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Abstract

Inspired by recent questions of Nathanson, we show that for any infinite abelian
group G and any integers myq,...,my, there exist finite subsets A, B C G such
that |hA| — |hB| = my, for each 1 < h < H. We also raise, and begin to address,
questions about the smallest possible cardinalities and diameters of such sets A, B.

Mathematics Subject Classifications: 11P70

1 Introduction

1.1 The main problem
For a subset A of an abelian group G, denote the h-fold iterated sumset of A by

hA ={a1+---+ap:ay,...,a, € A}.
For finite A, consider the sequence
4], 2], 34], ..

of the sizes of the iterated sumsets of A. Foundational results in additive combinatorics,
such as the Plinnecke-Ruzsa inequality, concern the possible growth rates of such a
sequence. Nathanson [5] recently raised a new set of questions about the possible relative
growth rates of such sequences for different choices of A.

A classical theorem of Khovanskii [2, 3] (see also [6, 8]) says that for each A, the
quantity |hA| is a polynomial function of h once h is sufficiently large. It follows that for
any finite subsets A, B C G, either |hA| < |hB| for all sufficiently large h, or |hA| = |hB|
for all sufficiently large h, or |hA| > |hB]| for all sufficiently large h. Nathanson, who was
concerned primarily with the integer setting G = Z, asked what kinds of oscillations in
the signs of |hA| — |hB| are possible if we restrict our attention to 1 < h < H for some
natural number H. The second author [4] provided constructions showing that in any
fixed infinite abelian group G, all sign patterns are possible.
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Theorem 1 ([4]). Let G be an infinite abelian group, and let H € N and €,...,ey €
{—,+}. Then there exist finite sets A, B C G such that

|hA| — |hB| has the same sign as €,
for each 1 < h < H.

The paper [4] also established a few strengthenings of this theorem: One can obtain
the analogous statement with d sets instead of just the two sets A, B, and in the integer
setting one can also prescribe the equality |hA| = |hB| for some values of h. See [9] for
related work.

The purpose of the present paper is to refine Theorem 1 and to consider some related
questions.

1.2 More precise constructions

Our main result shows that we can prescribe not only the signs of the quantities |hA|—|hB|
but also their exact values. For integers a < b, we write [a,b] := {a,a+ 1,a +2,...,b}.

Theorem 2. Let H € N and my,....,myg € Z. Then there exist sets
A,B C[0,60H*Y", |myl], each of size at most 2+ 60H Y, |my|, such that

IhA| = [hB| = my
for each 1 < h < H.

Theorem 3. Let p be a prime, and let H € N and mq,...,myg € Z. For all sufficiently
large N, there exist sets A, B C (Z/pZ)N such that

|hA| — |hB| = my,
for each 1 < h < H.

The proof of Theorem 3 shows that we may take

N=H+ {1010gp (1 +HTY |mhyﬂ .
h

Combining these two theorems, as in [4, Section 2.1], yields the following corollary for
infinite abelian groups; we also obtain the same conclusion for finite abelian groups that
are sufficiently large relative to mq,...,mg.

Corollary 4. Let G be an infinite abelian group, and let H € N and my,...,my € Z.
Then there exist finite sets A, B C G such that

|hA| = [hB| = my,
for each 1 < h < H.
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With just a bit more notation, the previous three results generalize easily to the case
of more than two sets. For example, the many-set version of Corollary 4 is as follows;
again, a sufficiently large abelian group works just as well as an infinite abelian group.

Corollary 5. Let G be an infinite abelian group, and let d, H € N and m,, ..., my € Z°.
Then there exist finite sets Ay, ..., Aq C G such that

([RAL], ..., [hA4l) — i,
1s a constant vector for each 1 < h < H.

Since the arguments in the two-set and many-set versions are identical, we present
proofs only for the former.

1.3 Questions about efficiency

Let us return to the initial motivating problem, namely, finding finite sets A, B C Z such
that the quantities |hA| — |hB| have prescribed signs for all 1 < h < H. We know that for
any choice of signs, it is possible to find such sets A, B. It is natural to ask how “efficient”
such examples can be, in the sense of how small we can make A, B. Two reasonable ways
of measuring smallness are by the cardinalities of A, B and by their diameters.

With this in mind, let x(H) denote the smallest natural number k such that for each
choice of signs €,...,eg € {—,+}, there are sets A, B C Z each of size at most k such
that |hA|—|hB| has the same sign as ¢, for each 1 < h < H. Likewise, let v(H) denote the
smallest natural number N such that for each choice of signs €;,...,eg € {—,+}, there
are sets A, B C [0, N] such that |hA| — |hB] has the same sign as ¢, for each 1 < h < H.
Determining the asymptotics of the functions x(H), v(H) seems interesting and difficult.

The sets constructed in the proof of Theorem 1 are quite large and deliver poor upper
bounds on x(H),v(H). The construction behind Theorem 2 delivers more reasonable
upper bounds. We are also able to establish some lower bounds using ideas from convex
geometry and an effective Khovanskii theorem of Granville and Walker [1]. The following
two theorems summarize the current state of affairs.

Theorem 6. For H > 3, we have \/H/log H < k(H) < H.
Theorem 7. For H > 3, we have H +1 < v(H) < H?.

Our proof of the lower bound in Theorem 7 actually shows a slightly stronger state-
ment: If H > 3 and A, B C Z are finite sets satisfying |(H — 2)A| < |(H — 2)B|,
|(H—1)A| > |(H — 1)B|, and |HA| > |HB], then at least one of A, B has diameter at
least H + 1.

For simplicity of notation, we omit floor and ceiling signs where there is no risk of
confusion.
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2 Main constructions

In this section we prove Theorems 2 and 3. In general the quantities |hA|, |hB| grow
somewhat erratically for small values of h. One key idea is that when the sets A, B have
a special form, we can express the differences |hA| — |hB| as linear combinations of some
auxiliary parameters and then solve the resulting linear system. The argument is partic-
ularly clean in the integer setting and a bit more involved in the positive-characteristic
setting.

2.1 The integers
We begin with the integer setting.
Proof of Theorem 2. We set

H
N = 60H " |my|
h=1

(the choice of the constant 60 is not important) and define the interval

1
I := 1—-— | N+1,N]|.
Our sets will have the form

A:={0,1}uU(I\ A", B:={0,1}u(\ B,
where A’, B’ are carefully-chosen subsets of the middle third of I. For all such choices of
A’, B" we have
JUNA) =j(I\B)=jI
for all j > 2, which gives the identity

nA = J((h = 0.1} +3(\ 4)) = (0,110 0,k = 1 + I\ AN U ([0, b — 5] +31),

Jj=2

and likewise for hB. For 1 < h < H, the shortness of the interval I guarantees that the
first union over j is in fact a disjoint union, so we can write

[hA| — [hB| = [0,k — 1] + (1\ A)| — [[0,h 1] + (1\ B).

Notice that we have expressed |hA| — |hB| in terms of 2-fold sumsets, rather than higher-
order sumsets.

We take A’ (respectively, B’) to consist of «, (respectively, (3,) intervals of length r,
for 1 < r < H, with the property that the left endpoints of these intervals are all spaced
out at least 2H apart from one another. Set ~, := 3, — a,.. Then for each 1 < h < H, we
have

[0, =1+ (I\NA) = [I[+h—1=) a(r—h+1),
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and likewise for |[0,h — 1] + (£ \ B’)|, which gives

RA| = [hB] =) (B —ap)(r —h+1)=> 3(r—h+1). (1)

We would like to choose the 7,’s to make this quantity equal m,, for each 1 < h < H.
This linear system in the ,’s is upper-triangular with all 1’s on the main diagonal, so it
has a solution in the integers. Explicitly, we find that the solution is

Yo =My, Yg-1=mg_1—2myg, and v.=m, —2Mmu1 +muo for 1 <r < H —2.

For each 1 < r < H, take {a,, 5,} = {0, ||} such that 5, — o, = 7,. It follows that the
total number of intervals in A, B is

Dt B) =)yl <4 |mal. (2)

r

. . . . I
Recalling our choice of N, the middle third of I has length % =L =10H Y, [my], so

we can space out the desired intervals comprising A’, B'. H

2.2 Positive characteristic

In the previous subsection, the shortness of the interval I let us express hA, hB as disjoint
unions of pieces that were easier to understand individually. Such disjointness is not
possible in positive characteristic, and we will have to work harder to build a substitute
structure that “spreads out” as we take higher-order sumsets.

Let us set up some notation before proceeding to the proof. For x € Z/pZ, let |z|
denote the smallest nonnegative integer that is congruent to x or —x modulo p. The
(*-distance on (Z/pZ)™ is defined by

diSt((xlw"JxM)a(yla"'ayM)) = ‘xl _y1| +oee |xM _yM‘a

and we write

Br(z) := {y € (Z/pZ)" : dist(z,y) < R}
for the ¢*-ball of radius R around a point x € (Z/pZ)M. Notice that

Ba(a)] < (2M + 1) < (3M)7
for all M > 1. We write 0 := (0,...,0) € (Z/pZ)M.
Proof of Theorem 3. We set

M:=N-H-= {1010gp <1+Hng|mh]>w
h

ot
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and write

(Z/pZ)Y =V x W,

where V := (Z/pZ)" and W := (Z/pZ)M; one should think of (Z/pZ)" as consisting of
copies of W indexed by the elements of V. Fix a basis eq,...,eg of V. We will construct
the desired subsets of (Z/pZ)" as

H-1 H-1
A= ( U (ei} x zsy-(o») U({en} x W\ A), B:= ( U (e} x Bi(O))) U(fen} x WA B),
i=1 1=1

where A’, B’ are carefully chosen small subsets of W. In particular, we will have
|A'|,|B’| < |[W]/2, so that the Pigeonhole Principle gives

JWNA) =j(W\B)=W
for all j > 2. As in the previous subsection, we can expand

hA = U <{€i1+"'+eih}X(Xi1+"'+Xih>)7

11 <<y

where X; := B;(0) if i < H and Xy :=W \ A"

This union is very much not disjoint (since pe; = 0), so we must pay attention to how
often the various indices i; are repeated. If H appears as an index multiple times, then
the W-component is all of W since 2Xy = W. Likewise, whenever there are at least p
equal indices ¢;, then replacing p such indices by H gives another set of indices z; such
that e;, +---+e;, =ey +---+ ey and at least p of the i%’s are equal to H; then, by the
previous observation, the contribution of (i1, ..., ) to hA is contained in the contribution
of (i}, ...,4},), and the former can be safely ignored. Accounting for these reductions and
conditioning on how many indices are equal to H, we can write A as the disjoint union
of the following three sets:!

1. (no indices equal to H) the disjoint union of the sets
{eil oot eih} X Bi1+~-~+ih(0)7
where 17 < --- <11, < H and no index is repeated p or more times;
2. (one index equal to H) the disjoint union of the sets
{62'1 +ooot ey, t+ eH} X (Bi1+"'+ih—1(0) + (W \ AI))?
where 7; < --- < 4,1 < H and no index is repeated p or more times;
3. (at least two indices equal to H) the union (not necessarily disjoint) of the sets
{eil + - +€ih—2 + 26[{} X VV,

Whereilé---gih_géﬂ.

! This decomposition plays the same role as the distinction j = 0, j = 1, j > 2 played in the proof in
the previous subsection.
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The disjointness of these contributions is a consequence of the distinctness of their V-
coordinates. When we express hB analogously, the first and third contributions are the
same as the first and third contributions for hA. So we find that

*

RA| = [hB = Y [Bisooti 1 (0) + W\ A)| = [Birstiy,(0) + (WA B, (3)

Ulyeelh—1

where Y " runs over tuples of indices 4; < --- < i1 < H such that no index is repeated
p or more times.

We are now ready to specify the sets A’ B C W. Set s, := [r/(p — 1)], so that
S1,...,8g_1 is a prefix of the infinite sequence

L., 1,2,...,2,...,

and define the partial sums ¢, := Z:;ll s;, which are strictly increasing with ». We take

A’ (respectively, B') to consist of «,. (respectively, 3,) copies of B,., for 1 < r < H, with
the property that the center-points of these balls are all spaced out at least 3ty apart
from one another (with respect to the ¢'-distance). Set 7, := 3, — .. Notice that the
complement of Br(0) + (W \ A’) consists of a, copies of B;, g for each r with ¢, > R,
and the same goes for Bg(0) + (W \ B').

Consider the summands in (3). The term for (i1,...,4,-1) = (s1,...,Sp—1) contributes
exactly

H
1B, (0) + (W A)| = By, (0) + (W\ B)| = Y 7lB, -, :
r=h
recall that |By| = 1. For each other sequence of indices (i1, ...,i_1), we have i; + -+ +
in—1 > tp, and the contribution to (3) is

Z 7T|Btr*(’i1+---+ih71)|;

ritp i1+ +ip 1

notice that ~1,...,7, do not appear and that the coefficients of the v,’s that do appear
are all at most |By, | < (3M)". There are (crudely) at most HZ~1 tuples of indices in
the latter category. Putting everything together, we can express |hA| — |hB| as 7y, plus
an integer linear combination of vj,1,...,vy, where the coefficients of ~v,,1,...,vy are
all of size at most

Q:=H"'(3M)".

If we set |hA| — |hB| = my, for each 1 < h < H, then, as before, we obtain an upper-
triangular integer system of linear equations in the ,’s, with all 1’s on the main diagonal
and all off-diagonal entries having size at most (). Thus this linear system has a solution in
the integers, and by starting at vy and working our way down to v; we can see inductively
that

el S QE)™ Y Il
h
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for each 1 < r < H. As before, for each 1 < r < H, take {«a;, 5.} = {0,]7,|} such that
By — o, = 7,. It follows that the total number of balls in A’, B’ is

Yot 8) =D il <2AQE)T Y [my| = 2H™ BM)H Y " my.

r h h

It remains to check that (Z/pZ)M contains a set of at least this many points, all
spaced out at least 3ty apart, to serve as the center-points of the balls of A’, B’. Take
any maximal subset S C (Z/pZ)M of points that are all spaced out at least 3ty apart.
Then the balls of radius 3ty centered at the points of S together cover all of (Z/pZ)M,
and in particular

1513 pM - By |7 > pM (3M) 0.

Using ty < H?, we conclude by noting that the choice of M guarantees

h
with room to spare. O

3 The necessity of using large sets

In this section we prove Theorems 6 and 7 about bounds on x(H),v(H). For the lower
bound on k(H), we require the following lemma based on convex geometry.

Lemma 8. Let G be any abelian group, and let k, H € N. Then there are at most O(H)’€2
different sequences

], 124],..., [HA]
as A ranges over the k-element subsets of G.

Proof. We proceed by an encoding argument. Let A = {aj,...,ax} € G. Then the
sequence |A[, |2A4],...,|HA| is determined by the set

X(A) = {(x1,...,2) € [-H, HF : 310y + - + 2pa, = 0} C ZF.
Now define the subspace
A(A) := spang (X (A)).

Every element of A(A) satisfies z1a; + -+ + zpar = 0, so X(A) = A(A) N [-H, H}*.
Therefore, the sequence |A|, |24, ..., |HA| is determined by A(A). By construction, A(A)
has a basis contained in [~ H, H]*. The lemma now follows from the observation that there
are at most

k
> @H + 1M < o(H)F
=0
linearly independent subsets of [—H, H]* and hence at most O(H)* possible bases for
A(A). O
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We mention the following alternative proof of Lemma 8, suggested by Noga Alon. It is
well-known among experts (see, e.g., the discussion in [7]) that every set A of k integers is
2 H-Freiman-isomorphic to a set of k integers contained in [0, O(H)*]; since the number of
k-element subsets of [0, O(H)*] is O(H)*, there are at most O(H)* different sequences
AL, 2A],..., |HA|

Proof of Theorem 6. We start with the lower bound on x(H). Lemma 8 tells us that
there are at most O(H)?** different sequences

as A, B range over subsets of Z each of size at most k. In order for such sequences to cover
all of the 2 sign patterns {—, +}, we must have 2k* larger than a suitable constant
times H/log H. Thus x(H) > /H/log H, as desired.

For the upper bound on x(H ), we will modify the construction from Theorem 2 with
(my,...,my) ranging over {—1,1}. The two modifications are that we will place the
intervals of A’ B’ right next to each other (instead of allowing extra space between them)
and that we will “thin out” the leftmost and rightmost thirds of the interval I. The details
are as follows.

Fix a choice of (mq,...,my) € {—1,1} and take a,, 3,,7 (for 1 < r < H) as
in the proof of Theorem 2. Let s1,...,sy 4, be the sequence consisting of a; copies
of 1, followed by ay copies of 2, and so on, up to ay copies of H; define ty,... 15 5,
analogously. Now consider the set

s {i(siﬂ) : ogjgzm},
=0 T

and obtain B” from the ¢;’s analogously. Notice that A” (respectively, B”) has exactly
(respectively, 3,.) gaps of length r for each 1 < r < H and no other gaps. We claim that
A" B" are small and have similar diameters. First, we have

A" | +[B" =24+ (r+B,) =2+ > |0l <2+4)  |m| <2+4H

by (2). Next, the diameters of A”, B” are

diam(A") = Z(r + 1), and diam(B") = Z(r +1)8,.

T T

The sum is

diam(A") + diam(B") = Z(r + (e, + 5,) = Z(r + D]y <4(H+1) Z |my,| < H?

T T h
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by another application of (2). The difference is

diam(B") — diam(A") = > (r+1)(8, — o)

=D (=2 - (r=1y

= 2m1 — My
by the formula (1), and this difference has absolute value at most 3 since |m;| = |ms| =
1. Now set
D := max{diam(4"), diam(B")},
and define

A= A"U[max(A"),D] and B := B"U[max(B"), D].

It follows from the above observations that D < H?2, that |A|, |B| < H, that A, B each
have minimum value 0 and maximum value D, and that A (respectively, E) has exactly
a, (respectively, 5,.) gaps of length r for each 1 < < H and no other gaps.

The next observation is that there is a set Xp C [0, D] of size | Xp| < VD < H such
that Xp + Xp = [0, D] + [0, D] = [0,2D]. One example of such a set Xp is

0,D']U{iD':0<i< D/D'}U[D— D, D]

with D’ := L\/EJ . We are now ready to describe the final sets in our construction. Define

A:={0,1} U(10HD + Xp) U (10H + 1)D + A) U ((10H + 2)D + Xp),

and likewise for B. The argument from the proof of Theorem 2 ensures that |hA|—|hB| =
my, for each 1 < h < H, and we see from above that |A|,|B| < H. Since we have such a
construction for all choices of (my, ..., myg) € {—1,1}¥, we conclude that x(H) < H. O

We now turn to v(H). We require the following effective Khovanskii theorem of
Granville and Walker [1].

Theorem 9 ([1]). Let N > 3 be a natural number. Then for every subset A C [0, N],
there are integers a = a(A),b = b(A) such that |hA| = ah + b for all h > N — 2.

Proof of Theorem 7. Theorem 2 with (myq,...,my) ranging over {—1, 1} immediately
implies the upper bound v(H) < H?. For the lower bound on v(H), Theorem 9 tells us
that if A, B are subsets of [0, N], then |hA| — |hB| is an affine-linear function of h for all
h > N—2. In particular, if N < H, then it is not possible to have |(H —2)A| < |(H—2)B],
(H—-1)A| > |(H —1)B|, and |HA| > |HB]; it follows that v(H) > H + 1. O
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4 Further questions

We conclude with a few open questions for future research. The most pressing problem,
of course, is determining the asymptotic growth rates of the quantities x(H),v(H). Our
upper bound on v(H) seems particularly ripe for improvement.

In our lower-bound proof for v(H), we exhibited specific sign patterns €, ..., ey that
cannot be achieved by sets A, B of small diameter. In the setting of x(H), it would
likewise be interesting to determine specific sign patterns that cannot be achieved by sets
A, B of small cardinality.

One could also study analogues of x(H),v(H) in the positive-characteristic setting;
for the analogue of v(H), one would want to use the dimension of a set as a “substitute”
for the diameter. Our construction for Theorem 3 provides some upper bounds, and one
could obtain weak lower bounds by counting arguments.
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