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Abstract

For a graph T and a set of graphs H, let ex(n,T,H) denote the maximum
number of copies of T in an n-vertex H-free graph. Recently, Alon and Frankl (
Journal of Combinatorial Theory, Series B, 2024) determined the exact value of
ex(n, Ko, {Kk+1, Mst+1}), where Kj 1 and M4 are complete graph on k + 1 ver-
tices and matching of size s + 1, respectively. In this paper, we continue the
study of the function ex(n,T,{Ky+1, Mst1}). We determine the exact value of
ex(n, Ky, {Kk+1, Ms+1}) for r > 3 and the exact value of ex(n, Sy, {Kit+1, Ms+1})
forn>2(s+1)(r+1) and r > 2.

Mathematics Subject Classifications: 05C35

1 Introduction

Let G = (V, E) be a graph with vertex set V = V(G) and edge set E = E(G) C (}). We
may write G instead of E(G).

Let T be a fixed graph and H be a set of given graphs. A graph G is called H-free if
G contains no copy of any member in H as its subgraph. Write N(G,T') for the number
of copies of T' in a graph G. Define the generalized Turan number as

ex(n, T,H) = max{N(G,T) : G is an n-vertex H-free graph}.

We call an n-vertex graph G with N(G,T) attaining the maximum an extremal graph of
H. This function has been systematically studied by Alon and Shikhelman [2] and has
received much attention, for example, in [7, 8, 9, 10, 12, 13, 14, 15, 16, 20]. When T = K,
it is the classical Turdn number ex(n, H).
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Let K, denote a complete graph on r vertices for some integer r. For a set U, write
K|[U] for a complete graph on vertex set U. Let Uy, Us,...,U, be disjoint sets and U =
{Uy,...,U.}, write K[U] = K[Uy,Us,...,U,| for a complete r-partite graph with partition
sets Uy, ...,U,. Let G = (V, E) be a graph. For a set U C V' write G[U] for the subgraph
induced by U. For disjoint sets Uy, Uy, - -+ , U, C V, write G[Uy, - - - , U,] for the induced r-
partite subgraph of G, i.e. G[Uy, - ,U,] = K[Uy,--- ,U]NG. Let K, 4,.... o, denote the

complete r-partite graph with partition sets of size ai, as, - -+ , a,. In particular, S, = K,
is the star with r edges. We call the only vertex incident to all the edges in a star be the
center of the star and call every other vertex a leaf of the star. For graphs Gy,---,G,,
let "7, G; be the union of vertex-disjoint copies of Gy, - -, G,.

A Turdn graph Ti(n) is a complete k-partite graph on n vertices whose partition sets
have sizes as equal as possible. Let tx(n) = |Tx(n)| = N(Tx(n), K3).

The famous Turan Theorem [4] states that ex(n, Ko, K1) = tg(n). Zykov [21] gave
the generalized version of Turdan Theorem as follows.

Theorem 1 ([21], see also [5]). Foralln >k >r > 2,
ex(n, Ky, Kx+1) = N(Tk(n), K,),
and Ti(n) is the unique extremal graph.

Write x(G) for the chromatic number of graph G. We say a graph is edge-critical
if there exists some edge whose deletion reduces its chromatic number. Simonovits [19]
proved that for any edge-critical graph H with x(H) =k + 1 > 3, ex(n, Ko, H) = tx(n)
for sufficiently large n, and T(n) is the unique extremal graph. This result was extended
by Ma and Qiu [18] as follows: For sufficiently large n, ex(n, K,, H) = N(Tx(n), K,),
and Ty (n) is the unique extremal graph, where H is an edge-critical graph with y(H) =
k+1>r>2.

Let Gi(n,s) = K,_, V Tj_1(s), the join of an empty graph K,_, and Turdn graph
Ti—1(s), i.e. a complete k-partite graph on n vertices with one partition set of size n — s
and the others having sizes as equal as possible. Write M), for a matching consisting of &
edges. Another fundamental result in graph theory is the Erdds-Gallai Theorem, showing
that

2
Recently, Alon and Frankl [1] studied the function ex(n, Ky, H) when H = { Kyy1, Msi1}.

ex(in Ko, Merr) = max {[E G (n )] (1)},

Theorem 2 ([1]). Forn >2s+1 and k > 2,
ex(n, Ko, { K41, Ms11}) = max {|Tr(2s + 1), |Gr(n, s)|} .

In this article, we first extend the result of Alon and Frankl [1] as shown in the
following.

Theorem 3. Forn>2s+1and k>r > 3,

ex(n, Ky, { K1, My1}) = max{N(Ty(2s + 1), K,), N(Gy(n, s), K,)}.
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We also give a similar result counting the number of stars.

Theorem 4. Forn > 2(s+1)(r+1) andr > 2,

ex(n, Sy, { Kxs+1, Ms41}) = N(Gg(n,s), S,).

We should mention the following result given by Gerbner [11], which is a weakening
of Theorem 3 and Theorem 4 for any complete multipartite graph with at most r parts
instead of K, or S,.

Theorem 5 ([11]). If H is a complete multipartite graph with at most r parts, then
ex(n, H {K,11,Ms1}) = N(H,K), where K is either a complete multipartite n-vertex
graph with at most r parts and a part of order at least n — s, or consists of a complete
multipartite graph on at most 2s+1 vertices with at most r parts and possibly some isolated
vertices.

2 Preliminaries

We need the following fundamental theorem in graph theory.

Theorem 6 (Tutte-Berge Theorem [3], see also [17]). A graph G is Mg, -free if and only
if there is a set B C V(G) such that all the components Gy, ..., G,, of G— B are odd (i.e.
V(G;)| =1 (mod 2) forie€ [m]), and

V(G —1
|B|+Z| | < s.

Let G be a graph and r be a positive integer. For a vertex v € V(G), define Ng) (v) =
{U e (Y): GIUU{v}] = K,41} be the r-clique neighborhood of v and dg)(v) = |Ng)(v)|
be the r-clique-degree of v. For a set U C V(G), write dg)(U) = ueU dg)(u). As usual,
write neighborhood Ng(v) and degree dg(v) instead of 1-clique neighborhood N((;l)(v) and
1-clique-degree d(Gl)(v) for short.

For two non-adjacent vertices u,v in a graph G, we define the switching operation
u — v as deleting the edges joining u to its neighbors and adding new edges connecting u

to vertices in Ng(v). Let Gy, be the graph obtained from G by the switching operation
u — v, that is V(G,,) = V(G) and

E(Guse) = (E(G) \ E(G[{u}, No(u)])) U E(G[{u}, Na(v)]).

Note that the edges between u and the common neighbors of v and v remain unchanged
by the definition of G,_,,. For two disjoint independent sets S and T in a graph G, if
all of the vertices in S (resp. 7T') have the same neighborhood Ng(S) (resp. Ng(T))
and E(G[S,T]) = 0, we then call {S, T} an independent pair. For any independent pair
{S, T}, we similarly define Gg_,r to be the graph obtained from G by deleting the edges
between S and Ng(S) and adding new edges connecting S and N (7).
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For any fixed graph H, we say H is switchable if for any graph GG and any independent
pair {S,T} in G, either G’ = Gg_,r or G’ = Gr_5 has the property that N(G', H) >
N(G,H).

Proposition 7. Forr > 2, K, and S, are both switchable.

Proof. Let {S,T} be an independent pair of G.
We firstly prove for K,. Without loss of generality, suppose dgfl)(T) > dgfl)(S ). Let
G’ = Gg_r. Then

N(G', K,) = N(G, K,) —d%(S) +d5(T) = N(G, K,),

the equality holds if and only if dgil)(T) = dgfl)(S).
For S,, note that N(G,S,) = > ¢ (dGr(”)). Let X = N(Gs_r,S,) — N(G, S,) and
Y = N(Gr-s,S,) — N(G, S,), then

x = g1 (W) _ (el

: uENG(S)\Ne (T) <(dG(U)7"_ ‘S|> i (dG’Eu)D

+ L ((da(wi%- !S\) B (dGiw))) |
and

v = oy (M) (1N
. ( (>(da((u)+T)>) (dG(u))>
uENG(S)\Na (T) " r
de(w) — |T de(w

o AT )

Therefore,

IT|IX +|S]Y = 3 (‘S|(dG(U)r+ ‘T‘)+|T|(da(u)r—‘5|>)

ueNG(S)\Na(T)

-2 s ()

u€Ng(S)\Ne(T)

(st m)

weNg(T)\Ng

- astemp(M)

weNG(T)\Na(S)
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Now since (f) is a convex function of x, by Jensen’s inequality, |T'|X + |S|Y > 0. This
means either X > 0 or Y > 0, which completes the proof. O

Let G be a graph and w, uz, vi, v be distinct vertices in G. Define G, v))—(usv0) =
(GU1—)uz)’U1—)’U2 = (Gv1—>v2)u1—>u2-

Proposition 8. Let G be a graph and uy, us, vi, vy be distinct vertices in G. Suppose
Uy Ug, V1V2, U1V2, ViU & E(G). Then either G' = Gy, v))—(us,02) 07 G' = G(ugv0)—(ur,01) has
N(G',S,) = N(G, S,) forr > 2.

Proof. For any two vertices x and y in G, let ¢, = 1 if zy € E(G) and e,,, = 0 otherwise.
For i = 1,2, Let g; = €y,,,. Also, for any vertex v € V(G), let £, = €ypuy +Evvy — Evuy — Evny -
Let X = N(G(u1,v1)—>(w,v2)> S,) — N(G,S,) and Y = N(G(u27v2)_>(ul’v1), S.) — N(G, S,).
Similarly as the proof in Proposition 7, we see that

() (47)
() () () (1)
X))

vF#UL,U2,V1,02

and
(e )
() () (42 ()
CLEL () )
Therefore,

v <(dG(u1T) +51> . <dG(v12 +el) ( +sg) N ( +52>)
() () (4 ()
_ ( <dG(vZ —a,) . (dG(Ui ) ( el ))

VAU, U2,V1,02

Note that €;,e9 > 0. Now since (f) is a convex function of z, by Jensen’s inequality,
X +Y > 0. This means either X > 0 or Y > 0, which completes the proof. O

We give the following observation about combination numbers without proof.

o
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Observation 9. For integersn >m > 1r > 2,
1_T(n—m)< ,__n—m r: m—r+1 T<<T)<(T>T'
n—r+1 n—r+1 n—r+1 (’:) n

Proposition 10. Letr > 2, s> 1, k>2,0<b< s andn > 2(s+ 1)(r+1) be integers.
Let hy (xq, -+ 2p1) = Zf:_ll Z; (";xl)

(1) Let
Yy — T
gn,k,r,b,y(l’h T ,xk) = hn,k<x17 T 7$k71) + Ik( , )
be a function on {(x1, -+ ,xx) € Z¥ 1 x1 + -+ 3 = b, z; = 0 for any i € [k]}, where
s <y < 2s is an integer. Then gy prpy(21,-- -, x) reaches its mazimum when xj, = 0

and |z; — ;| <1 for any 1,7 € [k —1].
(2) Let x = Zi:ll x; and

9s _
Gngers(T1,  Tp—1) = hpp(21, - - ,xk_1)+(25+1—2x)( s m) +(n—1-2s+x) (i)

r
be a function on {(xy, -+ ,xp_1) € ZF1 1w < s, 2, = 0 for any i € [k — 1]}. Then the
function gy prs(x1,- -+ ,k_1) Teaches its mazimum when x = s and |x; — x;| < 1 for any
i,j€k—1].

(8) N(Gg(n,s),S,) is an increasing function of s.

Proof. Before the proof of (1), (2) and (3), we firstly prove the following claim.

Claim 11. On {(z1,- ,op 1) €EZF Y iay+ -+ ap 1 =b, 2, = 0 for any i € [k — 1]},
Py (21, -+, Tx—1) reaches its mazimum when |x; — z;| < 1 for any i,j € [k —1].

Proof. 1If k = 2, then we are done. For k£ > 3, without loss of generality, suppose on
the contrary that h,,j reaches its maximum on (by,--- ,bg—1) while by — by > 2. Let
X = hpp(by —1,by +1,b3,- -+ ,bp—1) — hy (b1, ba, b, -+ br_1), then

= oo () () ()
_ <(n—l;2—1>_(n—l;1+1>)+(b1(7;:bll)_b2(n—rb_21—1>)
- () )

n—(r+10b+1)+1(m—=by—1\ n—(r+b+1/n—0b
r r—1 r r—1

> 0,
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where the last inequality holds because n — (r + 1)(bo +1)+1>n—(r+1)by +1 >
Oand n —by —1 > n —>b; > r— 1. This is a contradiction by the maximality of

P (b1 -+, b—1). []
By the proof of the Claim 11, it is easy to see that (3) is correct since N(Gg(n, s), S;) =
Py js1 (21, -+, Tp—1,n — s) with Zf;ll x; =8, |v; —x;| < 1for any i,j € [k — 1] and so

|(n —s) —a;| > 1 for i € [k — 1]. It remains to prove (1) and (2).

(1) By Claim 11, it remains to prove x; = 0 when g, ., reaches its maximum.
Suppose on the contrary that g, ., reaches its maximum on (by,- - ,by) while by > 1.
Let X = gnprby(b1 4 br, b2, -+ 0p—1,0) — Gngorpy (b1, b2, - -+, bp—1, by), then

o)) )
= (b +by) (1‘n—bfb_kr+1) (n;bl) ) (bl(n;bl) +bk(y;bk)>
e )

() () (=) )
> () (-3 (5) )
=z 0,

where the first two inequality holds by Observation 9 and the last holds since b; + by, < s,
n—b—r+1>2sr,n—>b > 2sr and y — b, < 2s. This is a contradiction by the

maximality of g kb, (01, k).
(2) Similarly, we only need to prove z = s when g, ;s reaches its maximum. Suppose
on the contrary that g, ,s reaches its maximum on (by,--- ,bx_1) while x = by +--- +

be—1 < s — 1. Note that p(z) = (n — 1 — 2s + 2)(?) is an increasing function on z € [s].
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Let X = gnprs(br + (s —2),b2, -+ ,bk_1) — Gngrs(b1, b2, -+, bg_1), then

X = (bl+(s—x))<n_bl_r(8_x))—bl(";bl)—(2s+1—2x)(28;“")
+ (2) 409 -0
> (b1+(s—x))<n_b1_r(8_m))—bl(n_rbl)—(25+1—2x)<23;x)
s (1 T ) (") e nan ()
- e (=) (1)) e (07
(ol B (Y ()
(= (030 (5) -9 ) (7))

where the second inequality and the third inequality hold by Observation 9; the forth
inequality holds since r(by + (s —2)) < sr,n—by —r+1> 2sr, n— by > 2s(r + 1) and
2s —x < 2s. This is a contradiction by the maximality of g, k(b1 -+, br—1). O

>

> 0,

Let A}, = N(Ty(t), K,) for some positive integers ¢, k, 7.
Observation 12. (1) For positive integers t,k,r > 2

T T T— T T t T—
Ay —Aip = A 1 Jhot O Ag = A {EJ At—iﬂﬁ’“_l'
(2) Forn >2s+1 and s > t,k,r > 3, define

gn,k,r(t) = (n— t)A:kll + Atk 1

Then gnir(t) is a strictly increasing function of t.  In particular, gnr,(s) =

N(Gk(n,s), K,).

Proof. (1) can be checked directly by the definitions of A}, and the Turdn graph.
(2) By (1), for t < s—1,

gn,;w(t + 1) - gn,k,r(t) = (n —t— 1)A —| gty ) k-2 Ark 1t A:—_iﬁj,k—Q

t
= (n—t 1>At—LﬁJv’f—2 Lk‘— 1J B ke

— t 7‘2

This completes the proof. n
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3 Proof of Theorem 3 and Theorem 4

Now we are ready to give the proofs of Theorem 3 and Theorem 4.

Let G be an extremal graph of { K1, Mg,1} (with the maximum number of K, (resp.
S,) in it) on n > 2s + 1 vertices. By Theorem 6, there is a vertex set B C V(G) such
that G — B consists of odd components G4, ..., G,,, and

V(G -1
=1

Let A; = V(G;) and |A;| = a; for ¢ € [m]. Denote A = U™, A;. Let Ig(A) = {i € [m] :
a; = 1}. We may choose G maximizing |I5(A)| (assumption (*)). Let |B| = b.

Define two vertices v and v in B are equivalent if and only if Ng(u) = Ng(v). Clearly,
it is an equivalent relation. Therefore, the vertices of B can be partitioned into equivalent
classes according to the equivalent relation defined above. We may choose G (among
graphs G satisfying assumption (*)) with the minimum number of equivalent classes of
B (assumption (**)). Note that each equivalent class of B is an independent set of G
by the definition of the equivalent relation. We firstly claim that every two non-adjacent
vertices of B have the same neighborhood (a clique version of Lemma 2.1 of [1]), which
is also a simple consequence of the Zykov symmetrization method introduced in [21], for
completeness we include the proof.

Lemma 13. Fvery two non-adjacent vertices of B have the same neighborhood.

Proof. Suppose there are two non-adjacent vertices u, w € B with Ng(u) # Ng(w). Then
u and w must be in distinct equivalent classes U and W by the definition of the equivalence.
Since uw ¢ E(G), we have E(G[U,W]) = (. Thus, {U, W} is an independent pair.
Without loss of generality, let G’ = Gy_,w. By Proposition 7, we can suppose N(G', K,.) >
N(G, K,) (resp. N(G',S,) = N(G, S,)). Now we show that G’ is { K41, Ms41}-free too.
Clearly, G’ — B still consists of odd components G, ...,G,,. Hence G' is M, i-free by
Theorem 6. If G’ contains a copy 7" of K} 1, we must have a vertex u € V(T')NU. Choose
a vertex w € W. Since Ng/(u) = Ng/(w) = Ng(w), (V(T) \ {u}) U {w} induces a copy
of Kj41 in G, a contradiction. Hence, Gy_w is {Kj11, Mg }-free. By the extremality
of G, we have N(G', K,) = N(G, K,) (resp. N(G',S,) = N(G,S,)). But the number of
equivalent classes of G’ (U and W merge into one class in G’) is less than the one in G,
a contradiction to assumption (**). O

In fact, with similar proofs, we also have the following two lemmas.

Lemma 14. For any fized i € [m|, every two non-adjacent vertices of A; have the same
neighborhood.

Lemma 15. Fori,j € [m] with a; = a; = 1, the only vertexr v; € A; and the only vertex
v; € A; have the same neighborhood.

Here we firstly give the proof of Theorem 3.
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Proof of Theorem 3: Let G be the extremal graph mentioned above with the maximum
number of K,. By Lemma 13 and G being Kj-free, G[B] is a complete (-partite graph
with ¢ < k. Let its partition sets be By,...,Byand let By, y = --- = B, =0 if / < k. Let
b; = |B;| for i € [k]. Without loss of generality, assume by > by > ... > b, > 0. Write
B={Bi,...,Bw1}. Let At = N(K[B], K,_,). Since Y¢" b; = b — by, by Theorem 1,
At <A,

Recall that A = U A;. For those isolated vertices in G[A], we have the following
claim.

Claim 16. For v € A with dga(v) = 0, we have dgfl)(v) SAF <A, i

Proof. Let T be the vertex set of a copy of K, covering v. Then "N A = {v} and
TN B| = r—1 because dga(v) = 0. Therefore, G[T'NB] = K,_,. Note that N¢(v) C B.
We have dg_l)(v) < N(G[Ng(v)], Kr—1).

Let I(v) = {i € [k] : Ng(v) N B; # (0}. Apparently, |I(v)| < k — 1. Otherwise, I(v) =
[k]. Note that G[B] = KBy, ..., Bg] in this case. Thus G[BU {v}| = K[{v}, By,..., By]
contains a copy of K1, a contradiction. Now let B’ = U;cr(y){B;} € B. Then

dg " (v) < N(GINo(v)], Kro1) < N(K[B') K1) < N(K[B], K1) = A

When A is an independent set of G, we have the following claim.

Claim 17. If A is an independent set of G, then G = G(n, s).
Proof. Let By = {By,---,By}. Recall that B={By,...,Bx_1}. Then

N(K[By), K,) = A, = A5V By| + A

Note that b+ > 1", %=1 < s. Hence when A = U, 4; is an independent set, we have
a1 =...=a, =1and b <s. We can also suppose b — by > 3 since the small cases are

easy to check. By Claim 16,

N(G.K,)

/N

A, + > dg ! (v)

veEA
Ap, + (n— b)AG !
(n — b+ |Bp|) AL + A
[n—(b— bk)]Agzgk,kq + AZ—bk,k—l
gn,k,r(b - bk)

VAN | BV/AN

By Observation 12 (2), we have
N(G, Kr) g gn,k,r(b - bk) < gn,k,r(s) = N(Gk(n7 S)a Kr‘)

When the equality holds, we must have b, = 0, b = s, G[B] = Tj_1(s) by Theorem 1, and
G[B,A] = K[B, A]. This implies that G = G(n, s). O
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Claim 18. as = a3 =---=q,, = 1.

Proof. If A is an independent set of G then we are done. Now suppose |G[A]| > 0. Then
b < s. Let vy be a vertex in A with d ( 0) = max dg_l)(v). Without loss of generality,
ve

suppose vy € Aj.

If dgraj(ve) = 0, let G’ be the resulting graph by applying the switching operations
u — vy for all vertices u € A\{vp} one by one. Then we have |G'[A]| = 0. By Proposition 7
(and its proof), N(G', K,) > N(G, K,). With the same discussion as in the proof of
Lemma 13, we have that G’ is still {Kyy1, Msiq}-free. But |Ig(A)| = m > |Ig(A)], a
contradiction to the assumption (*).

If dgpaj(vg) > 0, then aq > 3. If ay = ... = a,, = 1, we are done. Now, without loss of
generality, assume ay > 3. Since G[As] is connected, we can pick two vertices, say u, uz
in A such that G[A2\{u1,us}] is still connected (uq,us exist, for example, we can take
two leaves of a spanning tree of G[As]). Let G be the resulting graph by applying the
switching operations u; — vy and uy — vg one by one. With similar discussion as in the
above case, we have N(Gl, ») = N(G,K,) and G is {Kyy1, Msiq}-free. Continue the
process after ¢t = “2-1 steps, we obtain a graph G; with N(Gy, K,) > N(G, K,) and G, is
{Kgi1, Mgyq}-free. But |, (A)| = |Ig(A)|+1, a contradiction to the assumption (*). O

Now by Claim 18 and Theorem 6, we have s’ := b+ ‘”;1 < s. Thus, a1 =2¢ —2b+1
and then |[BU A;| = a1 +b = 2¢ —b+ 1. Note that 0 < b < §'. By Claim 16, for
vertex v € BU Ay, dg; d- 1)( ) <A ;k p1 < Agjcil. Also, since G[B U A;] is Ky41-free, by
Theorem 1, N(G[B U Ai), K;) < Ay i Therefore,

N(G,K,) <Ay yyp+(n—25+b— 1)A;;;j_l.

Define foppe(b) == Ay i+ (n— 28 +b— 1AL If b = 0, then fop,s(0) =
N(Tp(2s' +1),K,) < N(Ty(2s + 1), K,), and the proof is done. If b = &, then a; = 1
and thus A is an independent set of GG, the proof is done by Claim 17. In particular,
Jokrs(s) < N(Gr(n,s'), K,) < N(Gg(n, s), K,).
By Observation 12 (1), for 0 < b < s — 1,
Fokws(D+1) = fopre(b) =—AT"1 +(n—2s + b)AZ‘2

AV
(25'—b)— | 2=t | k—1 T By

For fixed k and r, A}, is an increasing function of ¢, and ¢t — |£| is a non-decreasing

function of ¢. It is easy to check that ¢(b) = furrs(b+ 1) — furrs(b) is an increasing
function on 0 < b < s’ — 1. This implies that f,, ;. (b) is convex on [0, s" — 1]. Therefore,

Jnkrs (0) <max{ forrs(0), forrs ()} <max{N(Tx(2s + 1), K,), N(Gk(n,s), K,)}.
]

Now we prove Theorem 4.

Proof of Theorem 4: Let G be the extremal graph mentioned above with the maximum
number of S,.
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Claim 19. as=a3=---=aq,, = 1.

Proof. For any i € [m], a pair of vertices {u,v} C A; is said to be 2-switchable if
G[A;\{u,v}] is still connected. For any distinct i,j € [m] and any two ordered pairs
{ur,v1} C A; and {uq,v2} C A;, we call (u1,v1) — (u2,v2) a 2-switching if {uy, v} is 2-
switchable. we call it a reversible 2-switching if both {u, v;} and {us, vo} are 2-switchable.
A 2-switching (u1,v1) — (ug, v2) is said to be good if N (G (u,,01)—(us,ws): Sr) > N(G, S, ); it
is said to be bad if N(G(u,,01)—(uzve): Sr) < N(G, Sy); otherwise, N (G (u; 1) (usv)s Or) =
N(G, S,) and we say it is a fair 2-switching. Clearly, there is no good 2-switching in G.

Since there is no good 2-switching, any 2-switching (u1,v1) — (ug, v2) is bad or fair.
If it is bad and reversible, then by proposition 8, (us,vs) — (u1,v1) must be a good
2-switching, a contradiction. In other words, a reversible 2-switching cannot be bad, so
it must be fair.

By Lemma 14, for any i € [m], G[A;] is a complete multipartite graph. One can check
that there is at most one pair within A; that is not 2-switchable (only if a; > 5 and all
the vertices in A; other than this pair form a partition set of G[A4;]). Hence we can always
pick some 2-switchable pair in A; if a; > 3.

Now suppose on the contrary that a; > as > 3. Suppose {ug, vo} C A; is 2-switchable.
For any 2-switchable pair {u,v} € A; for some i > 2, {u,v} — {ug,vo} is reversible, so
it must be fair. Thus, Gy v)—{ugwe} i also an extremal graph. By repeatedly doing 2-
switching {u, v} — {ug, v} for 2-switchable pair {u,v} € A; with i > 2 (note that during
these operations, {ug, vo} keeps being 2-switchable), we end up with a graph G’ which is
also an extremal graph. Moreover, there is no 2-switchable pair in A; for any ¢ > 2, which
implies that a; = 1 for i > 2. So Is/(A) =m — 1> I5(A), a contradiction. O

By Lemma 13 and G is Ky 1-free, G[B] is a complete k-partite graph (some of its
partition set may be empty). Suppose these partition set be By, By, --+, By and let
b; = |B;| for i € [k]. If there exists some i € [k] with b; = 0, then let Bj, = () without loss
of generality. Otherwise, by Lemma 15, Claim 19 and since n > 2(s + 1)(r + 1), it holds
A\ A; is not empty and all its vertices share the same neighborhood. Clearly, at least one
of By, - -+, By is not adjacent to A\ A;, or we would get a copy of K1 in G. In this case,
we let By be a partition set not adjacent to A\A;. Now define

ap+b—1 b
Fogers(D1 0k, 01) = Gnprpar4s(b, - b)) + CL1< ! - > +(n—a; —b) (7)

Note that: the leaves of a star whose center is in B; (i # k) must be in V(G)\B;; the
leaves of a star whose center is in By, must be in A; U (B\By); the leaves of a star whose
center is in A; must be in A; U B; the leaves of a star whose center is in A\ A; must be

in B. Therefore, we have N(G, S;) < f, 1, s(b1,- -+ ,bg,a1). Now by Proposition 10 (1),
fnkrs(bla oo by, b, al) < frll,k,r,s@/p T 752717 0, Cll),

where S50 = b= S2F b and |b, — vi| <1 for any i,j € [k — 1]. By Proposition 10
(2) and the fact that a; = 2s’ + 1 — 2b for some s" < s,

fnkrs (b,1>"' 7b;~c—1707a1) < f/l,k,r,s/( /1/7"' ) Z—17071)>
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i=1 "1

N(G,S,) < f! (Ui, ,b%_1,0,1). One can check that f), . (bf,--,bf_1,0,1) =

n,k,r,s’

N(Gg(n,s),S,) < N(Gg(n,s), S,), which means we are done. O

where SV M0/ = ¢ and |B — vil < 1 for any 4,j € [k — 1].  Therefore,

4 Concluding Remarks

In this paper, we study on the function ex(n, T, { K11, Ms11}) and determine the exact
values when 7" = K, and T = S,. However, for T" = §,, our result holds only when
n > 2(s+1)(r+1). One may conjecture that ex(n, Sy, { Kii1, Msi1}) = max{N (T (2s +
1),S,), N(Gk(n,s),S,)} for general n > 2s + 1. Unluckily, this is not true. In fact, when
r is somehow larger than k (for example r > 20k), one may find some conterexamples.
Hence, we give the following conjecture instead.

Conjecture 20. There exists some fixed positive number «, for n > 2s+ 1 and 2 < r <
ak,
ex(n, Sp, { K1, Ms11}) = max{N(Ty(2s + 1), S,), N(Gr(n,s), S;)}.
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