as well as Robertson and Zeil-
berger [16]. Datskovsky also showed the somewhat surprising results that the number of
monochromatic Schur-triples in Z,, only depends on the cardinality of the color classes,
a sort of strong Sidorenko-type property. Cameron, Cilleruelo, and Serra [5] generalized
this observation using purely combinatorial arguments to a much broader setting.

Seven decades after Schur’s result, Alekseev and Savchev [1] considered the ‘un-Schur’
problem (a terminology attributed to Sands), proving that every equinumerous 3-coloring
of [3n] must contain a rainbow Schur triple. The equinumerous requirement was later
weakened, going as low as 1/4 for the density of the smallest color class [19]. The mazimum
number of rainbow Schur triples appears to have surprisingly not been studied in additive
combinatorics, while the analogue question in graph theory has received a fair amount of
attention [9, 15, 3, 6]. Here we prove the following.

Theorem 1. The mazimum fraction of Schur triples that can be rainbow in a 3-coloring
of the first n integers asymptotically is between 0.4 and 0.66364.

The first main contribution of this work consists of an explicit construction giving
the lower bound of 0.4. It was found through exhaustive computations for small n and
interestingly combines both an interval-based and a modular coloring approach. We
conjecture the lower bound to be tight and the underlying construction unique. The
second main contribution consists of establishing a non-trivial, though probably still far
from tight, upper bound that can be thought of as a slightly strengthened but otherwise
analogous approach to that taken in [12]; in particular, our argument relies on the rainbow
triangle result of Balogh et al. [3] similar to how theirs relied on Goodman’s results [11].
We discuss why other approaches do not seem to be easily applicable (motivating our
title) in the last section.

2 Proof of theorem 1

For us a Schur triple is an ordered triple, that is for = + y = z we consider (z,y, z) and
(y,x, z) as distinct. This aligns with the notion in [8] but differs from that in [16], where
(x,y,2) and (y,x,z) are the same Schur triple even if z # y, and that in [18], where
additionally x # y. Asymptotically this of course has no impact up to a constant factor
of 2, which disappears when dealing with ratios. One consequence is that we have exactly

(Z) — (1/2 + o(1)) n? (1)

Schur triples in [n], since for each z,z € [n] satisfying x < z there exists a unique
= z — x € [n| completing the Schur triple (z,y, z).
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2.1 The lower bound

Combining an interval- and a mod-based approach, the coloring

1 ifiis odd and i < 2n/5
co:[n] —={1,2,3}, i— < 2 ifiisodd andi > 2n/5 |
3 ifiis even

asymptotically gives (1/540(1)) n* Schur triples in [n], i.e., a lower bound of 0.4. Indeed,
fix an odd = < 2n/5 (so ¢o(x) = 1). If y is even (co(y) = 3), then x + y is odd, and
the condition 2n/5 < x +y < n ensures ¢o(x + y) = 2; the number of such even y is
now _ Injbre S If y is odd with y > 2n/5 (co(y) = 2) and x +y < n, then z +y is

2 2
even and co(z +y) = 3; the number of such y is "% — % = % — 5. Summing over all

odd z < 2n/5 and accounting for the same number of (y,z, z) therefore gives

2 3 (?{—’gﬁ—ﬁ—%): 3 (%”—x):(ému))n?.

z<2n/5
z odd z odd

2.2 The upper bound

For an arbitrary but fixed n tending to infinity, let S := {(z,9,2) € [n]* | v +y = 2}
denote the set of all Schur triples in [n] and S®) := {(z,y,2) € S} the set of all Schur
triples whose largest element is some given 1 < z < n. Clearly

1S®)| =2 — 1. (2)

We let ¢ : [n] — {1,2,3} be an arbitrary but fixed 3-coloring of the first n integers. We
write Sg) = Sg)(c) C S®) for the set of rainbow Schur triples in S*) and S = Sg(c) =
Ul_, Sg) for the set of all rainbow Schur triples when coloring [n] with ¢. We also write
r(z) = \Sﬁzz)\ and note that, by eq. (2), obviously

r(z) < |S¥| =2 - 1. (3)

Relating Schur triples to triangles

Let T' = {(v1,v2,v3) | v1 < va < v3 € [n+ 1]} denote the set of all triangles, identified by
their ordered vertices, in a complete graph with vertex set [n + 1]. Clearly

7| = (”;1) = (1/6 + o(1)) . ()

Let us define the function f : T" — S, (v1, v, v3) — (Vo — v1,v3 — U9, v3 — v1), which is
surjective and satisfies

[ (s)|=n+1-2 for all s € S, (5)
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We let the coloring ¢ of [n] induce a coloring ¢ : E(K,+1) — {1,2,3} of the edges
of K, through ¢(e) = c¢(maxe — mine) for any e = {vy,v} € F(K,4+1) and write
Tr = Tr(c) for the set of rainbow triangles w.r.t. to that induced coloring. By Balogh et
al. [3], we have

Tl < (2/5+ o) |T] 2 (1/15 + (1)) n?. (6)
Note that two triangles in 7" that are mapped to the same Schur triple by f clearly are

colored the same in ¢’. In particular, a triangle is rainbow with respect to ¢ if and only
if its image Schur triple is rainbow with respect to ¢, so that

n

D r(z)(n+1-2) © > 1) = |Tgl (2 (1/15+o(1)) n®. (7)

z=1 sESR
A reweighing lemma

Knowing the upper bound on >"_, r(z) (n+1 — z) from eq. (7), we want to upper bound
|Sr| =>_"_, (). For this we will make use of the following simple reweighing lemma.

Lemma 2. Let S be a finite set and f,g: S — Ryq positive functions. We have
Zf(s) < Z fo(s)
SES sESy

for any Sy C S and fy : So — R satisfying (i) gls\s, > 0, (%) max g|s, < min g|s\s,, (i)
f|So < fO: a’nd (Z’U) ZSES{) fO(S) g(S) > ZSES f(S) g(S)

Proof. With m, := min g|s\s, we have

My (Z fols) — Zf(8)> > (fols) = f()) g(s) = D fls)g(s) =0,

1SN seS s€S0 s€S\So

where the first inequality holds by (ii) and (iii) and the second inequality holds by (iv).
We may divide by m, due to (i), giving the desired inequality. O]

Before giving the complete argument, let us first look at a more simple application of
this lemma. This exactly follows the ideas of Graham, Rodl, Rucinski [12, p. 390] for the
deterministic case. We choose S = [n], f(2) =1(2), g(z) =n+1— 2z, fo(z) =2 —1, and
So={z| 2z = 2}, where zg = zo(n) € [n] is chosen maximal such that

dr@)n+1-2)< ) (2= (n+1-2), (8)

which is well-defined by eq. (3). The conditions of the lemma are met since (i) holds
trivially, (ii) holds since g is monotone decreasing, (iii) holds by eq. (3), and (iv) holds by
eq. (8). Writing a = a(n) = 2z9(n)/n, theorem 2 therefore implies that

1Sel = 1(2) <) (z—1) = (1/2— a®/2+ o(1)) n”. (9)
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It remains to lower bound « in order to upper bound |Sg|. We note that

Zr(z) (n+1-2)> Z (z—1)(n+1—2)=(1/6—a®/2+ /34 o(1)) n®,

where the strict inequality follows by choice of zy through eq. (8). Using eq. (7), this
implies a®/3 — a?/2 4+ 1/10 < o(1) and, since 0 < a < 1, therefore

a > sin (/6 — atan(2v/6)/3) + 1/2 + o(1) > 0.56706 + o(1).

By eq. (9), it follows that
|Sr| < (0.33922 + o(1)) n?, (10)

which is an upper bound on the fraction of 0.67844, slightly worse than the upper bound
reported in theorem 1. Let us now improve the argument to push the bound an epsilon
below 2/3.

A more nuanced reweighing

In the simplified argument we assumed that all the triples in S are rainbow for any
zo < z < n. This is intuitively not }))OSSlble and we can take advantage of that. Let us
add the notation nr(z) = |S®) \ S . By eq. (2) obviously nr(z) = z — 1 — r(z). For
a given coloring ¢ : [n] — {1,2 3} and ko = ko(n) € [n] to be specified later, choose
20 = 20(n, ¢, ko) maximal s.t.

dr@)(n+1-2)< Y (z=D(n+1-2)—k Y (n+1-2), (11)
where
Z =Z(n,c ko) ={z >z | nr(z) = ko} C [n]. (12)

Like eq. (8), this is again well-defined by eq. (3) and now also by our choice of Z. This
allows us to use the improved upper bound

z—1—ky ifze Z,
fo(Z):{ 0 .

z—1 otherwise.

Writing o = a(n, ¢, ko) = zo/n, = B(n,c, ko) = |Z|/n, and v = vy(n) = ko/n, it follows

that
1Sk < (Zz—l) =Y ko= (1/2-0a*/2—Bv+0(1)) n*. (13)

Z2=20 z2€Z

It remains to lower bound 8 and «, or more specifically a?/2 + 3+, dependent on our
choice of v. We then can choose v optimal to maximize this lower bound.

ot
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First bound. Letuswrite C; ={z > 2| 2 ¢ Z,c(z) =i} and C! = {z < 2z | ¢(2) = i}.
Note that the set [z9 — 1] is the disjoint union of C7, C%, and C%, and [n] \ [z9 — 1] is the
disjoint union of C, Cs, C3, and Z, so that

n=2zp— 1+ [Ci| +|Co| +|Cs]| + | Z].

We need to upper bound the cardinality of the sets C;. Write z; = max C;, where we

follow the convention that max () = —oco. We have
nr(z) < ko — 1, (14)
since for z; = —oo the statement is trivially true and for z; # —oo we have z; ¢ Z but

also z; > zp, so the statement follows by definition of Z in eq. (12). As every element
y e (CIUC)N{1,...,zi— 1} = (CIUC;) \ {2} is uniquely responsible for a non-rainbow
Schur triple (z,y, z;), it follows that |C!| + |C;| — 1 < nr(z;), that is |C!| + |C;| < ko by
eq. (14). In combination, this gives us n < max (zo + |Z| + 2k, | Z| + 3ko) and therefore
at least one of

a+pB>21-2y or B>1-3y (15)

has to hold.

Second bound. Since z; was again chosen maximal in eq. (11), we have

dr@)n+1-2)> > (z=1(n+l-2)—k » (+1-2)
z=1 z=zp+1 z€Z\{z0}
n z0+|Z|
> > (z=D(n+1-2)—k Y (n+1-2)
z=zp0+1 z2=20

=(1/6 —a’/2+a®/3+ (a+ B/2—1)yB + o(1)) n’.
Using eq. (7), this implies
a?/2 — a3 — (a+B/2—1)v8 —1/10 = o(1). (16)
Optimizing over the bounds. To bound the size of Sk using (13), it remains to solve
mvinmax{l/Q —a?/2 = B7]0< a,B <1 satisfying (15) and (16)},
where obviously 0 < v < 1. Choosing 79 = 0.077102, one can easily see that the first

inequality in eq. (15) has to hold due to eq. (16), see fig. 1. The optimal values for o and
B for the fixed 7y therefore need to lie at the intersection of

fila) =1—=2v —« (17)

52<a>——<a—1>—\/<a—1>2+3(%2—“—3—i) (19
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Figure 1: Region of feasible o and (3 for fixed 79 = 0.077102 with the first bound from
eq. (15) in blue and the second bound from eq. (16) in green. The optimal point is in
red with the corresponding contour line for the objective from eq. (13). The black dot
corresponds to our lower bound construction.
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which is given by the unique root in [0, 1] of

2 1 1
——a3—|—(1+—>a2—2a—|—<1—5——4%2)) =0,
8l

37 Y0 0
which is
. 538551 \/ 638805538803 1 366225273142527 47
o = ——— + 24/ ————— cos| = arccos + — .
1000000 3-1012 3 98258725691701849 3

With * = 1 — 299 — o® an upper bound on the fraction of strictly less than 0.66364
follows.

3 Concluding remarks

There are two clear avenues for improvement in the proof of the upper bound: first, the
choice of 2y and Z is suboptimal because it neither accounts for the partially modular na-
ture of the extremal construction nor captures the linear dependence of nr(z) on z in that
construction. The first bound therefore falls short, as can be seen in fig. 1, and modifying
this part of the argument by potentially improving it up to a > 1 —  for the right choice
of v would probably yield the biggest immediate improvement. Second, the application
of the bound due Balogh et al. [3] ignores that the family of 3-edge-colorings of K, in-
duced by 3-colorings of [n] does not include the known extremal coloring maximizing the
number of rainbow triangles. In particular, the coloring ¢y establishing the lower bound
gives [Tr(co)| = (0.053 4 o(1)) n®, whereas the general upper bound in eq. (7) had a con-
stant of 0.06. Obtaining a tight upper bound would therefore probably require completely
avoiding the translation of the problem into an auxiliary graph theoretic formulation.

This begs the question whether any of the three approaches that have been successful
for resolving the minimum number of monochromatic Schur triples could perhaps also
be helpful here. Robertson and Zeilberger [16] reformulated the problem as the discrete
optimization problem of determining the minimum of

Flay,. . mn) = > (@i + (1= 2)(1 = 2;)(1 = 214))

1<i<j<n

1+j<n
over the m-dimensional hypercube {0,1}" and then (in part computationally) studied
its discrete partial derivatives. This approach does not seem to readily extend to more
than two colors without the formulation of the underlying optimization problem becoming
unwieldy. Schoen [18] and Datskovsky [8] on the other hand reformulate the problem using
the Fourier transform fy(x) = exp(2mikx), noting that the number of monochromatic
Schur triples in a coloring of [n] expressed as a bipartition [n] = R L B can be counted
through

/0 Frl(@) frl@) frl—2) + F5(@) fu(e) fo(—a) dz,

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.45 8



where fr(z) = > e fo(z) and fp(x) = Y, 5 fu(z). Briefly switching to Z,, this yields
the the very simple expression of (|R|*+|B?)/n for the number of monochromatic Schur
triples. The difficulty in extending this approach in order to study rainbow Schur triples
likewise seems to lie in the increase of the number of colors; Cameron, Cilleruelo, and
Serra [5] determined that in a three coloring of Z, expressed as a tripartition [n] =
RUGU B the number of monochromatic Schur triples is (3|R|*+3|G|?*+3|B|*—n?*+r1) /2,
where r denotes the number of rainbow Schur triples, but no approach to obtain a tight
lower bound on the minimum number of monochromatic Schur triples based on this has
been proposed. It should be noted that the corresponding problem in graph theory,
determining the minimum number of monochromatic triangles, has been resolved for
three and four colors [7, 14]. Finally, directly applying ideas behind the techniques used
by Balogh et al. [3] in the additive setting brings its own set of problems, since formulating
flag algebras for anything other than additive structures in Iy has proven challenging [17].

It of course also makes sense to ask a similar question for other additive structures
besides Schur triples, most notably for k-term arithmetic progressions (k-AP), that is for
tuples (z,x +d,...,x + (k — 1) d) with common difference £ > 1. Radoici¢ asked under
what density requirements a three-coloring of [n] must contain for 3-term arithmetic pro-
gressions (3-AP), that is a solution to x +y = 2z. This was resolved by showing that the
smallest color class can have density as low as 1/6 while still guaranteeing the existence of
rainbow 3-AP [13, 4, 2]. Regarding the maximum number of rainbow arithmetic progres-
sions, the only direct reference we could find was by Jungi¢ et al. [13], who state in the
concluding section of their paper that “(i)t is easy to show that the maximal number of
rainbow AP(3)s over all equinumerous 3-colorings of [3n] is | 3n?/2], this being achieved for
the unique 3-coloring with color classes R = {n | n = 0 mod 3}, B = {n | n = 1 mod 3}
and G = {n|n =2 mod 3}.” Here we state the obvious generalizations of both the upper
and lower bound, which align when £ is prime but otherwise leave a (significant) gap. We
again conjecture that the lower bound is tight and the underlying construction (with the
obvious exception of k = 2) unique.

Proposition 3. The maximum fraction of k-term arithmetic progressions that can be
rainbow in a k-coloring of the first n integers asymptotically is between [~ (1 — 1/p;)
and (1 — 1/k) if k has the prime decomposition k = p{* - - pom.

Proof. Any choice of 1 < x; < x, < n outlines a k-term arithmetic progression if and
only if £ — 1 divides x; — x;, in which case that arithmetic progression is (z1, 1 + d, x; +
2d,...,21 + (k — 1)d) with 1 + (k — 1)d = x and d = (z, — x1)/(k —1). As a
consequence, we have n — (k — 1) d arithmetic progressions with common difference 1 <
d< |(n—1)/(k—1)], and therefore

(1/(2k —2) + o(1)) n? (19)
arithmetic progressions in [n] overall.

Lower bound Coloring [n| with ¢ : [n] = {1,...,k}, i = i + 1 mod k, any arithmetic
progression with common difference d is rainbow if and only if ged(d, k) = 1. Using Euler’s
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totient function, it follows that a [[;*,(1 — 1/p;) fraction of all arithmetic progressions is
rainbow.

Upper bound Fix some coloring ¢ : [n] — {1,...,k}. For 1 <i<kand 0 <r < k-2,
let C;, ={z € [n]|c(x) =7¢and r =z mod k — 1}. We want to count rainbow k-term
arithmetic progressions (z1, z, . .., ;) when coloring [n] with ¢. We have n choices for x;
and, briefly allowing for x; < x1, we have Z#C(Il) |C; | choices for xy if r = 21 mod k—1.
Correcting for xp > x; through an overall factor of 1/2, the number of rainbow k-term
arithmetic progressions is therefore upper bounded by

2
(Z |Ci,r| Z |Ci’,r> /2 = Z |Ci,7‘||0i’,r|/2 < ;L_k;

it i il
where the inequality holds since by Cauchy-Schwarz

2 k-1 2 n?
2
. L] = , _ 2P - ) -
> CulCerl = (1) = 168 < 5= (eul) = gz
for any r. This gives an upper bound on the fraction of (k — 1)/k. O

We hope this work motivates further research into these types of additive anti-Ramsey
questions and believe that the upper bounds, both in theorem 1 and in theorem 3, are
amenable to improvements using alternative techniques.
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