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Abstract

For a given number of k-sets, how should we choose them so as to minimize the
union-closed family that they generate? Our main aim in this paper is to show that,
if A is a family of k-sets of size (Z), and t is sufficiently large, then the union-closed
family generated by A has size at least that generated by the family of all k-sets
from a t-set. This proves (for this size of family) a conjecture of Roberts. We also
make some related conjectures, and give some other results, including a new proof of
the result of Leck, Roberts and Simpson that exactly determines this minimum (for
all sizes of the family) when k& = 2, as well as resolving the conjecture of Roberts
when the size of the family is very close to (,i)

Mathematics Subject Classifications: 05D05

1 Introduction

Let A ={A;,...,A,} be a family of k-sets where the A; are distinct. We are interested
in minimizing the size of the union-closed family generated by A, namely

<A>:{A11UA12UAZS|]_<S<TZ,1<11,12,,ngn}

It is natural to imagine that it is best to take the sets to be ‘as close together as
possible’, so for example all k-sets from a t-set if the size is (Z) Note that the union-
closed family generated by this family has size |[t]**)|, where as usual [t] denotes the set
{1,2,...,t} and for any set X we write X*%) for the family of all subsets of X of size at
least k. Our main aim is to prove this when ¢ is large.

Theorem 1. Let A be a family of k-sets of size (]i) Then for t sufficiently large we have
(A > 1[t] =M.

This was conjectured by Roberts [1]. In fact, he conjectured a result that should hold
for all sizes of A : we discuss this in the final section of the article. In principle the answer
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could have depended on the size of the ground set, say N, but in fact it does not. The
first possible case would be k = 2, and for this Leck, Roberts and Simpson showed an
exact result. Initial segments of colex are best (colex on N is the order in which A < B
if max(A\B) < max(B\A) where N*) is the collection of all subsets of N of size k).

Theorem 2. (Leck, Roberts and Simpson [2]) Let A be a family of 2-sets, and let B be
the first |A| 2-sets in the colex order on N . Then [{A)| > |(B)].

We give a new proof of this result showing that the k = 2 case can be completely solved
using the same main idea from Theorem 1. This approach also identifies all extremal
families (see Corollary 8). When k > 3 colex is not best. We discuss this at the end of the
article. We will use standard notation for set systems and graphs and their parameters.
See Bollobas [3| for general background.

2 Proofs of Results

We will start by giving an overview of the proof of Theorem 1. Let N be the size of the
ground set. The idea of the proof is that we will first reduce the ground set to size close
to t. To reduce the size of the ground set we first show that it cannot be “too big” and
then we remove points belonging to few sets. If N is not close to ¢ then after removing
points belonging to few sets we get a set X of size N’ none of whose elements belong to
too few of the remaining sets. Then we show that most subsets of X are indeed unions.
We can show that N’ is close to t. Then unless N is close to ¢ starting with X we can
add elements from the ground set one by one making many more unions. This will give
more unions than the lower bound we are trying to prove. For the close to t case, similar
to above, removing elements belonging to few sets we get a set Y such that nearly all
subsets of Y are unions, but this time we will have |Y| > t. We will get too many unions
unless we have both |Y| = ¢ and Y being the whole ground set which is then the [t]*)
case.

We will first prove a few lemmas. For the following lemmas and the proof of Theorem 1
we will always use the notation that n = (Z) where n, t, k are integers such that t > k > 1
and that A = {A4;,..., A} is our family of k-sets. We will also define G = U ; A;. We
may view G as the ground set.

The following lemma will be used to show that the ground set size cannot be too big.

Lemma 3. If s € N and |G| > sk then [(A)] > 2° — 1.

Proof. We will prove a more general statement. Suppose that [ € N and By, ..., B, are
subsets of N such that |B;| < k for all i. Let T'= U._, B; and suppose |T'| > sk. Finally
let

f:{le UBzZUBer <T< l,l <i17i27...,iT < l}

We will show that |F| > 2° — 1. We will prove that there is some S C T such that |S| = s
and for any non-empty X C S there is some B € F such that BN.S = X. This will prove
the above statement and hence the lemma. To show this we will induct on s.
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For s =1 it is trivial as we may choose any x € T" and set S = {x}.

Suppose it is true for some s — 1 > 1. Now consider the sets By,...,B; and T. For
every x € T we define T, = {i|]r € B;}. Pick an € T with the smallest |T,|. Now
without loss of generality x € By. Let T" = T\ B;. We have |T"| > (s —1)k. Now consider
the collection of sets

H={B,NTi¢T,}

Suppose that y € T'. We cannot have T, = T}, since y ¢ B; but |T;| < |T}| so there must
be some i € T,\T,. But then B;NT" € H soy € UpeyB. Therefore Ugey B = T". Now by
induction there is some S’ C T” of size s — 1 such that for every non-empty X C S’ there
is some B which is a union of some sets in H such that BN S’ = X. In other words the
projection of a union-closed family containing H onto S’ contains all non-empty subsets
of S’. From the definition of H this means that there is some B € F such that BNS' = X
and = ¢ B. Now consider all possible unions of sets in the family {B;|i € T,,} U{B;} and
let S =5"U{x}. We get that the projection of F onto S contains all non-empty subsets
of S and |S| = s. This completes the induction step and the proof. O

We can see that |[t]*%)| < 2t — 1 and so if [{A)| < |[t]*¥)] then by Lemma 3 we must
have |G| < tk. This is good as we have restricted the ground set which will make it easier
to work with. The next step is showing that we can essentially remove all elements in the
ground set that are in too few sets. For any x € G define d, = |{i|z € A;}|. Also let

A, ={ACGlr €A A >kVi(xe A= A ¢ A

In other words A, is the set of all subsets of GG of size at least k£ for whom x is one of the
reasons that they are not in (A).

The following lemma will be used to show that after removing elements in too few
sets, most subsets of the remaining elements are in fact in (A).

IG|—2

Lemma 4. Suppose that s € N and x € G such that d, > s( P

|A,| < 2161

). Then we must have

Proof. Consider the family 7 = {B;|z € A;, B; = A\{z}}. We have that |T| = d,. We
may assume that G\{z} = [p] for some p. Now we have 7 C [p]*~V. Notice that A,
consists of all subsets of G containing = that do not have a subset in 7. For 0 <r <p—1
we define the upper shadow of a family F C [p] to be

0. F = {AULi}|A e F,ic [p)\A).

Also define 98 F = 0,0, ... 04+ F where 0, is applied k times (00 F = F). For N,r € N
define the lex order on [N]™ to be the order in which A < B if min(A\B) < min(B\A).
Now let Z be the initial segment of lex on [p]*~ of size | T|. For 1 < r < p we define the
lower shadow of a family F C [p]™) to be

OF = {A\{i}|A € F,ic A}.
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Consider the map ¢ : [p] — [p] given by ¢g(i) = p+1—id. If F': P([p]) — P([p]) is
given by F'(A) = g(A°) then F is a bijection that takes any initial segment of lex into a
corresponding initial segment of colex. For any B C [p]") we have F(0,(B)) = 0F(B).
Applying the Kruskal-Katona theorem (Kruskal [4], Katona [5] and see Bollobés [3]) we
see that |OF (T)| = |0F(Z)| and hence |0, T| > [0+Z].

Note that the upper shadow of an initial segment of lex is an initial segment of lex.
We can now show by induction that for any 1 < r < p—k+1 we have that [0} 7| > |0}.Z|.
We have by above that this is true for » = 1. If it is true for r < p—k+1 then if 7' is the
initial segment of lex of length |07 on [p]*~1*") then we know that |Z'| > |0".Z|. Also
since the upper shadow of an initial segment of lex is an initial segment of lex we have
that 077 is an initial segment of lex on [p]*~1*7) and hence 077 C I'. Now applying the
Kruskal-Katona theorem we have that [0F (0" T)| > |0F(Z')| and hence

00T > 0,7 > |00 V7).

So by induction |07T| > |07Z] for all 1 < r < p—k + 1. Now if we define the upset
generated by a family 7 C [p]™ to be

Ur ={A C [p]|X C A for some X € F},

then by above |Ur| > |Uz|. Notice also that |A,| = |[p]**~V| — |Ur|. Since we want an
upper bound on |A4,| we just need to show that Uz contains almost all sets in [p]F~1).
We know that in [p] the number of (k — 1)-sets containing a fixed element is (?~)).
We also know that p = |G| — 1 and so the number of (k — 1)-sets containing at least one
element from [s] is at most s('i‘__;) < d, which also means that s < p. Note that in lex
these sets are all before sets not containing any elements in [s]. so we must have that Z
contains all sets with at least one element from [s] which means that the complement of

Uz in [p]®*=Y is a subset of P([p]\[s]). So we have

Al PP = U] < [P0 s)] < 21

The following will be a useful fact about getting many new unions.

Lemma 5. Suppose that H is a family of sets and A is a set such that A ¢ UsenS. Then
HU{AUS|S € H}| = (14 1/2471)|H].

Proof. Suppose that x € A\ Ugey S. If two sets Sy, 53 in H have AU S, = AU S, then
S1 and Sy can only differ on A N (UgexS) which is a fixed set of size at most |A| — 1. So
at most 241~ different sets in H can give the same union with A. This means that

1

{AUSIS € HY > ooy

|#]-

However, no set containing A is in ‘H since it contains x so we get the desired result. [J
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We now come to the heart of the proof.

Lemma 6. For any real Dy > 1 there is a large enough constant B, depending only on k
and Dy, such that if t > B and |G| < t + Dy logt then |(A)| > 2 — ¥} () and equality
holds if and only if A = X*) where X is a set with | X| = t.

Proof. Given Dy, suppose that ¢t > B and |G| < t + Dy logt where B will be chosen later.
Starting with G' and all of the A; we remove elements from G one by one (and hence
removing any of the A; containing those elements) if they are in less than 3log(2tk) (szz)
of the remaining sets A; until we get a G’ which satisfies that no € G’ is in less than
3log(2tk) (k2_t2) of the remaining sets. Notice that if |G’| < t —1 then at some point in our
process we were left with G” C G such that |G”| =t — 1. We can see that at that point
we have removed at most Dk logt + 1 elements. This means that we have not removed
that many sets either. In fact we have removed at most 3(Djylogt + 1)log(2tk)(,*,)
sets. We will make sure that B > 3k to have that log(2tk) = logt + log(2k) < 2logt,
Dylogt+ 1< 2Dy logt and 2t < 3(t — k). Now we just need to make sure that

t—1

— > 12tY2. 30D (k — 1) Dy,
log=t

which is possible as (t —1)/t'/? > \/t — 1 = exp(% logt) — 1 > log” /48 so we ensure that
B > exp(600 - 352 (k — 1)Dy). Now the number of sets removed when we are left with
G" is at most

2t
3(Dglogt + 1) log(2tk) (k: 2) <
_ 12 32Dy (t — k)2 log?t - t_m(t - 1)‘

h (k —2)! k—1
This means that for large enough B we could have only removed less than (2:11) sets and
hence when we get G” we still have more than (Z) — (12:11) = (t?) sets remaining. This is

a contradiction as |G”| =t — 1 and hence we have that |G’| > t. Now we will show that
if B is large enough we can make sure that the vast majority of subsets of G’ are indeed
in (A). For any z € G’ define A}, = A, NP(G’). From the proof of Lemma 4, we can see
that the lemma is true for any n, not just n = (,’i) We will apply Lemma 4 on G’ and
the remaining sets when we are left with G’. For large enough B we have |G'| < |G| < 2t
so if we define dg/ () = [{Ailr € Ai, Ai C G'}| we have dg/ () > 3log(2tk) (lel_‘gz) for all
x € G'. Now by Lemma 4

G/
‘A;’ < 2|G’|7[3log(2tk)] < 2|G’|721og(2tk) < 22tk|

Now since every set in G'**) that is not in (A) must be in some A’ we have by the union
bound

(=k) |G| — ’G/’ 21
AV > |GPY ] — | Uper AL | > 2 _ ‘ — |G =—. 1
|< >| | | | €G x| ZEO ( ; ) |G|2tk ( )
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Since |G'| > t > 3k we have (lGZ./|) < (Lﬂ)/Q for 0 < i < k—1 because |G'| —i > 2(i + 1).
By induction we get that (‘?') < l('il‘)/ 2F=% Since exponential beats polynomial, for
large enough t we have |G| < 2!¢'l /281 We will take a large enough B to have that
St ('G ‘) < (‘i |) < |G'F < 21¢1 /2841 Now if |G'| >t + 1 by (1) we have

=0 i

olG|

SEH 212 > 2l /4 > ot

()] > 219 -

so we are done and if |G'| =t + 1 then 3|G’| < 4t < 2tk so again by (1)

! 2|G/‘ / ! !
[(A)] > 2¢T — R 216 /3 > (1 —1/8 —1/3)21¢ > 2l¢l j2 = 2t
and we are also done. So we may assume that |G'| = ¢t and that G’ = [t|. Similar to

when we considered G” we have now removed at most (;:11) Jt'/? sets and since n = (;)

we know that at most ([_})/t!/? sets in [t]®) are not in A so for any z € [t] we have

de (1) > \/i/—% 1 (2:11) > %(2:22) > [t/ (2:22)

for large enough B. Now by Lemma 4 on G’ we have that

, 1 41/2 2t
for large enough B since t'/2 > logt/log 2 + (k +1) for large enough ¢. Now we have that

2t
2k+1"

| Usear Ayl < D 141 <

zeG’

From before we have Y1~ (1) < 2/2"! and thus

(=k) t Qt 2t t 1
A =2 - 2o T (1o L),

Now if G # G’ there is some A; € A, A; ¢ G' so by Lemma 5

1> (1 0 A N9 > (14 )2 (1- ) = 2

and we are done. If G = G’ we must indeed have that A = [t|*) and so |[(A)| =

2t — Zi:ol (:) By the above we only have equality when A = X® for some set X where
| X'| = t. This proves the lemma. O

We now prove our main result. All we need to do is reduce the ground set size enough
to apply Lemma 6. To do this we will apply Lemmas 3,4 and 5.
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Proof. Proof of Theorem 1. We will show that there is a C} such that if ¢ > C} we have
[(AY] > [[]CR] =2t — S50 (D). If |G| > th then by Lemma 3 we have [(A)| > 2¢ — 1 so
we may assume that |G| < tk. Now let s = 2[log(2tk)|. Keep removing elements from G
one by one (and all of the sets A; containing them) until no element that is left is in less
than s(kti) of the remaining sets. Suppose that G’ is the set of the remaining elements.
We have removed at most tks (kti) sets. Since 2k([t/2] 4+ i) > tk for all ¢ > 1 we have

that
th th)k-1 L (It/21+ K
tk(k_z)gﬁg(k—l)(%)k <[2]—1 )

We will make sure Cj, > 2k. Now let p = 2[log(2tk)](k — 1)(2k)*~! < 3(2k)*logt. Then

we have removed at most p([t{ff{k) sets. But we have also removed at least (2) — (‘C;,')

sets. If t > m > [t/2] + k then
t—1
t m l [t/2] + K
_ — > (t— .
(1)~ (1) -2 (20) e m(520)
Since exponential beats polynomial take C} > 6k large enough so that
t—[t/2] —k >t/3 = exp(logt)/3 > 3(2k)"logt > p.

Then if |G’| < [t/2] + k then we have removed at least

t [t/2] + K [t/2] + k [t/2] + K
- > (t—1[t/2] —k
(k) ( 2 ) (t=[t/2] )< k-1 ) 7P\ ko
sets which is impossible. So we must have that |G'| > [t/2] + k and in fact if |G'| =¢ —r
then we must have that r < p < 3(2k)*logt. We will first show that at least 1/4 of all
subsets of G’ are actually in (A). /
Notice that if € G’ then dg/(x) > s( th ) > s(lG |52). This means we can apply

k2 k—
Lemma 4 to G'. Define A/, as in Lemma 6. We obtain that for all x € G’ we have

, s 2lG’| 2l¢’|
|A3«"‘ < 2 < 2210g(2tk) < 2tk !

This means that

21¢] :
/ / / |G'|—1

If AC G’ and |A| > k then A & (A) if and only if there is some x € G’ such that A € A’
This means that

<« (1€
AN PO =2 - e -3 (F) 2

- (3
=0

=l
>2l¢ _ 9lG"I-1 Z (‘ ‘ |> (2)
{

1=0
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We can easily bound the sum of the binomials since if ¢ > 6k + 2 then we have |G'| >
t/2 > 3k + 1 so just like in the proof of Lemma 6 we will take C}, large enough so that
S ('le‘) < (‘(,i/') < |Gk < 216" 1=k=1 L 21¢"1=2 gince exponential beats polynomial. Now
from (2) we have that [(A) NP(G")| > 21912, We will now show that there is a constant
Dy, dependent on k such that if |G| > ¢t + Dy logt then we must have |(A)| > 2'. Let
Ho = (A)NP(G') and Gy = G'. First of, if |G'| > t + 2 then we are done so suppose
that |G'| < t 4+ 2. We will now show that we can get a lot more unions by adding sets
with new elements. If we can pick some 2 € G\G' and a set A; containing = then notice
that by taking H; = Ho U{A U A;|]A € Ho} and G; = Gy U A; we see that by Lemma
5 |Hi| = (1+ 1/2%1)|Ho|. This is useful, because we have multiplied the total number
of unions by a constant bigger than 1 but dependent on k and we have added at most k
new elements. We may keep on going as long as there are new elements and construct
Hg,Hg, R ,Hq and GQ, Gg, Ce ,Gq with |Hz‘ 2 (1 -+ 1/2k_1)|Hi,1‘ and |G1\G171| < k for
1 <i< qgand G, = G. This means that if there are too many elements in G' we will get
that the total number of unions is too big. First of notice that |G| = t—r > t—3(2k)* log t.
Now suppose that |G| > t + 2 + (2k + 3k(2k)"logt)log; | pe—1 2. This means that we
can repeat the above process of adding a set and less than k£ new elements at least
q > (24 3(2k)*logt)log, | jpe—1 2 times so we have that

(24-3(2k)* log t) 10g1+1/2k,1 2 ) N

1
A > 74l (14 5
This means that there are constants Ej, and Dy > 1 dependent only on k such that if
t > Ej, and |G| > t + Dy logt we have that [(A)| > 2'. If |G| < ¢t + Dy logt then since
Dy, depends only on k using Lemma 6 we get that there is a B dependent only on k such
that if ¢ > B and |G| < t + Dy logt we have the desired result. Taking Cj = max(E}, B)
proves the theorem. O

We will define f(n, k) to be the minimal size of a union-closed family generated by n
k-sets. In the rest of this section we will prove Theorem 2 which solves the case k = 2
completely. We will show that if n € N and ¢ > 2 is the smallest positive integer such

that n < (}) then f(n,2) =2' — 2(2)=" _ ¢. We note that t = |v2n +3/2].

Proof. Proof of Theorem 2. As above n = |A| and let G be the graph with edge set
A={A,..., A} and vertex set A; U Ay...UA,. It is trivial to check that the theorem
holds for n < 3 so we may assume that n > 3. Suppose that |(A)| < [(B)]. Let t € N be
such that (*;') <n < (}). Since n > 3 we have that ¢ > 4. We see that |G| > t. Notice
that B C [t]® so [(B)| < 2t —t — 1 < 2¢ — 1. For any vertex z € G let d(x) be the degree
of z in G. By considering all edges with z we can make at least 2%*) — 1 distinct unions.
Thus we know that the maximal degree A(G) < t. We also may assume that diam G < 2
since if there are some z,y € G such that the distance d(z,y) between x and y is at least
3 then we may replace the family Ay, ..., A, with the family obtained from those sets by
identifying  and y. This will keep the size of the family to be n and will not increase
|(A)| as it will just identify z,y in all of the unions. Denote by I'(x) the set containing
all elements adjacent to x in G. We prove the following claim.
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Claim 7. For every x € G we have |G| — |['(z)| < t.

Proof. Suppose x € G. Since diam G < 2 and |G| > 1 for every y € G\I'(z) there is a
z € I'(z) such that yz € F(G). This means if we consider the family

C={AN(G\I'(z))[A € (A)}

then we have that each singleton subset of G\I'(x) is in C. But C is closed under unions
and also has size at most [(A4)| < 2" — 1 meaning that |G\I'(z)| < ¢ which proves the
claim. O

With the bound on A(G) this gives |G| < 2t — 2. We will show that |G| — t must be
small. Just like in the proof of Theorem 1 instead of counting how many sets are in (A)
we will instead count how many are in F = P(G)\(A). Observe that if S € F and S # ()
then for some x € S for all y € S\{z} we have xy ¢ E(G). So for each set in F there is
some element which prevents it from being in (A). Similar to our above definition of A,
let

T.={SCGlreSVyeS\{z} xy & E(G)}.

Denote by s, the degree of z in G°. We have |T,| = 2°= and by the above claim s, <t—1
for any x. Note that F = (UzegTz) U {0} so we have the bound

FIS1+Y Tl <1+) 2% (3)

zelG zeG

We also know that > s, =2 (('g‘) - n) If a > b > 0 then clearly 27+ 4 2071 > 22 4 20,
zelG
Now consider variables s, € Zs for x € G. If there are distinct z,y € G such that

0 < s, < s, <t—1then by above replacing s,s; with s, —1,s, + 1 increases ZGQS;.
HAS
So the biggest the sum > 2% could be subject to the constraints

se-s((2)

sho<t—1 (5)

is if all except at most one of the s/, are either 0 or ¢t —2. Let 2 (('g') — n) =d(t—2)+m

with non-negative integers d,m and 0 < m < t — 2. Since the s, satisfy constraints (4)
and (5) we must have |G| > d. By (3) this means that

|F| < d272 + 2™ + |G| — d. (6)
Note that |(A)| = 2/¢l — | F| thus
2t —t— 1> (A =2 —d2t=2 — 2™ — |G| +d. (7)
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We now want to bound d in terms of |G| and ¢. We know that

QUEU—H><:2Uf)—(25):(Kﬂ—t+1xmu+t—m
t—2 = t—2 t—2

d<

g(Kﬂ—¢gfg@t—4)<

4Gl =t +1).

1G1\_p,
We can also get a lower bound on d. Since d = L ((f )2 )J we have that

. {("fi') —G)|_ | (el-el ey L(!Gl;(tﬂ(t)—?q — |6 -t

t—2 2(t —2) t—2
Now rearranging the terms in (7) and using the lower bound on d we obtain
(d+5)272 > 204 2m 422 > 26 4141 — |G| +d > 2.

Now let | = |G| — t + 1. From the upper bound on d and the previous inequality we

obtain 4l +5 > d 4+ 5 > 2+, Note that for [ = 4 this does not hold and by induction if
241 > 4] + 5 then 22 > 2(4] +5) > 4(1 + 1) + 5 so we must have [ < 3.

Now suppose that [ = 3. Then |G| = t+2. Since ("}?)—(}) < (")) —n < (’ JQ; )— ( )

> 6t — 2

2 2
we have that 4t +2 < d(t —2)+m < 6t — 2. If d > 11 then d(t — 2) > 11(¢t — 2
since t > 4 but this is impossible so d < 11. Also since (d + 1)(t — 2) > 4t + 2 we must
have d > 4. In both cases we have that d272 + 2™ — d < 12272 — 4. Now from (6) we
have |F| < 12-2"2 4+t 4+2—-4=3-2"+¢— 2. So we have

(A =22 — |F| =22 —3. 2" —t+2=2" —t4+2>2'—t - 1> |(A)

which is a contradiction.

We move on to the case | = 2, |G| = t+1. Since (")) — () < () —n < () = (5
we have that 2t < d(t —2)+m <4t —4sod > 2. If d <3 or d=4,m = 0 then by (6)
we have that |F| < 2!+t so [(A)| > 2 —t — 1 which is a contradiction. If d =4,m = 2,4
then n < (*;') +2 so B is contained in the family consisting of [t — 1] and {¢,1}, {t,2}.
Thus |(B)| < 2! —t — 2!73. But now by (6) we have that |F| < 2/ + 273 +¢ — 3 and
thus |[(A)] > 28 — 2t=3 — ¢ > |(B)| which is a contradiction. We only have the cases d > 4
left but this can only happen for a few cases with small ¢. Since t > 4 we have that
T(t—2) =Tt — 14 > 4t — 4 so we must have d < 6. We first prove a few common facts
that apply to all these cases.

We first show that all subsets of G of size ¢,¢+ 1 are in (A). Clearly G is in (A), now
suppose S C G with |S| = t. For any = € S by the claim above there are at most ¢ — 2
elements in G which are not neighbours of z. This means that d(z) > 2 and hence there
is a y € S such that zy € F(G). This means that S € (A) which means all subsets of G
of size t,t + 1 are in (A).
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Next we give a lower bound on the number of 3-sets and 4-sets generated by A. Note
that any pair of 2-sets in A generate a 3-set or a 4-set and any set of size 3 or 4 can be
generated with a pair of two sets in at most three different ways. This means that there

are at least [%-‘ distinct sets of size 3,4 in (A).

Now we deal with the cases of d > 4. If d = 5 then 5(¢t — 2) < 4t — 4 meaning t < 6. If
= 4 then m is even and less than two so we must have m = 0 and hence n = 5. If £t =5

then we must have m odd and m < 1 which gives m = 1 meaning that n = 7. If t =6
then m = 0 and n = 11. Finally if d = 6 we must have ¢t = 4, m = 0 which gives n = 4.
We will show that in each case |(A)| > |(B)| which will give a contradiction.

Case 1: t = 4,n = 4 and B consists of [3]®® and the set {4,1}. Counting sets of size
2,t,t + 1 generated by A we get that [(A)| >4+t + 2 = 10 while |(B)| = 8.

Case 2: t = 4,n = 5 and B consists of [3](?) and the sets {4,1} and {4,2}. Counting
sets of size 2,t,t + 1 generated by A we see that [(A)| = 5+ ¢+ 2 = 11 while [(B)| = 10.

Case 3: t = 5,n = 7 and B consists of [4]®® and the set {5,1}. Counting sets of size
2,3,4,t,t+ 1 generated by A we get that [(A)| > 7+ 7+t + 2 = 21 while [(B)| = 19.

Case 4: t = 6,n = 11 and B consists of [5]®® and the set {6, 1}. Here |(B)| = 42. Note
that similar to above we have that d(z) > 2 for any x € G. Thus if some subset S of G
of size 5 is not generated then there must be some x € S such that G\S = I'(z). In other
words S = G\I'(x) for some = € G. Thus at most seven 5-sets are not generated by .A.
Thus we obtain [(A)] > 11 + [0 4 (T) — 7+ 8 = 52. Thus we have dealt with every
possibility in the case of [ = 2.

Now we deal with the final case when [ = 1 and |G| = t. We may assume that G = [].

We now have that |(4)| is minimized exactly when |F| is maximized. Now let r = (}) —n.

We know that Zf 1 5 = 2r but if we look at 7q,...,7T; we see that at least r sets appear
in two of the 7;. This is because all sets correspondlng to the edges in G¢ appear in two
of the 7;. This means that

F| = [(UpeaTa) U {0} < Zzsl—rﬂ (8)

We consider the sum X = Z:i:l 2% over all possible G with r edges. Without loss of
generality we may assume that s; < s < ... < 5. Now suppose that some edge in G¢
is not incident with . Removing this edge we decrease X by at most 2% (since two of
the s; decrease by 1. Now we can add an edge incident to ¢ (that is not already present)
because r < (;) — (tgl) =t — 1. This increases X by at least 2° + 1. So overall we have
strictly increased X. This means that any G° which maximizes X has all edges incident
to the highest degree vertex so it is a star. In this case X =2" 4+ r +t — 1. So we have
that

|IFI<2"+r+t—1—-r+1=2"+1.

Now we have that

(A =2 — |F| =2 — 2 —t.
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Notice that a set S C [t] is not in (B) if and only if |S| < 1 or S = {t} US" where
S'c{t—r,t—r+1,...,t—1}. This means that |(B)| = 2! —t—1—(2"—1) =2 —2"—¢.
Thus |(A)| > |(B)|. This completes the proof. O

We have now shown that f(n,2) = 2" — 2(2)=" _ ¢, Which families are extremal? From
the above proof it is easy to show that the only extremal families are from the colex order
(except for the case n = 2).

Corollary 8. Let A be a family of 2-sets, and let B be the first |A| 2-sets in the colex
order on N If |{A)| = |(B)| then either A is isomorphic to B orn =2 amd A contains
two disjoint sets.

Proof. 1f we have |(A)| = |(B)| and n > 4 then from the above proof we must have
|G| =t and |F| = 2" 4+t so G° must be a star which means that A is isomorphic to B. It
is easy to check that this holds for n = 1,3 as well and the only exception is n = 2 where
we could also have two disjoint sets in A. O

3 Related results

A conjecture of Roberts [1] asserts that Theorem 1 should be true for all ¢, not just for ¢
large.

Conjecture 9. (Roberts [1|) Let k,t € N where ¢ > k. Let n = (;) and let A =
{Ay,...,A,} be a family of n distinct k-sets. Then [{A)| > |[t]Z")].

In a different direction, what happens for values between the binomial coefficients?
Suppose that (;) < n < (“I'). It is natural to assume that to minimize |(A)| over all
families A of n distinct k-sets we can pick a family on the ground set [t + 1] that contains
[t]*®) and some sets containing ¢ + 1. It is not hard to see that with the same idea as in
the proof of Theorem 1 we can get that if [(.A)| is minimized then the size of the ground
set G must be close to ¢ if ¢ is sufficiently large. From there it is also not hard to see that
for most values of n (namely those that are not close to (,’;)), we can apply the idea of
Lemma 6 to show that the ground set must have size ¢ + 1. With these ideas in mind

we are able to solve a few special cases when n is very close to (,i) Ifn= (2) — [ where

l < (k;rl) then for sufficiently large ¢ (even larger than we needed for (,’;)) following the
same reasoning as before if [(A)| = f(n, k) then we may assume that A C [t]*).

Now we will show that |(A)| is minimized when A = [t]¥\C, where C; is the initial
segment of colex on [t — 1]*~Y) of length [ and C; = {A U {t}|A € C;}. First notice that
the only sets in [f]**) that are not in (A) of size at least k + 1 must have size exactly

k + 1. We then show the following proposition.

Proposition 10. Let | < (k'QH) be a positive integer and X be a family of k-sets where

|X| = 1. Let by be the number of (k + 1)-sets with the property that at least k of their
k-subsets are in X. Thenl > byk — (bgf)
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Proof. Let C4,...,Cy, be the (k + 1)-sets counted in by. Then if i # j then C; and C;
have at most one subset of size k in common. Let X = {X;,..., X;}. The number of pairs
(4,7) such that X; C C; must be at least byk by counting for each j. On the other hand
for any j # j' there is at most one i such that both (7, j) and (i, j') are counted. So if X;

is counted k; times then (k;) is the number of pairs j # j’ such that C; N C;; = X, and

we have 22:1 (];’) < (bg‘) Since k; <1+ (%) by taking the sum over ¢ the total number

of pairs counted is at most [ + (bgf ) This gives that | > kby — (b§‘ ) as required. O

Going back to our problem notice that since A is [t]*) with [ sets taken away we have
that every set of size at least k+1 in P([t]) is in (A) except those (k+ 1)-sets that have at
least k of its k-subsets removed. By the above proposition the number of those (k+1)-sets
is at most the largest s, < k such that | > sk — (¥) =k + (k— 1)+ ...+ (k — s, + 1).
Notice that if we remove exactly the sets of C/ from [t](*) then that removes exactly s; sets
of size k + 1 from (A). The removed sets are {t} U [k + 1\{k+2 —i} fori=1,...5.
This means that it is indeed optimal to take [t]®)\C; for sufficiently large ¢.

What about the case when n = (2) + (7 In this case we can show that if [ is fixed
then there is a large enough ¢ depending on both &, [ such that |(A)| is minimized when
A= [t Uu{yy,....Y} where V; = {1,2,...,k — 2,k — 2 +i,t + 1}. Suppose that
[{A)| = f(n,k). As before using Lemma 3 to get a bound on the ground set and then
using the ideas in Lemma 6 and the proof of Theorem 1 we may assume that A contains
(Z) — 0((;;:11)) sets in [t]®). Now suppose that X1, ..., X, are all of the sets in A that are
not in [t]®). Trivially s > I. Further we let X! = X; N [t] and B = AN [t]®). Notice that
if we have a set B € (B) and there is an ¢ such that X/ C B then if X = X; U B then
X € (A) and X N[t] = B but X ¢ [t]. This gives a lot of sets in (A) in addition to those
that are in P([t]).

Let ms; be the number of sets in the upset generated by an initial segment of lex of
length s on [t]*~. Let dst = msy/2". Notice that for ¢ > s+ k we have that ds; = 05 51k
because the said initial segment of lex only has elements inside [s+k]. So define 05 = 5 54
Crucially §; and ;11 depend only on [ (and of course k) and notice that d;,1 > ¢;. We see
that if C = [t]® U {Y1,...,Y;} we have that

(O ~ 2" (1 +0) (9)

for large ¢. Notice that for ¢ > ({4 1)k the upset generated by X’ = {X],..., X} contains
at least [ sets in [t]*~1) where it is exactly [ if and only if s = [ and |X!| = k — 1 for all i.

If the upset generated by X" has at least [+ 1 sets in [f]*~1) then applying the Kruskal-
Katona theorem similar to the proof of Lemma 4 the upset generated by X” in [¢] has size
at least d;,12". This means that there are at least ;112" sets in (A) that are not subsets
of [t]. For large enough ¢t we can guarantee that [(B)| = (1 — 0(1))2. Finally from (9) we
have that

[(A) = (14001 = 0(1))2" > [(C)] = f(n, k) = [(A)]

which is a contradiction.
We will assume that ¢ > (I + 1)k. Then by above we must have that s = [ and
|X!| = k — 1 for all . This means that B = [t]*). Now let a; be the element in X;\X!.
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Now we know that each set in the upset generated by X’ gives rise to at least 1 set in (A)
that is not contained in [t]. So [(A)| > |[t]*¥)| + [Ux+| where Uy is the upset generated
by X" in [t]. f Y/ =Y.N[t] and }' = {Y],...,Y/} then by using the same idea as in the
proof of Lemma 4 we get that [Ux/| > |Uy|. This means that

(AN = [[]PP] + U] = (@ Uy, v

for sufficiently large ¢ which is what we wanted to show. Notice that also if some a; # a;
then [t] gives rise to both [t]U{a;}, [t]U{a;} in (A) so we have |(A)| > [(t]®PU{Y1,..., Vi })]|
which is a contradiction. Thus we must have all a; to be the same.

We also must have that [Ux/| = [Uy|. Using the same idea as in the proof of Lemma
4 we can see that [Uy N[ Y| = |ty N[tV =n—k+2. Ifaset S e [tV is
not contained in Uy then if S = [t]\{a} we have that a is contained in every set of X'
Therefore there are k — 2 elements in [t] that are contained in every set of X’. Thus
X’ must be isomorphic to )’. This shows that all extremal families are isomorphic to
[t]® U {Y],...,Y;} for sufficiently large ¢.

We have thus found extremal families for some n that are very close to (Z) but we
need t to be large enough. Still, we do not know the extremal families for most values in
between the binomial coefficients or for small values of ¢.

We will finish with a conjecture for the general result for all n. Colex is not the right
order. As noted by Leck, Roberts and Simpson [2] if we consider

A=[4®u{{1,2,5},{1,3,5},{1,4,5}}

and let B be the initial segment of colex on N®) of length 7, then [{A)] = 12, but
(B)| = 13. If (}) < n < ("1') then as mentioned before for most n if |(A)| = f(n, k) then
the ground set of A has size t + 1 so we may assume that A C [t + 1], If we further
assume that [t]*) C A then the we have |(A)| = |[t]*®)| + [Ux+| where X" is defined as
it is for the () +{ case and |X’| =n — (}). As before this is minimized when X" is the
initial segment of lex on [t]*~1. So something like “colex but lex inside a given maximal
element” could be the correct order. Such a mixed ordering has occurred in other problems
as well (see Engel and Leck [6] and also Duffus, Howard and Leader [7]). We will define
the maz-lex order on N*) to be the order in which A < B if either max A < max B or
else max A = max B and min(AAB) € A. The following lovely conjecture of Roberts [1]
includes Conjecture 3.1 — we strongly believe it is true.

Conjecture 11. (Roberts [1]) Let k € N and A C N®_ If B is the initial segment of
max-lex on N*) of size |A| then [(A)| > [(B)].
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