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Abstract

A set S of vertices in a graph G is a dominating set of G if every vertex not in
S has a neighbor in S, where two vertices are neighbors if they are adjacent. The
domination number, v(G), of G is the minimum cardinality among all dominating
sets of G. Given a set S of vertices of a graph G, two vertices are located by S if they
have distinct sets of neighbors in S. Moreover, if S locates every pair of vertices not
in S, then it is called a locating set of G. A locating dominating set of G is both
a dominating and a locating set of G. The locating domination number, 7P (G),
is the minimum cardinality among all locating dominating sets of G. A notable
conjecture in the study of locating dominating sets is to show that the locating
domination number of an isolate-free and twin-free graph G of order n is at most
%n. So far, the best approximation to this %n—upper bound conjecture is known to
be (%n] In fact, much in line with the conjecture, an even stronger reformulation
proposed in the literature is to ask if it is possible to partition the vertex set of an
isolate-free and twin-free graph into two locating sets. However, such partitions into
locating sets may not exist if the graph is also allowed to have twins. Continuing
with this line of research, we show that if G is an isolate-free (and not necessarily
twin-free) graph, then the vertex set of G can be partitioned into a dominating set
and a locating dominating set. As a consequence, we infer that every isolate-free
graph G of order n satisfies v(G) + 7*P(G) < n, and we show that the last bound
is tight. Moreover, our proof of the existence of a partition of the vertex set of an
isolate-free graph into a dominating and a locating dominating set also provides a
polynomial-time algorithm to construct such a partition.
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1 Introduction

Our aim is to show that if G is an isolate-free graph, then the vertex set of G can
be partitioned into a dominating set and a locating dominating set. We begin with
some basic definitions. Let G be a graph with vertex set V(G), edge set E(G), and of
order n = |V(G)| and size m(G) = |E(G)|. Two vertices u and v of G are adjacent if
wv € E(G). Two adjacent vertices are called neighbors. The open neighborhood N¢(v)
of a vertex v in G is the set of neighbors of v, while the closed neighborhood of v is
the set Ng[v] = {v} U Ng(v). For a set S C V(G), its open neighborhood is the set
Ng(S) = UpesNe(v), and its closed neighborhood is the set Ng[S] = Ng(S)U S. Two
vertices u and v are closed twins in G if they have the same closed neighborhoods, that
is, if Ng[u] = Nglv]. The vertices u and v are open twins if they have the same open
neighborhoods, that is, if Ng(u) = Ng(v). A graph without closed or open twins is called
twin-free.

The degree of a vertex v in GG is the number of vertices adjacent to v in G, and is
denoted by deg(v), and so degq(v) = | Ng(v)|. The maximum (minimum) degree among
the vertices of G is denoted by A(G) (6(G), respectively). An isolated vertez in a graph
G is a vertex of degree zero. A graph without any isolated vertex is called an isolate-free
graph. A leaf in G is a vertex of degree 1 in G, and an edge incident with a leaf is a
called a pendant edge. A support vertex is a vertex with at least one leaf neighbor. For a
set S C V(G), the subgraph induced by S is denoted by G[S]. Further, the subgraph of
GG obtained from G by deleting all vertices in S and all edges incident with vertices in .S
is denoted by G — S; that is, G — S = G[V(G) \ S]|. We use P,, C,,, and K, to denote a
path, a cycle, and a complete graph, respectively, on n vertices. For 1 < r < s, we denote
a complete bipartite graph with partite sets of cardinalities r and s, respectively, by K, ;.
A star is a complete bipartite graph K ¢ for some s > 1.

A set S C V(G) is a dominating set of a graph G if every vertex in V(G) \ S has at
least one neighbor in S. Equivalently, S is a dominating set of G if Ng[v] NS # 0 for all
vertices v of G. A vertex v in G dominates itself and all its neighbors. The domination
number «(G) is the minimum cardinality among all dominating sets in G. A dominating
vertex in GG is a vertex v adjacent to every other vertex of G. A total dominating set of an
isolate-free graph G is a dominating set S with the property that G[S] is isolate-free, that
is, Ng(v)N.S # () for all vertices v of G. A dominating set S is an independent dominating
set of G if S is an independent set in G, that is, G[S] consists of isolated vertices. We
refer to the books [21, 22, 23, 32] for a detailed study of domination and its variants.

Given a set S of vertices of a graph G, two vertices are located by S if they have
distinct sets of neighbors in S. If S locates each pair of distinct vertices in V(G) \ S,
then S is called a locating set of G. A locating dominating set of GG, abbreviated LD-
set, is a dominating set S of G with the additional property that every two vertices not
in S are located by S. Hence an LD-set is a vertex subset S of GG such that S is a
dominating set of G and Ng(u) NS # Ng(v) NS for all distinct vertices u,v € V(G) \ S.
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Thus, every two vertices outside the dominating set S are located by the set S. The
locating domination number, ¥*P(G), is the minimum cardinality among all LD-sets of
G. The concept of an LD-set was introduced by Slater in the 1980s [36], who first coined
the concept locating dominating set. We remark that a locating dominating set is also
called a locating dominating code in the literature. We refer the reader to the excellent
survey article on locating dominating sets in graphs by Lobstein, Hudry, and Charon [34].
Locating dominating sets are now very well studied in the literature (see, [3, 6, 8, 9] for
a small sample of recent papers on the topic).

1.1 Motivation

The following classic 1962 result by Ore showed that for any isolate-free graph, its vertex
set can be partitioned into two dominating sets.

Theorem 1. ([35]) If G is an isolate-free graph of order n and S is a minimal dominating
set of G, then V(G)\ S is a dominating set, and thus v(G) < in.

Ore’s result that the vertex set of graph can be partitioned into two dominating sets
does not necessarily extend to other types of domination parameters. For example, the
vertices of a 5-cycle cannot be partitioned into a dominating set and a total dominating
set. However it is shown in [30] that if G is a connected graph with minimum degree
at least 2 and G is not the 5-cycle, then the vertex set of G can be partitioned into a
dominating set and a total dominating set. Hence, a natural problem is to consider which
graphs can be partitioned into two specific types of dominating sets. Such problems have
been studied in [2, 4, 5, 12, 13, 20, 24, 25, 26, 27, 28, 29, 30, 31, 33, 37, 38] and elsewhere.

Much of the interest in locating dominating sets is the %n—upper bound conjecture on
the locating domination number of twin-free and isolate-free graphs by Garijo, Gonzalez,
and Marquez [14] in 2014, with a slightly stronger reformulation by Foucaud and Henning
in [16].

Conjecture 2. ([14, 16]) If G is an isolate-free, twin-free graph of order n, then v'P(G) <

1
2n.

Conjecture 2 is known to hold for special classes of graphs, including graphs without
4-cycles [14], graphs of girth at least 5 and minimum degree at least 2 [1], split graphs
and co-bipartite graphs [18], line graphs [17], maximal outerplanar graphs [11], block
graphs [9] and cubic graphs [16] with the latter being generalized to subcubic graphs [10].
As a motivation to prove Conjecture 2, several authors have considered the following
problem which has a slightly stronger formulation.

Problem 3. ([14, 15, 18]) Determine classes of isolate-free, twin-free graphs G with the
property that V(G) can be partitioned into two locating dominating sets.

Notice that determining the graph class in Problem 3 to be “all isolate-free and
twin-free graphs” necessarily proves Conjecture 2. Problem 3 has so far been answered
positively for bipartite graphs [14], for block graphs [9] and, more recently, in [19] for
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distance-hereditary graphs, maximal outerplanar graphs, split graphs and co-bipartite
graphs. However, it is worth mentioning here that the partitioning technique of taking
a minimal locating dominating set D of an isolate-free and twin-free graph G and show-
ing that its complement V(G) \ D is also locating dominating does not work to prove
Problem 3, as illustrated in [14, Figure 3]. However, as a preliminary investigation, it is
not yet known to the authors if there exist examples of isolate-free and twin-free graphs
whose vertex sets cannot be partitioned into two locating dominating sets (notice that
finding such an example does not, however, disprove Conjecture 2 as long as a minimum
locating dominating set of the example has cardinality at most %n) In a recent paper
by Bousquet et al. [3] where the best-known approximation to the %n—upper bound con-
5

jecture has been improved to {§”L the authors also ask a more general version of the

question in Problem 3 that effectively translates to asking the following.
Problem 4. ([3]) Given an isolate-free and twin-free graph G, can its vertex set be
partitioned into two locating sets?

Notice that any graph which satisfies Problem 3 automatically also satisfies Problem 4,
since a locating dominating set is also, by definition, a locating set (and moreover, one
can obtain a locating dominating set from any locating set by adding at most one vertex
to the latter set). Thus, any isolate-free and twin-free graph from either the class of block
graphs or bipartite graphs satisfies Problem 4. Moreover, it is not too difficult to verify
that, for example, the vertex set of a graph from the class of isolate-free and twin-free
either cobipartite or split graphs can be partitioned into its two canonical parts (which
are either cliques or independent sets) each of which serves as a locating set. Notice that
answering Problem 4 will imply v*?(G) < [4(n+1)] for any general isolate-free and
twin-free graph GG, which too would bring us quite close to proving Conjecture 2.

Thus, in this line of research as prescribed in both Problems 3 and 4, given an isolate-
free and twin-free graph G, the objective is to maximize the sum-total of the “locating
(dominating) power” of vertex subset A C V(G) on its complement V(G) \ A and vice-
versa. However, such questions need to be slightly modified when we allow the graphs to
contain twins. For example, if G = K, (which contains open twins), then it is certainly
not possible to partition the vertex set of G into two locating dominating (or locating)
sets since any locating (dominating) set of G requires at least all-but-one of its leaves
and thus, its complement cannot be a locating (dominating) set. Similar is the story for
G = K, (which contains closed twins). In both these examples, however, it is possible to
partition the vertex set into a dominating set (consisting of a single dominating vertex
of G) and a locating dominating set (the complement of the dominating set). Therefore,
this motivates us to consider the following question on isolate-free (and not necessarily
twin-free) graphs.

Problem 5. Can an isolate-free graph be partitioned into a dominating and a locating
dominating set?

In [14], the authors show that the answer to Problem 5 is “yes” if the input graph is
also twin-free. In fact, they prove that if D is any minimal dominating set of an isolate-
free and twin-free graph G, then V(G) \ D is a locating-dominating set of G. However,
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the proof technique for the last result in [14] does not adapt to prove Problem 5 if we
allow G to have twins as well. This can been seen by taking G = K, (or G = (), for
example, where the set D of all leaves (respectively, two non-adjacent vertices) form a
minimal dominating set but the set V(G) \ D is not locating dominating.

In this paper, we answer Problem 5 positively, that is, without the extra requirement of
the input graph being twin-free. Moreover, our proof of the existence of a partition of the
vertex set of an isolate-free graph into a dominating and a locating domonating set also
provides a polynomial-time algorithm to construct such a partition. This also immediately
implies that for any isolate-free graph G of order n, we have y“P(G) < n — v(G). Hence,
the partition proposed in Problem 5 may be considered as a generalization of the %n—upper
bound in Conjecture 2 for isolate-free graphs which are allowed to have twins. Moreover,
this (n — v(G))-upper bound is tight since, considering the same examples as before, for
any graph G = K, ,,_; or G 2 K,,, we have v(G) = 1 and v'P(G) =n — 1.

A similar result for identifying codes' has been established by Chakraborty et al.
in [7], where it has been shown that v(T) + 7™ (T) < n for all trees of order n except
when 7' = P,. Since it is not too difficult to see that an identifying code of a graph G is
also a locating dominating set of G, it can be inferred that v(T) + P (T") < n as well for
all trees (also when T" = P, by simply considering one set containing the two leaves and
the other set being its complement). However, our work in this paper proves that the last
inquality holds for all isolate-free graphs.

2 Main results

In this paper we study graphs whose vertex set can be partitioned into a dominating set
and a locating dominating set. We refer to such a partition of the vertices of a graph G as
a DLDS-partition of G (standing for “dominating, locating dominating set partition”). If
G has a DLDS-partition, then we say that G is a DLDS-graph, standing for “dominating,
locating dominating set graph.” We shall prove the following result which shows that the
vertex set of every isolate-free graph has a DLDS-partition.

Theorem 6. FEvery isolate-free graph is a DLDS-graph.
As an immediate consequence of Theorem 6, we infer the following result.
Corollary 7. If G is an isolate-free graph of order n, then v(G) + +*P(G) < n.

We again remark that the bound in Corollary 7 is tight. Apart from stars K, ,_; and
complete graphs K, another simple example is to take the corona of a graph, where the
corona G = H o Ky of a connected graph H is the graph obtained from H by adding for
each vertex v € V(H) a new vertex v’ and the edge vv'. In this case, if D is the set of all

Lan identifying code D of a graph G is one which is a dominating set of G and has the extra condition
that Ng[ulND # Ng[v]ND for all distinct u,v € V(G). Identifying codes exist only when the graph has
no closed twins. The identification number of a graph G, denoted v!P(G), is the smallest cardinality
among all identifying codes of G

o
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vertices added to H when constructing G, then the partition {D,V(H)} is an example of
a DLDS-partition of V(G) into a dominating set D and a locating dominating set V(H).
In this example, if G has order n, then v(G) = +*?(G) = in, and so v(G) + P (G) = n.
For example, the corona G = C5 o K7 of a 5-cycle is illustrated in Figure 1, where the
set D is indicated by the white vertices and the locating dominating set by the shaded
vertices. (We remark that the DLDS-partition in this example is not unique.)

Figure 1: A DLDS-partition of the corona G = C5 o K; of a 5-cycle

3 Proof of Theorem 6

We proceed by induction on the order n of an isolate-free graph G to show that G is
a DLDS-graph. If n = 2, then G = K, and trivially G has a DLDS-partition (where
we add one of the vertices to the dominating set D and the other vertex to the locating
dominating set L, as illustrated in Figure 2(a)). If n = 3, then either G = P; or G = K.
In both cases, the graph G is a DLDS-graph, as illustrated in Figure 2(b) and 2(c) where
the shaded vertices form a locating dominating set L and the white vertices a dominating
set D resulting in a DLDS-partition {D, L}. This establishes the base cases. Let n > 4
and assume that every isolate-free graph of order less than n is a DLDS-graph.

D
L D L D L L D D L L D D L
M L.A. L =
(a) Ko (b) Ps (c) C3 (d) Py (e) Cy

Figure 2: DLDS-partitions of graphs of small order

We note that an isolate-free graph is a DLDS-graph if and only if every component of
the graph is a DLDS-graph. If GG is disconnected, then applying the inductive hypothesis
to every component of G we infer that G is a DLDS-graph. Hence we may assume that
G is connected. We proceed further with the following series of claims that establish
structural properties of the graph G.

Claim 8. If G has a dominating vertez, then G is a DLDS-graph.

Proof. Suppose that G has a dominating vertex v, and so deg,(v) = n — 1. In this case,
we let D = {v} be the singleton set consisting of the dominating vertex v and we let
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L =V (G)\ {v}. The resulting set {D, L} is a DLDS-partition of G, implying that G is
a DLDS-graph. ]

By Claim 8, we may assume that G has no dominating vertex, for otherwise G is a
DLDS-graph as desired. Thus, A(G) < n — 2. With this assumption, if n = 4, then
G = Py or G = Cy. In both cases, we let D be a set consisting of two adjacent vertices of
degree 2 and we let L denote the remaining two vertices of G as illustrated in Figure 2(d)
and 2(e). The resulting set {D, L} is a DLDS-partition of G. (We remark that the DLDS-
partition in the above examples are not necessarily unique.) Hence, we may assume that
n > 5, for otherwise the desired result is immediate.

Claim 9. If §(G) = 1, then G is a DLDS-graph.

Proof. Suppose that 6(G) = 1. Let v be a support vertex of G, and let L, be the set
of leaf neighbors of v in G. We now consider the graph G' = G — (L, U {v}). By our
earlier assumptions, the graph G has no dominating vertex. The graph G’ is therefore
an isolate-free graph. Applying the inductive hypothesis to G’, there is a DLDS-partition
{D', L'} of V(G') into a dominating set D’ and a locating dominating set L' of G'. As
the vertex v € D is located by the subset L, C L, letting D = D' U{v} and L = L' U L,),
we infer that {D, L} is a DLDS-partition of G. O

By Claim 9, we may assume that 6(G) > 2, for otherwise G is a DLDS-graph, as
desired.

Claim 10. If G has open twins, then G is a DLDS-graph.

Proof. Suppose that G has open twins, and consider a set X of (mutual) open twins in
GG where each vertex in X has the same open neighborhood, say Y. Thus the set X is an
independent set, | X| > 2, and Ng(z) =Y for every vertex x € X. Let |X| =7 > 2 and
let |Y| = s. Since §(G) > 2, we note that s > 2. Let « be an arbitrary vertex in X and
let y be an arbitrary vertex in Y.

We now consider the graph G' = G — {z,y}. If G’ contains an isolated vertex v, then
since the edges between X and Y in G induce a complete bipartite graph K, where
r,s = 2, we infer that v is a vertex of degree 1 in G with y as its unique neighbor,
contradicting our earlier assumption that 6(G) > 2. Hence, G’ is an isolate-free graph.
Applying the inductive hypothesis to the isolate-free graph G’, there is a DLDS-partition
{D', L'} of V(G') into a dominating set D’ and a locating dominating set L of G'.

Let X' =X \{z} andlet Y =Y \ {y}. f D'N X" # () and D' NY’ # (0, then letting
D =D"and L = L' U{x,y}, we infer that {D, L} is a DLDS-partition of G. Hence we
may assume that D'N X" =0 or D'NY’ = (). Suppose that D'NY’ =, andso Y’ C L.
Since D' is a dominating set of G’ and X’ is an independent set, in order to dominate the
vertices in X’ we note that X’ C D’. In this case, letting D = D'U{y} and L = L' U{x},
we infer that {D, L} is a DLDS-partition of G noting that the vertex = € L locates the
vertex y € D since y is the only vertex in D that is adjacent to x.

Hence, we may assume that D’N X’ = (), for otherwise the desired result holds. Thus,
X' C L. Since D’ is a dominating set of G, in order to dominate the vertices in X' we
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note that D' NY’ # (). In particular, we note that the vertex x is adjacent in G to a
vertex of D’. Suppose that y is adjacent in G to at least one vertex that belongs to the
set D'. In this case, we let D = D" and L = L' U {z,y}. The resulting partition {D, L}
is a DLDS-partition of G, yielding the desired result.

Hence we may assume that y is adjacent in G to no vertex that belongs to the set D',
that is, all neighbors of y in G different from z belong to the set L’. In this case, we let
D =D'U{z} and L = L' U {y}. We note that all vertices in D’ are located by the set
L'. Further, each vertex in D’ NY" is adjacent to all vertices in X', where we recall that
X' C L'. Since the vertex y € L has no neighbor in the set D except for the vertex z,
the vertex x € D is located by the vertex y € L in the set L. We therefore infer that the
partition {D, L} is a DLDS-partition of GG, once again yielding the desired result that G
is a DLDS-graph. O]

Notice that the previous proof gives us a way to find a desired partition when there are
open twins in a graph which play a special role in locating dominating sets. By Claim 10,
we may also assume that G has no open twins, for otherwise G is a DLDS-graph as
desired. Let C' be a maximal clique in GG, and so C'is a set of vertices in G that induce a
complete graph and no superset of C' is a clique. By our earlier assumption, the graph G
has no dominating vertex, implying that C' # V(G). Let I be the set of isolated vertices
in G — (. Since @ is isolate-free, we note that every vertex in I has all its neighbors in
C, that is, Ng(u) C C for all u € I. Moreover since G has no open twins, we note that if
u and v are two distinct vertices in I, then Ng(u) NC # Ng(v) N C.

Claim 11. IfV(G) = C U1, then G is a DLDS-graph.

Proof. Suppose that V(G) = C UI. Let D be a subset of vertices in the clique C' of
minimum cardinality that dominates the set I. Thus, every vertex in [ is adjacent in G
to at least one vertex in D and no proper subset of D dominates the set [ in the graph
G. Since G has no dominating vertex, we infer that |D| > 2. By our choice of the set D,
if v is an arbitrary vertex in D, then D \ {v} does not dominate the set I, implying that
there is at least one vertex v' € I such that Ng(v') N D = {v}. Letting L = V(G) \ D,
the partition {D, L} is a DLDS-partition of G by our earlier observation that each vertex
in D dominates at least one vertex in I C L that is not dominated by any other vertex
of D, yielding the desired result. ]

By Claim 11, we may assume that C'UT is a proper subset of V(G), for otherwise G is
a DLDS-graph as desired. We now consider the graph G' = G — (C' U I). By definition of
the set I we note that the graph G’ is isolate-free. Applying the inductive hypothesis to
G’, there is a DLDS-partition {D’, L'} of V(G’) into a dominating set D" and a locating
dominating set L’ of G'.

Claim 12. If I # 0, then G is a DLDS-graph.

Proof. Suppose that I # (). Let D¢ be a subset of vertices in the clique C' of minimum
cardinality that dominates the set I in G. We note that possibly |D¢o| = 1. We now let
D = D'UD¢ and we let L = V(G) \ D. We note that L' C L and I C L. Further,
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we note as in the proof of Claim 11 that by the minimality of the set D¢, each vertex in
D¢e dominates at least one vertex in [ that is not dominated by any other vertex of Dg.
Thus, every vertex in D¢ is located by the set L. We therefore infer that the partition
{D, L} is a DLDS-partition of G, yielding the desired result. ]

By Claim 12, we may assume that I = (), for otherwise G is a DLDS-graph as desired.
Suppose that every vertex in the clique C' is adjacent in G to at least one vertex that
belongs to the set D’. In this case, we let D = D" and L = L' U C, and we infer that
{D, L} is a DLDS-partition of G. Hence we may assume that at least one vertex, say v, in
the clique C has no neighbor in G that belongs to the set D’. Thus, Ng(v) NV (G') C L.
Let w be an arbitrary vertex in C'\ {v}, and let D = D’U{w} and L = (L’UC)\ {w}. In
particular, we note that v € L and every neighbor of v in GG belongs to the set L, except
for the vertex w. The vertex w is therefore located by the vertex v € L, and we infer that
the partition {D, L} is a DLDS-partition of G. This completes the proof of Theorem 6.

4 Polynomial-time algorithm to construct a DLDS-partition

It can be verified that the proofs of Claims 11 and 12 in Section 3 hold even if we replace
“minimum dominating set” in these proofs by “minimal dominating set”, and the latter
can be found in polynomial-time in the order of the input graph. This implies that our
proof of Theorem 6 also provides a polynomial-time algorithm, say A, to construct a
DLDS-partition of any isolate-free graph G. To see this, we consider the following six
cases depending on GG and using the assumptions of Claims &8, 9, 10 and 11.

Case 0 : G is one of the graphs of the base cases of the induction.
Case 1 : (G has a dominating vertex.

Case 2 : §(G) = 1.

Case 3 : G has open twins.

Case 4 : V(G) = C U I, where C is a maximal clique in G and I is the set of isolated
vertices in G — C. In other words, G is a split graph.

Case 5 : None of the above cases hold.

Notice that each of the above cases can be verified in time n°® where n = |V(G)|.
Moreover, we call G “terminating” if either of the following three conditions is true: (i)
Case 0 holds; (ii) Case 1 holds; and (iii) Case 4 holds but Cases 2 and 3 do not hold.
We now describe the algorithm A recursively the following way. The terminating
condition for A is when the graph G itself is terminating. In such a case, A constructs
a DLDS-partition of G in either constant time (if G is terminating due to Case 0) or in
time n°() by the proof of either Claim 8 or 11 (if G is terminating due to either Case 1
or Case 4, respectively). On the other hand, if G is not terminating, then A considers
whichever of the Cases 2, 3 and 5 holds with the smallest case number and constructs
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a smaller “inductive” graph G’ by the proof of its corresponding claim, or, for Case 5,
by the paragraph following Claim 11. Then A calls itself recursively on G’ and proceeds
until it terminates. Moreover, for each such recursive call on G’ resulting from one of the
Cases 2, 3 and 5, notice that a DLDS-partition of the precedent graph G is constructed
in time n®® by the proof of the corresponding claim or, for Case 5, either by the proof
of Claim 12 or by the last paragraph of Section 3. Since each recursive call of A on a
graph G’ happens for the smallest case number of all the cases that hold for G’, the total
number of recursive calls during its execution is O(n). This implies that A constructs a
DLDS-partition of G in polynomial-time in n.
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