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Abstract

We introduce the acyclic orientation polynomial of a signed graph, defined as the
generating function that counts sinks of its acyclic orientations, thereby refining the
number of acyclic orientations. We prove that our acyclic orientation polynomial
satisfies the deletion-contraction recurrence with the recurrence rule depending on
the sign of the edge involved. Using this recurrence, we expand the polynomial in
terms of its subgraphs as an analogue of the expansion of the chromatic polyno-
mial. The main application is an alternative proof of the signed graph analogue of
Stanley’s sink theorem for chromatic symmetric functions, which does not rely on
a signed version of quasi-symmetric functions and P-partitions.

Mathematics Subject Classifications: 05C31, 05C22, 05C30, 05E05, 05C15

1 Introduction

This paper aims to introduce acyclic orientation polynomials for signed graphs and to
present their expansions in terms of subgraphs, providing a new proof of Stanley’s sink
theorem for signed graphs.

A signed graph ¥ with vertex set V' and edge set E is a graph in which each edge
is assigned either a positive or a negative sign [3]. An orientation o of a signed graph
is an assignment of an arrow to each half-edge. Each arrow may point either toward or
away from its incident vertex, subject to the condition that, for a positive edge, one arrow
must point toward a vertex and the other must point away from it, while for a negative
edge, both arrows must point either toward their incident vertices or away from them.
An orientation o is an acyclic orientation if o contains no directed cycles [13]. Let A(X)
denote the set of acyclic orientations of 3. A vertex v is called a sink in an orientation o
if every half-edge incident to v is directed toward it.
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Define the acyclic orientation polynomial As (V') of the signed graph X to be the
generating function that counts sinks of its acyclic orientations (Definition 1), i.e.,

AsWV)= > ] v

0€ A(X) veSink(X,0)

where V' also denotes the set of variables corresponding to the vertices. Let ax(t) be a
polynomial obtained by substituting v = t for each vertex v € V, so that the coefficient
of t/ equals the number of acyclic orientations of ¥ with j sinks.

We develop a signed graph version of the deletion-contraction recurrence (Theorem 4)
for Ax(V'). Take a non-loop edge e = ujus of ¥. Let X\ e be the signed graph obtained
by deleting e from 3. Let ¥ /e be the signed graph obtained from ¥ by first switching
the signs of all non-loop edges incident to one endpoint of e and then contracting e into
a new vertex v.. The vertex set V/e is (V' \ {u1,u2}) U {v.}. A change of variables in the
contraction X/e is required for our deletion-contraction recurrence to hold.

We define the variable v, according to the sign of the edge e. If e is a positive edge,
we set v, = 1 — (1 —uq)(1 — ug), which coincides with the change of variables used in the
recursive contraction formula in [4, Theorem 2.3]. If e is a negative edge, we set v, = 1, a
choice that does not arise in the usual (unsigned) case and is specific to the signed graph
setting. Then the following recurrence holds:

AZ(V) = Az\e(v> + AZ/@(V/6>-

Using the new recurrence, we expand our acyclic orientation polynomial Ay (V') in terms of
subgraphs (Theorem 8) as an “acyclic orientation” analogue of the chromatic polynomial
for signed graphs in [13, Theorem 2.4]. The connection between the chromatic polynomial
and acyclic orientations originates from a result of [7], which asserts that the number of
acyclic orientations of a graph is given by evaluating its chromatic polynomial at —1,
along with a signed analogue presented in [13, Corollary 4.1]. Motivated by this result
and the subgraph expansion of the chromatic polynomial, an analogue in terms of acyclic
orientations was developed in [4, Theorem 3.2]. In this paper, we introduce its signed
version.

As a main application, we provide an alternative proof (Theorem 15) of Stanley’s sink
theorem for signed graphs [1, Theorem 4]. This theorem is a signed graph analogue of
[8, Theorem 3.3], which states that for the chromatic symmetric function X¢ of a graph
G, the coefficients of elementary symmetric functions of length j in the expansion of Xg
count acyclic orientations of G with j sinks. A signed graph analogue of the chromatic
symmetric function was introduced in [2, 5, 1] as a symmetric function associated with
the Coxeter group of type B, and is therefore referred to as the chromatic B-symmetric
function. The proof of [1, Theorem 4] employs a signed analogue of the theory of quasi-
symmetric functions and P-partitions, following the approach taken in [8, Theorem 3.3].

Our proof is established by comparing the expansion of the acyclic orientation polyno-
mials of signed graphs (Theorem 8) with that of the chromatic B-symmetric function (][5,
Theorem 3.8]). This approach is in the same spirit as [4, Theorem 4.5, which addressed a
question posed by Stanley in [9, 10], seeking a simple and conceptual proof of the theorem.
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This paper is organized as follows. Section 2 introduces the acyclic orientation poly-
nomials of signed graphs, while Section 3 establishes a deletion-contraction recurrence for
these polynomials. Section 4 builds on this recurrence to present a subgraph expansion.
Section 5 then reviews the B-chromatic symmetric function along with its subgraph ex-
pansion. Finally, Section 6 offers an alternative proof of Stanley’s sink theorem for signed
graphs.

2 Acyclic orientation polynomials of signed graphs

A signed graph X is a graph with vertex set V' and edge set E, where each edge is assigned
either a positive sign, +, or a negative sign, —, referred to as a positive edge or a negative
edge, respectively [3].

An orientation o of a signed graph assigns an arrow to each half-edge, i.e., to each pair
consisting of a vertex and an incident edge e = ujus [13]. Each such arrow may point
either toward or away from its vertex according to the following rules: for a positive edge,
one half-edge arrow must point toward its vertex and the other must point away from it,
which will be denoted by wps or m, respectively. For a negative edge, both half-edge
arrows must either point toward their respective vertices or away from them, which will
be denoted by fhus and wils, respectively. See Figure 1 for an illustration of this arrow
assignment.

Uy + (%) Uy + U2 Uy — U2 U1 — U9
(a) A positive edge. (b) A negative edge.

Figure 1: The assignment of orientations in signed graphs.

A directed cycle in a signed graph ¥ is a closed path in which every vertex along the
path has exactly one incident arrow pointing toward it and one arrow pointing away from
it. An orientation o is said to be acyclic if it contains no directed cycles. See Figure 2 for
an example.

n n
(a) A directed cycle. (b) A non-directed cycle.

Figure 2: A directed cycle and a non-directed cycle in a signed graph.

Our main focus in this paper is on acyclic orientations. We denote by A(X) the set
of all acyclic orientations of 3. A sink is a vertex v such that all incident half-edges are
directed toward v. For an orientation o, let Sink(X, 0) denote the set of sinks, and define
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sink(X, 0) := | Sink(X, 0)| as the number of sinks. To simplify notation, we identify each
vertex v € V with a corresponding commuting variable v. Consequently, we also use V'
to denote the set of variables corresponding to the vertices. For each acyclic orientation
0o € A(Y), we associate the following monomial:

M -
vESink(X,0)
We are now ready to define the acyclic orientation polynomial of a signed graph.

Definition 1. For a signed graph 3, define the acyclic orientation polynomial As(V') of
Y to be the generating function that counts sinks of acyclic orientations of ¥, i.e.,

=> I »
0€ A(X) veSink(3,0)
Let ax(t) be the polynomial obtained from Ax (V') by setting v = ¢t for every v € V| i.e.,
Z fsink(S,0)
0€A(X

We present examples illustrating the deﬁmtlon of the acyclic orientation polynomials.

Example 2. Let ¥ be a triangle signed graph on the vertex set V = {v, vy, v3} with a
negative edge viv, and two positive edges vv3, vv3. Then X has 8 acyclic orientations
with
AE(V) :U1U2+Ul+?}2+2@3+3and ag(t) :t2+4t+3 (1)
Let ' be a signed graph on the vertex set V' = {vy,vs,v3} with two positive edges
U103, Vav3. Then X' has 4 acyclic orientations with
AEI(V,) = VU9 + V1 + Uy + V3. (2)

Let X" be a signed graph with vertex set V" = {vy9,v3} consisting of two parallel edges,
one positive and one negative. Then X" has 4 acyclic orientations with

AZ//(VH) = V3 + V12 + 2. (3)
All the acyclic orientations are illustrated in Figure 3.

Example 3. Let ¥; be a triangle signed graph on the vertex set V' = {vy, vo, v3} with two
negative edges v,v9, v1v3 and one positive edge vov3. Then 3, has 6 acyclic orientations
with

AZ1 (‘/1) = V1V2 + V1U3 + (%) + V3 + 2 and CLEI (t) = 2t2 + 2t —+ 2. (4)

Let ¥} be a signed graph on the vertex set V' = {vy, v9, v3} with a negative edge viv3 and
a positive edge vovs. Then 3} has 4 acyclic orientations with

AE’I (V1/> = 01Uy + VU3 + v + 1. (5)

Let X7 be a signed graph with the vertex set V" = {vy2,v3} consisting of two parallel
positive edges. Then X7 has 2 acyclic orientations with

AE’{(‘/{/) = V3 + V12. (6)

All the acyclic orientations are illustrated in Figure 4.
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X Ex EX E X
(%) + , V3 . + -+ ‘ T
AZ’(V ) = V1V2 + U1 + + VU3
=2, 0<I::0+ o<::>o+ .::::x o:.Eb.
Asn (VH) = 1 + 1 + Ul2 U3

Figure 3: The acyclic orientations of 3, ¥/, >” with sinks marked in red.

3 The deletion-contraction recurrence for Ax (V')

We establish a deletion-contraction recurrence for Ax(V'), as the signed graph analogue
of [4, Theorem 2.3]. Let ¥ be a signed graph and e = ujuy be a non-loop edge. The
deletion X\ e is the signed graph obtained by removing e from . The contraction ¥ /e is
obtained by identifying the endpoints of e into a new vertex v, so that its vertex set V/e
is (V \ {u1,u2}) U{v.}. If e is a negative edge, we adjust the signs of all non-loop edges
incident to an endpoint of e by switching their signs [12, Section 3] before performing the
identification, so that e is treated as a positive edge. This contraction process is shown
in Figure 5.

Define the weight of the contracted vertex v, as follows. For a positive edge e = ujus,
let

Ve = Uy + Uy — Ugg, equivalently, (1 —wv.) = (1 —u1)(1 — us)

as in the graph formulation of [4, Eq. (1)]. For a negative edge e, we set v, = 1, ignoring
whether v, is a sink under this weighting. With this weighting, the deletion-contraction
recurrence for Ag (V') takes the following form.

Theorem 4 (Deletion-contraction recurrence). For a signed graph ¥ with vertezx set V,
the acyclic orientation polynomial As (V') satisfies the following deletion-contraction re-
currence: for any non-loop edge e,

As(V) = A\ (V) + Ag/e(Ve).

o
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As, (Vl) = Ulvz U1U3 +

.Zi\
f:\.

+
U1
/ \
V2 + (%] _|_
AE'I (‘/1/) = V1V +
- +

—~ - L+ - o+ -

..4\. o N N

U T Uz w Touy Ve

(b) Contraction of a negative edge after sign switching.

Figure 5: Contraction of the edge e = ujus to a vertex v, in signed graphs.

Before proving the theorem, we present examples that illustrate the recurrence.

Example 5. Let X, >, > be signed graphs defined in Example 2. By applying Theorem 4
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to the negative edge e = v1v9 and subsequently using Eqs. (2) and (3), we compute
AE(V) = AZ\6<V) + Ag/e(V/e)
— A (V) + A (V)]
= (U102+U1 +Uz+03) + (03+U12+2)}
:U1U2+U1+’U2+2U3+3,

v12=1

which coincides with Eq. (1).

Example 6. Let X, 3, 37 be signed graphs given in Example 3. By applying Theorem 4
to the negative edge e = v1v9 and then using Egs. (5) and (6), we derive
Az, (V) = Aspe(V) + Asy e(Ve)
= A (V') + Asy (V")
= (111712 + v1vg + U2 + 1) + (Us + U12)’
= VU9 + V1U3 + Vg + V3 + 2,

vig=1

which aligns with Eq. (4).

Proof of Theorem 4. For a positive edge, the proof is the same as that of [4, Theorem 2.3],
to which we refer the reader.

Let e = ujus be a negative edge in ¥. Fix a non-empty subset U C V', and let a, ap,
and ac denote the coefficients of [[ ., v in As(V), As\.(V), and As/.(V/e), respectively.
Thus, it suffices to show that a = ap + ac. Note that a = a(X,U) and ap = a(X \ e, U).

We first consider the case where either u; or us belongs to U. Since the variables u
and us do not appear in V/e, it follows that ac = 0. For each o € A(X,U), the edge e
must be oriented toward both u; and us, and deleting the edge defines a bijection between
A(3,U) and A(X \ e,U), showing that a = ap.

Now consider the case where uy,us ¢ U. Since the contracted vertex v, has weight 1
in V/e, the coefficient ac is given by

ac = |A(X /e, U,v.)|,

where A(X/e, U, v.) = A(X/e,U) UA(X/e,U U{v}).

For convenience, we say that an orientation o contains a directed path from u; to us
(resp. from uy to uy) if 0 U ufis (resp. o U fquj) forms a directed cycle. Let A.. denote
the set of orientations of X\ e that contain neither a directed path from u; to us nor from
ug to u;. We now decompose A(X, U) into the following subsets:

e A;: the set of acyclic orientations for which either u; or us becomes a sink upon
removing e:

Al={o€ AD,U) |o\ed A\ e,U)}.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.53 7



e A,: the set of orientations whose restriction to X \ e remains acyclic, but in which
¥\ e contains a directed path between u; and us:

Ay i={o € A(S,U) | o\ee AS\e,U), 0\ ed A},

e A5 the remaining orientations, i.e., those where removing e yields an acyclic orien-
tation with no directed path between u; and wus in either direction:

A3 ={oc AX,U) |o\ec A(X\e,U),0\ec A.}.
We further divide A3 according to the orientation of the edge e in o:

As . ={o€ As | uitis € 0}, and A3 = {0 € A3 | Wuj € o} .

Thus,
A(Z, U) = .Al (] ./42 (] ./43, and .Ag = A37+ L .A37_.

We now claim that ap = | Ay U A3 _|andac = |A; U Az 4|, which will follow once we
verify that the following two maps are bijections:

Op: AUA;- — AX\e,U), o0—o0\e,
P A1UA37+—>A(Z/6,U), 0|—>0/6,

where o/e is obtained by reversing orientations of all half-edges which were incident to
uy in o, being non-loops. This reversal is necessary due to the sign switching in the
contraction. Observe that the sink status of all vertices other than u; and wuy remains
unchanged. To justify the claim, we now explicitly construct the inverses of these two
maps.

We first define a map from A(X \ e,U) to Ay L A3 _ as follows. Given an orientation
o' € A(X\ e, U), define

o’ Utus € Ay,  if there exists a directed path from u; to uy in 0o/,
o' = <o Uuilg € A, if there exists a directed path from wuy to u; in o',
o' Utyui € Az _, otherwise.

Note that the first two cases are disjoint since o’ is acyclic and cannot contain both
directed paths. It is straightforward that this map is the inverse of the deletion map ®p.

To define the inverse of the contraction map ®o, we proceed as follows. Given o’ €
A(X/e,U), denote by o” the orientation on 3 \ e obtained by splitting the contracted
vertex v, back into u; and wus, and by reversing orientations in all non-loop half-edges
incident to u;, which is required because of the sign switching in the contraction. Since
o’ is acyclic, there cannot be a directed path from u; to us or from us to u; in 0”. Then
define the map

, {0” Uuils € Ay, if uq or uy is a sink in 0”,
0

0" Uujliy € A3y, otherwise.

This map is the inverse of the contraction map .. O]

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.53 8



We conclude this section with an illustration of the preceding proof. Figures 3 and 4
display the acyclic orientations, arranged to reflect the bijection described in the proof,
with corresponding orientations shown in matching positions.

In Figure 3, the first three acyclic orientations in the first row have either u; or wus
as a sink, while the last one belongs to A3 _. These orientations therefore correspond to
those in the deletion X\ e. The first three orientations in the second row belong to Aj,
and the last one belongs to A; . These orientations hence correspond to the contraction
Y/e.

Similarly, in Figure 4, the former three acyclic orientations in the first row have either
up or us as a sink, and the last one belongs to Ay. Thus, these correspond to those in the
deletion X\ e. All orientations in the second row belong to A;, and hence correspond to
the contraction X/e.

4 A subgraph expansion of acyclic orientation polynomials

In this section, we express the acyclic orientation polynomial Ay(V) in terms of span-
ning subgraphs of the signed graph ¥. This provides a signed graph analogue of [4,
Theorem 3.2].

Let S be a subset of the edge set E. We also write S for the spanning subgraph of
Y with edge set S, and let |S| denote the number of edges in this subgraph. Let S(X)
denote the collection of all spanning subgraphs of ¥. For an edge e = ujuy € E(X), define
the following subsets of S(X):

SEF={SeSE)|ed ES)}, and S(E).=S8E)\S(E).

Note that every subgraph in S(X), must contain a (connected) component that includes
both vertices, u; and wus.

Proposition 7. For an edge e € E, deleting e results in S(X)¢ = S(X\ e) and contracting
e establishes a bijection between S(X). and S(X/e).

Let C(S) denote the set of components of a subgraph S. A component is said to be
positive if all its edges are positive. For each component C' € C(.S), define the variable v
as

1— HUGV(O)(l —wv), if C is positive,
v =
¢ 1, otherwise,

and let to be defined as

. {1 — (1 =)L if C is positive,
C =

1, otherwise.

We recall the notion of balance, a fundamental concept in signed graph theory. A cycle
of length k£ > 2 is said to be balanced if it contains an even number of negative edges;
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otherwise, it is called unbalanced. A signed graph ¥ is called balanced if all of its cycles
are balanced; otherwise, it is said to be unbalanced.

For a subgraph S, let C,(S) C C(S) denote the set of its balanced components, and
define

sp(5) = [S] — d + [Co(5)]. (7)
Theorem 8. For a signed graph ¥ = (V, E), its acyclic orientation polynomial Ax(V') is
given by
As(V) =) (=13 T ve.
SCE cec(s)
Consequently,
an(t) =Y (=19 ] te. (8)
SCE CeCy(S)

Proof. To simplify notation, for any S C E, define

v(S) = (=15 J] ve and Bg(V):= > v(S).

cec(S) SCE

Our goal is to show Ax(V) = Bx(V).

The proof proceeds by induction on the number of non-loop edges. For the base case,
consider a signed graph where all edges are loops. For disjoint signed graphs ¥; and X,
on vertex sets V] and V5, respectively, we have

AElng(Vl L ‘/2) = Azl (%)AEQ(%)7

and the same holds for By (V). Thus, it suffices to consider the case where ¥ consists of
a single vertex v with m loops. For an illustration, see Figure 6.
First, assume that all m loop edges are negative. In this case, Ax(V) = v + 1, and

Bo(V)=v+ Em; (T) (1) = v+ 1.

Now suppose that ¥ contains at least one positive loop edge e. In this case, Ax(V) = 0.
On the other hand, for any subset S C F with e ¢ S, we have v(S) = v(SU{e}), so such
pairs cancel each other out in the sum, implying By (V) = 0 as well.

For the induction step, consider a non-loop edge ¢ = wjuys € E. Let C' denote
the component in S € S(X). that contains e, so that C’/e denotes the corresponding
component in S/e containing the contracted vertex v.. We claim that for every S € S(X).,
the following identity holds:

U(S) = (_1)Sb(S) H Vo | Vor = (_1>sb(S/e) H Ve | Ve /e

cec(SH\{C"} CeC(S/e)\{C"/e}
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(a) All edges are negative. (b) At least one edge is positive.

Figure 6: A signed graph with a single vertex v and multiple loops.

Using this claim, we can compute:
As(V) = As\e(V) + Agye(V/e)

S SICCESD SIECEY (N ) ) )

SeS(\e) S/eeS(%/e) cec(S)\{C"/e}
= > uS+ D uS) =Y ),
SeS(x)e SeS(%)e Ses(%)

where the first equality follows from the deletion-contraction recurrence (Theorem 4),
the second is justified by the induction hypothesis, the third equality uses Proposition 7
together with the above claim, and the last follows from S(X) = S(X)° U S(X)..

To prove the claim, it is sufficient to consider the component C” since contracting the
edge e does not affect the other components. We first show that the variable ver /. is equal
to ver, i.e., vorje = vor. If C' is positive, then

vC’/ezl_(l_ve) H (1—U):1—(1—U1>(1—u2) H (1—1}):2}0/_
veV(C'/e)\{ve} veV(CH\{u1,u2}

Let C' be negative so that ver = 1. If €' /e is also negative, then clearly ver e = 1. If C' /e
is positive, then e must be a negative edge, and we have

verge = |1 —(1—ve) H (1—v)

veV(C)\{u1,uz2}

=1= Vo .
ve=1

Next, since contraction preserves the balance of a component, it follows that
sp(5) = [S| = d +|C(S)| = [S| =1 = (d = 1) + |Co(S/e)| = (5] ).
This completes the proof of the claim, and thus the theorem follows. n

Example 9. Using the previous theorem, we compute the acyclic orientation polynomial
Ax (V) of ¥ from Example 2 as follows:

A5 (V) = 010903 + v2(1 — (1 — 01)(1 — v3)) + 01 (1 — (1 = v2) (1 —v3)) + (1 = (1 — v1)(1 — va)(1 — v3))
+u3+14+14+1=vv+v1 + vy + 203 + 3,

agreeing with Example 2. The detailed computation is depicted in Figure 7.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(1) (2026), #P1.53 11



U o o
o o———©O
V2 + (%] ® L d + ® +
AZ(V) = V1V2V3 4 v2(1— (1 —wv1)(1 —v3)) Fv1(1— (1 —w2)(1 —wv3)) 4+ (1= (1 —v1)(1 — v2)(1 — v3))
/ / X / / X
o

+

+ v+ 1 + 1 + 1

Figure 7: A subgraph expansion of the acyclic orientation polynomial of 3.

Example 10. Similarly, the acyclic orientation polynomial Ay, (V1) of ¥ from Example 3
is computed as

A, (Vi) = vrogug + vy + 01 (1= (1= 0)(1 = wg)) + T+ 03+ 1+ 14 (1)
= V1V + V1V3 + U + U3 + 2,

which is consistent with Example 3. The detailed expansion is shown in Figure 8.

U1 ® [
/ \ \ \
v+ s ([ o () .T. .T
AEl (‘/1 e 'UlUQ'Ug + Ul 1 — 1 — ’112 1 — ’U3

/. /\ VARVA

Figure 8: A subgraph expansion of the acyclic orientation polynomial of ;.

5 Chromatic symmetric functions for signed graphs

The chromatic B-symmetric function of a signed graph, introduced in [2, 5, 1], gener-
alizes the chromatic symmetric function of a graph [8, Definition 2.1]. In this section, we
review its subgraph expansion as presented in [5, Theorem 3.8].

Stanley [8] introduced the chromatic symmetric function X for a graph G with vertex
set V', defined as follows. A coloring « is said to be a proper coloring of G if K : V — N
with the natural numbers N, and x(v) # k(v') for every edge vv’ in G. Let P(G) denote
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the set of all such proper colorings. Then the chromatic symmetric function X4 of G is
defined as
Xg(fL’l, T, .. ) = Z Tr(v))Tr(ve) " " Tr(vg)s
KEP(G)
where v, v, . .., vg are the vertices of G. The function X is symmetric because it remains
invariant under any permutation 7 : N — N of the variables, i.e.,

Xg(l}r(l), Tr(2)y .- - ) = Xg(xl, T, ... )

The chromatic symmetric function X has been extended to a signed graph Y with
vertex set V. For the signed graph 3, a coloring « is called a proper coloring using colors
from the integers Z if k : V. — Z and k(v) # sgn(e)x(v') for every edge e = vv’ of ¥,
where sgn(e) denotes the sign of the edge e. Let P(X) denote the set of all such proper
colorings. The chromatic B-symmetric function Xy of ¥ is defined as

XE(' -y L1, Lo, L1y - - ) = Z xn(vl)xlﬁ(’uz) e IH(’IM)?

KEP(X)
where vy, vs, ..., v4 are the vertices of 3. The function Xy exhibits the following symmetry
property:
XE(' .. 7x7r(—1)7x7r(0)7x7r(1)7 oo ) = XE( <y 1,20, L1y - - - )7
for any permutation 7 : Z — Z satisfying w(k) = —n(—k) for all & € Z. Such a

permutation is called a signed permutation. The function Xy is referred to as B-symmetric
because the group of all such permutations is isomorphic to the Coxeter group of type B.

The function Xy, admits a subgraph expansion [5, Theorem 3.8|, analogous to that of
the chromatic symmetric function of a graph [8, Theorem 2.5]. This expansion requires
an extension of the classical power-sum basis {p, | a > 1}, where p, := >,y z{, to a
basis suitable for B-symmetric functions. The set

o) a1, b> 0} {ao},

where P(e) = Y ez x¢x® ., forms a basis for an algebra of B-symmetric functions. This
b

set is referred to as the p-basis.

For the subgraph expansion of Xy, we recall a fundamental result in the theory of
signed graphs, Harary’s balance theorem:
Theorem 11 ([3], Theorem 3). A signed graph ¥ is balanced if and only if its vertezx set
V' can be partitioned into two disjoint subsets ALI B such that every positive edge has both
endpoints in the same subset (either A or B), and every negative edge has one endpoint
in A and the other in B.

Let S be a spanning subgraph of ¥ with r balanced components, and let U C V' denote
the set of vertices contained in the unbalanced components of S. By Harary’s balance
theorem, the vertex set of each balanced component can be partitioned into two disjoint
subsets A; and B; for 1 < j < r. Hence, the entire vertex set V' can be decomposed as

V=UUAUB U---UA,UB,.
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Let a; = |A;] and b; = |B;| for 1 < j < r, so that
UL+ (a; +b) =V, (9)
j=1

We define the type, denoted A(S), of the subgraph S as the two-line array:

o |U’ a; ... Qp
/\(S)_(O by ... b.)°
Now, define the function py(s) by

_ Ul
P = 0 Py Py

Theorem 12 ([5], Theorem 3.8). For a signed graph ¥, the following identity holds:
Xy = Z(—l)lslpx(sy (10)

SCE
Proof. The proof can be found in [5, Theorem 3.8]. O
Example 13. Let X be the signed graph presented in Example 2. By Theorem 12, the
chromatic B-symmetric function Xy is computed as

X =l =P ~ 2P 2P TG

3
0 0

Figure 9 offers a detailed illustration of this computation.

U1 o \ o
/ X X
P P o .T‘ .A
(_

X

r +
Py o Cleepey o Chpgpe o (CUPg)
X

JoUN LN

/
v Crgpey o Vg (Vg 1

Figure 9: A subgraph expansion of the chromatic B-symmetric function Xs.

Example 14. The signed graph 3; from Example 3 has the chromatic B-symmetric
function
Xy =93 —2 — 2
BP0 TEPGPR) TPEPE) TGy
using similar computations as in the previous example. See Figure 10 for a detailed
derivation.
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v, + s . ® +

Xs, = PO )
VARV A ARVA

¢ + +

)

Deepe o U 4 CUPm 4 G

1

U1 o \ ®
/ \ \ E\
° ® —
+ CUppey o COrgpe 4 CDPe)
(_

+

Figure 10: A subgraph expansion of the chromatic B-symmetric function Xy, .

6 Stanley’s sink theorem for signed graphs

We present an alternative proof of Stanley’s sink theorem for signed graphs [1, Theorem 4]
as a signed graph analogue of [8, Theorem 3.3] and [4, Theorem 4.5]. Our approach utilizes
our acyclic orientation polynomials, thereby avoiding the use of a signed version of the
theory of quasi-symmetric functions and P-partitions.

To state the theorem, we first introduce the concept of the augmented elementary
B-symmetric basis [1, Section 3]. The elementary B-symmetric functions e,, are defined

as
€En = E Ly Ljg ** Ly -

11 <t <-<ip

Additionally, define q(e) = (—1)“+b+1p<2) and let z := —xy. With these definitions, the
set

{en|n>1}U {q(a) la,b > 1}y U{z} (11)
b

forms a basis for the algebra of B-symmetric functions, which is referred to as the aug-

mented elementary B-symmetric basis [1, Definition 3.

Theorem 15. [1, Theorem 4] Let Xx. be the chromatic B-symmetric function of a signed
graph Y3, expressed in the augmented elementary B-symmetric basis. Then the number
of acyclic orientations of ¥ with 7 sinks is given by the sum of the coefficients of terms
mwvolving j elementary symmetric function factors.

Before presenting the proof, we first illustrate the theorem with an example. Re-
call that Newton’s identities provide a recursive expression for the power-sum symmetric

polynomial Py using the elementary symmetric polynomials e; (see, e.g., [6, (2.117)]):
0

0

Py = (1" ment XD e pine
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Example 16. Let X be the signed graph given in Example 2. Applying the equation above
along with Newton’s identities, the function Xy in terms of the augmented elementary
B-symmetric basis can be written as

3 _ R
() ~PGPC) TAPEPE) TG TR T

0

= (6162) + (363 + QG)€1) + (ZQG) + 23).

Xy =p

Based on this expansion, Theorem 15 tells us that ¥ has:
e 1 acyclic orientation with 2 sinks (from ejes),

e 4 acyclic orientations with 1 sink (combining 3es and q(1)61),
1
e 3 acyclic orientations with 0 sinks (from 2q(2) + 23),
1

yielding a total of 1 + 4 + 3 = 8 acyclic orientations. The acyclic orientation polynomial
of ¥ is therefore
ax(t) = t* + 4t + 3,

which agrees with Eq. (2).

Example 17. For the signed graph >; given in Example 3, we similarly compute Xy, as

Xy = Py = 200yP(s) — P(yPE) + 2P(2)

’ o) (i )"
= 2ej1e9 + 26](})61 + 261@)-
According to Theorem 15, this expansion shows that ¥ has:
e 2 acyclic orientations with 2 sinks (from 2e;es),
e 2 acyclic orientations with 1 sink (from 26](1)61),
e 2 acyclic orientations with 0 sinks (from 2q(?)),

yielding a total of 2 + 2 + 2 = 6 acyclic orientations. Hence, the acyclic orientation
polynomial of ¥ is
as, (t) = 2t* + 2t + 2,

as in Eq. (3).

With the augmented elementary B-symmetric basis, every B-symmetric function f
can be expressed as a linear combination of ey ,, ,:

f= E , Cou Expiu With €3 0 € Q,

At
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Here, each basis element e} ,, ,, is defined as follows. First, given a partition A = (Ay,..., Ag),
define
EXN =€) "€y,

Next, let u be a two-line array of the form
a ... Qp
by ... b. )’

D =45y 95y

Finally, for an integer u, we define e, , , as the product

and define g, as the product

Crpu = X Gy 2"

Let Ap denote the QQ-algebra of B-symmetric functions with Q-coefficients. Define
an algebra homomorphism ¢ : Ag — Q[t], where Q[t] is the polynomial ring in the
indeterminate ¢. This homomorphism is uniquely determined by its values on the basis
elements given in Eq. (11) as follows:

e o(e,) =t foralln >0,

. (p(q( )) =1 for all a,b > 0, and

a
b

o p(2)=1.
Due to the multiplicativity of ¢, we have
pler) = 10, (12)
where £(\) denotes the length of the partition A. In addition,
(xg) = —1, and (13)
go(p(i)) = (=1)“™ forall a,b > 1. (14)

Proposition 18. For the homomorphism ¢, the image gp(p(n)) 1s given by
0

elogy) = (~1)" (1= (1 - 1)), (15)
Proof. The proof proceeds by induction. The base case n = 1 holds because Py = €1
0
and ¢(e;) =t. For n > 1, using Newton’s identities, we get

0 0

Plppyy) = (<1l e) + 3 (-1 pler) - oo
= (=1)""'(nt) + Z(—1)”—2t (1-a-t)")

= (1)t <n — i: (1-(1- t)”—i))

=1

=(-1)"t1-01-t)"). O
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We are now ready to prove the signed graph analogue of Stanley’s sink theorem.

Proof of Theorem 15. We begin by expressing the chromatic B-symmetric function Xy,
of the signed graph ¥ in terms of the augmented elementary B-symmetric basis:

XZ = : : C>\7M7U‘€>\7M7u'

DWIRY:

Applying the homomorphism ¢ to this equation, and using Eq. (12) together with the
definition of ¢, we obtain

= Qp(z C/\,,u,ue)\,u u Z (SWR u(P 6)\ Z Cxp, M ANES (16)

A, LWIRT) LWIRT)

Now, consider a subset S C E with type A(S) given by
. |U| ay ... Qp
A(S)_(o bob)

According to Eq. (13), we have ¢(x v ‘) (—=1)!Yl. Let C be the i-th balanced component
of S. If C' is positive, then b; = 0 and hence, from Eq. (15),

o () = (0= (= 0 = (MO,

and if C' is negative, then a;,b; > 1 and hence by Eq. (14),

w(mw>:&4wMi%4—nW@“w.

Therefore,

p(pxs) = ( NI )

1<i<r

= (_1)|U\ H (—1)|V(C)|_1tc

CECy(S)

d [Cy(S)] H te,

CeCy(S)

where the first equality follows from the definition of py(g), the second equality follows
from the multiplicativity of ¢, and the last follows from Eq. (9).

Thus, by Theorem 12, the definition s,(S5) = |S| — d + |Cp(S5)| (Eq. (7)), and Eq. (8)
in Theorem &, we obtain

p(Xs) = (Z(‘UMPMS) = Z H to =ax(t

SCE ) SCE CeCy(S)
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Finally, combining this with Eq. (16), we conclude that
(lg(t) = Z C)\,u,u tg()\),
AU

which completes the proof of the theorem. O
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