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Abstract

The minimum positive co-degree of a non-empty r-graph H, denoted 5;11(H ),
is the largest integer k such that if a set S C V(H) of size r — 1 is contained in at
least one r-edge of H, then S is contained in at least k& r-edges of H. Motivated
by several recent papers which study minimum positive co-degree as a reasonable
notion of minimum degree in r-graphs, we consider bounds of & ;(H) which will
guarantee the existence of various spanning subgraphs in H. We precisely determine
the minimum positive co-degree threshold for Berge Hamiltonian cycles in r-graphs,
and asymptotically determine the minimum positive co-degree threshold for loose
Hamiltonian cycles in 3-graphs. For all r, we also determine up to an additive
constant the minimum positive co-degree threshold for perfect matchings.

Mathematics Subject Classifications: 05C45, 05C65

1 Introduction

We consider r-uniform hypergraphs i.e., structures H = (V| E), where V, E are sets such
that £ C (‘T/), where (‘:) denotes the set of all r-element subsets of V. We shall often call
a r-uniform hypergraph H an r-graph for short, and shall call e € E(H) an edge of H, or
an r-edge of H if the uniformity of H may be ambiguous. We often denote an r-edge by
the concatenation of its vertices, e.g., for a 3-graph H with {vy, vy, v3} € V(H), we write
v1v9v3 (o1 vovy 3, ete.) for {vy,ve,v3} € V(H).

For a 2-graph G, henceforth referred to as a graph, the minimum degree §(G) is a
well-defined, important, and extensively studied parameter. Minimum degree problems
for r-graphs are thus naturally motivated. However, when r > 3 there are multiple
interpretations of “degree”. A natural definition is based on verter degree: in an r-graph
H. we define

di(v) ={e:veee E(H)}, and 6,(H) = Ivrg‘l;l dy(v).

However, other natural generalizations exist. In an r-graph, the co-degree of an (r —1)-set
S is the number of edges containing S. The minimum co-degree over all (r — 1)-sets in
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H is denoted 0,_1(H). Note that when r = 2, both vertex degree and co-degree indeed
return the standard notion of degree for graphs. However, in general, the two parameters
behave quite differently. To these two definitions of degree, we add a third, more recent,
parameter:

Definition 1. Given an r-graph H, the minimum positive co-degree of H = (V, E),
denoted 4, ; (H), is the largest integer k such that, for any S € (,")), either d,_;(S) =
or d,_1(S) > k. If H is empty, we define §," (H) = 0.

We remark that this parameter is also referred to as the shadow degree of a hypergraph
in the literature by, for instance, Frankl and Wang in [6]. Note that this introduces a
slight abuse of notation for d;(v), as v is not a set. More generally, if S is a fixed set,
we may slightly abuse notation by dropping set notation, e.g., we write dy(z,y) rather
than dy({x,y}). Minimum positive co-degree is not quite a generalization of minimum
degree: many graphs G have 6(G) = 0, but we always have d; (G) > 1 unless G is empty.
However, 6(G) = 6; (G) as long as G has no isolated vertices, which is not a particularly
restrictive assumption to add. Moreover, in some ways, minimum positive co-degree seems
to better mimic minimum degree than the ordinary minimum co-degree parameter. One
advantage of minimum positive co-degree comes from the differing notions of independence
in r-graphs.

Definition 2. Given an r-graph H, a set S C V(H) is independent if no r-edge of H
is contained within S. We call S strongly independent if no r-edge of H intersects S in
more than one element.

Note that for » = 2, there is no distinction between the notions of independence and
strong independence, and the presence of a large independent set does not preclude a
large minimum degree. However, for » > 3, the two types of independence interact very
differently with ordinary minimum co-degree. An r-graph may contain large independent
sets and maintain a large minimum co-degree; however, if H is an r-graph with r > 3,
and H contains a strongly independent set S with |S| > 1, then §,_;(H) = 0. On the
other hand, r-graphs with large strongly independent sets may have large minimum pos-
itiwe co-degree. This behavior is particularly relevant because many natural hypergraph
constructions (which often arise as analogs of well-known graph constructions) have large
strongly independent sets; the adoption of minimum positive co-degree, as opposed to or-
dinary minimum co-degree, allows us to consider these natural constructions as potential
extremal examples.

Balogh, Palmer, and Lemons [1] first considered minimum positive co-degree as a
reasonable hypergraph analog of minimum degree, motivated both by previous minimum
co-degree problems and by degree versions of the Erdds-Ko-Rado Theorem. Recently,
Halfpap, Lemons, and Palmer [8] introduced the positive co-degree Turdn number, denoted
cotex(n, F'), defined as the largest possible minimum positive co-degree in an n-vertex
r-graph which does not contain F' a subhypergraph.

The aim of this paper is to continue the exploration of minimum positive co-degree by
studying minimum positive co-degree conditions which guarantee the existence of certain
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spanning structures, i.e., subgraphs on the same vertex set as the host graph. In particular,
we examine the extent to which these results mimic minimum degree bounds forgraphs.

A classical question in graph theory is to characterize minimum degree conditions
under which graphs contain certain spanning structures as subgraphs. For instance, in an
n-vertex graph G, a Hamiltonian cycle is a cycle on n vertices. A well-known theorem of
Dirac gives a simple sufficient (though not necessary) degree condition for the existence
of Hamiltonian cycles.

Theorem 3 (Dirac [4]). Let G be an n-vertex graph, with n > 3, and suppose 06(G) = 5.
Then G contains a Hamiltonian cycle.

Observe that the complete bipartite graph K,,/211,,/2—1 has minimum degree § —1 and
does not contain a Hamiltonian cycle. Thus, we may say that 7 is the degree threshold for
Hamiltonian cycles in graphs Similarly, Dirac’s Theorem implies that for n even, any n-
vertex graph G with 6(G) > 5 contains a perfect matching. Again, a slightly unbalanced
complete bipartite graph does not contain a perfect matching, so 7 is also the degree
threshold for perfect matchings in graphs.

Now, given an r-graph, we may analogously consider the degree threshold for Hamil-
tonian cycles. This will depend not only on our generalization of minimum degree, but
also on our notion of hypergraph cycles. We make two standard definitions; always, for a
k-vertex cycle, we understand subscripts to be taken modulo k.

Definition 4. In an r-graph H, a Berge cycle of length k is an ordered list of k pairwise
distinct vertices and r-edges from H

(Ub €1,V2,€2,...,€k-1, Uk, €k, vl)
such that for each i € {1,2,...,k}, v; and v;;; are contained in e;.

Definition 5. An r-uniform loose cycle of length k is an r-graph on k(r — 1) vertices (for
some integer k > 2), say with vertex set {vy,va, ..., Ukr—1)}, Whose edges are those of the
form

Vi(r—1)4+1Vi(r—1)42 - - - Vi(r—1)4r for 0 <7 <k — 1.

Other notions of hypergraph cycles (e.g., tight cycles, (-cycles, t-tight Berge cycles; see [12]
for general discussion) exist, but we shall not consider them here. Note that depending
upon our chosen definition of cycle, it may only be possible to find a Hamiltonian cycle
in H given certain divisibility criteria on |V (H)|.

Various authors have considered vertex degree and co-degree thresholds for Hamilto-
nian cycles in 3-graphs. Here, we give results on the exact co-degree and degree thresholds:

Theorem 6 (Czygrinow-Molla [3]). Let H be a 3-graph on n wvertices, where n is even
and sufficiently large. If 63(H) > n/4, then H has a loose Hamiltonian cycle

Theorem 7 (Han 9]). Let H be a 3-graph on n vertices, where n is even and sufficiently
large. If 01(H) > lﬁ(g), then H has a loose Hamiltonian cycle
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More general asymptotic results for r-graphs are known. With regards to loose Hamil-
tonian cycles in an r-graph H, Kiihn, Mycroft, and Osthus in [10] give (among other

things) an asymptotic threshold of 6,_;(H) ~ —————— for the existence of a loose

7=l(r—1)
Hamiltonian cycle.

To this broad body of results, we contribute exact and asymptotic positive co-degree
thresholds. We begin by considering lower bounds. As previously mentioned, the degree
threshold for both Hamiltonian cycles and perfect matchings in graphs is 7. We can see
that this threshold is tight by considering a slightly unbalanced complete bipartite graph;
however, other constructions also achieve minimum degree § — 1 and avoid the specified
spanning structures. For instance, consider the graph HIZJ’V, where V(H) = U UV,
N(u) = V(H) \ {u} for every u € U, and N(v) = U for every v € V. If [U| = § — 1 and
V| =% +1, then Hf,, has no Hamiltonian cycle and no perfect matching. The following
construction is an r-graph analogue of H, IQJ’V, and will provide our primary source of lower
bounds.

Construction 1. Hfy is an r-graph with vertices in two classes U and V', such that
Ul + |V| =n. Every (r — 1) set S C U is universal, i.e., N(S) = V(Hyy)\ S. V is a
strongly independent set. Note that 6, (H{; ) = |U| — (r — 2)

Figure 1: Two edges and a non-edge in H [?},V

Depending upon the sizes of U and V' (and the value of r), Hy;,, may be easily seen
to avoid certain spanning structures.

If [V| > %, then H,:’}’V does not contain either a Berge Hamiltonian cycle or a loose
Hamiltonian cycle, since in any cyclic ordering of the vertices of H (3}",, two vertices of V'
must be adjacent (and thus, using either model of cycle, contained in a 3-edge together),
while V' is strongly independent. More generally, Hy;, has no Berge Hamiltonian cycle if
|V| > %, and has no loose Hamiltonian cycle if |V > .

When [V| = [%2], Hf, is an example of a construction which optimizes minimum
degree while avoiding a Hamiltonian cycle; it is natural to conjecture that Hy;y, optimally
avoids Hamiltonian cycles for the appropriate choice of |V|. In the cases which we are
able to resolve, we shall see that this is essentially true. Firstly, we exactly determine the
positive co-degree threshold for Berge cycles in all uniformities.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.48 4



Theorem 8. Letr > 2, n > 6r—10 and suppose H is an n-vertex r-graph with 6, ,(H) >

5 — 1+ 2 and no isolated vertices. Then H contains a Berge Hamiltonian cycle

Thus, if [V| = [2£2], then H{;,, optimizes minimum positive co-degree while avoiding
a Berge Hamiltonian cycle.

We also asymptotically determine the minimum positive co-degree threshold for loose
Hamiltonian cycles in 3-graphs. Our bound shows that Construction 1 is asymptotically
optimal.

Theorem 9. For any 0 < € < %, there exists ng € N such that the following holds. Let
H be an n-vertex 3-graph with n > ng, n even, and 65 (H) > (% + 6) n. Then H contains
a loose Hamiltonian cycle.

Unlike in the case of graphs, minimum degree thresholds for Hamiltonian cycles do
not imply thresholds for r-uniform perfect matchings, in which each vertex is contained
in a single r-edge, since neither a Berge Hamiltonian cycle nor a loose Hamiltonian cycle
necessarily contains a perfect matching as a subhypergraph. (In fact, due to divisibility
concerns, any 7r-graph containing a loose Hamiltonian cycle cannot contain a perfect
matching). Perhaps counterintuitively, the ordinary co-degree thresholds for r-uniform
perfect matchings are often higher than for various forms of Hamiltonian cycle: for any
7, a co-degree threshold of (up to an additive constant depending only on r) % for the
existence of a perfect matching. By contrast, the co-degree threshold for r-uniform almost
perfect matchings becomes smaller as r grows, and is (about) . We direct readers towards
the survey of R6dl and Ruciniski[12] for more precise statements and discussion of both.

We exactly determine the positive co-degree threshold for 3-uniform perfect matchings,
and find the positive co-degree threshold for r-uniform perfect matchings up to an additive
constant.

Theorem 10. Suppose H is an n-vertex 3-graph such that 3 divides n, 65 (H) > 2% —1,
and dy(v) > 0 for every v € V(H). Then H contains a perfect matching.

Theorem 11. Letr > 2,n > r3 +1r2 —r where r divides n, and suppose H is an n-vertex
r-graph with 6;_(H) > (=*)n+r* and d,(v) > 0 for every v € V(H). Then H contains
a perfect matching.

We remark that the positive co-degree threshold for almost perfect matchings is close to
the threshold given in Theorem 11. In addition to proving Theorem 10 and Theorem 11,
we observe via Construction 1 that they are tight. Using Construction 1, we can also
exhibit n-vertex r-graphs with minimum positive co-degree (’"r;l — 8) n which do not
admit a matching of size (% — ﬁ) n. Thus, the positive co-degree thresholds for perfect
and almost perfect matchings are “smoothly” related; this is in contrast to the co-degree
thresholds for perfect and almost-perfect matchings.

The remainder of this paper is organized as follows. In Subsection 1.1, we summarize
a few additional definitions and notation which will be used throughout the paper. In

Section 2, we give our results on perfect matchings. In Section 3, we prove Theorem 8. In
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Section 4, we prove Theorem 9. The proofs in Sections 2 and 3 use classical techniques; for
the proof of Theorem 9, we shall use the absorbing method. Since the absorbing method
is required only in Section 4, we postpone all discussion of the absorbing method and
associated lemmas until then. Finally, in Section 5, we briefly comment on our results
and a variety of open directions in this area.

1.1 Definitions and Notation

Related to the varying notions of degree in hypergraphs, we shall require a few definitions
and pieces of notation. In an r-graph H, the neighborhood of a vertex v € V(H) is

N@w):={ueV(H)\ {v}:{u,v} Cefor somee e F(H)},
while for an (r — 1)-set S C V(H), the co-degree neighborhood of S is
N(S):={ueV(H)\S:SuU{u} € E(H)}.

Thus, in graphs we have dy(v) = |N(v)| and in r-graphs more generally we have
d,—1(S) = |N(S)|. When S is an explicitly defined set, we may drop set notation when
denoting N(5); for instance, if S = {z,y}, we write N(z,y) rather than N({z,y}) for the
co-degree neighborhood of S.

Given v € V(H), the link graph L(v) is the (r — 1)-uniform graph on vertex set
V(H)\ {v}, where an (r — 1)-set of vertices S spans a hyperedge if and only if SU{v} €
E(H). That is, the hyperedges of L(v) correspond to those sets S such that v € N(S).
The study of link graphs is often useful in positive co-degree problems, particularly when
r = 3 and thus the link graphs are actually graphs, to which we can apply any number
of graph theoretic results. Our arguments shall often consider link graphs, though often
we shall want to consider multiple link graphs simultaneously. In particular, given an
r-graph H, the shadow graph S(H) of H is the (r — 1)-graph with vertex set V(H) and
edge set

E(S(H))={e:e€ E(L(v)) for some v € V(H)}.

Related to the shadow graph, given an (r—1)-graph K, we say that 7" C V(H) spans a co-
degree K if the subhypergraph of S(H) induced on T contains a copy of K. When working
with minimum positive co-degree conditions, knowledge of the co-degree “subgraphs” of
H will prove useful in inferring the structure of H itself.

2 Perfect matchings

We begin by considering perfect matchings in 3-graphs. Using Construction 1, we observe

that Hpy with [V| = [§ + 1] does not contain a perfect matching and has minimum
positive co-degree (%’ﬂ — 2. Our first theorem shows that the positive co-degree threshold
for perfect matchings is exactly 3* — 1. Note also that taking H, with [V| = (5+¢)n

yields a construction with minimum positive co-degree approximately (% — 5) n and no
matching of size greater than (%) n. Thus, the threshold for almost perfect matchings

in 3-graphs does not differ sharply from the threshold given by Theorem 10.
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Theorem 10. Suppose H is an n-vertex 3-graph such that 3 divides n, 65 (H) > 2% —1,
and di(v) > 0 for every v € V(H). Then H contains a perfect matching.

Proof. The result is immediate for n = 3, and is straightforward to check for n = 6. For
n > 9, let M be a maximum matching in H. If M is a perfect matching, then we are
done, so assume that M does not cover all the vertices of H. Set U := V(H)\V (M), and
\U| =: k > 3. Thus, |V(M)| =n—k <n—3. Our goal is to obtain a contradiction by
showing that if M is not perfect, then M is not maximum, i.e., we can find a matching
matching M’ strictly larger than M. We shall achieve this conclusion in several steps,
which will involve an examination of the vertices in U.

First, observe that since M is maximum, U must be independent. We claim that,
moreover, U does not contain two disjoint pairs, say x,y and v, w, such that ds(z,y) > 0
and dy(v, w) > 0 (here and hereafter, we abuse the formal notation, as x,y is not a set).
Indeed, suppose that such pairs exist in U. Since U is independent, we have N(x,y) C
V(M) and N(v,w) C V(M). By the bound on &5 (H), both of these neighborhoods
have size at least 2?" -1 > 2("3_ k), Thus, there must be some 3-edge abc € M with
a € N(z,y),b € N(v,w). However, this yields a contradiction to the maximality of M,
since M' = M \ {abc} U {azy, bvw} is a strictly larger matching than M.

Next, we claim that U contains at most two vertices whose neighborhoods intersect
U in at most one vertex. To the contrary, suppose x,y,z € U and each has at most one
neighbor in U.

We consider an auxiliary, mixed-uniformity, edge-colored multigraph A, with V(A) =
V(M). The edge set E(A) will consist of the 3-edges of M, together with the following
colored 2-edges: C, C E(A) is the set of edges {uv : u,v € V(A) and uwvx € E(H)}. We
assign color x to every edge of C,. Analogously, we define C, C E(A) to the set of edges
{uv : u,v € V(A) and uvy € E(H)}, each of which is assigned color y, and C, C E(A)
is the set of edges {uv : u,v € V(A) and uwvz € E(H)}, each of which is assigned color
z. Note that, if N(u,v) contains more than one of z,y, z, we shall include multiedges
between u and v of the appropriate colors.

Now, suppose that z1y121, z2y222 are 3-edges of M such that z129 € Cy, yiy2 € Cy,
and z129 € C,. We shall call such a subgraph of A an M-extender for z,y, z.

X T T2

Figure 2: An M-extender

Now observe, if we find an M extender for x,y, 2 in A, then

M = (M \ {Ilyl'zl? 1329222}) U {33331@; YYy1Yy2, 22122}

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.48 7



is a matching of H which is strictly larger than M. Thus, our goal is to find such a
subgraph of A. We begin by finding one candidate 3-edge whose vertices are appropriately
incident to edges colored x,y, and z.

First, we denote by V. the set of vertices in V(A) which are incident to some edge in
C,, and analogously define V,,, V.. For e € M, we define

fley:=">_ [V(enV,|.

ve{z,y,z}

Note that ) _.,, f(e) is simply [V,|+|V,|+|Vz|. Now, since H contains no isolated vertices
and U is independent, there is some v € V(A) which has positive co-degree with z, i.e.,
v € V,. Since 65 (H) > % — 1, there are at least 2* — 1 vertices u with zvu € E(H). By
the assumption on x, at most one of these is contained in U, so
2n
>

[Vl 2 [{o} U(N(z,0) nV(A) | 2 = -1

(and analogously we bound |V, |, |V.|). Thus
2 2(n—k

E f(e)>3<_n_1) >3(M>
3 3

ecM

since k > 3. By averaging, there is some e € M with f(e) > 7. Thus, every vertex of e

is in at least one of V,,,V,, V., and in fact, either two vertices of e are in all three sets, or

one vertex of e is in all 3 and the other two vertices of e are in two of the three sets. In

either case, there is a labeling 2/, y/, 2’ of V(e) such that 2’ € V., y/ € V,,, and 2’ € V..
Set M~ := M\ {2/y'Z'}. We define

Vo ={v:ve V(M) and vz € C,}

and similarly define V,” and V. Note that |V, | > & —4 = 2(";6), since N (z,2') > 2 —1
and at most three members of N (x,2') are in UU{a', 3/, 2'}. Similarly, [V,"| > @ and

V.| > 25 Now, for e € M~ define

fl= > IV, nV(e)l

ve{z,y,z}

Again, we have
_ _ 2(n—6 _
Y@= Y wilzs s oo
eeM— ve{x,y,z}

Thus, the average value of f~(e) is at least 6. If some e € M~ has f~(e) > 6, then e and
x'y'z" must form an M-extender. If there is no e € M~ with f~(e) > 6, then the above

inequalities are tight, i.e., [V(M™)| =n—6and |V | = |V | = |V | = @. In order
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to satisfy 65 (H) > %* — 1, we must have /', 2’ € N(z,2’) and some v, € UNN(z,2'), and
analogously for N(y,vy’) and N(z, ). In fact, since we assume that each of z,y, z has at
most one neighbor in U, and we have already shown that U cannot contain two disjoint
pairs of neighbors, we must have v, = v, = v, =: v. Observe, v cannot be equal to z,y,
or z, so |U| > 4, which implies |V (M~)| < n — 6, contradicting the tightness of the above
inequalities.

Thus, we may assume that U does not contain 3 vertices whose neighborhoods intersect
U in at most one vertex. Coupled with the condition that U does not contain two disjoint
pairs of neighbors, this implies that |U| < 3, and that the neighborhood of some vertex
of U intersects U in two vertices. Thus, if U is not empty, then U = {z,y, 2z} and
dy(z,y),ds(x, z) are strictly positive.

We shall again define an auxiliary multigraph A as above and find an M-extender
for x,y, 2. Again, our first goal will be to find a 3-edge e which admits a labelling of its
vertices as 2’,y/, 2’ such that 2’ € V,,y' € V,,2 € V.. Now, since z,y, z may have two

neighbors in U, our initial bound is that [V,|, |[V,], and |V.| are at least %+ — 2 = w
However, observe that since da(z,y) > % — 1 and N(z,y) does not include z, we in
fact have [V,| > % —1 and |V,| > % — 1. Analogously, examining N (z,z) shows that

LA
Thus, we will again have by averaging that there is some e € M with f(e) > 7, and
there is a labeling 2’, 9/, 2’ of the vertices of edge e such that 2’ € V., ¢/ € V,,, and 2’ € V..
We define M~, V.7, V7,V and f~ as before. Let U™ = {z,y, 2,2, ¥/, 2'}. Again,

@)=Vl + 1V I+ Vi),

eeM—
and if Y\~ f(e) >3- @, then there exists e € M~ with f~(e) > 6 which forms
an M-extender with z'y’2". Thus, we will be done if we show that |V~[ + [V, 7| + [V | >

2(n —6). Since 65 (H) > %* — 1, we have

Z |IN(v,v")| = 2n — 3,

ve{z,y,z}

so we will be done if
Z IN(v,o")NU*| <9,
ve{x,y,z}
since V,” = N(v,v")\ U™.

Now, for each v € {x,y, z}, we have [N (v,v")NU*| < 4, since N(v,v") does not contain
either v or v. We first show that if any |N(v,v") N U™| is equal to 4, then the desired
average holds.

Suppose without loss of generality that |N(z,2')NUT| = 4. Then N(z, ") contains all
four of y, v/, z, 2. If some 3-edge of H is spanned by v, v/, z, 2/, then U™ contains two vertex
disjoint 3-edges. These 3-edges can be added to M~ to create a perfect matching of H,
contradicting the maximality of M. Thus, if |N(z, 2 )NU™| = 4, then |N(y,y)NUT| < 2
and |N(z,z") NU*| < 2. The sum of the three is thus less than 9, as desired.
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Hence, we may assume that none of the three intersections has size greater than 3.
Thus, if one of the three intersections has size at most 2, we are done. We now show that
this must occur.

Suppose to the contrary all intersections are of size 3. Thus, without loss of generality,
N(z, ') contains z, z’, and one of y,3’. Suppose (again, without loss of generality) that
y € N(x,2'). Now, if y € N(z,2'), then zz'y and zz'y’ form a matching in U™ which
extends M~ to a perfect matching. This cannot occur, so we must have N(z,2')NUT =
{z,2',y}. Note that x,2’, z, 2/ induce a clique. Now, consider N(y,y’). Any 3-edge in U
containing v,y can now be paired with an edge from the clique spanned by z, 2/, z, 2’ to
form a matching of U™, again extending M~ to a perfect matching,. O

Next, we consider perfect matchings in r-graphs. Using Construction 1 again, we
observe that Hyy with [V| = [% + 1] does not contain a perfect matching and has

minimum positive co-degree (@1 —r + 1. We conjecture that the general positive
co-degree threshold for perfect matchings in r-graphs is 67, (H) = (“=*) n — r + 2. Note
that for » = 3, this is the threshold given by Theorem 10. The structural analysis required
to obtain the exact result of Theorem 10 does not seem easy to generalize; in particular,
as r grows, there are many more possible configurations of positive co-degree sets among
the unmatched vertices to consider. However, at the cost of a slightly worse bound, we are
able to avoid such case analysis and obtain the following theorem, which is best possible
up to the additive constant. We remark that the bound on n is best possible in this
regime, as no non-empty r-graph on fewer vertices will satisfy this minimum positive
co-degree constraint.

Theorem 11. Letr > 2,n = r3+ 12 —r where r divides n, and suppose H is an n-vertex
r-graph with 6, (H) = (*)n+1r* and d,(v) > 0 for every v € V(H). Then H contains
a perfect matching.

Proof. Let H be any r-graph satisfying the above conditions and let M be a matching of
maximum size in H. Define U to be the vertices of H not contained in any edge of M,
ie,U=V(H)\V(M). Our goal is to show that no vertices are contained in U.

Towards a contradiction, suppose that U is nonempty. We define the following function
f on pairs (S, e) of subsets S C U and edges e € H:

f(S,e) = |{v € €| v is contained in an edge with S}|.

With this in hand, we present the following lemma.

Lemma 12. Let M be a matching in an r-uniform hypergraph H and let U be the vertices
unmatched by M. Let Si,Ss,...,S, be disjoint sets in U each of size £, r > £ > 0 such
that k < v and for each S;, 1 < i <k, Y o0 f(Sie) > (”;—1)71 Then there exists an
edge e € M containing distinct vertices vy, vq, . .., v such that S; U {v;} is contained in
an edge of H for all 1 <1 < k.
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Proof. Fix k < r and let Sq,5,...,S, be such a collection of sets. Then we have

Zk:Zf(Si,e) >k(r;1) n.

=1 eeM

As there are fewer than  edges in M, at least one edge e := vjv; .. . v, contributes strictly
more than k(r — 1) to the sum. Construct an auxiliary bipartite graph with one class, X,
being the sets Sp,Ss, ..., Sk, and the other class, Y, being the vertices of this edge e, with
edges whenever S; U {v;} is contained in an edge of H. We show that this graph contains
an X-saturating matching, i.e., a matching in for which each vertex of X is in an edge:

We see first that this auxiliary graph contains more than k(r — 1) edges, so no vertex
in Y is isolated. Since k£ < r, we have k(r — 1) > (k — 1)r, implying no vertex of X is
isolated either. Let W be any subset of X. The above two facts show that if |IW| =1 or
(W =k, |W| < |N(W)|. Now, suppose W is not of these two sizes, and assume by way
of contradiction that |W| =i > |[N(W)|. Then |[N(W)| < i — 1, so the number of edges
incident to W is at most i(i — 1) = i®> — i. There are at most (k — i)r incident to vertices
in X \ W. Our auxiliary graph has more than k(r — 1) edges, and one can see that

k(r—1)—(*—i)—(k—i)r=kr—k—+i—kr+ir=i(r+1)—i*—k=i(r+1—1i)—k.

Because k < r,i(r+1—i)—k >i(r+1—1i)—r=(i—1)(r —i). Since we have assumed
i>1andi<k<r, bothi—1andr— 1 are positive. So (i — 1)(r —i) > 0. This gives
us (> — 1) + (k —i)r < k(r — 1), a contradiction. O

We now prove the following claim:

Claim 13. There do not exist r vertices in U such that each is contained in an edge of
H.

Proof of Claim. Towards a contradiction, assume that vy, vs,...,v, are distinct vertices
in U such that each is contained in an edge of H. Define & = {S;,U--- U S, }, where
S1 =A{v},..., S = {v.}. Greedily add vertices one-by-one from U \ S to S; such that
at each point, {v} U S; is contained in an edge of H. Repeat this for S, ..., S,. One can
easily check that, by our co-degree condition, each S; is in an edge with at least (%)n—}—r2
other vertices. At most r? vertices are in S, and no S; is in an edge with a vertex in U\ S.
Combining this with our assumption, each S; is in an edge with at least (%)n vertices
in edges of M. Indeed, each S; satisfies Y- ., f(Si,e) = (=*)n. We define the following
procedure:

Start with M’ = M,U’ = U. While each S; is of size less than r, take the S;’s in S of
least size, i.e., those of minimal cardinality. Without loss of generality, suppose these sets
are S1, Sy, ...,S;. Applying Lemma 12, we can find an edge e € M’ containing distinct
vertices vy, v, ..., v; such that S; U {v;} is contained in an edge of H for all 1 < i < j.
Remove edge e from M’ and replace S; with S; U {v;} for each of Sy, S,,...,5;. Add to
U’ the vertices of e. Now, greedily add vertices from U’ \ S to S; such that S; U{v} is in
an edge of H, and then repeat for S, ..., S,.. After doing so, no S; is in an edge with a
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vertex in U \ S, and there are at most r? vertices in S. So each S; is in an edge with at
least (=) vertices of edges in M.

This process clearly terminates in at most » — 1 steps. Once this process terminates,
{S1,Ss,...,5,.} will be a set of r many edges of H that are disjoint from each other, and
disjoint from all edges of M’. M’ will have lost at most » — 1 edges while running the
procedure, so M’ combined with our sets Si, Ss, ..., S, is a matching with one more edge

than M, a contradiction. O

The above claim yields the theorem: observe that, as the number of vertices in H is
divisble by r, and H has no isolated vertices, the claim implies M is a perfect matching.
O

3 Berge Hamiltonian cycles

We now consider Berge Hamiltonian cycles. Firstly, we claim that taking Construction 1
with [V] = [2+] yields an example of a 3-graph H with 6; (H) = [**] — r + 2 and
no Berge Hamiltonian cycle. Suppose for a contradiction that H contains some Berge
Hamiltonian cycle C, and let vy, va, ..., v,, v; be the associated cyclic ordering of V(H).
Since V| > %, any cyclic ordering of the vertices of H must include an adjacent pair of
vertices from V, say v; and v; ;. Since C is a Berge Hamiltonian cycle, there exists a
3-edge e; of H with v;,v;11 € e;, a contradiction, since V' is strongly independent.

Our next theorem, restated from the introduction, shows that Construction 1 is again
tight.

Theorem 8. Letr > 2, n > 6r—10 and suppose H is an n-vertex r-graph with 5" (H) >

5 — 1+ 2 and no isolated vertices. Then H contains a Berge Hamiltonian cycle

Proof. We shall in fact prove a somewhat stronger statement: namely, that if H satisfies
the hypotheses of the theorem, then H contains a Berge Hamiltonian cycle

C = vie1v9€5 . . . Vp—1€65—1VpEnU1

such that for any 7 # j, e; contains at most one of v;, v;;;. We proceed by induction on
r. Suppose r = 2. Then n > 3 and é;_(H) = 6(H) > %. By Dirac’s Theorem, we have a
(Berge) Hamiltonian cycle which vacuously satisfies the condition on each e;.

Now suppose r > 2 and that the theorem holds for (r — 1)-graphs. Let H be an
r-graph satisfying the conditions of the theorem statement.

Let H' := S(H) be the shadow graph of H. Observe, since H contains no isolated
vertices, neither does H'. Also observe that 6,” {(H) > % — r + 2 implies 6, ,(H') >
% — (r — 1) 4+ 2. Thus, by the inductive hypothesis, H’ contains a Berge Hamiltonian
cycle, say

C' = wvielvy. . vel vy

We wish to translate C” into a Berge Hamiltonian cycle C' of H. We do so by replacing
each e} with an r-edge e; containing the vertices of €.
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Figure 3: Extending from an r = 2 Hamiltonian cycle to an r = 3 Berge Hamiltonian
cycle

We must make these replacements in such a way that, for ¢ # j, e; contains at most one
of v;,v;41. Note that the vertices of €] indicate at most 2(r —3) 4+2 = 2r — 4 vertices with
which we may not extend e}: namely, e; must not contain v;_; or v;19, and, if v; € €/, then
e; must not contain v;_; or vj41. Using the bound on n and the condition on 6, (H), we
know that 8" | (H) > 2r — 3, so each ¢} can be extended into an r-edge e; which satisfies
the desired condition. Note that the condition that e; contains at most one of v;,v;1;
immediately implies that e; # e; for all ¢ # j. Thus,

C =vie1vy ... v,e,01

is a Berge Hamiltonian cycle in H. O

4 Loose Hamiltonian cycles

Finally, we consider loose Hamiltonian cycles in 3-graphs. Observe that a loose Hamil-
tonian 3-cycle yields a cyclic vertex ordering with the property that any two vertices
adjacent in the order have positive co-degree. Thus, Construction 1 with |V| = [2]
again provides an example of a 3-graph with &, (H) approximately 5 and no loose Hamil-
tonian cycle.

While we do not obtain an exactly matching upper bound, the main theorem of this
section, restated from the introduction, shows that the above example is asymptotically

best possible.

Theorem 9. For any 0 < € < %, there exists ng € N such that the following holds. Let
H be an n-vertex 3-graph with n > ng, n even, and 65 (H) > (% + 5) n. Then H contains
a loose Hamiltonian cycle.

We shall prove Theorem 9 via the absorbing method; for similar applications, see
2, 9, 14, 11]. Before beginning the proof, we briefly summarize the method and the
lemmas which we shall need.

We define a (3-uniform) loose path of length k as a set of k 3-edges

V1UV2V3, V3U4Us, . . ., U2k—1V2kV2k+1
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such that v; # v; for all ¢ # j. Since we work only with 3-uniform hypergraphs in this
section, we shall for conciseness refer to a 3-uniform loose path (of length k) simply as a
(k-vertex) loose path.

The absorbing method works roughly as follows. Given an n-vertex 3-graph H, with
n sufficiently large and &5 (H) > (% + 5) n, we wish to find three things: an absorber, a
reservoir, and an almost path-tiling of bounded size. The absorber is a relatively short
loose path P with the property that, given any set Q C V(H) which is relatively small
and has the appropriate parity, there exists a loose path on V(P) U @ which has the
same endpoints as P. The reservoir is a relatively small set of vertices with a particular
connecting property: given a small number of pairs a;, b; of vertices in H, we can find
pairwise disjoint sets of vertices in the reservoir which connect a; and b; via a loose path.
Finally, the almost path-tiling will be a set of boundedly many loose paths which are
pairwise disjoint and span all but some small proportion of the vertices in H.

Once we have shown that we can find an absorber, a reservoir, and an almost path-
tiling, we proceed as follows. Using the fact that our absorber and reservoir can be
made very small, we can actually guarantee the existence of an absorber, a reservoir,
and an almost path-tiling which are pairwise disjoint. We use the reservoir to connect
the endpoints of the resulting set of boundedly many, pairwise disjoint loose paths, thus
creating an almost-spanning loose cycle. Finally, any uncovered vertices can be absorbed
to create a loose Hamiltonian cycle.

Due to the large number of auxiliary techniques and results required, we further di-
vide this section into subsections, as follows. In Subsection 4.1, we state and prove our
absorbing and reservoir lemmas, which largely follow from work of Buf}, Han, and Schacht
in [2]. In Subsection 4.2, we prove our almost path-tiling lemma, adapting the approaches
of Buf}, Han, and Schacht in [2] and Han in [9] by making use of an auxiliary tiling lemma
and some hypergraph regularity techniques which we translate to the positive co-degree
setting. In Subsection 4.3, we combine the lemmas from Subsections 4.1 and 4.2 to prove
Theorem 9.

4.1 Absorbing and reservoir lemmas

We begin by stating two lemmas: a connecting lemma, which will be needed for finding our
absorber, and our reservoir lemma. These lemmas are presented without proof, because
they directly follow from [2]. The statements of both lemmas are shown to hold for 3-
graphs with minimum vertex degree at least (;11 + 5) (g), we quickly show that a 3-graph
with minimum positive co-degree (% + 5) n and no isolated vertices satisfies this vertex
degree bound, noting that (3 4+ €)% > (3 +¢).

Observation 14. If H = (V, E) is a 3-uniform hypergraph with minimum positive code-
gree an and no isolated vertices, then each vertex is in at least o (Z) edges.

Proof. Let v be any vertex in H, and let (v,z,y) be any edge containing v. Then there
are at least an vertices yi, ..., ¥y, With (v,z,y;) an edge. For each y;, we again have at
least an vertices z1, . . ., Zon With (v, y;, 2;) an edge. Summing over  and all y;’s, we count
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(an + 1)(an) edges. As each edge is counted at most twice, we conclude v is in at least
(a"+1) >« (2) edges. O

We say that a set of triples (x;, ¥, 2)icr) connects (ai, b;)icpn if
® Uicpy Hais bi, i, yi, 2} = 5k, i.e., the pairs and triples are all disjoint, and

e for all i € [k] we have {a;, x;,y;},{vi,z:,0:} € H

Figure 4: (z,y, z) connects (a,b)

Lemma 15 (BuB-Han-Schacht [2]). Lety > 0, let m > 1 be an integer, and let H = (V, E)
be a 3-uniform hypergraph on n vertices with 61(H) > (3 +)(3) and m < yn/12. For
every set (@i, b;)icpm) of mutually disjoint pairs of distinct vertices, there exists a set of
triples (i, Yi, Zi)icpm) connecting (a;, b;)icm]

Lemma 16 (Bufl-Han-Schacht [2]). For all 0 < v < 1/4 there exists an ng such that for
every 3- um'form hypergraph H = (V, E) on n > ng vertices with minimum vertex degree
61(H) = (3 +7)(5) there is a set R of size at most yn with the following property: For
every system (a;, b;)icp) consisting of k <y 3n /12 mutually disjoint pairs of vertices from
V' there is a triple system connecting (a;, b;)icr) which, moreover, contains vertices from
R only.

Next, we shall use Lemma 15 to prove an absorbing lemma.

Lemma 17. For all 0 < € < %, there exist B > 0 and ng € N such that the following

holds. Let H be an n-vertex 3-graph with n > ng and 65 (H) > ( + 6) n. Then there is a
loose path P with |V (P)| < 566" such that for all subsets U C V(H)\V(P) with |[U| < Bn
and |U| € 2N, there ezists a loose path @ in H such that V(Q) = V(P)UU and P and

Q) have the same endpoints.

Proof. We begin by considering pairs of vertices. Let x,y € V(H) and P = vy...v;
be a 7-vertex loose path with V(P) € V(H) \ {z,y}. We say that P absorbs {z,y} if
voxvy, vayve € E(H). In particular, if P absorbs {z,y}, then

Q = V1V3VTV4Y VU5 V7

is a loose path with V(Q) = V(P) U {z,y} and the same endpoints as P. We first claim
that for any pair {x,y}, there are many 7-vertex loose paths which absorb {z,y}.
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Claim 18. Suppose n is large enough that en > 8. For every pair x,y € V(H), there

. e3n7 .
exist at least =g T-vertex loose paths which absorb {x,y}.

Proof of Claim 18. We provide a procedure for building 3-edge loose paths to absorb
{z,y}. Firstly, choose v, € N(z) N N(y). Since |N(x)| and |N(y)| are each at least
(% + 8) n, there are at least 2en choices for vy. Next, choose vs,v5 such that vsvsvs €
E(H), and vs, v5 are not equal to z or y. By Observation 14, there are at least (3+¢)2(5) >
(;11 + 6)(") many 3-edges that contain v, at most 2n of which contain either x or y. We

2
have that

1+5 n 5 _n2+6n2 n_en >n2+6n2 19n
A 9) TR Ty TRy TN T Ty T g

where the inequality uses that ¢ < % and so < < 7. Since en > 8, we have % > 4n > 1%".

So we have at least %2 choices for the 3-edge v3v,4vs.
We next select vy, v5. We shall require vy, vg to satisfy the following:

1. dy(vg,v3) > 0 and ds(vs, vg) > 0;
2. vouyx € E(H) and vyvgy € E(H).
3. V2, Vg Q {33,%713,7)4,“5}-

We have selected vy so that do(z,v4) > 0 and da(y,v4) > 0, so we have |N(z,vy)| >
(1 +¢)n and |N(y,vs)| = (3 +¢) n. We also have that |N(vs)| and |N(vs)| are at least
1
(5 +€)n, so
|N(x,v4) N N(vs3)| = 2en

and
IN(y,vs) N N(vs)| = 2en

The only other restrictions on the selection of v, and vg are that they are not equal to any
vertex already selected, or to each other. Thus, there are at least en possible selections
for each of vy and vg.

Finally, we must select v; and v;. We simply require v; € N(vq, v3) and v; € N(vs, vg),
and that v, v; are distinct vertices which are not equal to any previously specified vertices.
There are at least § ways to thus select each of vi,v7 (since en > 8).

Thus, in total, there are at least

n? 2
2en- - (en) - (3) =15
3-edge loose paths which absorb {z,y}. d

In similar fashion to [2] we construct a family F of 7-tuples (v;...v7) from among
all 7-vertex loose paths in H by independently selecting each tuple with probability p =
e3n79/12544. Using standard probabilistic arguments, it is straightforward to show that,
for n large enough, with non-zero probability the family satisfies

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.48 16



1. |F|] < &¥n/12;

2. for every pair x,y € V(H), there exist pe "% tuples (vy, . .., v7) € F such that vy ... v7
is a 7-vertex loose path that absorbs {x y}

pe3n”
64

3. the number of intersecting pairs of 7-tuples in F is at most

We eliminate one path from each intersecting pair. There remain k < £3n/12 loose
paths (v},...,v4);ew. Moreover, since we deleted at most 2~ 5 n' 7. tuples any pair {x,y}

disjoint from these remaining paths must be absorbed by at least p " of them.

Now, our goal is to apply Lemma 15 on the vertex pairs (v7,vl+ )icle—1) to create a
loose path with ends v} and v¥. However, we wish to ensure that our connecting vertices
do not themselves come from these 7-vertex loose paths. To this end, arbitrarily pair
the remaining vertices v, j ¢ {1,7} with each other, and observe that we still have
Tk/2 < en/12 pairs (usmg the upper bound on ¢). Thus we may apply Lemma 15 such
that the connecting vertices are all disjoint from our 7-vertex loose paths, yielding a loose

path containing at most TePn  3en — Ben yergices that can absorb an arbitrary set of
pin” _

12 6
= [n vertices. O

least

4.2 Tiling lemmas

Given a fixed family of hypergraphs K and an n-vertex hypergraph H, a partial IC-tiling
of H is a family 7 of vertex-disjoint subhypergraphs of H, each of which is isomorphic
to some member of K. We say that such a family 7 is a K-tiling of H if T spans V(H),
i.e., each vertex of H is in a member of 7. We say that 7T is an a-deficient K-tiling of H
if 7 leaves at most an vertices of H uncovered.

The final component which we require is an almost path-tiling result. Formally, let P
be the family of 3-graphs consisting of all loose paths. The goal of this subsection is to
prove the following lemma.

Lemma 19. For any fixed € > 0, > 0, there exist integers ng, p such that the following
holds for n > no. If H is an n-vertex 3-graph with 65 (H) > (3 + ) n, then H admits an
a-deficient P-tiling T with |T| < p.

This path-tiling result will be the most involved lemma in this section to prove, and
our strategy will involve the use of the weak hypergraph regularity lemma. Before proving
any tiling results, we begin with a brief discussion of hypergraph regularity. Szemerédi’s
regularity lemma is known to generalize to hypergraphs, and in fact can be considered to
generalize in a number of different ways. The “weak” hypergraph regularity lemma is a
straightforward generalization of Szemerédi’s regularity lemma, which shall nonetheless
be powerful enough for our purposes. For more on hypergraph regularity lemmas, see for
instance [13, 15, 7]. Since we only work with 3-graphs, we shall state the weak regularity
lemma for 3-graphs only. We begin with some notation.
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Let H be a 3-graph and Vi, V5, V3 be pairwise disjoint, nonempty subsets of V(H).
We denote by e(V1, Vs, V3) the number of 3-edges with precisely one vertex in V; for each
i € {1,2,3}. We define the density of the triple (V;, V2, V3) to be

e(V1, V3, V3)
[VA[[Va] V3]

Given € > 0, d > 0, we say that the triple (V, V5, V3) is (g, d)-regular if
|d(‘/1Ia ‘/2/> ‘/3/) - d| Se

for any triple (V, V3, VJ) such that for each i € {1, 2,3}, we have V;/ C V; and |V/| > ¢|V}].
Given € > 0, we call the triple (Vi, Vs, V3) e-regular if there is some d > 0 for which
(Vi, Va, V3) is (e,d)-regular. Using this notation, the following lemma holds.

d(V1, Va, V3) =

Lemma 20 (Weak hypergraph regularity). Let ¢ > 0 and tg € N be given. There exist
To,ng € N such that any 3-graph H on n = ng vertices admits a vertex partition

VoUViLU---UV,
satisfying the following properties:
1. to <t < Tp;
2. \Vi|=---= V4|, and |Vy| < en;
3. All but at most s(g) of the triples chosen from {Vi,...,V;} are e-regqular.

We call a partition as guaranteed in Lemma 20 an e-regular partition. A related notion
is the cluster hypergraph. Given an e-regular partition Vo U Vi U--- UV, of H and a fixed
d > 0, the associated (g, d)-cluster hypergraph K = K (e,d) is the 3-graph with vertex set
{1,...,t} and ijk € E(K) if and only if (V;, V}, V) is e-regular with d(V;,V;, Vi) > d.

The above discussion will be relevant as follows. Suppose H is a large 3-graph with
05 (H) > (5 +¢)n. Our ultimate goal is to find an almost path-tiling of H. The rough
idea is to first apply weak hypergraph regularity to H, then almost tile the resulting
cluster graph K with some small structure, using the fact (proven below) that K nearly
inherits &) (H). The resulting almost tiling of K can then be lifted to an almost path-
tiling of H, with each small tile in K indicating a pair of loose paths which nearly span
the corresponding clusters.

To find the desired almost tiling of K, we shall require some knowledge of 5 (K),
which we now investigate. We start by stating a “clean-up lemma”, proved by Halfpap,
Lemons, and Palmer [§].

Lemma 21. Let H be an n-vertex r-graph and fix 0 < € < 1 small enough that
(r+1)12Ven" < |E(H)|.

Let Hy be a subhypergraph of H obtained by the deletion of at most en” r-edges. Then
H, has a subhypergraph Hy with 6 |(Hy) = 6 (H) — 2"r! ¥ \/en. Moreover, Hy can be
obtained from H by the deletion of at most (r + 1)! 2 \/en” r-edges.
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We shall use Lemma 21 to prove the following lemma, which makes precise the claim
that a cluster graph K of H “nearly inherits” 5 (H).

Lemma 22. Let 0 < e < 1/2 and ty € N be given, and fix ng, Ty as in Lemma 20. Let H
be an n-vertex 3-graph with 65 (H) > cn and n > ngy. Suppose that

VoUViu---UV,

is a partition of V(H) satisfying the properties stated in Lemma 20. Fix d > 0, and let
K = K(g,d) be the (g,d)-cluster hypergraph associated with the given partition. Set

1
a =2+ Z +d
and
fla) = 48v/a.
If |[E(H)| > 12/an®, then K contains a subhypergraph K' with 65 (K') > (c — f(a))t.

Moreover, if H contains g(n) isolated vertices, then K’ contains at most

(g(n) n 288\4/5> ;

n c?

1solated vertices.

Proof. We begin by deleting from H all 3-edges e satisfying one (or more) of the following
conditions:

1) e intersects Vj;

2) e intersects some V; more than once;

(1)
(2)
(3) e spans a triple of classes (V;, V}, V) which is not e-regular;
(4) e spans a triple of classes (V;, V}, V) with d(V;, V}, Vi) < d.

Let H; be the subhypergraph of H obtained by the described deletions. Observe that
vertices i, j, k in K span a 3-edge if and only if there exists a 3-edge in H; which spans
the associated classes V;, V;, Vj.

We first estimate the number of 3-edges which must be deleted from H to obtain H;.
Since |Vp| < en, there are at most

n 3
en ( 2> <en

3-edges satisfying condition (1). For a fixed class V; with ¢ > 0, there are at most

(";’) +n(“§|) < Qn(nz/t) < 7;—23
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3-edges which intersect V; in more than one vertex. There are t classes V; with ¢ > 0,

so fewer than "73 3-edges which satisfy condition (2). There are at most 6(§) triples

(Vi, Vj, Vi) that are not e-regular, each spanning at most (%)3 3-edges. So at most

(;) (1) < ent

3-edges satisfy condition (3). Finally, a triple (V;, V;, Vi) with d(V;, V;, Vi) < d spans fewer
than d (%)3 3-edges, so there are at most

t 3
( )d (%) <an’
3 t
3-edges satisfying condition (4). Thus, in total, we delete fewer than
1
(2€+Z+d) n® = an?

3-edges to obtain H; from H.

Now, we apply Lemma 21 to conclude that H; has a subgraph H, with &5 (Hs) >
(¢ — f(a))n. Now, consider the 3-graph K’ on vertex set {1,2,...,t}, with ijk € E(K')
if and only if E(H;) contains a 3-edge spanning clusters V;, V}, Vi. Observe that K’ is a
subhypergraph of K. We claim that 65 (K’) > (¢ — f(a))t. Indeed, suppose i,j € V(K')
have positive co-degree. Then there exists some pair of vertices v; € V;,v; € V; in Hy such
that v;, v; have positive co-degree. Thus, d(v;,v;) > (¢ — f(«))n. By the construction of
H,, none of these neighbors are in V4, V;, or V;. All classes Vj, with k& # 0 have size n/t, so
d(vi,v;) = (¢ — f(a))n implies that v;, v; have positive co-degree with vertices in at least
(c— f(a))t classes Vj, with k & {0,4,j}. Thus, in K’, vertices 7, j have at least (¢ — f(a))t
neighbors.

Finally, we estimate the number of isolated vertices in K’. First, since 5 (H) > cn,
observe that any vertex of H is either isolated or is contained in at least (C"H) 3-edges of

2
H. By Lemma 21, we obtain H, by deleting at most 24+/an? 3-edges from H, so at most

3 24/an®  144/an? _ 144/an

(Y (en+1)en 2

vertices of H become isolated after the deletions required to obtain H,. Thus, Hy contains
4
at most g(n) + 141# isolated vertices in total. An isolated vertex in K’ corresponds to

a class V; in H, such that every vertex in Vj is isolated. Since each class V; contains at
most (1 —e)n/t > n/2t vertices (by choice of ), at most

(st 1197 ,

n

classes of Hy can consist solely of isolated vertices. Thus, K’ contains at most

(29(n) . 288(75) .

n c?

isolated vertices. U
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Given H with 65 (H) > (5 +€), our goal is to find a helpful almost-tiling of a cluster
hypergraph K of H. Actually, we shall find an almost-tiling of the subhypergraph K’
of K given by Lemma 22. Observe that if H has no isolated vertices, then Lemma 22
guarantees that K’ will have few isolated vertices (since o will be taken very small). In
particular, if we can almost tile the non-isolated vertices of K’, then we shall in fact almost
tile all of K. The utility of this auxiliary almost-tiling of K is shown by the following
lemma, proved in [9].

Lemma 23 (Han [9]). Fiz ¢ > 0,d > 2¢, and let m be an integer with m > ﬁ.

Suppose that (V1, Vo, V3) is (g, d)-reqular, with |Vi| = |V5| = m and |Va| = 2m. Then there
is a loose path P which spans all but at most 8em/d + 3 vertices in V3 U Vo U V3.

Using Lemma 23, we will be able to find our desired almost path-tiling in H so long
as we can partition V' (H) into regular triples of the desired sizes. We shall describe how
to find this partition using an auxiliary almost-tiling of K by a useful 3-graph; we then
“lift” the tiles in K to indicate disjoint regular triples in H. Denote by C} the (unique)
3-graph on four vertices and two 3-edges. The following lemma will imply that K admits
an a-deficient C3-tiling for any a > 0, so long as |V (K)] is sufficiently large.

Lemma 24. Fiz ¢ > 0, a > 0, and let n be sufficiently large. Let H be an n-vertex
3-graph with 65 (H) > (% + 5) n and no isolated vertices. Then H contains an a-deficient
C3-tiling.

Proof. Let C be a largest C3-tiling of H. Let T be the set of vertices which are covered
by C, and S the set of uncovered vertices. If |S| < an, we are done, so suppose for
a contradiction that |S| > an. Our goal is to exhibit a partial C3-tiling C’ of H with
|IC’| > |C|. Towards this aim, we begin by investigating the structure of S. Our first goal
is to argue that S contains very few positive co-degree pairs. We investigate co-degree
cherries, which are cherries in the shadow graph of H.

Consider the two configurations illustrated in Figure 5, which we shall term switching
configurations. In each instance, we take a co-degree cherry in S and a copy C' € C of C3.
Either illustrated configuration allows us to “switch” C' for a new C3 copy which uses one
or two vertices from C' and two or three vertices from S. The described switch creates a
new partial C3-tiling of equal size to C, which is not itself a contradiction. However, if a
single C' € C admits two switching configurations which are vertex disjoint, then we can
replace C' with two new copies of C3 to obtain a larger partial C-tiling than C.

Using this idea, we can show that S must contain O(n) positive co-degree pairs.

Claim 25. If S contains three pairwise disjoint co-degree cherries, then C is not maximal.

Proof of Claim. Suppose for the sake of a contradiction that S contains three pairwise
disjoint co-degree cherries. For each edge e; contained in these cherries, and each C; € C,
let f(e;, C;) be the number of vertices in C; contained in the co-degree neighborhood of
e;’s endpoints. Observe, for any positive co-degree pair z,y € S, we have [N (x,y)NS| < 1,
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Figure 5: Two switching configurations

else S contains a copy of C? and we can immediately extend C. Thus, for each of the e;’s,

we have )
S flen Cy) > (5 +e) w1,
J

and so
> fleiCy) = (3+6e)n—6> (3+e)n,
'7]’

using that n is sufficiently large. Since C contains Il  Q=ojn copies of C?, by averaging

1 1
we have that some copy C of C3 in T has

3+ 4(3 +
Zf(%C) > ((1_3271 _4B+¢)
% 4

> 12.
11—«

Now, choose C' with ), f(e;, C) > 13. We shall use the cherries and this C' to form
two disjoint C3 copies. Since some case analysis is required to find these copies, we begin
by labeling vertices and co-degree edges. Say the vertices in C' are vy, vy, v3,v4. Since we
will not use the internal structure of C' at all, it does not matter which of the v;’s are
spanned by two 3-edges of C, and which by one. We shall label the co-degree edges in
the first cherry as eq, es, the edges in the second as es, e4, and the edges in the third as
es, eg. For ease of reference, we illustrate the situation in Figure 6.

C ° . . .

Figure 6: Three co-degree cherries in S and C' € C

For ease of notation and terminology, we shall perform our analysis on the auxiliary
labeled bipartite graph G(V,U), where V' = {vy,...,v4}, U = {ey, ..., €6}, and e;v; is an
edge of G if v; and the endpoints of e; span a 3-edge of H. Thus, >, d(e;) =Y, f(e;, C) >
13.
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We first observe that if some vertex in U has degree 4, then C is not maximal. Indeed,
without loss of generality, suppose d(e;) = 4. Since ) . d(e;) > 13, one of e3, e4, €5, €4
has degree at least 2. Without loss of generality, assume vy, vy are neighbors of e3 in G.
Since d(e;) = 4, we have v3, v, € N(e1). We have thus found two vertex disjoint switching
configurations: e; paired with vz, v4 and ez paired with vy, vs.

Now, suppose no vertex in U has degree 4. Consider the sums d(e;) + d(es), d(e3) +
d(es), and d(es) + d(eg). Since ), d(e;) > 13, one of these sums must be at least 5.
Without loss of generality, d(e;) + d(e2) > 5 and d(e;) = 3. We now consider two cases,
determined by the interaction of N(e;) and N(esg).

Case 1: e; and e; have two common neighbors.

Without loss of generality, say vy, vy € N(e;)NN(ez). Now, d(e;)+d(e2) < 6, so either
d(es) + d(eq) or d(es) + d(eg) is at least 4. Without loss of generality, d(es) + d(es) > 4,
and we may assume d(ez) > 2. Now, if N(e3) # {v1,v2}, we can find a pair of vertex
disjoint switching configurations as follows: ej is paired with {v;,v;} € N(e3) such that
{vi,v;} # {v1,v2}, and ey, ey are paired with v, € {vy,v2} such that v, & {v;,v;}. Thus,
we may assume that N(eg) = {vy,v2}. So d(ez) = 2, implying that d(ey) = 2, and
we analogously have that N(es) = {v1,v2}. We now find two vertex disjoint switching
configurations: e, eo are paired with v, and es, e4 are paired with vs.

In any event, C is not maximal.

Case 2: e; and e; do not have two common neighbors.

Since d(ey)+d(es) > 5 and d(e;) = 3, the arrangement is (without loss of generality) as
follows: N(ey) = {v1,v2,v3} and N(ez) = {vs,v4}. Now, consider e; with i > 3. Observe,
if {v1,v2} C N(e;), then we can find two vertex disjoint switching configurations: e; is
paired with vy, v, and ey, e are paired with vs. Furthermore, if j # 4 and {v;,v4} C N(e;),
then we can find two vertex disjoint switching configurations: e; is paired with {v;,v4},
and e; is paired with {vy,ve,v3} \ {v;}. Thus, we may assume that each e; with ¢ > 3
has degree at most 2; moreover, if its degree is exactly 2, then N(e;) is either equal to
{vi,vs} or {va,v3}. Since d(e1) + d(ez) =5 and ), d(e;) > 13, every e; with ¢ > 3 must
have d(e;) = 2. In particular, v € N(e;) for every e;. We can now find two vertex disjoint
switching configurations: e3 and ey are paired with vs, and e; is paired with vy, vs.

In any event, C is not maximal. O

The following claim will now suffice to show that C is not maximal.

Claim 26. Suppose S does not contain three pairwise disjoint co-degree cherries. Then
there exists a partial C3-tiling C' of H with the following properties:

L|cl=Ic);

2. Among the vertices left uncovered by C', there exist three pairwise disjoint co-degree
cherries.

Proof of Claim. Suppose x,y € T have at least 2 neighbors in S, say u,v. Then z,y, u,v
span a copy of C3. Our strategy is to use the sparsity of S to find pairs of vertices
in 7" with many co-degree neighbors in S. These pairs will indicate copies of C3 which
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we will “switch” with copies in C in order to create a new partial tiling C’. To ensure
that C’ satisfies the conditions of the claim, the pairs which we select from 7" must lie
in a sufficiently nice configuration. We shall again use averaging to guarantee such a
configuration. We start by estimating the number of pairs in 7" which have a useful
number of co-degree neighbors in S.

We shall say that a pair of vertices x,y € T is a high S-degree pair if |N(x,y)NS| > 18.
We say that x € T is a high S-degree vertex if |[N(z) N S| > 18. Observe that if z,y is
a high S-degree pair, then both x and y are high S-degree vertices. Our goal is to find
C,C" € C which span many high S-degree pairs.

Since S does not contain three pairwise disjoint co-degree cherries, we know that S
must be quite sparse in co-degree edges. Specifically, we observe that there are at most
8 vertices in S which have positive co-degree with more than 7 vertices in S. Thus, S
contains at most 3(8n + 7n) = 2n co-degree edges. Now,

Y. IN@yns|
x€C;,y€Cjifj

is equal to the number of 3-edges z,y, z such that z,y are in distinct copies of C3 in C
and z € S. Observe, the only other edges which intersect S must either use a positive
co-degree pair in S, or use a positive co-degree pair spanned by some copy of C? in C.
There are at most %n positive co-degree pairs in S, and at most 6|C| < %n positive
co-degree pairs spanned by the copies of C3 in C, so the above sum counts all but at
most 9n? 3-edges which intersect S. Now, since H contains no isolated vertices, we know
that each vertex in S is in at least (% + 5) n positive co-degree pairs, and thus in at least
((%f)n) = (i +¢ ) (Z) 3-edges, for some ¢ > 0. Summing vertex degrees in S double-
counts only those 3-edges which intersect S in at least two vertices, of which there are at
most 2n?. So

1 n 33
> N > (> +¢ — 22n2,

2€C;,yeCyrifj

Since |S| > an and thus €'(3)[S] = 33n? for n large enough, we have

1 WAL 33 , 1 s\ (1
- _mp2> (=
() ()= 3= (5+) (O)

for some £” > 0. Now, we wish to find the average number of high S-degree pairs between
two copies C;, C; of C§ in C. Let h(C;, C;) denote the number of pairs z € V(C;),y €
V(C;) with |[N(z,y) NS| > 18. Observe that

> IN(z,y) N S| < W(C;, Cy)|S| + (16 — h(Cy, Cy)IT.
CEECi,yGCj

Thus,
Yo IN@y)NSI< Y (MCLCIS|+ (16 — h(C;, C))1T)

z€C;,Y€C; i#] Ci#C;
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Now, there are (‘g') pairs C; # C;. Since |C| = |T/4| < ) , this implies that the

above sum is over at most
1 N\ (N
— -«
16 2

pairs for some o > 0. Setting h equal to the average value of h(C;,C;) and combining

our bounds on
> IN@yns,
2€C;,yeCyifj

() (2)semsi (55 =) () om (i) ()

Now, dividing through by (})|S|, using the fact that |S| > an, we have

1\ /1 N\ 272 (5 — o)
(Z+6><h(1_6_a)+T

< &”, and n large enough,

1 " N 1 /
» <h P y
<4+8> (16 o

1 "

—(Zl +e) < h.

(15 — o)
We claim that this implies that there are three mutually disjoint pairs of C3 copies with h
value at least 5. Indeed, consider the auxiliary graph G' whose vertices are the C3 copies
of C, with edges connecting two copies if their h value is at least 5. Either we can find
the desired mutually disjoint pairs, or G does not contain a matching of size 3. So by
a theorem of Erdés and Gallai [5], G contains at most (3) + 2(|C| — 1) < 2|C| edges (if
2|C| > 10, which we may assume). Thus,

> nci.y) < toeieh) +4('5).

Ci#C;

we have

So, for some 0 < &"”

1.e.

and so

C| 64
h<32— +4=14 .
3(|¢|)+ oo

Note that if |C| grows with n, then for any 3 > 0, h < 4 + /3 when n is sufficiently large.

(In fact, it is easy to see that |C| must be at least (— + E) a l, since otherwise there
Y

exists a positive co-degree pair x,y outside of C and |N(z,y)| > 4|C | +2.) Thus, since
(+e)
(55 — )
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we have "
7 < (— +¢€ )

1
47
(55 — )
for n large enough, a contradiction.
Thus, without loss of generality, we have h(C4, Cy) = 5, h(Cs,Cy) = 5, and h(Cj5, Cg) >
5. Thus, in each of the three pairs, we can find the configuration depicted in Figure 7:
a matching of size 2 between C; and C; indicating two high S-degree pairs, and a fifth
vertex in one of Cj, C; which is in a high S-degree pair.

Ci . . . °

C j . . . .

Figure 7: High S-degree pairs between C; and Cj; the circled vertex in Cj is also a member
of some high S-degree pair

Each matching of size 2 indicates two pairs of vertices which can extend to several C3
copies with both vertices in S. We first extend all matching edges to pairwise disjoint
C3 copies with two vertices in S. We now form a new partial tiling C’ which contains
C\{C},...,Cs} and these six new copies of C3. Let T" be the vertices covered by C’, and
S’ the set of uncovered vertices. Observe, S’ now contains three vertices, say vy, vo, v3,
which were high S-degree vertices in 7. Since 12 vertices of S have been moved to T,
each of vy, v9, v3 thus has positive co-degree with at least 6 vertices in S N .S’. We can
thus form three pairwise disjoint co-degree cherries in S” with centers vy, vq, v3. 0

With the above claim established, we are done: either the set S uncovered by our
original partial tiling C contains three co-degree cherries, or else we can apply the claim
to shift to an equally large partial tiling C" with an uncovered set S’ containing three co-
degree cherries. In either case, the presence of three co-degree cherries in the uncovered
set guarantees that we can extend to a strictly larger partial tiling, contradicting the
maximality of C. O

For the sake of completeness, we formally describe the process by which the above
lemmas imply Lemma 19.

Proof of Lemma 19. Fix ¢ > 0,a > 0. We choose &', ty,d, 3, and ng, Ty so that the
following hold:

11152¢/2¢' + £ +d+ S+ % + ¢ < minfa,e};

2. d>2¢;
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3. 1o is sufficiently large that Lemma 24 implies that any 3-graph H on t vertices with

t> (1 — 1152 /2" + % + d) to and &5 (H) > (% +e—48¢/2¢" + % + d) t contains

a [-deficient C3-tiling;
4. Given €', ty, Lemma 20 holds with ng, Tp;

5. mg is large enough that gET’;g +3< GTESL;.

Now, let H be a 3-graph on n > ng vertices with 63 (H) > (5 +¢) n. We apply the
Weak Regularity Lemma (Lemma 20) with &', ¢y to obtain a partition

V(H)=VuWiu---uVy

as guaranteed by the lemma, with t5 <t < Ty. Now, with d as chosen above, consider
the cluster hypergraph K (&', d) of H associated with this partition. Applying Lemma 22,
we obtain a subhypergraph K’ with

1 / 1
5;([(’) > <§+6—484 25’+¥+d>
which contains at most
1 4 1 4 1
- 2884/2' + — +d |t < [ 11524/2¢' + —+d | t
(1+2) t t

isolated vertices. Since we have chosen our constants so that ¢ —48/2¢" + % +d > 0 and

to is sufficiently large, we can apply Lemma 24 to obtain a $-deficient C3-tiling of the
non-isolated vertices of K'.

Now, note that a copy of C3 in K’, say on vertices 1,2,3,4 with 3-edges 123,234,
indicates four classes Vi, Vs, V3, Vy in H such that (V3, V5, V3) and (Va, Vi, V) are (g,d)-
regular. We split V5, V3 into two equally sized classes, V', V2 and V', V2. Tt follows
that (V1, V5, V4') and (V2, Vi, V}) are (e, d)-regular. Applying Lemma 23 with m = £,
(V1, VL, Vi) contains a loose path P which spans all but at most %2 + 3 < %2 vertices of

2td td
(V1, V3, Vi), and analogously for (V2 V2, V,). Repeating this process across all copies of
C? in our tiling of K’, we obtain a partial P-tiling 7 of H with the following properties:

LT <%y

2. T is (1152,4/25' +i+d+B+3E+ £'>—deﬁcient.

The first property is clear, as V(K’) < T and thus K’ can be tiled with at most %
copies of C?, each of which gives rise to two elements of 7. For the second property,
we estimate the number of vertices omitted by a path-tiling produced as described. By

Lemma 22, K’ contains at most (1 152 /2" + % + d) t isolated vertices, corresponding to
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at most (1 152/2¢" + % + d) n vertices of H. Additionally, K’ does not contain a vertex

corresponding to Vj, so all vertices in Vj are uncovered, contributing at most &'n omitted
vertices. A -deficient C3-tiling of the non-isolated vertices of K’ yields at most St untiled
vertices of K’ which are not isolated, corresponding to at most (ft) - & = fBn vertices.
Finally, each element of 7 covers all but at most % vertices from its corresponding
clusters. Since there are at most % such elements, they omit at most % vertices in total
from the clusters which correspond to tiled vertices in K’. Thus, the total number of

vertices not covered by 7' is at most

1 3¢’
(1152w4/28’+t—+d+8/+ﬁ+76)n<an
0

by our choice of constants. O

4.3 Proof of Theorem 9

Finally, we are ready to prove Theorem 9, using the lemmas developed in the previous
subsections.

Proof of Theorem 9. Fix 0 < e < % We apply the Absorbing Lemma (Lemma 17) with e

to obtain n; and § = % for which the lemma holds. We next apply the Reservoir Lemma
(Lemma 16) with v = g to obtain ny such that the lemma holds. We shall set £, = & — &3,
and g9 = ¢ — &3 — g Note that ¢, and &, are both strictly positive (as 8 < °). Finally,
we apply the Path Tiling Lemma (Lemma 19) with e, and a = g to obtain ng,p such
that the lemma holds. With these constants determined, we proceed as follows.

Let ng > max{ny, 2ny, 2n3}, with ng also chosen to be large enough that

1 3

Let H be an n-vertex 3-graph with no isolated vertices, n > ng, n € 2N, and 65 (H) >
(3 4+ ¢) n. Applying the Absorbing Lemma, we obtain a loose path P with [V (P)| < &*n
which can absorb any set U C V(H) \ V(P) with |U| € 2N and |U| < fn. Let H;
be the 3-graph induced on V(H) \ V(P). Note that V(H;) > (1 — &*)ng > ny and
65 (Hy) > (5 +¢1) |[V(H)]; also note that & > g Thus, we can apply the Reservoir
Lemma to obtain a reservoir R of size at most §|V(H1)] which is capable of connecting

at least X . X 5
o (g) V(H) > 5 <§) (1—¢%) ng

mutually disjoint pairs of vertices. Finally, let H, be the 3-graph induced on V' (H;)\V (R).
Observe that V(Hz) > (1 —&® — 5)ng > ny and 65 (H) > (3 +&2) |V(Hy)|. Thus, we
can apply the Path Tiling Lemma to Hy to obtain a g—deﬁcient path-tiling of Hy by at
most p loose paths. Now, together with our absorbing path, we have p + 1 mutually
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disjoint loose paths, whose endpoints we can connect using R to form a loose cycle. This
loose cycle spans all but at most

s g B
R+ =|V(Hy)| < = —n =
R+ SIV(H)| < Sn+n = pn
vertices, and since any loose cycle contains an even number of vertices, the set of vertices
which are not spanned by this loose cycle must also have even cardinality. Thus, P can

absorb all uncovered vertices, yielding a loose Hamiltonian cycle in H. O

5 Conclusion

As with other hypergraph versions of minimum degree, we are able to obtain Dirac-type
results and perfect matching thresholds for minimum positive co-degree. The similarity of
Construction 1 to certain constructions which are extremal in the graph case is notable.
The minimum positive co-degree parameter was recently introduced as a “reasonable
notion” of minimum degree for hypergraphs, and our investigation was partially motivated
by the desire to better understand 6,7 ;(H) as an analog to minimum degree in graphs.
In the cases which we investigated, it seems that minimum positive co-degree indeed
behaves similarly to minimum vertex degree in graphs: not only do our positive co-degree
thresholds naturally align with minimum degree thresholds for analogous structures in
graphs, but the possible obstructions to finding spanning structures in the two settings
are similar.

Many avenues remain open. In the vein of perfect matchings, one could also consider
positive co-degree thresholds for various types of K-tiling. Lemma 24 demonstrates the
potential utility of tiling results in this setting; there are also some types of tiling which
would be interesting to study in their own right. Finding thresholds for clique factors
seems a natural starting point.

Theorem 9 can potentially be improved: Construction 1 achieves a minimum positive
co-degree of § — 1, and we conjecture that 7 is indeed the positive co-degree threshold
for loose Hamiltonian cycles in 3-graphs. A sharpening of the asymptotic threshold to an
exact one would be interesting, as would a generalization of Theorem 9 to r-graphs with
r > 4. Other types of Hamiltonian cycle could also be considered. Another related ques-
tion which may have bearing upon sharpening Theorem 9 is that of stability: how many
3-graphs H which avoid a loose Hamiltonian cycle have 65 (H) close to & — 17 We know
that Construction 1 is not the unique such 3-graph. Some subgraphs of Construction 1

n

also achieve minimum positive co-degree 7 — 1, and the disjoint union of two copies of

K, /> has minimum positive co-degree 5 — 2. It is unclear whether these should be the

2
only obstructions to a loose Hamiltonian cycle near minimum positive co-degree 7.
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